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ABSTRACT

Context. Galactic tides are the external differential forces felt by extended systems immersed in the Galactic potential. They are
known to play a determinant role in the dynamics of comets in the Oort cloud.
Aims. We aim to establish the strength of the Galactic tides driven by the non-axisymmetric potential of the Milky Way revealed by
the Gaia mission, and how this strength evolves along the Galactic trajectory of the Solar System.
Methods. We derived expressions for the Galactic tide parameters independently of any simplified trajectory for a star in the Galaxy
or any specific symmetry for the Galactic potential. We obtained a set of six parameters, G1 to G6, that quantify the influence of tides,
rather than the traditional three parameters G1 to G3. Using the most up-to-date model for the Galactic potential, extended here to
three dimensions, we studied the time evolution of these parameters along the trajectory of the Sun using a statistical approach.
Results. Even for Galactic trajectories featuring modest radial and vertical excursions, such as those investigated here, the dominant
Galactic parameter, G3, is found to vary by an order of magnitude along the solar trajectory. The parameter G1 features even more
significant variations over time produced by the Galactic spiral arms. In general, G1 and G2 reach up to about one half and one quarter,
respectively, of the value of G3 along the solar trajectory, whilst parameters G4 to G6 reach up to one tenth the value of G3. We provide
a tabulated time evolution of all parameters, for use in Solar System studies.
Conclusions. Contrary to what is often assumed, all Galactic tide parameters vary widely along the trajectory of the Solar System
within the Galaxy. One can expect two consequences of such variations: First, G3 directly affects the flux of observable long-period
comets and the extent of the fossilised Sednoids region; second, G1 and G2, and to a lesser extent, G4 to G6, break the integrability of
the dynamics, with a possible impact on the long-term structure of the Oort cloud. Additionally, the new parameters G4 to G6, while
small for the Solar System, may have a strong impact on extrasolar systems with a large out-of-the-plane excursion in the Galaxy.

1. Introduction

The Oort cloud is a distant spherical reservoir of bodies located
at the periphery of the Solar System (Oort 1950). It is widely
considered to be the primary source of long-period comets (see
e.g. Kaib & Volk 2024), with orbital periods exceeding 200 yr.
These comets are believed to be primordial relics of the so-
lar nebula and thus offer an exceptional opportunity to inves-
tigate the formation and evolutionary history of the Solar Sys-
tem (see e.g. Morbidelli 2005; Fouchard et al. 2020). The most
distant trans-Neptunian objects (TNOs) are expected to preserve
a record of the Solar System’s formation and evolution over more
than four billion years, including the Sun’s birth cluster, plan-
etary migration, stellar encounters, the evolution of the Sun’s
Galactic environment, and so on (see Dones et al. 2004; Brasser
& Morbidelli 2013; Fouchard et al. 2018, 2020; Morbidelli &
Nesvorný 2020; Fouchard et al. 2023). Furthermore, some TNOs
have orbits that suggest the existence of an unknown planet in
the far reaches of the Solar System (see e.g. Trujillo & Sheppard
2014; Batygin & Brown 2016; Batygin et al. 2019; Sheppard
et al. 2019).

The mechanisms responsible for the injection and ejection
of comets are governed by several gravitational processes, in-

cluding the Galactic tides — first invoked by Chebotarev (1966),
then rediscovered by Byl (1983), and later refined by Heisler &
Tremaine (1986) — as well as by sporadic encounters with mas-
sive objects such as stars (see e.g. Rickman et al. 2008; Fouchard
et al. 2017) and molecular clouds (see e.g. Clube & Napier
1986; Torbett 1986; Heisler 1990). These two kinds of exter-
nal forces have very distinct effects on the orbits of comets, and
therefore are modelled separately: Galactic tides produce smooth
quasi-integrable orbital dynamics, whereas encounters produce
stochastic impulses. In this paper, we only focus on Galactic
tides. For a comprehensive overview of the different mechanisms
affecting the orbits of TNOs, see Saillenfest (2020).

Heisler & Tremaine (1986) made a major contribution to the
study of the long-term dynamics of TNOs influenced by Galactic
tides, thereby establishing the foundations of the field. As a re-
sult, subsequent studies have naturally built upon this work and
made extensive use of its results (see most references in this in-
troduction). The work of these authors on quantifying the impact
of Galactic tides on the Solar System has also had consequences
for related areas: the exoplanet orbits (Veras & Evans 2013),
the dynamics of wide binary stars with exoplanets (Correa-Otto
& Gil-Hutton 2017), the dynamics of wide stellar triples (Gr-
ishin & Perets 2022), the formation of hot Jupiters in wide bi-
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naries (Grishin et al. 2025). However, the work of Heisler &
Tremaine (1986) was developed in a context that differs sub-
stantially from the current understanding of the Sun’s Galactic
environment and from the quality of observational data avail-
able in recent decades. In fact, the canonical model of Galac-
tic tides built by Heisler & Tremaine (1986) relies on impor-
tant simplifications: The trajectory of the Sun is assumed to be
circular in the Galactic plane, and the Galactic potential is as-
sumed to be independent of time and have axial and north-south
symmetries. These simplifications were primarily intended for
order-of-magnitude estimates. In contrast, recent data from the
Gaia mission (Gaia Collaboration et al. 2018, 2023) have re-
vealed the complexity of the phase-space structure of the Galaxy
in exquisite detail (see e.g. Hunt & Vasiliev 2025, for a review)
and its connection to the non-axisymmetries of the Galactic disc,
namely the bar and spiral arms (e.g., Monari et al. 2019; Khop-
erskov et al. 2020; Laporte et al. 2020; Clarke & Gerhard 2022;
Hunter et al. 2024; Dillamore et al. 2025; Kalda & Green 2025;
Khoperskov et al. 2025; Hamilton et al. 2026), meaning that the
Sun’s motion within the Galaxy and the variation of its gravi-
tational field and density of its environment are actually much
more complex than in a simplified axisymmetric model. Re-
cently, Khalil et al. (2025) provided a realistic two-dimensional
non-axisymmetric model of the Milky Way disc, adjusted to the
observed local velocity distribution around the Sun as well as
to the map of median galactocentric stellar radial velocities as
a function of position in the Galactic plane, as measured with
Gaia. This Galactic model, once extended to three dimensions,
therefore will open the way for numerical integrations of the
Sun’s possible trajectories within the Galaxy and for estimating
the related Galactic tide parameters acting on the Solar System.

Heisler & Tremaine (1986) and Delsemme (1987) have
shown that the flux of observable comets coming from the Oort
cloud strongly depends on the normal component of these Galac-
tic tides (i.e. perpendicular to the Galactic plane) acting on the
Solar System. As investigated by Gardner et al. (2011), the vari-
ations of these tides as the Sun moves in the Galaxy induce a
correlated variation in the cometary flux. In addition, Martínez-
Barbosa et al. (2017) demonstrated that the number of stellar en-
counters depends on the type of trajectory the Sun followed from
its birth to the present. According to the literature, the Sun’s birth
radius is very uncertain and estimated to lie between about 4.5
and 11 kpc (see e.g. Martínez-Barbosa et al. 2015; Frankel et al.
2018; Minchev et al. 2018; Haywood et al. 2019; Baba et al.
2024; Lu et al. 2024; Dantas et al. 2025). If significant radial
migration (see Sellwood & Binney 2002; Minchev & Famaey
2010, for dynamical mechanisms) occurred along the Sun’s life-
time, it could have had a major impact on TNO dynamics (see
e.g. Kaib et al. 2011; Kaib & Volk 2024). However, while radial
migration must be present to some level in the Galactic disc,
its magnitude, especially in the case of the Sun itself, is de-
bated (see e.g. Haywood et al. 2013, 2019; Halle et al. 2015).
In any case, this sharply contrasts with studies that assume that
the Sun moves on a circular orbit in the Galactic plane of a fully
axisymmetric Milky Way (see e.g. Heisler & Tremaine 1986;
Wiegert & Tremaine 1999; Levison et al. 2001; Fouchard 2004;
Brasser et al. 2008, 2010; Breiter et al. 2008; Wang & Brasser
2014; Silsbee & Tremaine 2016; Namouni & Morais 2018; Sail-
lenfest et al. 2019; Clement & Kaib 2020; Fouchard et al. 2023;
Nesvorný et al. 2023; de Sousa et al. 2025), because these as-
sumptions mathematically imply no temporal variation in the
Galactic tides and no temporal variation in the local mass den-
sity of the Galaxy in the solar neighbourhood, which limits the
refined understanding of TNO dynamics. Moreover, these as-

sumptions also represent a limitation for related studies that are
not specifically focused on TNOs but use the model of Galactic
tides (see e.g. Veras & Evans 2013). In addition, this circular-
orbit assumption leads to biased estimates of stellar encounter
rates (see Martínez-Barbosa et al. 2017).

In this context, we revisit the modelling of Galactic tides and
their evolution in view of the modern, more complete picture of
the Galaxy. A general expression of Galactic tides, free from pre-
vious assumptions, would also allow us to explore more diverse
trajectories in the Galaxy, including those of extrasolar planetary
systems.

In Sect. 2, we present the Galactic model that we used to in-
tegrate the Sun’s trajectory through the Milky Way. The model is
based on the work by Khalil et al. (2025), which is extended in
this work to a three-dimensional formulation for our purposes.
In Sect. 3, we generalise the Galactic tides model of Heisler &
Tremaine (1986) in order to make it applicable to any stellar tra-
jectory and any Galactic potential. In Sect. 4, we explore how
the Sun’s motion influences Galactic tides, including the newly
introduced Galactic tide parameters. In Sect. 5, we carry out a
massive backward integration of the Sun’s motion over the last
gigayear in order to reveal statistical trends in the evolution of
the Galactic tides. Finally, we conclude in Sect. 6.

2. Model of the Galactic potential

Khalil et al. (2025) adjusted a fully non-axisymmetric poten-
tial of the Milky Way disc to Gaia DR3 (Data Release 3) data.
The axisymmetric background and bar model were inspired
from Portail et al. (2017) and Thomas et al. (2023). Making use
of the backward integration method (based on the conservation
of the stellar distribution function in phase space as encoded in
the Vlasov equation), the shape of the local velocity distribution
could be predicted, and a bar pattern speed of 37 km s−1 kpc−1

was adjusted to the detailed local velocity distribution measured
with Gaia around the Sun. This bar-only model, however, clearly
did not account for the full map of median galactocentric stellar
radial velocities as a function of position in the Galactic plane,
also measured by Gaia. Two spiral modes were subsequently fit-
ted to this median galactocentric radial velocity field over a large
portion of the Galactic plane. These spiral modes are a high-
amplitude two-armed mode and a low-amplitude three-armed
mode, respectively, with distinct pattern speeds. Despite being
purely dynamical, the adjustment recovered quite well the actual
current positions of spiral overdensities identified photometri-
cally within the Milky Way disc. The low pattern speeds of both
spiral patterns (13.1 km s−1 kpc−1 and 16.4 km s−1 kpc−1) place
their co-rotation radii quite far out, perhaps indicating a link with
the interaction of the outer Galactic disc with the Sagittarius
(Sgr) dwarf galaxy. The model also remarkably reproduces fine
structures in phase-space with exquisite details, such as the mov-
ing groups of the disc (see e.g. Famaey et al. 2005; Ramos et al.
2018; Bernet et al. 2022), both locally and out to large distances
from the solar neighbourhood.

As per Khalil et al. (2025), the total baryonic mass of the
Galaxy (bulge, stellar disc, and gas disc) is set to1 6 × 1010 M�,
and the total enclosed mass (baryons and dark matter) within
20 kpc is 2.2 × 1011 M�. The dark matter halo is slightly oblate,
with an axis ratio q = 0.8, and has a central constant density
core, with the halo power-law slope reaching ‘−1’ only at a dis-

1 The mass, scale-length, and scale-height are, respectively, 4.32 ×
1010 M�, 2.4 kpc and 300 pc for the exponential stellar disc profile, and
1.01 × 1010 M�, 4.8 kpc and 130 pc for the exponential gas disc profile.
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Fig. 1. Density of the Galactic model
within the Galactic plane (z = 0). The
Sun, indicated with a black circle, is lo-
cated at (x, y, z) = (−8.275, 0, 0.02) kpc,
and the Galaxy rotates clockwise. Top-
left panel: total density of the model
within the plane, including the axisym-
metric part (gas, stars and dark matter),
the bar and all spiral modes. The density
at the Sun location is 0.108 M� pc−3.
Top-right panel: contrast density of the
bar. Bottom panels: contrast density of
the spiral arms for the two-armed mode
(left) and three-armed mode (right).

tance of 3 kpc from the centre. The dark matter density at the
solar position is 1.3 × 10−2 M� pc−3. All the in-plane parameters
of the bar and spiral arms are defined and given in Khalil et al.
(2025, Table 2). The bar is extended to three dimensions exactly
as in Thomas et al. (2023), while the three-dimensional spiral
arms amplitudes (see Khalil et al. 2025, Sect. 3.3, for 2D ver-
sion), inspired from the potential-density pairs of Cox & Gómez
(2002) and Monari et al. (2016), take the form

φ3D
s,m(R, z, t) = φs,m(R, t)

[
sech

(
Ws,mz
βs,m

)]βs,m

, (1)

with Ws,m =
m

R sin(ps,m)
and βs,m = Ws,mhs,m(1 + 0.4Ws,mhs,m).

All spiral parameters are as in Khalil et al. (2025, Table 2), apart
from (i) a slightly increased spiral scale-height hs,m = 260 pc,
to avoid a too high density contrast out of the plane, and (ii) a
smaller outer radial cut-off of the potential, much inside the outer
Lindblad resonance of each spiral mode (cut-off at 12.75 kpc and
11.6 kpc for the two- and three-armed mode, respectively). The
latter does not mean that there is no spiral arm beyond those
radii, but that the associated density contrast is not well captured
by our simple parametrisation beyond those radii. This does not
affect any of the results presented in this paper. At these large
radii, the Galactic potential is also known to be non-plane sym-
metric, which we do not take into account in our modelling. The
radial cut-off on the potential is not a Heaviside function but is of

the form Hm(R) = (1 + tanh ((R − Rcut)/∆))/2, with ∆ ∼ 500 pc.
Finally, we also set a vertical cut-off on the spiral arms density at
z = 130 pc. Such a three-dimensional non-axisymmetric Galac-
tic potential can straightforwardly be generated with the AGAMA2

software (Vasiliev 2019). The total density of the model within
the Galactic plane is presented on Fig. 1, together with the con-
trast density of each non-axisymmetric mode.

In the following, we consider three cases in order to under-
stand the influence of the non-axisymmetric components of the
Galactic potential on the tides: the axisymmetric part alone, the
axisymmetric part combined with the bar potential, and the full
potential, including the two spiral-arm modes. For the sake of
simplicity, we later treat these three cases, with a slight abuse of
terminology, as three distinct Galactic models.

The axisymmetric part of the potential has no analyt-
ical expression; it is generated by AGAMA with the two
solvers ‘CylSpline’ (for disc components) and ‘Multipole’ (for
spheroidal components) from the analytical axisymmetric den-
sities (Vasiliev 2019). As the non-axisymmetric components of
the potential of Khalil et al. (2025) have analytical expressions,
they are directly computed in our code.

2 https://github.com/GalacticDynamics-Oxford/Agama/
blob/master/py/example_mw_potential_khalil25.py
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3. Galactic tides

In this section, we derive expressions for the Galactic tide param-
eters, which quantify the strength of the Galactic perturbations
experienced by a small body orbiting the Sun. Unlike previous
works, we use self-consistent equations that are valid for any tra-
jectory of the Sun (or any other star) within the Galaxy and for
any Galactic potential, independently of any symmetry consid-
erations.

We consider a test particle orbiting the Sun and the Sun or-
biting the Galaxy. The Sun’s motion is not necessarily restricted
to the Galactic plane, and there is no imposed constraint on the
global shape of its orbit. We denote by rs, r, and r′ the radial po-
sition vectors of the Sun, of the test particle with respect to the
Galactic centre, and of the test particle with respect to the Sun,
respectively (see Fig. 2). It follows that we have the following
closed relation:

r = rs + r′ . (2)

Now, we consider two different right-handed orthonormal
frames, one centred at the Galactic centre and the other centred
to the Sun. The first corresponds to the inertial fixed galacto-
centric frame, denoted E = (x̂, ŷ, ẑ), such that at t = 0, the x̂-
axis points toward the Sun; the ẑ-axis points toward the north
Galactic pole. The second frame is non-inertial and is denoted
E′ = (x̂′, ŷ′, ẑ′); in this frame, the x̂′-axis points toward the
Galactic centre at all times t, the ŷ′-axis is parallel to the Galac-
tic plane and ẑ′-axis points in the same hemisphere as ẑ-axis at
t = 0. We define ϕs and ϑs as the Sun’s azimuthal angle in the
Galactic plane and its elevation angle relative to the plane, re-
spectively (see Fig. 2). The change-of-basis matrix from E′ to E
is then

PE
E′

= R2(ϑs(t))R3(ϕs(t) + π) , (3)

where

R2(ϑs) =

cosϑs 0 − sinϑs
0 1 0

sinϑs 0 cosϑs

 (4)

and

R3(ϕs + π) =

− cosϕs − sinϕs 0
sinϕs − cosϕs 0

0 0 1

 . (5)

We denote by r = (x, y, z) and rs = (xs, ys, zs) the coordinates
of the test particle and of the Sun, respectively, in the E coordi-
nate system, and by r′ = (x′, y′, z′) the coordinates of the test par-
ticle in the E′ coordinate system. The Sun’s position is indepen-
dent of the test particle’s position (i.e. ∂(x,y,z)(xs, ys, zs) = 03,3).
So, the Jacobian matrix of the coordinate transformation for the
test particle is

∂(x, y, z)
∂(x′, y′, z′)

= −

xs/rs −ys/Rs zsxs/(rsRs)
ys/rs xs/Rs zsys/(rsRs)
zs/rs 0 −Rs/rs

 , (6)

where Rs =
√

x2
s + y2

s and rs =
√

R2
s + z2

s .
According to Newton’s Second Law, the force per unit mass

acting on the test particle orbiting the Sun under the influence of
the Galaxy is:

r̈ = −
µ

r′3
r′ − ∇Φ , (7)

Sun

Galactic 
centre

Test 
particle

r

Rs

r′ 

Solar 
System

Galactic 
plane

rs

ϑs
φs zs

Fig. 2. Schematic representation of the Solar System’s position relative
to the Milky Way’s Galactic centre and Galactic plane.

where µ is the gravitational parameter of the Sun and Φ is the
Galactic potential. Considering that ‖r′‖ � ‖rs‖, the gradient
of the Galactic potential for the test particle near the Sun can
be approximated using a first-order Taylor expansion around the
Sun:

∇Φ = ∇Φ|rs
+ ∇∇Φ|rs

δr + O(‖δr‖2) , (8)

where

∇Φ|rs
= −r̈s (9)

is the acceleration of the Sun within the Milky Way,

δr = r − rs = r′ (10)

is the small displacement of the test particle relative to the Sun,
and

∇∇Φ|rs
=


∂2

x′x′Φ ∂2
x′y′Φ ∂2

x′z′Φ

∂2
y′x′Φ ∂2

y′y′Φ ∂2
y′z′Φ

∂2
z′x′Φ ∂2

z′y′Φ ∂2
z′z′Φ


xs,ys,zs

(11)

is the Hessian matrix of the Galactic potential evaluated at the
Sun’s instantaneous position rs.

Using the Leibniz chain rule (and Schwarz’s theorem), to-
gether with Eq. (6) and the definitions of the polar coordinates R
and ϕ, and then combining Eqs. (2), (7), and (8), the equation of
motion of the test particle with respect to the Sun is

r̈′ = −
µ

r′3
r′

−
(
G1x′ + G4y′ + G5z′

)
x̂′

−
(
G4x′ + G2y′ + G6z′

)
ŷ′

−
(
G5x′ + G6y′ + G3z′

)
ẑ′ ,

(12)
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where Gi (i = 1, . . . , 6) are the Galactic tide parameters, defined
as

G1 =

(
R2

r2 ∂
2
RRΦ + 2

Rz
r2 ∂

2
RzΦ +

z2

r2 ∂
2
zzΦ

)
Rs,ϕs,zs

,

G2 =

(
1
R
∂RΦ +

1
R2 ∂

2
ϕϕΦ

)
Rs,ϕs,zs

,

G3 =

(
z2

r2 ∂
2
RRΦ − 2

Rz
r2 ∂

2
RzΦ +

R2

r2 ∂
2
zzΦ

)
Rs,ϕs,zs

,

G4 =

(
−

1
rR
∂ϕΦ +

1
r
∂2

RϕΦ +
z

rR
∂2
ϕzΦ

)
Rs,ϕs,zs

,

G5 =

(
Rz
r2 ∂

2
RRΦ +

z2 − R2

r2 ∂2
RzΦ −

Rz
r2 ∂

2
zzΦ

)
Rs,ϕs,zs

,

G6 =

(
−

z
rR2 ∂ϕΦ +

z
rR
∂2

RϕΦ −
1
r
∂2
ϕzΦ

)
Rs,ϕs,zs

.

(13)

The Galactic component of the force in Eq. (12) is derived from
the potential:

Φ̃(x′, y′, z′) =
G1

2
x′2 +

G2

2
y′2 +

G3

2
z′2

+ G4x′y′ + G5x′z′ + G6y′z′ .
(14)

Finally, we note that

∆′Φ̃ =

3∑
i=1

Gi = ∆Φ|rs
= 4πGρ0 , (15)

which corresponds to Poisson’s equation evaluated in the solar
neighbourhood (G is the gravitational constant). Thus, ρ0 is the
local mass density of the Galaxy in the solar neighbourhood.3

The expressions in Eq. (13) are valid for any Galactic poten-
tial, and any trajectory of the Sun. If the potential is axisym-
metric (i.e. Φ = Φ(R, z)) and symmetric with respect to the
plane z = 0 (i.e. Φ(R,−z) = Φ(R, z)) and the Sun follows a
circular orbit in the Galactic plane (i.e. Ṙs = 0 and zs = 0),
we retrieve the well-known form of the Galactic tide parameters
derived by Heisler & Tremaine (1986), namely:

G1 = ∂2
RRΦ

∣∣∣
Rs,ϕs,zs

G2 =
1
Rs

∂RΦ|Rs,ϕs,zs

G3 = ∂2
zzΦ

∣∣∣
Rs,ϕs,zs

, G4 = G5 = G6 = 0 . (16)

We note that in previous papers, it was common to consider
only two components for the Galactic tides: the ‘normal’ com-
ponent characterised by G3, and the ‘radial’ component charac-
terised by G1 and G2 (see, e.g. Matese & Whitmire 1996). To
avoid any confusion, we abandon this terminology and treat all
the Galactic tide parameters in Eq. (13) independently.

4. Evolution of Galactic tides

In this section, we show how the values of the Galactic tide pa-
rameters defined in Sect. 3 are qualitatively affected by the Sun’s

3 We stress that the mass density ρ0 here is representative of the mean
field. Hence it is the coarse-grained smooth stellar density (with also gas
and dark matter) on the scale of ∼ 20 pc, not the fine-grained discrete
small-scale density.

trajectory in the Galactic potential described in Sect. 2. First, in
Sect. 4.1, we revisit the approximations made in previous works
and examine the dominant components of the Galactic potential.
Second, in Sect. 4.2, we avoid all assumptions. This allows us to
qualitatively understand the roles played by different properties
of the potential in the evolution of Galactic tides.

4.1. Toy model under standard assumptions

In the axisymmetric limit, assuming that the Sun’s motion is cir-
cular and confined to the Galactic plane, the Galactic tide param-
eters in Eq. (16) can be expressed in terms of the standard Oort
constants, A and B, as

G1 = −(A − B)(3A + B) ,

G2 = (A − B)2 ,

G3 = 4πGρ0 − 2(B2 − A2) ;

(17)

see Heisler & Tremaine (1986) for details. Current measure-
ments indicate that A ≈ −B (Gunn et al. 1979; Olling & Dehnen
2003; Li et al. 2019; Guo & Qi 2023), which justifies the approx-
imation

G2 ≈ −G1 (18)

adopted in many studies (see e.g. Heisler & Tremaine 1986; Lev-
ison et al. 2001; Fouchard 2004; Gardner et al. 2011; Saillenfest
et al. 2019). Equation (17) with approximation in Eq. (18) is
what we define as our toy model.

From Eqs. (15) and (18), it follows that

G3 ∝ ρ0 , (19)

indicating that variations in ρ0 directly reflect changes in G3 (see
Fig. 3a). We note that in the case of a strict equality G2 = −G1,
the Galactic potential within the toy model is reduced to a loga-
rithmic potential4 Φ ∝ log R, provided that5 Rs � zs. Figure 3b
shows that the axisymmetric background of the Galactic poten-
tial presented in Sect. 2 indeed behaves like a logarithmic func-
tion. In this case, G2 ∝ 1/R2 (see Fig. 3c), so G2 shares the same
periodicity as R and increases as R decreases (and decreases as
R increases).

Figure 4 shows the ratio G2/G3 in the axisymmetric case (i.e.
considering only the axisymmetric component of the full Galac-
tic potential presented in Sect. 2). As visible in Fig. 4, the com-
mon approximation made in previous papers to neglect G1 and
G2 as compared to G3 is questionable, even when the potential
is restricted to the axisymmetric component of the Galaxy. This
was already stressed by Fouchard (2004) for numerical studies.
Nevertheless, it remains a useful approximation for analytical
studies, as it reduces the number of degrees of freedom in the
Hamiltonian and makes the problem integrable (see e.g. Heisler
& Tremaine 1986; Breiter et al. 1996; Saillenfest et al. 2019).

For an axisymmetric potential, one gets G4 = G6 = 0 from
Eq. (13). Regarding G5, it cancels when zs = 0, and the potential
is symmetric with respect to the Galactic plane (z = 0). Fig-
ure 5 shows how the ratio G5/G1 evolves as the Sun moves away
from the Galactic plane. This indicates that, depending on the
Sun’s trajectory in the (R, z)-plane and on the choice of axisym-
metric potential, assuming G5 = 0 as in Eq. (16) may have a
4 A logarithmic potential provides a constant velocity curve, which is
— at first approximation — valid at the Sun position (see, e.g. Eilers
et al. 2019).
5 Assuming Rs � zs is a reasonable approximation for the Sun; see
later in Sect. 5.3.
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Fig. 4. Ratio of G2/G3 at z = 0 in the axisymmetric case (i.e. Φ = Φaxi;
see Fig. 3b).

minor to significant impact on the results. Strictly speaking, the
classic formulas in Eq. (16) are only valid for a very restrictive
set of assumptions; one should not use them for more general
Galactic trajectories (as done by e.g. Gardner et al. 2011). In
Appendix B, we explore this ratio for the axisymmetric model
of Gardner et al. (2011) and examine which region of the (R, z)-
plane their Sun’s orbit explores; we show that the parameter G5,
ignored in their study, would actually reach up to 20% of the
value of G1 in their model.

4.2. Realistic non-axisymmetric model

From now on, Gi—j denote the set of all Gk such that k ∈ N and
i ≤ k ≤ j. For instance, G2—4 means the set {G2, G3, G4}.

Figure 6 shows a present-day snapshot of the Galactic tidal
fields (G1—6) for the three Galactic models defined in Sect. 2:
the axisymmetric background of the Galactic potential, the ax-
isymmetric background plus the Galactic bar, and the full model.
More specifically, these snapshots in Fig. 6 consist of colour
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Fig. 5. Ratio of G5/G1 in the axisymmetric case (i.e. Φ = Φaxi; see
Fig. 3b). The white and black curves correspond to values of about
−10% and +10%, respectively; they therefore indicate the region where
the approximation |G1| � |G5| holds.

maps representing (x, y)-plane slices of the Galactic tidal fields
at z = 70 pc. This value of z roughly corresponds to the median
vertical height reached by the Sun6 (see later in Sect. 5.3); we
choose a non-zero value of z in order to highlight the variations
in the parameters G5 and G6 (see Eq. (13) or Appendix C). Ap-
pendix C contains two additional figures reproducing Fig. 6 for
z = 0 and z = 20 pc.

For the axisymmetric model, we see that the trends discussed
in the previous section appear to be preserved, meaning that
our axisymmetric model behaves like the idealised case, namely
G1 ≈ −G2, |G1—2| < |G3|, |G3| � |G5| and G4 = G6 = 0. For
the barred model, the influence of the bar is clearly visible in the
central regions of the Galaxy, and, compared to the axisymmet-
ric model, no drastic change is noticeable in the Galactic neigh-
bourhood of the Sun, except for G4 which may be significantly
non-zero. In contrast, the addition of the spiral arms strongly af-
fects the values of G1, G4 and G5, with slight effects also visible

6 Here, we do not refer to the median vertical position of the Sun.
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the full Galactic model. All quantities are defined in Sect. 3. The grey
vertical dotted lines are included to guide the eye (see text).

in G3 and G6. Qualitatively, we observe that in the present-day
Galactic region around the Sun, the parameters G2, G3 and G6
are not affected so much by the non-axisymmetric features of
the model used. Finally, we observe that in all cases we have
|G3| � |G4—6| and |G1—2| < |G3| for the present-day Galactic
location of the Sun (see Fig. 6).

In order to visualise how the Galactic tide parameters vary
as a function of Rs and zs in the full Galactic model, Figs. 7, 8
and 9 show the time evolution of the Sun’s coordinates (Rs and
zs), Galactic tides parameters, and local Galactic mass density.
The solar trajectory used here corresponds to the nominal orbit
of the Sun according to the statistics explored in Sect. 5. For
now, we only use this trajectory for illustration purposes, in or-
der to qualitatively identify the correlations between variations
in the Sun’s position and variations in G1—6; the quantitative ex-
ploration is presented in Sect. 5.3.

We observe that the variation of Rs drives that of G2: The
maxima of Rs correspond to the minima of G2, and vice versa
(see e.g. the grey, dashed vertical lines in Fig. 7). The variation
of −G1 shares some similarities with that of G2, but it is affected
by the non-axisymmetry of the potential (primarily due to spi-
ral arms; see Fig. 6), leading to perceptible differences between
the two curves — in the axisymmetric case, −G1 and G2 would
behave the same way. The variation of G3 is primarily driven by
the rapid variations of zs, while the slower variations are mod-
ulated by Rs: The extrema of zs correspond to the minima of
G3, whereas the zero-crossings of zs correspond to the maxima
of G3 (see e.g. the grey, dashed vertical lines in Fig. 8); mean-
while, the slower oscillations of Rs shape the overall envelope of
G3. This is not surprising because G3 is the main vertical com-
ponent, quantifying the gradient of the vertical force, and most
of the mass is concentrated in the Galactic plane; therefore, G3
reaches its maximum in the Galactic plane. Moreover, the mass

8

9

R s
 (k

pc
)

100

0

100

z s
 (p

c)

5.0e-15

7.5e-15

G
3 (

yr
2 )

1.0 0.8 0.6 0.4 0.2 0.0
t (Gyr)

0.05

0.10

0.15

0 (
M

/p
c3 )

Fig. 8. Same as Fig. 7 but showing Rs, zs, G3, and ρ0.
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density increases toward the Galactic centre; consequently, for
a fixed zs, a maximum at smaller Rs is generally expected to be
higher than a maximum at larger Rs. This is even more strik-
ing when comparing ρ0 with G3: The ρ0 curve closely resembles
that of G3. From Eq. (15), we deduce that the sum of G1 and
G2 is significantly smaller than G3. However, the last important
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Galactic model.

point we need to note here is that G1 and G2 individually might
no longer be negligible with respect to G3. This is particularly
true for G1. Indeed, Fig. 10 shows that −G1 can be nearly half
of G3. Finally, the curves of G4, G5 and G6 are much harder to
interpret. Nevertheless, we observe that the curves G4 and −G1
appear to be approximately mirror images of each other, similar
to what is observed for the curves Rs and G2. We also observe
that zero-crossings of zs imply zero-crossings of G5 and G6, but
not vice versa (see e.g. the grey, dashed vertical lines in Fig. 9).
Moreover, some of the extrema of zs coincide with those of G5
and/or G6; in the axisymmetric case, they coincide with those of
G5. Globally, we also note that: |G1—2| > |G4—6| (see Fig. 10).
We verified that the analysis made here remains qualitatively rel-
evant for any Galactic trajectory in the solar neighbourhood.

5. Statistics derived from the solar galactic orbits

As the Sun’s initial conditions in the Galaxy are not perfectly
known, trajectories can substantially vary from one simulation
to another, even within a given Galactic potential. In this section,
we sample trajectories in the uncertainty ranges of the Sun’s ini-
tial conditions and analyse the statistics of the outcomes. The
model of the Galactic potential described in Sect. 2 has a limited
validity over time. Here, we use an optimistic upper bound of
1 Gyr, which is the duration of all our integrations below.

5.1. Initial conditions

In order to account for the uncertainties in the present-day coor-
dinates of the Sun, we performed numerical integrations of one
million solar trajectories over the past 1 Gyr. Three sets of in-
tegrations were then carried out: one using the Galaxy model
described previously in Sect. 2, one using only its axisymmet-
ric component, and one without the spiral arms (i.e., with only
the axisymmetric background and the Galactic bar), in order to
assess the influence of the different non-axisymmetric structures.

The initial radial position,
Rs,0 = 8275 ± 100 pc , (20)

was taken from Gravity Collaboration et al. (2024, Table B.1),
whereas the initial vertical position,
zs,0 = 20.8 ± 10 pc , (21)

was taken from Bennett & Bovy (2019). We note that the value
reported by Gravity Collaboration et al. (2024) is 0.1 kpc larger
than that reported by GRAVITY Collaboration et al. (2019),
namely Rs,0 = 8.178±0.013stat.±0.022sys. kpc, far exceeding the
statistical or systematic uncertainties estimated in 2019. There-
fore, it is prudent to assume that the systematic uncertainty of
the 2024 measurement could also be of the order of 0.1 kpc.
The same consideration applies to zs,0: Griv et al. (2021) shows
that zs,0 varies between 5 and 26 pc, which is far beyond the
0.3 pc uncertainty mentioned by Bennett & Bovy (2019). Con-
sequently, we adopt 10 pc as a more conservative estimate of the
uncertainty on zs,0. The initial solar velocity7

vs,0 =
(
−11.1±1.25 250.2±3 7.25±0.6

)
km/s (22)

was taken from Schönrich et al. (2010) for the radial and vertical
components (summing up the statistical and systematic errors
in quadrature), while the tangential component was adjusted to
match our adopted value of the initial radial position from the
proper motion of Sgr A*.

Both the initial positions and velocities were sampled from
Gaussian distributions, with individual components drawn inde-
pendently to construct a sample of one million initial conditions.
The same initial-condition sample was used for each Galactic
model. The equations of motion of the Sun are given by Eq. (9).

5.2. Integrator

We used the SABA2 symplectic integrator (Laskar & Robutel
2001) combined with the isochrone splitting scheme (Bougakov
et al. 2025). This approach provides a better trade-off between
computational cost and energy conservation than the kinetic
splitting scheme in the context of stellar motion in effective
gravitational fields (see Bougakov et al. 2025 for details). Ap-
pendix A describes how to set the isochrone splitting parameters
in order to achieve better efficiency than the standard Leapfrog-
like integrators. We used a timestep of 1 Myr and integrate over
1 Gyr, which yields a total number of points of N = 1000. The
relative conservation of energy (when considering an extended
Hamiltonian that is conserved over time; see Appendix A) is
7 The initial velocity vector is expressed in the fixed cylindrical galac-
tocentric frame.
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Fig. 11. Distributions of trajectory-based summary statistics (minimum,
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tocentric cylindrical coordinates, obtained using different Galactic mod-
els: the axisymmetric background of the Galactic potential (top row),
the axisymmetric background plus the Galactic bar (middle row), and
the full model (bottom row).

about 6×10−8 for all integrations. This strict constraint in energy
conservation is used here in order to avoid any possible bias in
the statistics over 1 million trajectories. The CPU time needed to
integrate all 106 trajectories with this level of precision is about
5 hours8. The same integrations would take about 32 hours of
CPU time using the kinetic splitting scheme.

5.3. Statistics on Galactic tide parameters

For each trajectory sampled over N = 1000 points regularly
spaced in time, we compute the minimum, maximum, the first
three quartiles (Q1, median, Q3), and the arithmetic mean of:
Rs, zs, G1—6, and ρ0. These quantities are then grouped and plot-
ted as histograms in Figs. 11, 12 and 13. Our sampling implies
that the Sun spends one quarter of its total dynamical evolution
in each of the four intervals: minimum–Q1, Q1–median, me-
dian–Q3, and Q3–maximum.

In the three models, the first three quartiles of R yielded by
the integrations are nearly identical, meaning that the Sun spends
roughly half of its dynamical evolution within the same range
around the R-median (i.e. between Q1 and Q3). In the full model,
however, the Sun spends less than half of its time (i.e., about
20%) exploring values of R never reached in the axisymmet-

8 Time calculated with the full Galactic model; shorter times are ex-
pected for the other models.
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Fig. 12. Same as Fig. 11 but for trajectory-based summary statistics of
Galactic tide parameters.

ric model, with the minimum and maximum shifted by approxi-
mately −0.5 kpc and +0.5 kpc, respectively. Nevertheless, in all
three models the Sun remains close to the Galactic plane and ex-
plores the same range of z, indicating that the non-axisymmetric
component of the Galactic potential primarily affects the Sun’s
radial motion (see Fig. 11). From the geometry of Galactic tidal
fields (see Fig. 6 in Sect. 4.2) and the range of Rs (see Fig. 11),
the Sun crosses the spiral arms many times. This explains why
we observe a significant change in G1, and to a lesser extent in G2
and G3, when moving from the axisymmetric model to the full
model, because — as noted in Sect. 4.2 — only G1 is strongly
influenced by the spiral arms compared with G2 and G3. The
changes observed in G2 and G3 are driven by the radial excur-
sion of the Sun: G2 increases as the Sun moves closer to the bar’s
region of influence, whereas G3 follows the ρ0 density distribu-
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Fig. 12. Continued.
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Fig. 14. Same as Fig. 11 but for trajectory-based summary statistics of
the instantaneous ratios of the Galactic tide parameters.

tion encountered by the Sun, which likewise increases toward
the Galactic centre (see Figs. 12 and 13). As expected, G4 and
G6 vanish in the axisymmetric case, and the parameters G4—5
are strongly affected by the addition of spiral arms. Finally, G6
is also influenced by the spiral structure, which is the sole source
of any variation in G6 at the Sun’s location; however, its range
of variation is an order of magnitude smaller than that of G4 and
G5 (see Fig. 12).

Figure 14 follows the same method as Figs. 11, 12, and 13,
but for the following quantities: G1/G2, G1/G3, G2/G3, and
G4—6/G3, which represent the instantaneous ratios of the Galac-
tic tide parameters. Appendix D provides additional plots of
other instantaneous ratios of the Galactic tide parameters. The
histograms of G1/G2 are particularly informative, as they reveal
the impact of potential axisymmetry breaking on the Galactic
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Fig. 14. Continued.

tides along the Sun’s trajectory. For the full Galactic model, the
ratio oscillates between approximately 0.1 and 2, corresponding
to variations of −90% and +100%, respectively, thus indicating a
significant perturbation. This difference is reflected in the ratios
G2/G3 and G1/G3, which reach about 0.26 (median about 0.16)
and about −0.5 (median about −0.13), respectively. On the other
hand, the breaking is much less pronounced when the Galactic
bar is the only non-axisymmetric component included. Conse-
quently, in the region explored here by the Sun, the trends pre-
dicted by the axisymmetric case are the same as those obtained
when only the Galactic bar is added. Finally, regardless of the
model used, the approximations |G3| � |G1—2| are only rough,
since during most of the integration (and in some cases through-
out the entire integration) we are in regions where −G1/G3 and
G2/G3 exceed 10%. In contrast, G3 dominates G4—6, whatever
model is used.

5.4. Discussion

The choice of initial conditions may be subject to discussion;
however, in our case, we justify the choice made in Sect. 5.1 for
the reasons outlined therein. Nevertheless, we also performed the
same numerical experiment with another set of initial velocity
conditions:

valt.
s,0 =

(
−12.9±3 250.2±3 7.78±0.6

)
km/s . (23)

The radial and vertical components are taken from Drimmel &
Poggio (2018), except for the uncertainty on the vertical veloc-
ity, which we keep from Schönrich et al. (2010), as we judge
the uncertainty reported in Drimmel & Poggio (2018) to be too
small. The tangential component is unchanged, as it is consistent
with our adopted value of the Sun’s initial radial position.

With this alternative set of initial conditions, we performed
the same analysis as presented in Figs. 7 to 14, as well as in the
figures in Appendix D. The results obtained support the conclu-
sions presented in this article. The figures related to this analysis
are available in the ‘supplementary material’ of this article.

6. Summary and conclusion

Galactic tides are a fundamental component in understanding the
dynamics of the most distant objects in the Solar System. They
regulate the flux of observable long-period comets and produce
oscillations of distant scattered disc objects. Moreover, they also
play a role in related fields, such as the study of exoplanetary
orbits (Veras & Evans 2013); see Sect. 1 for another example.
However, the current assumptions used in modelling Galactic
tides — namely, a circular stellar orbit in the Galactic plane,
and an axisymmetric Galactic potential that is independent of
time (see Heisler & Tremaine 1986) — are severe limitations
and contrast with our current understanding of the Milky Way
and the quality of observations obtained in recent years. As men-
tionned by Veras & Evans (2013, Conclusions), stars lead much
more complex lives: They are usually inclined to the Galactic
plane, their orbits are often eccentric and sometimes chaotic,
and they experience perturbations that can move them by many
kiloparsecs. It is in this context that we were led to develop a
general expression for Galactic tides felt by a test particle in or-
bit around a star, for any trajectory of this star in any Galactic
potential. We then applied it to the case of the Solar System,
embedded in one of the most advanced Galactic models, which
has been adjusted using Gaia DR3 data. The Galactic model is
based on Khalil et al. (2025), which we have extended to 3D in
order to explore vertical oscillations in the Sun’s orbit. In this
way, we explored the possible backward motion of the Sun over
the last gigayear by performing 106 integrations with different
initial conditions, studied the properties of the Galactic tide pa-
rameters, and then performed a statistical analysis of the general
trends in the time evolution of Galactic tides along the Sun’s or-
bit through the Galaxy. In order to determine the origin of the
observed features, we compared the results obtained with three
different configurations: (i) using the complete Galaxy model;
(ii) using only its axisymmetric component; and (iii) using the
model without the spiral arms, retaining only the axisymmetric
component and the Galactic bar.

A few caveats are worth mentioning. First, although the
Galactic tide parameters have been estimated using the most re-
cent model for the bar and spiral arms adjusted to Gaia data,
this model may carry large systematic uncertainties. The spiral
arm fit could correspond to a local minimum and, in any case,
cannot necessarily be trusted over 1 Gyr. On longer timescales,
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recurrent cycles of spiral arms are anyway expected, and could
have a substantial influence on the past motion of the Sun. This
neglected effect of recurrent spirals largely overshadows another
caveat, related to the influence of past stellar encounters on the
solar orbit. Even at the axisymmetric level, the Khalil et al.
(2025) model had been fitted to in-plane motions, but its system-
atic uncertainties in the vertical structure of the potential have
not been explored or adjusted to data. However, our model pre-
dicts local surface mass densities in the solar neighbourhood
that are in good agreement with the estimates of Horta et al.
(2024). In particular, we find that the local surface density within
a height of 1.1 kpc is: 47.76 M�/pc2 for baryons without spiral
arms; 46.52 M�/pc2 for baryons with spiral arms; 28.33 M�/pc2

for the dark matter halo; 76.09 M�/pc2 for baryons plus the dark
matter halo without spiral arms; and 74.85 M�/pc2 for baryons
plus the dark matter halo with spiral arms. These values are con-
sistent within the uncertainties reported in Horta et al. (2024).
Nevertheless, neglecting the thick disc as we did in our model
could slightly affect the vertical period of the Sun, even for a
small zmax, and all the more so if the model is applied to exo-
planetary systems with larger vertical excursions and/or periods.
Indeed, for stars located close to the Sun, the inclusion of a thick
disc component in a Galactic model could increase the vertical
excursions of an orbit by up to 40-50% (see e.g. Pouliasis et al.
2017). In that sense, the present paper should be considered as a
first quantitative exploration of the variation of the Galactic tide
parameters in a realistic non-axisymmetric gravitational poten-
tial of the Galaxy, but not as a computation of definitive values
for these parameters. Nevertheless, let us note that the Galactic
tide parameters less affected by the spiral arms, namely G2 and
G3, should be considered more secure than G1, G4, G5, and G6,
where the influence of the spiral arms is more pronounced.

The values of the Galactic tide parameters and their statis-
tics outlined above can now be used to determine the validity
of common assumptions made in previous works. For instance,
they can be applied to study the impact of Galactic tides on Oort
cloud comets and distant TNOs (see e.g. Saillenfest et al. 2019),
the dynamics of wide stellar triples in the Galaxy (Grishin &
Perets 2022), or other related fields using Galactic tide models
(see Sect. 1). We find that the generalisation of the Galactic tides
provides three new Galactic tide parameters, which we denote
G4, G5, and G6, and gives general expressions of the existing
parameters G1, G2, and G3. These expressions of G1 to G6 show
that the appropriate form of the Galactic tide parameters depends
on the application considered, since Galactic tides are intrinsic to
both the stellar trajectory and the Galactic model. For instance,
we may wonder how the conclusions of Gardner et al. (2011) on
the flux of long-period comets would have been changed if they
had taken into account the parameter G5 (which actually takes
significantly non-zero values). Finally, these general expressions
for Galactic tide parameters enable the quantification of Galac-
tic tides in complex scenarios of stellar motion, including stars
in the Milky Way with orbits similar to, or highly atypical com-
pared to, the Sun, as well as in the context of the Galaxy’s dy-
namical evolution.

The results presented in this article indicate that, regardless
of which Galactic model is used, for most applications, it ap-
pears questionable to assume constant values for the Galactic
tides or a constant value for the local Galactic mass density in
the neighbourhood of the Sun. In fact, the local Galactic mass
density varies from roughly 0.05 to 0.15 M�/pc3 for the axisym-
metric case, and from roughly 0.03 to 0.20 M�/pc3 for the full
model, which represents a significant variation in both cases.
These variations are in sharp contrast with the constant values

used in most previous studies. For instance, models using a con-
stant value of ρ0 = 0.10 M�/pc3 to study the dynamics of Oort
cloud comets (see e.g. Levison et al. 2001) adopt a density that
is somewhat higher than the median value predicted by our var-
ious galactic models. Moreover, temporary excursions to higher
or lower values of ρ0 may noticeably affect the flux of long-
period comets. The excursions might also affect the limits of
the ‘inert zone’ between the scattered disc and the Oort cloud
and produce sporadic changes in the orbital elements of distant
TNOs. In addition, the variation range of the Galactic tides in
the full model is considerable: up to nearly one order of mag-
nitude variation in G1, G2, and G3. We have also shown that
the common approximation made in previous studies (see e.g.
Matese & Whitmire 1996; Levison et al. 2001), namely neglect-
ing G1 and G2 relative to G3 on the basis that they differ by an
order of magnitude, is no longer valid, even in the axisymmetric
case. Such departures from the G3-dominated regime may break
the quasi-integrable character usually assumed for the long-term
tidal evolution of Oort-cloud comets, especially in the inner Oort
cloud (a . 20 000 au), and can therefore have significant con-
sequences for the flux of long-period comets injected into the
inner Solar System. The parameter G3 is mainly affected by the
fact that the range of galactocentric distance is wider for the non-
axisymmetric models. Since the variation in the perihelion dis-
tance of comets over one orbital period under a vertical Galactic
tide is proportional to G3a7/2 (see, e.g. Fouchard et al. 2010), the
variation of G3 will directly affect the minimal semi-major axis
for which a long period comet can be observable considering a
vertical tide only. For instance, by considering the extremum val-
ues of G3 obtained here, the minimum semi-major axis required
for a comet to jump the Jupiter-Saturn barrier varies roughly
from 17 000 to 27 000 au (Fouchard et al. 2018). Finally, the
introduction of the new Galactic parameters G4, G5, and G6 may
complicate the overall dynamics of long-period comets and the
structure of the Oort cloud. We leave a full study of the effects of
the non-G3 tidal parameters on the long-term dynamics of Oort
cloud comets to future work. They may also have a strong impact
on extrasolar bodies having a large out-of-the-plane component
in the Galaxy.

Data availability

We provide with this paper a text file containing the tabulated
nominal time evolution of all parameters (the Sun’s position,
velocity, local Galactic mass density, and Galactic tide param-
eters) as a function of time, for use in Solar System studies. We
also provide an alternative tabulated nominal time evolution of
these parameters, corresponding to a different set of initial con-
ditions than those used in Sect. 5.1 (see Sect. 5.4 for more de-
tails). Finally, we also include in the ‘supplementary material’
figures analogous to those presented in Figs. 7 to 14, as well
as those in Appendix D, obtained using different initial con-
ditions consistent with the Sun’s alternative nominal orbit pre-
sented in Sect. 5.4. The ‘supplementary material’ is available
here: https://doi.org/10.5281/zenodo.20933813.
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Appendix A: The isochrone symplectic integrator

The Hamiltonian reproducing the equations of motion of the Sun
orbiting within the Milky Way can be chosen as

H(q,p, t,T ) =
1
2

p2 + Φ(q, t) + T , (A.1)

where Φ is the Galactic potential, p = q̇ is the momentum con-
jugate to the position q, and T is the momentum conjugate to
the time t, introduced in order to obtain an autonomous system
(only required for checking the conservation of the Hamiltonian
value). For the test presented below, we used the full Galactic
model described in Sect. 2.

We split the Hamiltonian into two parts,

H = A + εB , (A.2)

in order to use the isochrone splitting (Bougakov et al. 2025),

A(q,p,T ) =
1
2

p2 + Ψ(q) + T , (A.3)

εB(q, t) = Φ(q, t) − Ψ(q) , (A.4)

where

Ψ(q; κ, b) =
−κ

b +
√

q2 + b2
, (A.5)

is the isochrone potential (Hénon 1959). This approach relies on
isochrone drifts and velocity kicks9. The splitting depends on
two constant parameters, κ and b, which must be chosen such
that the absolute value of the ratio between the split parts in
Eq. (A.2), ε, is as small as possible. When b = 0 (and κ , 0),
it reduces to Kepler drifts and velocity kicks, corresponding to
the Kepler splitting; in this case, the parameter κ and the coordi-
nates q are chosen to give the best performance (see, e.g. Farrés
et al. 2013; Hernandez & Dehnen 2017; Rein et al. 2019). Thus,
the isochrone splitting can be seen as a generalisation of Ke-
pler splitting. In the limiting case Ψ = 0 (i.e. κ = 0), it reduces
to linear drifts and velocity kicks, corresponding to the kinetic
splitting, as used, for instance, in the standard Leapfrog integra-
tor (Ruth 1983).

We denote by H0 the Hamiltonian at the initial time of the
integration, and by ∆H its instantaneous variation relative toH0
at time t; perfect conservation implies that ∆H = 0 at all times
during the integration. Figure A.1 shows how to choose the val-
ues of the isochrone splitting parameters, κ and b, in order to
optimise the integration with the SABA2 symplectic integrator
of Laskar & Robutel (2001); we denote the optimal values of
the isochrone splitting parameters as κ? and b?. The integrations
were performed over 1 Gyr with a time step of δt = 1 Myr.

The SABA2 integrator has errors of order O(εδt4) +
O(ε2δt2). This implies that the integrator is fourth-order in δt in
the best case and only second-order in the worst case, depending
on the size of ε. For moderate constraint in energy conservation
(relative error 10−3) or stronger, Figs. A.2 and A.3 show that
the isochrone integrator outperforms the standard Leapfrog-like
integrator. In fact, for the same level of Hamiltonian conserva-
tion, the isochrone splitting with the parameterisation κ = κ? and
b = b? allows larger time steps than the standard kinetic split-
ting. As a result, the integration is faster than with the standard
kinetic splitting.
9 A simple example implementation is available at https://github.
com/AstroLexandre/IsochroneSymplecticIntegrator_
QuickExample, which includes the analytic isochrone propagator
used to evolve the isochrone Hamiltonian flow (Bougakov et al. 2026).
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Fig. A.1. Optimising the parameterisation of isochrone splitting. The
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Fig. B.1. Ratio G5/G1 in the axisymmetric potential of Gardner et al.
(2011). As in Fig. 5 in Sect. 4.1, the white and black curves correspond
to values of about −10% and +10%, respectively. The red rectangle
delineates the region explored by the Sun’s orbit as derived in Gardner
et al. (2011).

Appendix B: Comparison between G1 and G5 in
another axisymmetric potential

Figure B.1 is analogous to Fig. 5 in Sect. 4.1, but is based on the
axisymmetric potential of Gardner et al. (2011). We find that the
Sun’s orbit derived in their model explores regions of the (R, z)-
plane where the ratio |G5/G1| reaches values up to 20%.

Appendix C: Supplementary plots of Galactic tidal
fields

Figures C.1 and C.2 are analogous to Fig. 6 in Sect. 4.2, except
that they show snapshots computed in the Galactic plane (i.e.
z = 0) and in the same z-plane as the Sun (i.e. z = 20 pc), respec-
tively. These figures confirm the analysis made in Sect. 4.2.

Appendix D: Supplementary histogram plots

Figure D.1 is a continuation of Fig. 14 in Sect. 5.3, which shows
the statistics of the instantaneous ratios G4—6/G1—2. These fig-
ures show that the hierarchy between the non-G3 diagonal terms
(i.e. G1 and G2) and the non-G6 off-diagonal terms (i.e. G4 and
G5) disappears when spiral arms are taken into account in the
Galactic model.

Article number, page 16 of 19



Bougakov et al.: Galactic tides in the Solar System within a non-axisymmetric Milky Way model adjusted to Gaia data

10

5

0

5

10
y 

(k
pc

)
G1, axi G1, +bar G1, full

10

5

0

5

10

y 
(k

pc
)

G2, axi G2, +bar G2, full

10

5

0

5

10

y 
(k

pc
)

G3, axi G3, +bar G3, full

10

5

0

5

10

y 
(k

pc
)

G4, axi G4, +bar G4, full

10

5

0

5

10

y 
(k

pc
)

G5, axi G5, +bar G5, full

10 0 10
x (kpc)

10

5

0

5

10

y 
(k

pc
)

G6, axi

10 0 10
x (kpc)

G6, +bar

10 0 10
x (kpc)

G6, full

10 16

10 15

10 14

10 16

10 15

10 14

10 16

10 15

10 14

10 16

10 15

10 14

10 16

10 15

10 14

10 16

10 15

10 14

10 15

10 14

10 13

10 15

10 14

10 13

10 15

10 14

10 13

10 14

0

10 14

10 14

10 16
0
10 16

10 14

10 14

10 16
0
10 16

10 14

10 14

0

10 14

10 14

0

10 14

10 14

0

10 14

10 14

0

10 14

10 14

0

10 14

10 14

0

10 14

Fig. C.1. As in Fig. 6 in Sect. 4.2, except that the Galactic tidal fields are evaluated in the Galactic plane (z = 0).
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Fig. C.2. As in Fig. 6 in Sect. 4.2, except that here z = 20 pc, so that the green dot and the slices lie in the same plane.

Article number, page 18 of 19



Bougakov et al.: Galactic tides in the Solar System within a non-axisymmetric Milky Way model adjusted to Gaia data

0

43136 axisymmetric
background

0

60302 + Galactic bar

1.5 1.0 0.5 0.0

G4/G1

0

50784 + Galactic bar
+ Spiral arms

Co
un

ts
min Q1 median Q3 max mean

0

19414 axisymmetric
background

0

19534 + Galactic bar

1.5 1.0 0.5 0.0 0.5 1.0 1.5

G5/G1

0

24830 + Galactic bar
+ Spiral arms

Co
un

ts

0

67609 axisymmetric
background

0

43692 + Galactic bar

0.1
0

0.0
5

0.0
0

0.0
5

0.1
0

G6/G1

0

22456 + Galactic bar
+ Spiral arms

Co
un

ts

Fig. D.1. Same legend as in Fig. 14 in Sect. 5.3.
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Fig. D.1. Continued.
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