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ABSTRACT

We conducted an orbital study of Milky Way-like models of barred galaxies of three degrees of freedom in order to detect the orbits
that support different structures of the galaxies, such as rings and spiral arms. We performed a parametric study focused on the strength
of the bar’s perturbation Q f (22%-60% in forces), and we studied different energy levels through the use of 4D Poincaré surfaces of
section (PSSs) of the 6D phase space. We used the method of apocentric sections for orbits with initial conditions above the unstable
manifolds of the planar (PL1,2) family (or Lyapunov orbits) or other unstable periodic orbits that have a small initial component on
the z-axis. We conclude that in all models with different bar perturbation values, different morphological structures are supported by
3D sticky chaotic orbits at different energy levels, including the envelope of the bar, the outer rings of the R1 type, and spiral arms.
Ring structures are mostly supported for smaller values of the bar’s perturbations (Q f ), while spiral arm structures are supported for
larger values of Q f . We found 4D hypersurfaces (in the 4D PSS) along which 3D chaotic orbits that support the galactic structures are
sticky for very long times before escaping from the system. Finally we determined the stickiness time of these orbits using the time
evolution of the finite time Lyapunov characteristic number.
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1. Introduction

The orbital dynamics of barred galaxies have been investigated
extensively. It has been firmly established that both planar and
three-dimensional regular orbits associated with the stable peri-
odic x1 family (Contopoulos and Papayannopoulos 1980) play
a crucial role in maintaining the bar’s morphology, both in
face-on views and in edge-on projections (see e.g. Patsis et al.
2003, 2009; Patsis and Katsanikas 2014; Chaves-Velasquez et
al. 2017). Regarding the creation of spiral arms in barred galax-
ies, the theory that has prevailed in recent years is the manifold
theory by Voglis et al. 2006 and Romero-Gómez et al. 2006. This
theory has been tested and confirmed by galactic models and N-
body simulations in many papers (see Paper I for bibliography).

In the first paper of this series (Harsoula and Katsanikas
2025, hereafter Paper I), we presented the case of a small bar-
induced perturbation (Q f ≈ 12% in forces) in a Milky Way-
like barred galaxy rotating with a constant pattern speed of
Ωb = 45 km/s/kpc, which lies in the range of the values pro-
posed for the Milky Way in Gerhard (2011) and in Sanders et al.
(2019). We concluded that although there existed planar spiral
structures on the configuration space made out of the apocentric
manifolds of all the planar unstable periodic orbits outside coro-
tation, these spiral paths are not populated by 3D sticky chaotic
orbits, as they all quickly became diffused outwards along these
paths. Therefore, in the model of Paper I we showed that 3D
sticky chaotic orbits only support outer ring-like structures of
the R1 and R1R′2 type (see Buta and Combes 1996) for extremely

long times (hundreds and thousands of Hubble times) before es-
caping from the system.

We want to emphasise here that when referring to orbits in
the configuration space, we use the conventional terminology of
the dynamical astronomy literature, where ‘2D’ and ‘3D’ orbits
denote trajectories embedded in two- and three-dimensional con-
figuration spaces, respectively. This should not be confused with
the dimensionality of geometric objects in the 4D Poincaré sur-
face of section (PSS), where terms such as 2D manifolds and 3D
hypersurfaces denote their intrinsic (topological) dimension.

In this paper we study galactic models of bar perturbation
with values that range from Q f ≈ 20% to Q f ≈ 60% and con-
clude that as the bar’s perturbation becomes greater, bar driven
spiral structures are supported from 3D sticky chaotic orbits at
ever greater distances. At the same time, we find that different
structures can be supported at different energy levels in all cases
of the bar’s perturbation, including the envelope of the bar, outer
ring structures of the R1 type, and spiral arms.

We used the same approach as in Paper I; that is, we lo-
cated the planar PL1,2 orbits and calculated their unstable mani-
folds in the phase space. The PL1,2 orbits (nomenclature follows
Voglis et al. 2006a) are a family of unstable short-period orbits
around the Lagrangian points L1,2 (also called Lyapunov orbits),
and they are found for energy levels (En) greater than EnL1,2 .
We studied the behaviour of the 3D sticky chaotic orbits lying
above these planar manifolds in the 4D PSS (y, ẏ, z, ż, for x=0
and ẋ < 0) of the corresponding 6D phase space of the system.
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Fig. 1. Force perturbation of the bar (Q f ) as a function of the radius (r)
for different values of the bar’s mass (Mb). The maximum Q f ranges
from 12% up to 60%. The vertical lines give the positions of the corre-
sponding Lagrangian points (L1,2), which are located close to the bar’s
corotation

.

To facilitate visualisation of the 4D PSS, we used the method
of colour and rotation (Patsis and Zachilas 1994). This method
has been used to study various structures of the phase space of
galactic-type Hamiltonian systems with three degrees of free-
dom (Katsanikas and Patsis 2011, Katsanikas et al. 2011a,b, Kat-
sanikas et al. 2013, Katsanikas and Patsis 2022, Moges et al.
2024) and 4D symplectic maps ( Zachilas et al. 2013, Agaoglou
et al. 2021).

To study the stickiness time (or escape time) of 3D sticky
chaotic orbits that behave as regular ones for a very long time,
compared to the Hubble time, we used an important tool, namely,
the time evolution of the finite time Lyapunov characteristic
number (FT − LCN). We find that spiral structures on the con-
figuration space can be supported by 3D chaotic orbits that
present stickiness phenomena to some hypersurfaces resembling
2D manifolds (in the 4D PSS) and with the same foldings as the
planar unstable manifolds lying underneath.

In our work for this paper, we used the same model as in
Paper I, and we kept the same formalism. In Sect. 2 we give a
quantitative estimation of the force strength of the bar. In Sect. 3
we explore the 6D phase space of the model with the help of 4D
PSSs. We studied the 3D sticky chaotic orbits that support outer
ring-like structures and spiral arms on the plane of rotation for
different energy levels by plotting their apocentric sections on
the plane of rotation. Finally we calculated the stickiness time
(or escape time) of these sticky chaotic orbits. We present our
conclusions in Sect. 4.

2. Force strength of the bar

In the present work we study the dependence of the galaxy struc-
ture on the parameter Mb of the bar’s mass, which can also be
attributed to the well-known parameter Q f -force strength intro-
duced by Laurikainen 2004 (see Paper I). In Fig. 1 we plot the
value of Q f as a function of the radius (r) for different values of
the bar’s mass (Mb = 5, 9, 13, 17, 21, 25 × 1010M�). The max-
imum Q f (r) values correspond to perturbations of 12% up to
60%, covering almost the entire range of bar’s perturbation of the

corresponding values observed in real barred galaxies (see Lau-
rikainen et al. 2004 and Buta et al. 2009). The vertical lines cor-
respond to the position of the L1,2 Lagrangian equilibrium points,
which are located after the end of the bar and close to corotation.
From this figure we observed a positive correlation between the
length of the bar and the bar’s strength, and this is something that
has also been found in observations of barred galaxies (Gadotti
2011, Guo et al. 2019). Moreover, it has also been shown in sim-
ulations of barred galaxies that bars grow stronger in time by
becoming longer as a result of angular momentum exchange be-
tween the inner and outer parts of galaxies (Athanassoula and
Misiriotis 2002).

3. Exploration of the phase space

3.1. Locating the Lagrangian points L1, L2

We fixed the pattern speed of the bar to Ωb = 45 km/s/kpc in real
units and Ωb = 0.217 in the units of the system. The procedure
for locating the unstable Lagrangian points L1,2 is described in
Paper I, and the solutions were found in Cartesian coordinates
(xL1,2 , yL1,2 , zL1,2 , pxL1,2

, pyL1,2
, pzL1,2

). The orientation of the main
axis of the bar on the plane of rotation is along the y-axis with
respect to the rotating frame of reference. The yL1,2 coordinate,
which is located after the end of the bar and close to corotation,
is shown in Fig. 1 for the different models we studied.

The ratio R of the corotation radius (which is close to the
Lagrangian points L1,2) to the length of the bar (taken as equal
to its major axis, a = 5.25; see Paper I) can be used as a tool
to distinguish between fast and slow bars. Ultrafast bars have
R < 1.0, fast bars have 1.0 < R < 1.4, and slow bars have
R > 1.4.

According to the aforementioned definition, the models we
studied (distinguished by the different parameter of the bar’s
mass, Mb) can be separated into fast bars for Mb = 5 and 9,
with R = 1.2 and R = 1.35, respectively, and slow bars for
Mb = 13, 17, 21, and 25, with R = 1.48, R = 1.6, R = 1.68, and
R = 1.77, respectively. This rough separation of weak-fast bars
from strong-slow bars is consistent with the findings of Géron et
al. (2023), as the authors concluded from observations of barred
galaxies that strong bars tend to have lower bar pattern speeds.

3.2. 2D Poincaré surfaces of section

We studied the 2D PSSs of the planar orbits in order to detect
the stickiness phenomena of planar chaotic orbits along unsta-
ble manifolds of unstable periodic orbits before extending our
study to 3D sticky chaotic orbits. In the foundational studies
of Perry and Wiggins 1994 and Morbidelli and Giorgilli 1995,
the authors found that the escape times of chaotic orbits outside
the borders of the islands of stability (regular motion) are su-
perexponentially large. Since then, there have been many other
works that adopted the term ‘stickiness of chaotic orbits’ to de-
scribe the phenomenon related to the extremely long times of
escape. Studies in mappings and Hamiltonian systems of two
degrees of freedom and three degrees of freedom have shown
that chaotic orbits follow the paths and the folding of unstable
invariant manifolds of unstable periodic orbits and of higher-
dimensional transport structures in phase space, thus excessively
delaying their diffusion outwards (Contopoulos and Harsoula
2008, 2010a, 2010b, and references within; Katsanikas, Patsis,
and Contopoulos 2013; Contopoulos and Harsoula 2013; Wig-
gins et al. 2025).
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Fig. 2. (a) Stability indices, b1, b2, of the planar PL1,2 orbit (branch 1,
branch 2 and branch 3) as functions of the energy En, for bar’s mass
Mb = 17. The vertical stability index, b1, (black) corresponds to the
stability of planar periodic orbits with respect to perturbations perpen-
dicular to the orbital plane, while the planar stability index, b2, (red)
corresponds to the stability with respect to perturbations on the orbital
plane. The four vertical lines correspond to the energy levels at which
we investigated the phase space. (b) and (c) A zoom of Fig. 2a show-
ing the bifurcation points joining the branches 1 and 2 as well as the
branches 2 and 3. (d) Characteristics of the three planar branches of
the PL1,2 family that are joined and disappear at the bifurcation points.
Branch 1 (e), branch 2 (f) and branch 3 (g) planar PL1,2 orbits plotted
with the same colour as the corresponding energies (vertical lines) in
Fig. 2a.

The Hamiltonian (or energy En) of the system, which ro-
tates around the z-axis with an angular velocity (pattern speed)
of Ωb = 45 km/s/kpc, can be written in Cartesian coordinates in
the rotating frame of reference in the form

En = (
ẋ2

2
+

ẏ2

2
+

ż2

2
) + V(x, y, z) −

1
2

Ω2
b(x2 + y2), (1)

where V(x, y, z) is the sum of the axisymmetric and the bar po-
tential (see Paper I).

We located the planar PL1,2 family of orbits (or Lyapunov
orbits) for energy levels (or equivalently Jacobi integrals) above
EnL1,2 , and we studied their linear stability. Using the variational
equations and considering small deviations from the initial con-
ditions (yPL1 , ˙yPL1 , xPL1 = 0, ˙xPL1 < 0), we studied their sta-
bility indices b1, b2 (for more details, see Appendix A of Paper
I) as functions of the energy level En for a bar’s perturbation
Mb = 17 (corresponding to Q f =40% perturbation in forces).
This is a rather representative value of the bar’s strength, and it
corresponds to a strong slow bar (with R = 1.6). In recent stud-
ies of observations of samples of a sufficient number of barred
galaxies, authors have concluded that the majority of them pos-
sess a strong and slow bar (Géron et al. 2023, Mengistu et al.
2026) .

In Fig. 2a we plot the stability indices as functions of the
energy (b1, 2 = f (En)). The periodic orbit is a) stable if | b1 |<
2 and | b2 |< 2; b) simply unstable if | b1 |< 2 and | b2 |>2 or
| b1 |> 2 and | b2 |< 2; c) double unstable if | b1 |> 2 and | b2 |>
2; and d) complex unstable if b1 and b2 are complex numbers.

The vertical stability index b1 corresponds to the stability of
planar periodic orbits with respect to perturbations perpendicu-
lar to the orbital plane, while the planar stability index b2 corre-
sponds to the stability with respect to perturbations on the orbital
plane. The four vertical lines correspond to the energy levels at
which we investigated the phase space.

From Fig. 2a, we observed that there is a range of ener-
gies for which three different branches of PL1,2 orbits coexist:
branch 1, branch 2, and branch 3. As a consequence, there are
two saddle-node bifurcation points, as can be seen in Figs. 2b,c,
between branch 1 and branch 2 on the right and between branch
2 and branch 3 on the left. In Fig. 2d we plot the characteristics
(y = f (En)) of all the branches of the PL1,2 family of orbits,
where the bifurcation points correspond to a local minimum or
a local maximum of the y-coordinate. Finally, in Figs. 2e,f,g we
plot the orbits that correspond to the different branches of the
PL1,2 family in the plane of rotation (x − y). The colours corre-
spond to the energies denoted in Fig. 2a.

In Fig. 3 we plot the 2D PSS of the planar orbits, for Mb =
17, for the four energy levels denoted in Fig. 2a, i.e. En = −3.6
in Fig. 3a, En = −4.3 in Fig. 3b, En = −4.7 in Fig. 3c, and
En = −5.0 in Fig. 3d. These energy levels are above the energy
of the unstable Lagrangian equilibrium points L1,2, which for this
model is EnL1,2 = −6.147. The PL1,2 family of orbits exist above
EnL1,2 (see Fig. 2a). In this figure only the branches of the PL2
family are plotted (the PL1 family is found for positive values
of the y coordinate), where branch 1 of PL2 is referred to in the
figure as PL2, branch 2 as PL′2, and branch 3 as PL′′2 . The three
branches of the PL2 family coexist only in Fig. 3b (see Fig. 2).
In Figs. 3c,d only branch 1 of the PL2 family exists, which is un-
stable and located inside the chaotic region just outside the last
Kolmogorov-Arnold-Moser (KAM) curve of the regular motion.
Red curves in these figures are the unstable manifolds emanating
from the PL2 family. In Fig. 3b all the branches of the PL2 family
are located inside the last KAM of regular motion. In this case,
red curves correspond to the unstable manifolds of an unstable
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Fig. 3. Two-dimensional PSS (y, ẏ) for x = 0 and ẋ < 0 of planar orbits
for four different energy levels: (a) En = 3.6, (b) En = -4.3, (c) En =
-4.7, and (d) En =-5.0 , for Mb = 17. With red, we plot the unstable
manifolds of the planar PL2 orbit in (c) and (d), while in (a) and (b) we
plot the unstable manifolds of the unstable periodic orbits just outside
the last KAM curve of the regular motion.

periodic orbit just outside the last KAM curve. We emphasise
here that all the unstable manifolds of the unstable periodic or-
bits, inside the chaotic region outside the last KAM curve, are
parallel to each other and form the paths along which planar
chaotic orbits will evolve through time and manifest the stick-
iness phenomena. Finally, in Fig. 3a only branch 3 of the PL2
family exists, which is stable and well inside the region of reg-
ular motion. The red curves again correspond to unstable mani-
folds of planar unstable periodic orbits just outside the last KAM
curve of the region of regular motion.

To study the behaviour of 3D sticky chaotic orbits, we took
the initial conditions along these red curves of the unstable man-
ifolds of Fig. 3 and gave them a small initial z component. Then
we integrated these orbits for times comparable to the Hubble
time and studied the structures that they support in the configu-
ration space of the galaxy and the speed of their diffusion out-
wards. For this study we used 4D PSSs.

3.3. 4D Poincaré surfaces of section

We explored the 6D phase space for the same energy levels as
in Fig. 3 in order to study the behaviour of the 3D sticky chaotic
orbits. If we fix the initial values (y0, ẏ0, z0, ż0) of an orbit in the
4D PSS of the 6D phase space to x0 = 0, the value of the coor-
dinate ẋ0 (velocity in the rotating frame) can be calculated for a
specific energy (En) through Eq. (1):

ẋ0 = ±

√
2(En − V(x0, y0, z0)) − ẏ0

2 − ż0
2 + Ω2

b(x2
0 + y2

0). (2)

We chose the negative solution of ẋ0 in Eq. (2) for y0 < 0,
which is compatible with the direction of rotation of the orbits
outside corotation in the rotating frame of reference.

In Fig. 4 we plot the 3D projection (y, ẏ, z) of the 4D PSS
for the same energy levels and bar perturbation as in Fig. 3. In
black we plot the 2D PSS (y, ẏ, for x = 0 and ẋ < 0) of the planar
orbits that stay continuously on the x-y plane of rotation on the
configuration space, and in green are the 3D sticky chaotic orbits
(on the x-y-z configuration space) with initial conditions along
and above the planar unstable invariant manifolds of unstable
periodic orbits (red curves of Fig. 3), which have a small initial
z-component (z0=0.02 kpc).

In Figs. 4c and 4d we integrate sticky chaotic orbits (green
points) with initial conditions along and above the unstable man-
ifolds of the planar PL2 family and that have a small initial
z-component (z0=0.02). In fact, although this is a rather small
initial z value, for a better graphical representation of the re-
sults, we tested values up to z0=0.3-0.7kpc (depending on the
energy level), which correspond to the limits of the thickness
of a Galactic disc, and we found the same behaviour (see for
example Bland-Hawthorn and Gerhard 2016 for the disk thick-
ness of the Milky Way.) We observed that although these chaotic
orbits could escape through the z-component, they remain lo-
cated above these manifolds for a long time before escaping from
the system (through an Arnold web). In other words they ex-
hibit stickiness phenomena in three-dimensional hypersurfaces
for some time by having a regular orbit behaviour. The same is
true in Figs. 4a and 4b, although the different branches of the
planar PL2 family are stable or unstable, but found inside the re-
gion of the regular motion. The 3D sticky chaotic orbits (green)
here have initial conditions along and above the unstable man-
ifolds of unstable periodic orbits just outside the region of the
regular motion. Here again they present a sticky behaviour for a
long time before diffusing outside of the system. For all the en-
ergy levels of Fig. 4, we checked all possible 3D projections of
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the 4D PSS (y, ẏ, z, ż) and concluded that the sticky chaotic orbits
are in all cases restricted in finite volumes inside a radius of 30
kpc for times comparable to the Hubble time.

In Fig. 5 we give the percentage of sticky chaotic orbits
having initial conditions above the unstable manifolds of Fig.
3 (red points) that stay located inside a radius of r = 30kpc
when integrated (green points of Fig. 4) as a function of time
(in units of Hubble time). We conclude that for the energy levels
En = −3.6,−4.3, and −4.7, the stickiness time is greater than a
Hubble time, while for the energy level En = −5.0, there still
remains a great number of trapped orbits after a Hubble time,
although orbits escape faster from the system.

In Fig. 6, we show a magnification of Fig. 4d in the 4D PSS
(y, ẏ, z, ż; where the ż coordinate is in the range −0.025 < ż <
0.025, in velocity units; see Paper I). In the figure, we have taken
more dense initial conditions above the unstable manifold of the
planar PL2 orbit and integrated the orbits for a number of itera-
tions corresponding to approximately a Hubble time. It is clear
that these initial conditions correspond to 3D chaotic orbits that
are sticky to a hypersurface that follows the foldings of the planar
manifold. This hypersurface probably corresponds to a 3D man-
ifold in the 4D PSS. From this figure it is clear how important
the stickiness phenomenon of chaotic orbits is along invariant
manifolds in the 2D and 4D phase space. In fact, the study of
this hypersurface will be the subject of a future study. In Fig. 7
we plot the projection of the coloured 4D surface of Fig. 6 on
the (y, ẏ) PSS. We observed that the projection itself follows the
path of the 2D unstable manifold of the plane PL2 family, which
means that the foldings of the manifold stay unchanged in the
3D projection of the 4D PSS (y, ẏ, z) of Fig. 6.

On the other hand, if we take the initial conditions along and
above the KAM curves inside the regular motion of the planar
orbits (with an initial small z-component, i.e. z0=0.02) and inte-
grate the orbits, we observe a different behaviour. In Fig. 8 we
plot the time evolution of a 3D sticky chaotic orbit in the 4D
PSS (y, ẏ, z, ż) that has initial conditions above the borders of the
regular motion of planar orbits. The colour bar on the left in-
dicates the gradient of the ż component (the minimum value of
ż corresponds to zero and the maximum to one). In black, the
2D PSS of the planer orbits is plotted. Figure 8a corresponds
to the first 2300 iterations (corresponding to approximately 14
Hubble times) showing a regular orbit behaviour. This orbit was
then integrated for another 7700 iterations (Fig. 8b) to exhibit
its chaotic behaviour, during which it diffused inwards close to
the centre of the galaxy and spread over a larger volume. Finally
in Fig. 8c, we plot the same orbit for another 16000 iterations,
where it has uniformly covered this larger volume towards the
centre of the galaxy and begun to spread outwards and escape
from the system.

In Fig. 9 we plot the time evolution of the FT − LCN of
the orbit of Fig. 8 given by the relation FT − LCN = 1

t ln w(t)
w(0) ,

where w(0) is an initial deviation vector of the orbit and w(t) is
the deviation vector after a time t (see Appendix B in Paper I
for details). More sophisticated chaos indicators, such as the fast
Lyapunov indicator (FLI; Froeschlé 1997), MEGNO (Cincotta
and Simó 2000), and SALI or GALI (Skokos 2001, Skokos et
al. 2007), can indeed provide a more detailed characterisation of
chaotic transport and escape mechanisms in higher-dimensional
Hamiltonian systems. However, in the present work our main
goal is not to perform a detailed mapping of the Arnold web but
rather to estimate the characteristic trapping (stickiness) times
of chaotic trajectories that support galactic morphological struc-
tures. For this purpose, the FT-LCN provides a sufficiently robust

Fig. 4. Three-dimensional PSS (y, ẏ, z) projection of the 4D PSS
(y, ẏ, z, ż) for x = 0 and ẋ < 0 for energy levels (a) En = 3.6, (b)
En = 4.3, (c) En = 4.7, and (d) En = 5.0 for Mb = 17. In Black we
plot the 2D PSS of planar orbits. The 3D sticky chaotic orbits above the
planar unstable manifold of the PL2 family in (c) and (d) or of unstable
periodic orbits just outside the last KAM curve of the regular motion
in (a) and (b) (green points) remain located there for a very long time
before escaping from the system. Article number, page 5 of 11
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Fig. 5. Percentage of sticky chaotic orbits (green points in Fig. 4) that
stay located inside the radius of r = 30 kpc as a function of time (in
Hubble time units) for the four energy levels of Fig. 4.

Fig. 6. Magnification of Fig. 4d with more dense initial conditions
above the unstable manifold of the planar PL2 orbit. The ż coordinate
is in the range −0.025 < ż < 0.025, in velocity units and is shown by a
smooth colour gradient. The initial conditions correspond to 3D chaotic
orbits that are sticky to a hypersurface that follows the foldings of the
planar 2D manifold in the 3D PSS.

Fig. 7. Projection of the coloured 4D surface of Fig. 6 on the (y, ẏ) PSS,
which follows the path of the 2D unstable manifold of the plane PL2
family.

and physically transparent indicator, especially when combined
with the corresponding study of the 4D PSS. The first decreas-
ing part of the curve in Fig. 9 corresponds to the time interval
during which the orbit exhibits a regular behaviour (see Fig. 8a).
Later, there is an abrupt increase that corresponds to the time
interval of Fig. 8b, where the orbit exhibits chaotic behaviour,
becoming diffused inwards in a much larger volume. Finally, the
FT − LCN seems to converge at a constant positive value dur-
ing the time interval of Fig. 8c, where the orbit has uniformly
covered this larger volume towards the centre of the galaxy. The

limit of FT -LCN for t → ∞ is the well-known Lyapunov char-
acteristic number. However, after this time interval, the calcula-
tions of the FT − LCN were ceased because the orbit escapes to
large distances from the system.

We also note that alternative approaches for quantifying
chaotic transport and diffusion, such as Shannon entropy (Cin-
cotta and Giordano 2023), Tsallis entropy (Tsallis 1988), and re-
lated entropy-based diagnostics, have been proposed in the liter-
ature. These methods provide complementary statistical descrip-
tions of diffusion processes. However, the scope of the present
work is mainly on the geometric and dynamical study of the
phase-space structures based the 4D PSS and the FT − LCN,
which allowed us to directly follow the confinement and escape
of chaotic orbits in phase space.

In order to understand the limitations of the motion of 3D
chaotic orbits in the 4D PSS (y, ẏ, z, ż, for x = 0), we plotted the
surface of zero velocity (SZV). This corresponds to the boundary
of the energetically allowed region for the 3D projection (y, ẏ, z)
of the 4D PSS, and it is calculated from Eq. (1) for x = ẋ = ż = 0.
In Fig. 10 we plot the SZV superimposed on Figs. 8c, 4d for en-
ergy En = −5.0 and Mb = 17. We observed that the region inside
corotation can communicate with the region outside corotation.
Nevertheless, although the 3D yellow chaotic orbit is only partly
limited by the SZV (with initial conditions inside corotation), it
stays located in a specific region inside corotation and escapes
from the system after hundreds of Hubble time. The 3D green
chaotic orbit, on the other hand, is not at all bounded by the SZV
but exhibits stickiness along a hypersurface (see Fig. 6) above
the unstable manifold of the planar PL2 family. From this fig-
ure we concluded that there must exist some other hypersurfaces
in the 4D PSS (apart from the SZV) that cause the stickiness
phenomena of the 3D chaotic orbits. In fact, this is the subject
of a future study. We emphasise here that for values of the en-
ergy (En) smaller than the one corresponding to the Lagrangian
points (EnL1,2 ), the part of the SZV inside corotation is closed.
As a consequence, the 3D orbits with initial conditions inside
corotation cannot escape from this region and mostly support
the structure of the bar.

3.4. Apocentric sections

In this section we focus on the effect of the 3D sticky chaotic
orbits (studied in the previous section in the 4D PSS) on the
morphological structures of the galaxy in the configuration space
(e.g. rings and spiral arms). The well-known method to study
this effect involves plotting the ’apocentric manifolds’ (Voglis
et al. 2006a, Tsoutsis et al. 2008, 2009, Harsoula and Kat-
sanikas 2025). For this purpose, we took as the initial conditions
(y0, z0, ẏ0, ż0, with x0=0 and ẋ0 derived from Eq. 2) the green
points of Fig. 4, which correspond to 3D chaotic orbits lying
above (with a small initial z-component, z0 = 0.02) the unsta-
ble manifolds of the planar PL2 or other unstable periodic orbits
inside the chaotic region near the border of regular motion. We
then integrated these chaotic orbits for a time comparable to the
Hubble time and plotted only the apocentres of the projections in
the x-y configuration space. We call these points ‘apocentric sec-
tions’ and not ‘apocentric manifolds’ because these initial con-
ditions are not found along the planar unstable manifolds.

In Paper I, where we studied the case of a small bar pertur-
bation with Mb = 5 (only 12% in forces), we concluded that
although the planar apocentric manifolds of planar unstable pe-
riodic orbits form a path with spiral structures, these paths are
not populated by 3D sticky chaotic orbits. The latter orbits sup-
port ring structures of the R1 or R1R′2 type for hundreds or thou-
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Fig. 8. Four-dimensional PSS (y, ẏ, z, ż) of a 3D sticky chaotic orbit (coloured points) that is trapped in smaller radii for a very long time before
finally escaping from the system. The gradient of the colour indicates the ż component, according to the colour bar on the left; the minimum ż
corresponds to zero and the maximum ż to one. The bar’s mass is Mb = 17, and the corresponding energy is En = −5.0. (a) Plot of the orbit
for the first 2300 iterations. The orbit presents a regular behaviour. (b) Plot of the orbit for the next 7700 iterations. The orbit spreads in a larger
volume towards the centre of the galaxy. (c) Plot of the orbit for the next 16000 iterations. After this extremely long time, the orbit escapes from
the system.

Fig. 9. Time evolution of the FT −LCN of the 3D sticky chaotic orbit of
Fig. 8 in a log-log scale. The first part of the curve corresponds to Fig. 8a
and decreases as function of time, indicating a regular behaviour. The
part of the curve corresponding to Fig. 8b shows an abrupt increase,
indicating a chaotic behaviour. Finally, the curve converges to a specific
LCN before the orbit escapes from the system.

sands of Hubble times, but they later quickly become diffused
outwards, escaping from the system without supporting any spi-
ral arms.

In Fig. 11 the apocentric sections of the 3D sticky chaotic
orbits of Fig. 4 are plotted for a value of the bar’s perturba-
tion, Mb = 17 (corresponding to a force perturbation of approx-
imately Q f = 40%), in the configuration space x-y for different
energy levels. Although these orbits could escape through the
third dimension (z-component), they stay and support ring and
spiral structures for long enough times compared to the Hub-
ble time. We observed that different morphological structures are
supported in each energy level, namely the envelope of the bar,
outer ring, and bar-driven spiral structures.

In Fig. 12 we plot the apocentric sections for different values
of the bar’s perturbation (Mb=9-25) and for different levels of
the energy (En). We observed again that different morphological
structures are supported at each energy level in all cases of the

Fig. 10. Three-dimensional PSS (y, ẏ, z) of the 3D sticky chaotic orbits
of Figs. 8c and 4d superimposed on the SZV for energy En = −5.0
and Mb = 17. The 3D yellow orbit is partly limited by the SZV inside
corotation and escapes after a very long time of integration, while the
3D green chaotic orbit is not bound by the SZV but exhibits stickiness
phenomena in a 3D hypersurface along and above the unstable manifold
of the planar PL2 family.

bar’s perturbation, namely, the envelope of the bar, the ring, and
bar-driven spiral structures.

In the left column of Fig. 12, one can observe spiral struc-
tures that spread out at larger radii for the same time of integra-
tion as the bar’s perturbation increases from Mb = 9 (20% in
forces) to Mb = 25 (60% in forces). In fact, for Mb = 9 we ob-
served that the apocentric sections support the envelope of the
bar and a pseudo-ring structure of the R1 type and then quickly
become diffused outwards without supporting any prominent
spiral structures. For larger values of the bar’s perturbation, spi-
ral structures are supported for increasingly larger distances.

In the middle column of Fig. 12, one can observe that the
sticky chaotic orbits support the envelope of the bar and a
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Fig. 11. Apocentric sections in the configuration space x-y of 3D sticky chaotic orbits outside corotation supporting different structures of the
barred galaxy for different energies (En = −5,−4.7,−4.3, and −3.6) for Mb = 17. Spiral arms are supported for lower values of the energy (En),
while the envelope of the bar and R1- and R2-type ring structures are supported for greater values of En.

pseudo-ring of the R1 type for all the values of the bar’s perturba-
tion. Finally, in the right column of Fig. 12, a larger outer ring of
the R1 type is supported by the apocentric section of the orbits,
where they reach larger distances for larger values of the param-
eter Mb. We conclude that the structures supported by apocen-
tric sections exist for all the values of the bar’s perturbation, but
as the bar’s perturbation increases, the radii at which the spiral
structures extend also increase for the same time of integration.

In order to calculate the stickiness time (or escape time) of
the 3D sticky chaotic orbits lying above the planar regular mo-
tion (see Fig. 8) for different initial z-components, we plotted the
time evolution of the FT − LCN for Mb = 17 and En = −5.0
(in Fig. 13a) and for Mb = 25 and En = −5.0 (in Fig. 13b).
From the resulting figure, we observed that for initial condi-
tions of the third dimension (z0 ≤ 0.25), all the sticky chaotic
orbits behave as regular ones for times comparable to the Hub-
ble time (vertical line) in both cases. On the other hand, in the
case of the smallest bar’s mass (Mb=17, Fig. 13a), we observed
that most of the sticky chaotic orbits behave as regular ones and
stay located inside the regular region of the galaxy for hundreds
of Hubble times before expressing their chaotic behaviour and
escaping from the system, while in the case of the larger bar’s
mass (Mb=25, Fig. 13b), the orbits escape much faster from the
system. In general, we conclude that for all the values of the bar’s
perturbation, there are 3D sticky chaotic orbits that stay located
inside or outside the region of regular motion and support the
structures of the galaxy, but the stickiness time is increasingly
longer as the bar’s perturbation decreases.

4. Conclusions and discussion

We have studied a Milky Way-like barred galactic model where
the free parameter is the bar’s perturbation (mass of the bar, Mb,
or perturbation in forces, Q f ) and tried to understand how the
internal dynamics define the morphological structures supported
in the configuration space of the galaxy. This paper is a con-
tinuation of Paper I, where we studied the case of a small bar
perturbation (Q f ≈ 12%). Here, we have studied models with
bar perturbation values that range from Q f ≈ 20% to Q f ≈ 60%
(see Fig. 1).

We located the planar orbits PL1,2 for all the models and for
different energy levels (En) and calculated their unstable man-
ifolds in order to study the behaviour of the 3D sticky chaotic
orbits lying along and above these planar manifolds in the 4D
PSS (y, ẏ, z, ż, for x=0). Based on calculating the stability indices
b1, b2 as a function of the energy (En) of the planar PL1,2 orbits
(for a bar perturbation of Mb = 17, or perturbation in forces

of Q f = 40%), we conclude that there are, in general, several
branches of the PL1,2 family of orbits that coexist in some energy
levels. With the help of the 4D PSS, we found 3D sticky chaotic
orbits above planar unstable manifolds (with a small z compo-
nent) outside the region of regular motion that remain located
inside the galaxy for times comparable to the Hubble time. Using
the method of apocentric sections, we then found the structures
that are supported by these 3D sticky chaotic orbits for all the
values of the bar’s perturbation and for different energy levels.

The main conclusion is that contrary to the case of small bar
perturbation (Q f ≈ 12%, in Paper I), where the 3D sticky chaotic
orbits support only ring or pseudo-ring-like structures (of the R1
and R1R′2 type), here as the bar’s perturbation becomes greater
and greater, bar-driven spiral structures are supported at greater
and greater distances. At the same time, different structures can
be supported at different energy levels in all cases of the bar’s
perturbation, including the envelope of the bar, outer ring struc-
tures of the R1 type, and spiral arms.

We have shown that the 3D chaotic orbits that support the
structures of the galaxy are sticky to some hypersurfaces in the
4D PSS outside the SZV. These hypersurfaces that could be
some 3D manifolds in the 4D PSS are the subject of a future
study.

Furthermore, there are 3D sticky chaotic orbits that behave
for a very long time (compared to the Hubble time) as regular or-
bits and then become diffused inwards towards the centre of the
galaxy before finally escaping from the system. The stickiness
time (or escape time) of these orbits can be found by calculating
the time evolution of the FT − LCN, which shows the stickiness
phenomena for hundreds of Hubble time.

The results of this paper as well as of Paper I are in agree-
ment with many observational studies that calculate the bar-
induced perturbation strengths of barred spiral galaxies using
the force perturbation (Q f ). Studies such as Block et al. 2004,
Laurikainen et al. 2004, Buta et al. 2005, and Buta et al. 2009,
show that in general, barred galaxies with a smaller force per-
turbation often present ring-like structures, while others with a
greater Q f present bar-driven spiral arms. Similar results have
also been found in studies of 2D models of barred galaxies
(Romero-Gómez et al. 2007).

There are also studies that have concluded a weak correla-
tion between the strength of the bar and the strength of the spiral
arms. These correlations suggest that the bars and spirals grow
together with the same rates and pattern speeds (Block et al.
2004; Athanassoula et al. 2009). In our study, we observed this
correlation, but we did not investigate the implications of a dif-
ferent pattern speed of the bar (Ωb) or of a distinct spiral poten-
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Fig. 12. Apocentric sections on the configuration space x-y of 3D sticky chaotic orbits outside corotation supporting different structures of the
barred galaxy for different energies. Each row corresponds to a model with the same bar perturbation, from Mb = 9 at the top to Mb = 25 at the
bottom. The spiral arms are more enhanced and extend over greater distances for greater values of Mb. Depending on the energy level, the envelope
of the bar as well as outer ring structures of the R1 type are supported.
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Fig. 13. Time evolution of the FT − LCN of 3D sticky chaotic orbits
for (a) Mb = 17 and En = −5.0 and (b) Mb = 25 and En = −5.0 for
different values of the initial z component.

tial on the galactic structures in the configuration space. These
questions remain open, and we aim to answer them in our future
work.

Finally, we wish to point out that although real barred galax-
ies have time-dependent potentials, the study of an autonomous
steady state galactic model can be used as a dynamical labora-
tory that allows one to determine where the sticky zones are, how
escape occurs, and the distribution of escape times during which
chaotic orbits support rings and spirals. These are intrinsic prop-
erties of the Hamiltonian phase space. Although during the slow-
down of the bar in a real barred galaxy the Lagrangian points
L1,2 move outwards together with corotation and the position
of the periodic orbits PL1,2 change continuously, the hypersur-
faces network of the 4D PSS often persists and deforms adiabat-
ically rather than disappearing abruptly. Hence, the autonomous
manifolds and hypersurfaces that are responsible for the stick-
iness of chaotic orbits reveal the underlying pattern that the
evolving galaxy follows. In real non-autonomous barred galax-
ies, sticky chaotic orbits near corotation may escape after some
long timescale, but they are replenished by other stars that pass
through the dynamical channels associated with the Lagrangian
points. In Voglis et al. 2006b, the authors showed in their N-
body simulations that spiral arms are spontaneously formed on
the disc and show an intermittent behaviour as they are de-
formed, fade, or disappear temporarily, but they grow again in

a timescale less than the rotation period of the bar. The m = 2
mode preserves its spiral structure outside corotation for a Hub-
ble time, during which the bar describes about 20-30 rotations.
Therefore observed spiral arms and rings may be maintained
by a flux of chaotic orbits rather than by the long-term trap-
ping of a fixed population. A barred galaxy evolves on secular
timescales of roughly 1–10 billion years, i.e. a significant frac-
tion of a Hubble time. However, this is much slower than orbital
motion but not negligible compared with long chaotic trapping
times. If sticky times are comparable to or longer than the bar
evolution time, then manifold-supported spirals and rings can re-
main morphologically persistent even though individual stars are
continuously replaced. In that sense, the non-autonomous galaxy
continuously repopulates manifold-supported spirals and rings
as the bar slows, and corotation migrates through the dynamical
channels associated with the Lagrangian points.
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