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ABSTRACT

We explore the potential of cross-correlating galaxies and peculiar velocities on non-linear scales to enhance cosmological constraints. Leveraging
the AbacusSummit simulation suite and the halo occupation distribution (HOD) formalism, we trained emulator models to describe the non-
linear clustering of galaxies and velocities in redshift space. Our analysis demonstrates that combining galaxy and peculiar velocity clustering
provides tighter constraints on both HOD and cosmological parameters, particularly on σ8 and w0. We further applied our models to realistic mock
catalogues, reproducing the expected density and peculiar velocity errors of type-Ia supernovae, Tully-Fisher and fundamental plane measurements
for the combined ZTF and DESI measurements. While systematic biases arise in the HOD parameters, the cosmological constraints remain
unbiased, yielding a 3.8% precision measurement on fσ8 compared to 4.7% when using galaxy clustering alone. We demonstrate that while
combining tracers with realistic velocity measurements still yields an improvement, the gains are diminished, highlighting the need for further
efforts to reduce velocity measurement uncertainties and correct observational systematics on small scales.
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1. Introduction

The large-scale distribution of galaxies in the Universe encodes
valuable cosmological information that allows us to constrain
the fundamental parameters governing cosmic growth and evo-
lution. This is typically achieved through the analysis of cluster-
ing statistics, with the two-point correlation function (or equiv-
alently the power spectrum in Fourier space) being the most
widely used observable.

Ongoing galaxy surveys such as Euclid (Laureijs et al.
(2011)) and the Dark Energy Spectroscopic Instrument (DESI;
DESI Collaboration et al. (2022)) will detect tens of millions
of galaxies, significantly reducing statistical uncertainties in the
galaxy two-point functions. Combining galaxy surveys with
complementary cosmological probes, such as the cosmic mi-
crowave background and Type Ia supernovae (SNIa), helps break
degeneracies between cosmological parameters and enables pre-
cision cosmology (Adame et al. (2025)). Yet because the distri-
bution of galaxies traces the non-linear and non-Gaussian mat-
ter field (enhanced at small scales and low redshift), the two-
point statistics fails to capture all the information available from
the galaxy density field. The constraining power will no longer
be limited by statistics but rather by the use of those standard
observables and the systematic uncertainties associated with the
modelling of non-linear clustering. Addressing this challenge re-
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quires modelling the non-linear clustering on smaller scales or
going beyond two-point statistics.

The first point can be achieved through emulation of cos-
mological simulations. In recent years, several suites of N-body
simulations have been produced for this purpose (DeRose et al.
(2019); Villaescusa-Navarro et al. (2020); Maksimova et al.
(2021)). Several emulators have been developed (Kobayashi
et al. (2020)) and applied to real data to extract cosmological
parameters (Kobayashi et al. (2022); Chapman et al. (2022)).

Furthermore, alternative methods introducing summary
statistics beyond the standard two-point function have been stud-
ied. Recently, different alternative methods based on various
statistics such as bispectrum analysis (Yankelevich & Porciani
(2019); Agarwal et al. (2021)), wavelet scattering transform
(Valogiannis & Dvorkin (2022)), and k-th nearest neighbour
statistics (Yuan et al. (2023)), have been developed to extract in-
formation beyond the standard two-point function. A promising
approach, known as field-level inference (Stadler et al. (2023)),
consists of directly fitting the galaxy density field without using
any compressed statistics through a parametrised set of initial
conditions.

At low redshift, cosmic variance is the primary source of un-
certainty in measurements of galaxy two-point functions. Ad-
ditional information can therefore be extracted from the stan-
dard two-point statistics by cross correlating different probes
of the matter field in an overlapping volume such as cosmic
voids, weak lensing, galaxy multi-tracer analysis (Wang & Zhao
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(2020)), density splits (Paillas et al. (2023)), or direct measure-
ments of the galaxy peculiar velocities. Recent studies have
shown that combining galaxy and peculiar velocity clustering
increases the precision on growth rate measurements (Adams
& Blake 2017; Turner et al. 2021; Turner et al. 2023), lead-
ing typically to a 15-20% precision measurement of the growth
rate fσ8 when using linear modelling for scales in the range
[30, 120] h−1Mpc. The most recent measurements were recently
released by the DESI Peculiar Velocity survey using Data Re-
lease 1, achieving a 12% uncertainty by jointly analysing galax-
ies and peculiar velocities with three different methodologies
(Bautista et al. 2025; Carr et al. 2025; Douglass et al. 2025; Lai
et al. 2025; Qin et al. 2025; Ross et al. 2025; Turner et al. 2025).

In this work, we investigate the constraining power of the
cross correlations of galaxies and peculiar velocities on non-
linear scales. We make use of the emulation framework intro-
duced in Dumerchat & Bautista (2024) to jointly describe the
non-linear clustering of galaxies and peculiar velocities in red-
shift space. We use the AbacusSummit simulation suite to train
our models and build realistic mock catalogues to assess the con-
straining power of the combined analysis of galaxy and veloci-
ties.

This paper is organised as follows. In section 2, we present
the observables to emulate and the different data sets that we
used. In section 3, we describe the procedure for training the
different models and validate their accuracy and precision. In
section 4, we assess the recovery of the parameters when run-
ning statistical inference. Finally, in section 5, we explore the
constraining power of the joint analysis on a set of mocks re-
producing the expected density of tracers and peculiar velocity
errors.

2. Peculiar velocity and galaxy clustering from
N-body simulations

2.1. The AbacusSummit suite of simulations

The AbacusSummit project (Maksimova et al. 2021) is a compre-
hensive set of N-body simulations performed using the Abacus
N-body code (Garrison et al. 2021) on the Summit supercom-
puter at the Oak Ridge Leadership Computing Facility. Designed
specifically for the needs of DESI, these simulations cover an
interesting range of cosmological models. The suite consists of
hundreds of cubic boxes, simulated in comoving coordinates,
and evolved from a high redshift of z = 8.0 down to z = 0.1.
Each base simulation contains 69123 particles, with individual
masses of 2× 109 h−1M�, within a cubic volume of (2 h−1Gpc)3.
To identify halos, the simulations employ the CompaSO halo
finder (Hadzhiyska et al. 2022), which groups particles based on
a spherical overdensity criterion. The halo catalogues generated
from these simulations serve as key data products for various
analyses.

AbacusSummit explores cosmologies around the best-fit
Lambda Cold Dark Matter (ΛCDM) model derived from Planck
2018 data (Planck Collaboration et al. 2020). A total of nine
cosmological parameters are varied: ωcdm (dark matter density),
ωb (baryon density), σ8 (clustering amplitude), w0 and wa (dark
energy equation of state parameters), h (Hubble parameter), ns
(spectral tilt), Nur (number of massless relics), and αs (running
of the spectral index). All cosmologies assume zero curvature. In
most cases, h is chosen to match the Cosmic Microwave Back-
ground acoustic scale and could, in principle, be inferred from
the other parameters. We nevertheless treat h as an independent
parameter, noting that the resulting constraints on this parameter

should largely be prior-driven rather than coming from genuine
sensitivity of the considered summary statistics.

In order to train our emulator model, we separated the avail-
able simulations into a train and a test set. The training set cov-
ers a large parameter space, consisting of 88 distinct cosmolo-
gies. For simplicity, we denote the training set’s cosmological
parameters as XΩ, forming an 88 × 9 matrix. The test simula-
tions were composed of six different cosmologies, including a
reference cosmology based on the Planck2018 ΛCDM model
with 60 meV neutrinos, alongside variations such as a model
with massless neutrinos, lower ωcdm based on WMAP7 data, a
wCDM model, and variations in Nur and σ8.

All simulations had identical initial conditions, ensuring that
variations in clustering measurements arose solely from changes
in cosmology. To evaluate cosmic variance, AbacusSummit also
contains a set of 25 realisations for a single cosmology but with
varied initial conditions. To estimate covariance matrices, Aba-
cusSummit provides a set of 1400 smaller boxes, each of volume
(500 h−1Mpc)3, with matching cosmology and mass resolution
but different initial conditions. All of these simulations were ran
using the baseline Planck2018 cosmology. Although snapshots
are available for multiple redshifts, this work exclusively uses
snapshots at z = 0.2, as it is the lowest redshift with correspond-
ing small box realisations. We do not expect our results to de-
pend on this choice.

2.2. Halo occupation distribution model

To populate dark-matter halos in our simulations with galax-
ies, we adopted the halo occupation distribution (HOD) model
(Zheng et al. 2007). This model defines the number of galaxies
N within a given halo as a stochastic variable, following a prob-
ability distribution P(N |Ωh), where Ωh is a set of halo character-
istics. For this work, we used the standard HOD model, where
the galaxy number distribution is solely dependent on halo mass
(Ωh = M). The galaxy occupation was split into two compo-
nents, central and satellite galaxies, with the total occupation
given by 〈N(M)〉 = 〈Ncen(M)〉 + 〈Nsat(M)〉. The number of cen-
tral galaxies was drawn from a Bernoulli distribution, while the
satellite galaxy count follows a Poisson distribution. The means
of these distributions are defined as:

〈Ncen〉 =
1
2

erfc
(

log10(Mcut/M)
√

2σ

)
,

〈Nsat〉 =

[
M − κMcut

M1

]α
〈Ncen〉.

(1)

Here, erfc(x) represents the complementary error function,
and the HOD parameters θhod = {Mcut, σ, κ, M1, α} were defined
as follows: Mcut is the minimum halo mass for hosting a central
galaxy, σ represents the width of the cut-off profile (or the sharp-
ness of the transition from 0 to 1 central galaxies), κMcut is the
minimum halo mass for hosting satellites, M1 is the characteris-
tic mass for hosting one satellite, and α is the power-law index
governing satellite occupation.

The galaxy assignment was performed using the Aba-
cusHOD implementation (Yuan et al. 2022), where unlike tradi-
tional methods that use a Navarro-Frenk-White profile (Navarro
et al. 1997), satellite galaxies are assigned to particles of the halo
(with the corresponding velocity) based on the distribution of
dark matter particles in the halo. Central galaxies were assigned
to the centre of mass of the halo (with the corresponding veloc-
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Table 1: Cosmological and HOD parameter ranges sampled for
building the emulator’s training and testing datasets.

Parameter Range
Cosmology ωcdm [0.103 ,0.140]

ωb [0.0207,0.0243 ]
σ8 [ 0.678,0.938]
w0 [-1.271,-0.726]
wa [-0.628,0.621]
h [ 0.575 , 0.746 ]
ns [ 0.901, 1.025]

Nur [1.020 , 3.046 ]
αs [-0.038 , 0.038]

HOD α [0.30, 1.48]
κ [0.00, 0.99]

log10M1 [13.6, 15.1]
log10Mcut [12.5, 13.7]

log10σ [-1, 0]

Notes. Cosmological bounds are based on the smallest hypercube
around the AbacusSummit grid, while HOD bounds reflect the mini-
mum and maximum values found across 600 HOD configurations.

ity). This halo occupation framework is publicly available in the
abacusutils 1 package.

For the training set, we populated the 88 simulation boxes
with 600 HOD models, selected via Latin hypercube sampling.
In contrast, the test set comprises 20 different HOD models ap-
plied to the 6 test cosmologies. The parameter ranges for these
HODs are consistent with measurements of the Bright Galaxy
Sample from the DESI one percent survey (Prada et al. 2025).
In the rest of this paper, we refer to XHOD as the 600 × 5 matrix
containing the HOD parameters for the training set.

To reduce shot noise, we repeat the galaxy assignment pro-
cess five times for the same HOD model, only changing the ran-
dom seed. The clustering results are then averaged. Since the
same HOD configurations are used across all cosmologies, this
creates a parameter space structured as XΩ ⊗ XHOD, where ⊗ is
the Kronecker product. This particular structure is essential to
our emulator construction discussed in section 3.1.

2.3. Observable

The observables we which to emulate on the non-linear scales
are the galaxy-galaxy, velocity-velocity and velocity-galaxy
two-point correlation functions (TPCF) in redshift space. Based
on a pair-counting strategy, the Landy-Szalay estimator (Landy
& Szalay 1993) is commonly used to describe the galaxy auto-
correlation function

ξgg(r) =
DD(r) − DS (r) − S D(r)

S S (r)
+ 1, (2)

where r is the pair separation vector, DD, S S , DS and S D are
the normalised pair counts of galaxy-galaxy, random-random,
galaxy-random and random-galaxy catalogues. The random
sample catalogue is used to define the window function of the
survey. We derived analogous estimators for the galaxy weighted

1 https://github.com/abacusorg/abacusutils

peculiar velocity auto and cross-correlation functions

ξvv(r) =
VV(r)
RR(r)

, ξvg(r) =
VD(r) − VS (r)

RS (r)
, (3)

with VV , RR, VS , and RS , the normalised pair counts of the pe-
culiar velocities, galaxies, and random catalogues. Note that in
this definition there are two random catalogues, S and R, one for
the galaxy sample and the other for the peculiar velocity sample,
which are not necessarily the same. In this work, however, we
used the same volumes and homogeneous distributions for both
samples. Thus, accounting for the overall number count normal-
isation, we could use just one random catalogue, S = R. We
provide a complete derivation of our estimators in Appendix A.
Before measuring the clustering, we moved every galaxy to its
redshift-space position by applying the shift along the line of
sight (LoS)

ds = d +
v

H(z)
(1 + z), (4)

with d and ds the true and distorted radial position, v the peculiar
velocity along the LoS, and H(z) the Hubble parameter at the
considered redshift. As we are working with snapshots, the red-
shift evolution is not simulated and z has the same value of 0.2
for every galaxy. Once measured, the TPCF were decomposed
as a series of Legendre polynomials:

ξ(s, µ) =
∑

l

Pl(µ)ξl(s), (5)

where

ξl(s) =
2l + 1

2

∫
ξ(s, µ)Pl(µ)dµ, (6)

with s the separation between the galaxy pairs and µ the cosine
of the angle between the observer LoS and the separation vector
of the galaxy pair. In the following, we will use the monopole
and quadrupole for ξgg and ξvv and the dipole for ξvg. Note that
while ξvg is neither an odd nor even function of µ, we find that
the dipole gives the stronger signal. We compute those observ-
ables multiple times for several cosmologies and HODs in order
to build our emulator training set. The most expensive part is the
random-random pair counting. Because we are working with cu-
bic boxes with periodic boundary conditions, under the flat-sky
approximation, S S can be analytically computed, and we can
make use of the natural estimator (Peebles & Hauser 1974) and
its analogue for peculiar velocities:

ξgg(r) =
DD(r)
S S (r)

− 1, ξvv(r) =
VV(r)
S S (r)

,

ξvg(r) =
VD(r)
S S (r)

,

(7)

where

S S (r) =
Ngal

(
Ngal − 1

)
L3

box

4π
(
s3

2 − s3
1

)
3

 [µ2 − µ1
]
. (8)

With Ngal and Lbox the number of galaxies and the size of the
simulation box respectively, s1 and s2 the lower and upper limits
of the separation bins, and µ1 and µ2 the lower and upper lim-
its of the angular bins. We verify below that this faster estimator
does not yield biased measurements of the clustering, as the flat
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Fig. 1: Comparison between fixed and varying LoS estimators
using of the 25 Planck2018 boxes with the median HOD. The
solid lines show the mean clustering of the 25 boxes computed
using Eqs 2 and 3 with a full-sky spherical footprint and a red-
shift range of z ∈ [0; 0.1]. The shaded area are the correspond-
ing standard deviation of the realisations. The dashed black lines
show the mean of the flat-sky approximation clustering.

sky approximation breaks down at low redshift and large separa-
tion.

We measure the clustering of the 25 Planck2018 boxes with
the median HOD - defined as the centre of the sampled HOD pa-
rameters space - using a full-sky spherical footprint with a radial
cut corresponding to a redshift range of z ∈ [0; 0.1]. In the fol-
lowing we refer to those measurements as the recovery set. We
choose the separation range Xs to be a logarithmic binning going
from the resolution of the simulation 0.3 h−1Mpc to 60 h−1Mpc.
Paircounting is performed using the package pycorr2. In figure
1 the solid lines show the expected mean clustering of the re-
covery set different multipoles (with the standard deviation in
shaded area). The dashed black lines show the mean clustering
of the 25 boxes computed using Eq 7 (fixed LoS). We see that
for the scales considered, the deviation from the expected value
of the flat-sky approximation measurements are within the cos-
mic variance, so we can safely neglect wide angle effects in the
following.

We used Eq 7 to measure our training and testing sets. While
the flat-sky approximation enables to use the full volume of the
cubic boxes and reduces the effect of cosmic variance, we still
needed to account for it in our measurements since the train
and test cosmology boxes are run with the same initial condi-
tions. Using the same estimators, we built the covariance matrix
Ccosmic from the 1400 small boxes for Planck2018 cosmology
with the median HOD. We then rescaled the covariance to match

2 https://github.com/cosmodesi/pycorr
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Fig. 2: Correlation matrix computed from 1400 small box real-
isations of the Planck2018 cosmology, using the median HOD.
The different panels show the auto and cross correlation between
the TPCF multipoles of ξgg , ξvv and ξgv. Each of the subplot axis
correspond to the scale s with a logarithmic binning going from
0.3 h−1Mpc to 60 h−1Mpc.

the volume of the baseline boxes. Figure 2 gives the correspond-
ing correlation matrix between the different observables for our
selected separations bins. We found strong correlations for the
velocity statistics, over a wide range of scales, especially for the
velocity auto-correlation monopole leading to smooth variation
of the signal.

2.4. Realistic peculiar velocity catalogue

In every TPCF measurement considered so far, every galaxy po-
sition was associated with a radial peculiar velocity. Yet it is
well known that measuring peculiar velocities is a tricky task
requiring both a redshift and a redshift-independent distance in-
dicator. Hence peculiar velocity surveys are typically less com-
plete than galaxy surveys. The main techniques to measure pe-
culiar velocity in large scale spectroscopic survey rely on us-
ing the Tully-Fisher(TF) and fundamental plane (FP) (Campbell
et al. 2014; Hong et al. 2019; Howlett et al. 2022; Saulder et al.
2023). Those are empirical relationships between photometric
and spectroscopic quantities of spiral and elliptical galaxies, re-
spectively, allowing to derive an estimate of the distance. The
upcoming Rubin Observatory and the Zwicky Transient Facil-
ity (ZTF) (Bellm et al. 2019) will produce samples of type Ia
Supernovae (SnIa) and provide additional distance estimates, in
smaller number but with greater precision. We want to create a
set of ’realistic’ mocks to study the impact of distance uncer-
tainties and number densities of peculiar velocity tracers on the
cosmological constraints.

We used the 25 boxes with Planck2018 cosmology to cre-
ate three distinct catalogues: a galaxy sample tracing the den-
sity field only, a joint TF and FP velocity sample (similar uncer-
tainties), and a separate SnIa velocity sample. We consider the
SnIa and TF/FP samples as a single velocity catalogue hereafter.
We choose an HOD that roughly matches the expected number
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densities n(z) within z ∈ [0, 0.1]. We obtained a galaxy density
around n̄(z) = 2 × 10−3h−3/Mpc3 (correspond to a subsample
of the DESI Bright Galaxy Survey). From this sample, we ran-
domly selected galaxies to get a TF/FP sample with a density
around n̄(z) = 10−3h−3/Mpc3 and a SnIa sample with a density
around n̄(z) = 10−4h−3/Mpc3. The corresponding HOD parame-
ters used to populate the galaxy sample are α = 1.3, κ = 0.8,
log10 M1 = 13.7, log10 Mcut = 12.6, and log10 σ = −0.35.
Furthermore, in order to test the accuracy of our emulation
framework under Alcock-Paczynski (AP) distortions (Alcock &
Paczynski (1979)), we chose a fiducial cosmology(c003 in Aba-
cusSummit) different from the true one to convert redshifts into
comoving distances.

Peculiar velocity surveys typically measure the log distance
ratio defined as η ≡ log10(D(zobs)/Dobs), where D(zobs) is the co-
moving radial distance calculated for the observed redshift (this
term contains the peculiar velocity contribution), and Dobs is the
distance estimated using SnIa or TF/FP methods, which is an in-
dicator of the true cosmological distance (without the influence
of the peculiar velocity). The log distance ratio can be expressed
as a function of peculiar velocity v (see Appendix B):

η = α(z obs)v, (9)

with the proportionality factor defined as

α(z obs) ≡
1

ln 10
(1 + z obs)

D(z obs)H(z obs)
. (10)

Because of the intrinsic scatter of standardisable objects, the
log-distance ratio measurements have a typical error ση =
( f err/ ln 10) with f err around 20 % for TF/FP, and 7% for SnIa
(Boruah et al. (2020)). After applying the redshift cut, we convert
the peculiar velocities to log distance ratio. A Gaussian random
error is then applied on η with zero mean and a standard devi-
ation corresponding to a f err of 7% and 20 % for the SnIa and
TF/FP samples respectively. Note that this uncorrelated noise is
an approximation. In real analyses, the distances errors might be
correlated due to calibration or environmental dependencies. As
α(z) is an decreasing function of the redshift, the peculiar veloc-
ity errors σv increase with redhsift.

While FKP weighting (Feldman et al. 1994) is commonly
used for the galaxy density sample, similar weights can be used
to avoid biasing the velocity clustering measurements (Qin et al.
2019). We weight the galaxy and velocity samples using

wg =
1

Pg n̄(z) + 1
and wv =

1

Pv n̄(z) +
(
ση/α(z)

)2 , (11)

setting Pg = 104 h−3Mpc3 and Pv = 109 h¯3Mpc3 km2s−2.
Figure 3 compares the average of the 25 “true” clustering

(in orange) with the noisy, weighted, measurements (in blue).
The shaded areas correspond to the standard deviation over the
25 realisations. Our noisy clustering measurements are unbi-
ased with respect to the noise-free measurements. As expected,
the lower density of tracers increases the uncertainties on small
scales (larger shot-noise). ξvv multipoles variance remains unaf-
fected for the largest scales. We further build a covariance matrix
for our realistic mocks applying the same procedure to the 1400
small boxes.

We summarise the different clustering measurements that are
used in the following sections:

• Training set: Ncosmo × NHOD = 88 × 600 different clustering
with fixed ICs. Those measurements were used to train the
emulators.
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Fig. 3: Comparison between the noisy and the noise-free mea-
surements for peculiar velocity clustering using our set of 25
realistic mocks. The average of the 25 "true" clustering is shown
in orange and our estimator is shown in blue. The shaded area is
the standard deviation of the 25 mocks.

• Test set: Ncosmo×NHOD = 6×20 different clustering with fixed
ICs. Those measurements were used to assess the emulators’
performance.

• Recovery set : twenty five realisations of the Planck2018 cos-
mology with the median HOD and a spherical full sky foot-
print for a redshift range z ∈ [0, 0.1]. Those measurements
were used to run Markov chain Monte Carlo (MCMC) and
validate the recovery on cosmological and HOD parameters
using the different emulators.

• Realistic mocks: twenty five realisations of the Planck2018
cosmology with Gaussian log-distance ratio errors and a
HOD matching the expected n(z). Full sky footprint for a red-
shift range z ∈ [0, 0.1] and AP effect. Those measurements
were used to test the constraining power of the emulator on
realistic setting.

• Small Boxes: 1400 realisations of the Planck2018 cosmol-
ogy. Those measurements were used to build covariance ma-
trices for the training set and the realistic mocks.

3. Building the emulators

The emulator training procedure aims at building the mapping
function between the input XΩ, X HOD, Xs and our output: the
multipoles ξab

` using our training set. An important caveat here
is that the mapping function depends on the specificities of our
simulation suite. Therefore, one would require running different
types of n-body simulations to properly estimate the confidence
level of our model. Additionally, it is important to estimate the
precision of the model when interpolating away from the training
points. Gaussian process (GP) formalism allows one to estimate
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a mean prediction for some new input values and the correspond-
ing covariance between the newly predicted points, while con-
sidering the uncertainties in the training set. In the following we
describe the emulation procedure and discuss the performance
of the trained models for the different observables.

3.1. Multi-scale Gaussian process

We build independent emulators for our five statistics[
ξ

gg
0 , ξ

gg
2 , ξ

vv
0 , ξ

vv
2 , ξ

vg
1

]
using the multi-scale GP algorithm de-

scribed in Dumerchat & Bautista (2024) and publicly available
as the MKGpy3 library. The grid sampling of the parameter space
allows us to decompose the signal and noise kernels as Kro-
necker products

K = KΩ ⊗ KHOD ⊗ Ks, and N = NΩ ⊗ NHOD ⊗ Ns, (12)

where KΩ,KHOD and Ks are the kernels used to respectively
model the cosmological, HOD parameters and scale dependence
of the signal. The kernels NΩ,NHOD, and Ns are analogously used
to describe the parameter dependence of the noise in the training
set. We fixed Ns to be equal to Ccosmic described previously in fig-
ure 2 and for the cosmological and HOD noise kernels we chose
diagonal heteroscedastic kernels to allow rescaling of the vari-
ance for every HOD and cosmological configuration. This led
to 88 + 600 = 688 noise hyperparameters for every multipole.
For the signal kernels, we use standard squared exponential ker-
nels (as we found that more sophisticated kernels do not increase
the emulator performance), leading to 16 signal hyperparame-
ters composed of nine lengthscales for the cosmological param-
eters, five for the HOD parameters, one for the separations, and
one overall variance of the signal. We take the logarithm of the
separation log10 Xs to train our emulators over a more smoothly
varying signal. To avoid numerical overflow during training, we
further normalise each input dimension XΩ, XHOD and log10 Xs
between 0 and 1. To reduce the dynamical range of the output
(our multipoles), we applied a bi-symmetric log transformation
(Webber 2012) suited for datasets with both negative and posi-
tive values, defined as

slogS (x) = sgn(x) · log10(1 + |(x/S )|), (13)

where the constant S adjusts the slope near the origin. We then
normalise the output of our training sets to be centred on zero
and have a standard deviation of one. The S values are chosen
to fine tune the model. We set it to 101 for ξgg

0 and ξgg
2 , 103 for

ξvv
0 and ξvg

1 , and 105 for ξgg
2 . The covariance Ccosmic used as the

Ns kernel is normalised as well following the same steps. Once
the input and output of the training set are normalised, the hy-
perparameters are optimised using the Scipy gradient based al-
gorithm lbfgs with 10 random initialisations. When computing
a new prediction, the mean and covariance are transformed back
into physical space.

3.2. Prediction accuracy and precision

We first test our models accuracy on the test set by measuring the
median absolute error (MAE) for the five multipoles. The MAE
is defined as MAE (ξ) = median

∣∣∣(ξemu − ξtest) /ξtest
∣∣∣. While this

metric is ill-defined when ξtest approaches zero, it is commonly
used to compare precisions between various emulators.

Figure 4 presents the MAE in percent. The blue solid and
orange dashed lines in the top panel show the performance of
3 https://github.com/TyannDB/mkgpy
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Fig. 4: Median absolute error evaluated of the complete test set.
The blue and orange solid lines in the top (middle) panel show
the performance of the ξ

gg
0 and ξ

gg
2 (ξvv

0 and ξvv
2 ) models. The

turquoise solid line in the bottom panel show the performance
for ξvg

1 . The shaded area estimate the expected accuracy on the
test set as the median of |σ/ξtest|.

the ξgg
0 and ξ

gg
2 models. The same colours are used for ξvv

0 and
ξvv

2 in the middle panel. The turquoise solid line show the perfor-
mance for ξvg

1 in the bottom panel. The shaded area estimate the
expected accuracy on the test set as the median of |σ/ξtest| in %,
with σ2 the diagonal of Ccosmic. While we find good performance
for every models, as the MAEs roughly follow the expected ac-
curacies, we observe some discrepancies. For ξgg

0 , on scales be-
tween 1-10 h−1Mpc, the MAE is slightly larger than the expected
accuracy. We also see that the models are sometime overfitting
the test set, especially on ξvv

0 large scales as they are very much
correlated and signal is smooth (see figure 2). The GP (might
struggle evaluating the amount of noise. We argue that both these
under and over-fitting should be taken into account by the emu-
lator predicted covariance. We verify this statement using the re-
covery set, as it is no longer fixed to the same IC. For each of the
25 mocks, we computed both the difference ∆ξ = (ξemu − ξreco)
and the total covariance matrix Ctot = Ccosmic +Cemu with Ccosmic
rescaled to match the recovery set volume.

Figure 5 shows the diagonalised residuals ∆ξ · L−1 with L−1

the Cholesky decomposition of the inverse of the total covariance
(which allowed us to consider the correlations between scales in
the residuals). As previously shown, the blue and orange solid
lines in the top panel show the performance of the ξgg

0 and ξgg
2

models. The same colours are used for ξvv
0 and ξvv

2 in the middle
panel. The turquoise lines show the performance for ξvg

1 in the
bottom panel. The grey shaded areas are the one and two sigma
deviations. We find that the different models are performing rea-
sonably well, although for ξvv

0 the largest scales residuals can be
four sigmas large which is statistically significant out of only 25
realisations. However the considered covariance does not con-
tain any observational noise and might be under estimated. In
the following test we our models by performing an inference on
the cosmological and HOD parameters.
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Fig. 5: Residuals ∆ξ · L−1 with L−1 the Cholesky decomposi-
tion of the inverse of the total covariance Ctot = Ccosmic + Cemu.
The blue and orange solid lines in the top panel show the per-
formance of the ξgg

0 and ξgg
2 models. The same colours are used

for ξvv
0 and ξvv

2 in the middle panel. The turquoise lines show the
performance for ξvg

1 in the bottom panel. The grey shaded areas
are the one and two sigma deviations.

4. Recovery of the parameters

In order to validate our models, we used the recovery set to per-
form statistical inferences over the cosmological and HOD pa-
rameters. We used different combinations of observables to as-
sess the robustness of the method.

4.1. Inference strategy

We performed the parameter inference by running MCMC
chains with the library emcee (Foreman-Mackey et al. (2013))
using the flat prior corresponding to the train set described in
table 1 and a Gaussian log-likelihood defined as

logL(θ) ∝ −
1
2

(d − µ(θ)) C−1
tot(θ) (d − µ(θ))> −

1
2

log|C tot(θ)|,

(14)

where d is the data vector, µ(θ) is the model prediction for a
given set of np parameters θ = (θΩ, θhod), and C tot(θ) is the to-
tal covariance defined in section 3.2. Compared to a ‘standard’
cosmological inference, the terms C−1

tot(θ) and log|C tot(θ)| could
be computed for every iteration because of the emulator covari-
ance dependence on the parameters space (proximity of training
points). However, to reduce the computational cost of likelihood
estimation, we fix the emulator covariance to its expected value,
evaluated at the true simulation parameters.

To cross-check each observable and evaluate the amount of
additional information contained in the velocity statistics, we use
different concatenation of the multipoles ξab

` for the data vector
d. When using the full set of multipoles to perform the combined
analysis the data vector becomes significantly large (nd = 150)
with respect to the number of mocks used to estimate the co-
variance matrix (nmock = 1400). Consequently, to account for
the noise in the covariance and precision matrix estimates, we
rescaled Ccosmic with the revisited factor derived in Percival et al.
(2022)

m1 =
(nmock − 1)

[
1 + B(nd − np)

]
nmock − nd + np − 1

, (15)

with

B =
(n mocks − nd − 2)

(n mocks − nd − 1)(n mocks − nd − 4)
. (16)

4.2. Results

We performed four different inferences on the 25 mocks of
the recovery set: galaxy auto-correlation only

[
ξ

gg
0 , ξ

gg
2

]
, ve-

locity auto-correlation only
[
ξvv

0 , ξ
vv
2

]
, galaxy-velocity cross-

correlations only
[
ξ

vg
1

]
and all multipoles at once.

Table 2 presents the summary statistics computed from the
25 MCMC chains (the posterior distribution averaged over the
different realisations is shown in Appendix C). We find that aver-
aging over the recovery set for every parameter θ, the difference
between the expected and best fitted parameter value 〈∆θ〉 is well
within the estimated one sigma 〈σθ〉. However, the standard de-
viation of the standard score σ(Zθ) - with Zθ ≡ (θ − 〈θ〉) /σθ
- is smaller than one for every parameter and every method.
While it is challenging to conclude from such a small sample,
this might indicate a systematic overestimation of the uncer-
tainties, or a deviation from Gaussianity in the fitted param-
eter distributions. The reason could be a wrong estimation of
the emulator error, as we have seen that the transformation Eq
13 induces non-Gaussian predictions for the GP. The mean re-
duced chi-squared are equal to 1.1 for the "gg" analysis, 0.96
for "vv", 1.49 for "vg", and 0.85 for the complete joint anal-
ysis. While those values deviates from one, the corresponding
p-value

[
gg, vv, vg, tot

]
p-value = [0.3, 0.6, 0.1, 0.9] indicate rea-

sonably good fits.
We find that the majority of the cosmological parameters are

mainly constrained from the prior, as the estimated uncertain-
ties are similar to the expected standard deviation of the uniform
prior described in table 1. The parameters σ8 and w0 appear to
be the most constrained by the measurements. Compared to the
inference using only the galaxy auto-correlation, using the ve-
locity auto-correlation or the cross-correlation yield looser con-
straints on σ8. This is expected as the velocity perturbations are
suppressed on smaller scales. Nonetheless, velocity clustering
on its own provides more information regarding w0 than galaxy
clustering alone. Galaxy clustering is more constraining for the
HOD parameters, which only affect the velocity clustering on
scales typically below ∼ 10h−1Mpc. For almost every parameter,
we obtain the tightest constraints when combining all clustering
measurements.

For every best fitted cosmological configuration, we derive
the corresponding growth rate fσ8 (at z = 0.2). Its summary
statistics is presented in table 2 and the corresponding distribu-
tion in figure 6. The results obtained using the galaxy, velocity,
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Table 2: Summary statistics for the fits of the 25 spherical full sky footprint mocks with Planck2018 cosmology and the median
HOD.

gg vv vg tot
p 〈∆θ〉 〈σθ〉 σ(Zθ) 〈∆θ〉 〈σθ〉 σ(Zθ) 〈∆θ〉 〈σθ〉 σ(Zθ) 〈∆θ〉 〈σθ〉 σ(Zθ)

fσ8 0.19 0.69 0.38 0.47 1.08 0.79 0.51 1.02 0.31 0.09 0.51 0.54

ωm -0.02 0.95 0.27 -0.12 0.90 0.41 -0.20 0.93 0.31 -0.07 0.93 0.43
ωb -0.01 0.09 0.33 -0.01 0.10 0.29 -0.01 0.10 0.23 -0.02 0.08 0.40
σ8 0.56 2.06 0.35 1.44 2.16 0.54 0.66 2.98 0.40 1.05 1.60 0.47
w0 -0.10 12.83 0.33 1.67 11.40 0.44 -0.39 13.60 0.27 3.34 6.31 0.50
wa 0.40 32.77 0.30 -1.38 32.96 0.44 0.52 32.57 0.29 -2.52 28.36 0.32
h 0.86 3.15 0.33 1.82 3.29 0.58 1.13 3.52 0.26 0.66 2.64 0.43
ns 0.87 2.87 0.41 0.80 2.86 0.44 0.42 3.08 0.23 0.68 2.19 0.51
Nur -0.43 52.12 0.21 -3.26 57.55 0.22 3.44 56.77 0.22 -4.68 50.45 0.28
αs 0.31 1.70 0.28 0.52 1.85 0.52 0.16 2.12 0.22 0.11 1.43 0.56

α 3.24 9.94 0.53 3.84 9.96 0.69 3.54 10.99 0.49 1.73 6.12 0.84
κ -0.33 23.51 0.39 -6.79 23.37 0.41 -3.27 25.70 0.25 -3.74 18.68 0.69
log M1 -2.31 6.98 0.55 -1.63 8.38 0.57 -2.31 7.97 0.62 0.43 3.94 0.61
log Mcut 0.35 6.24 0.40 -0.35 8.77 0.58 -0.18 8.05 0.30 1.13 3.99 0.62
logσ 0.79 6.80 0.43 1.42 9.51 0.49 1.94 10.24 0.35 1.24 5.00 0.60

Notes. Each realisation is fitted independently, and the resulting quantities of interest are then averaged over the 25 realisations. 〈∆θ〉 is the bias, the
difference between the true and best fitted value for any parameter θ scaled by 102. 〈σθ〉 is the average over the 25 realisations of the (symmetrised)
one sigma confidence level scaled by 102. σ(Zθ) is the standard deviation of the standard score for any parameter θ. Note that fσ8 is a derived
parameter from the other cosmological ones, and corresponds to redshift z = 0.2.

fσ8 σfσ8

Fig. 6: Growth rate best-fit values along with the corresponding
uncertainties derived from the cosmological parameters posteri-
ors. The results obtained using the galaxy, velocity, cross, and
total data vectors are shown in blue, orange, cyan and red, re-
spectively. The expected growth rate value is pointed by a black
dotted line.

cross, and total data vectors are shown in blue, orange, cyan and
red respectively. We find that combining galaxy and peculiar ve-
locity information improves the constraining power, yielding a
1.1% precision measurement on fσ8 compared to 1.5% when
using galaxies alone. While using the "gg", "vv", and "vg" meth-
ods the estimated values are well within 1σ, the systematic shifts
are larger than the expected dispersion

(
〈σθ〉/

√
25

)
. Combining

the different tracers reduces the average shift, making it consis-
tent with the expected variation (although drawing conclusive
results from 25 realisations is challenging).

We can evaluate the statistical significance on the total cos-
mological and HOD parameters biases, accounting for the differ-
ent correlations between parameters. We compress the posterior

information using the figure of merit (FoM) and figure of bias
(FoB) defined as

FoB =

√
(θ best − θtrue )>C−1

θ (θbest − θtrue ),

FoM =
1
√
|Cθ|

,
(17)

where Cθ is the parameter covariance matrix estimated from the
posterior distribution. Assuming that a given set of parameters θ
are Gaussianly distributed (following the posterior), the FoB is
the square root of the corresponding chi-squared evaluated at the
parameters best-fit values. This metric indicates how significant
the biases on the parameters are (assuming a Gaussian poste-
rior). The FoM is useful to estimate the overall constraints on a
set of parameters, accounting for the correlations. For every re-
alisation of the recovery set, we compute the FoM and FoB for
the 9 cosmological parameters’ subspace θcosmo, and the 5 HOD
parameters sub-spaces θHOD.

Figure 7 gives the average results for the corresponding ’gg’,
’vv’, ’vg’ and ’tot’ analyses, designed by the same colours as pre-
viously. The errorbars correspond to the standard deviations of
the FoM and FoB across the 25 realisations. The bottom panel
shows the cosmological and HOD mean FoMs, normalised by
the value obtained for the ’gg’ analysis: 4.97 × 1014 for θcosmo
and 2.20 × 106 for θHOD. The top panel of figure 7 shows the
FoB normalised by the

√
χ2 values associated with a p-value of

0.68%, corresponding to
√
χ2 = 10.4 for the 9 dof cosmolog-

ical space, and
√
χ2 = 5.9 for the 5 dof HOD space. Hence,

the grey shaded area correspond to 1 and 2 σ confidence level
(CL). We find unbiased θcosmo and θHOD for every inference strat-
egy, and retrieve the same ordering of the constraining power
FoMvg < FoMvv < FoMgg < FoMtot. On mildly linear to non-
linear scales, peculiar velocity clustering holds additional infor-
mation not contained in the galaxy clustering alone, both for the
cosmological and galaxy-halo bias parameters.
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Fig. 7: Cosmological and HOD parameters recovery for the four
inference strategies run on the recovery set. Top panel : FoB nor-
malised by the

√
χ2 associated with a p-value of 0.68%, that is

10.4 for θcosmo and 5.9 for θHOD. The shaded area correspond to 1
and 2 σ CL. Bottom panel : FoM normalised by the "gg" values
: 4.97 × 1014 for θcosmo and 2.20 × 106 for θHOD.

5. Inference on noisy measurements

So far we have assumed that every galaxy had its peculiar ve-
locity perfectly measured without any noise. In this section we
study how constraints are impacted when using sparse noisy
measurements of peculiar velocities.

5.1. Constraining power

Following the same inference strategy (with the corresponding
data covariance matrix), we fit the clustering of the 25 realistic
mocks described in section 2.4, reproducing the expected density
of tracer, uncertainties on the velocity measurements, and associ-
ated weights (Eq 11). Additionally, we include AP distortions in
the clustering, using the c003 fiducial cosmology in AbacusSum-
mit to convert redshifts into comoving distances. Given that we
do not have a theoretical prediction for the 2D correlation func-
tions ξab(s, µ), we model the AP distortions - using the isotropic
and anisotropic dilation’s parameters (αV , ε) - directly on the
multipoles, following Xu et al. (2013) at first order (neglecting
the derivative terms). The parameters are updated for each likeli-
hood evaluation. Note that an additional dependence on the fidu-
cial cosmology is also introduced in the velocity measurement
through Eq B.4. We leave the detailed study of this effect to fu-
ture work and use the true underlying cosmology (Planck18) to
compute velocities from log-distance ratios.

Table 3 presents the summary statistics computed from
the fits. We find similar results to the previous section.
While the standard deviation of the standard score σ(Zθ) is
small compared to one, each of the cosmological parame-
ters are recovered within 1σ. The "vv" and "vg" analyses
yield larger systematic shift and errorbars compared to the
"gg" results, and the combined probes give the tightest (un-
biased) cosmological constraints. We get the following mean
reduced chi-squared

[
gg, vv, vg, tot

]
rχ2 = [1.1, 4.3, 3.0, 0.4],

with the corresponding p-values
[
gg, vv, vg, tot

]
p-value =[

0.3, 2 × 10−20, 6 × 10−5, 1 − 1 × 10−10
]
. While the AP distortion
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Fig. 8: Cosmological and HOD parameters recovery for the four
inference strategies run on the realistic mocks. Top panel : FoB
normalised by the

√
χ2 associated with a p-value of 0.68%, that

is 10.4 for θcosmo and 5.9 for θHOD. The shaded area correspond
to 1 and 2 σ CL. Bottom panel : FoM normalised by the "gg"
values, 4.85 × 1013 for θcosmo and 5.59 × 104 for θHOD.

modelling is only approximated, it remains a weak effect and is
expected to cause the worse quality fits for the "vv" and "vg" in-
ferences, most likely due to the reduced density and the random
scatter in the velocities. As seen in figure 3, while the random
noise in the velocity measurement is almost averaged out for the
largest scales, on the smallest scales it reduces the correlations
between separation bins and significantly increases the variance
of the clustering. For the HOD parameters which strongly affect
those scales, we find systematic biases comparable or larger than
the estimated uncertainties.

Once again, for every cosmological parameter configura-
tions, we derive the corresponding growth rate distribution and
give its statistics in table 3. While the statistical gain is less sig-
nificant than using the previous ideal measurements, we still find
an improvement when combining galaxy with peculiar veloc-
ity clustering, reaching a 3.8% precision measurement on fσ8
compared to 4.7% for galaxy clustering alone. However, mea-
surements using the galaxy-velocity cross correlation yields fσ8
estimates biased by more than 1σ. While the joint analysis of
galaxy and velocity clustering yields unbiased constraints, the
resulting systematic shift is larger than the expected dispersion
of the average measurement. Although the amount of available
realisations is too small to draw significative conclusions, those
results point towards a potential systematic bias that could can-
cel out the statistical gain of including velocity clustering on the
non-linear scales.

As done previously, in order to assess the overall systematic
bias and constraining power, we compute for each analysis the
mean and standard deviation of the FoM and FoB in the param-
eter subspaces θcosmo and θHOD. Figure 8 presents the results ob-
tained for the four methods, preserving the same colour scheme.
First, we notice that fitting only the velocity-autocorrelation or
the total joint clustering yields a 1σ level bias on HOD param-
eters. The FoB of the cross-correlation analysis is increased as
well, but remains on average bellow one. Furthermore, we no-
tice that compared to the noise-free high-density constraints in
figure 7, the FoM for the gg analysis - used as a normalisation
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Table 3: Summary statistics for the fits of the 25 realistic mocks with Planck2018 cosmology and the median HOD.

gg vv vg tot
p 〈∆θ〉 〈σθ〉 σ(Zθ) 〈∆θ〉 〈σθ〉 σ(Zθ) 〈∆θ〉 〈σθ〉 σ(Zθ) 〈∆θ〉 〈σθ〉 σ(Zθ)

fσ8 0.89 2.16 0.55 1.90 4.67 0.18 5.22 4.16 0.38 1.32 1.78 0.61

ωm -0.09 0.89 0.60 -0.44 1.12 0.21 -0.47 0.97 0.40 -0.14 0.87 0.49
ωb -0.00 0.09 0.54 -0.02 0.11 0.29 -0.02 0.10 0.34 -0.01 0.09 0.54
σ8 -1.64 4.16 0.44 -0.43 5.97 0.53 -5.20 5.46 0.37 -1.93 3.14 0.64
w0 -2.62 14.12 0.43 -0.19 16.83 0.17 1.17 15.45 0.46 -0.26 12.48 0.52
wa -4.03 31.38 0.60 2.13 37.36 0.30 2.01 36.76 0.31 -3.68 30.80 0.53
h 0.26 3.43 0.51 2.48 4.78 0.22 3.43 4.60 0.39 0.20 2.89 0.53
ns 0.66 3.07 0.47 -0.64 3.55 0.18 -0.15 3.40 0.38 0.90 2.83 0.50
Nur 5.43 51.68 0.45 -4.64 61.66 0.26 -1.32 58.10 0.34 13.51 47.56 0.63
αs 0.44 1.86 0.50 -0.04 2.31 0.24 -0.30 2.10 0.37 0.10 1.83 0.57

α -31.07 13.82 0.46 -8.78 37.02 0.34 -16.31 34.77 0.30 -33.60 13.85 0.64
κ -2.76 23.17 0.48 1.54 29.76 0.29 3.96 29.66 0.27 -3.29 22.67 0.58
log M1 51.93 7.58 0.38 32.74 29.90 0.27 41.58 22.82 0.30 53.39 7.18 0.46
log Mcut 22.89 20.96 0.47 15.25 32.93 0.22 19.35 33.39 0.28 27.03 21.35 0.57
logσ -25.73 8.32 0.56 -14.40 25.78 0.31 -20.74 23.13 0.31 -24.21 9.50 0.60

Notes. 〈∆θ〉 is the bias, the difference between the true and best fitted value for any parameter θ scaled by 102. 〈σθ〉 is the average over the 25
realisations of the (symmetrised) one sigma confidence level scaled by 102. σ(Zθ) is the standard deviation of the standard score for any parameter
θ. Note that fσ8 is a derived parameter from the other cosmological ones, and corresponds to redshift z = 0.2.

- dropped by a factor 10 for θcosmo, and almost 40 for θHOD, in-
dicating a loss of constraining power. Yet, for every method we
obtain unbiased cosmological parameters. Despite the reduced
number of tracers and the noisy peculiar velocity measurements,
we find that jointly fitting the galaxy and velocity clustering im-
proves the cosmological constraints, even though the improve-
ment is less significant than when using the full velocity sample.

5.2. Varying the minimum fitting scale

Since the noise in the peculiar velocity measurements mostly af-
fects the smallest scales, the inference might be optimised by
removing some separation bins, thereby further compressing the
data vector. We investigate the dependence of the constraining
power and systematic bias on the minimum fitted scale. We fit
the total clustering information

[
ξ

gg
0 , ξ

gg
2 , ξ

vv
0 , ξ

vv
2 , ξ

vg
1

]
for each in-

dividual realisations of the realistic mocks, using different min-
imum scales smin = [0.33, 1.13, 3.92, 13.4] in h−1Mpc, corre-
sponding to [30, 21, 14, 7] data-points for each multipole. We
further compute for each smin the mean and standard deviation
of the FoM and FoB for the cosmological and HOD parameters,
and show the results in figure 9.

For the HOD parameters, we find that the mean FoM in-
creases as we consider smaller scales, but its variance also rises.
Conversely, while decreasing smin reduces uncertainties in the
HOD parameters, it does not sufficiently mitigate the systematic
shift, leading to biased constraints with the mean FoB exceed-
ing 1 for smin & 4h−1Mpc. However, the flexibility of the HOD
formalism allows one to marginalise over unmodelled noise, pre-
venting bias in the cosmological parameters. For any minimum
scale, the cosmological parameters FoB remains below 1. Addi-
tionally, as the minimum fitted scale decreases, the cosmological
parameters’ FoM increases, tightening the constraints. We mea-
sure poor p-values, larger than 1−1×10−3, except for the largest
minimum scale smin = 13.4h−1Mpc, where we find a p-value of
0.1. This is in line with the fact that despite the enlarged variance

smin

Fig. 9: Cosmological and HOD parameters recovery using dif-
ferent minimum scales of the realistic mocks to run inference
with the total clustering information. Top panel : FoB normalised
by the

√
χ2 associated with a p-value of 0.68%, that is 10.4 for

θcosmo and 5.9 for θHOD. The shaded area correspond to 1 and 2
σ CL. Bottom panel : FoM normalised by the value obtained for
the largest smin, 5.96 × 1012 for θcosmo and 1.32 × 103 for θHOD.

on small scales, the HOD parameters are effectively overfitting
the signal.

It is worth emphasising that for a real survey, fibre colli-
sion systematics could influence this result. Indeed, if not prop-
erly corrected, fibre collisions mainly bias the clustering mea-
surement for the smallest separation bins. Additionally, while
we found that the HOD parameters were able to absorb ad-
ditional sources of noise, effectively unmodelled physics, our
noisy sample is built from the same underlying formalism. We
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acknowledge that this empirical relationship does not fully cap-
ture the complexity of galaxy formation physics. Therefore,
before applying such emulator model to real data, it is cru-
cial to assess its robustness against more physically motivated
galaxy-halo relation. such as abundance matching technique
(Kravtsov et al. (2004)), semi-analytical models of galaxy for-
mation (White & Frenk (1991)) hybrid bias expansion(Pellejero
Ibañez et al. (2022)), or hydrodynamical simulations (Vogels-
berger et al. (2020) for an overview).

6. Conclusions

In this work, we applied our estimator for the velocity two-point
statistics within a simulation-based emulation framework. We
trained emulator models for the redshift space galaxy and veloc-
ity clustering using the AbacusSummit simulations and HOD for-
malism. We demonstrated that using the galaxy-galaxy, velocity-
velocity, or velocity-galaxy correlation functions, we were able
to recover unbiased constraints for the cosmological and HOD
parameters. Moreover, combining the velocity and galaxy clus-
tering on mildly to non-linear scales yielded tighter constraints.

We built a set of realistic mocks, describing the typical den-
sity and error in the peculiar velocity measurements of type-Ia
supernovae and the TF/FP relations corresponding to the ZTF
and DESI surveys. While fitting those mocks results in sys-
tematic errors in HOD parameters, the cosmological parame-
ters remain unbiased. The HOD model is flexible enough to
marginalise over the noisy clustering without biasing the cos-
mological parameters. Hence, the physical interpretation of the
HOD parameters must be treated with caution. Even with realis-
tic measurements, we found that the joint analysis of galaxy and
peculiar velocity clustering leads to tighter constraints. Although
the gain is reduced compared to the case where we have a veloc-
ity measurement for every galaxy, this motivates the measure-
ment of larger velocity samples and reduction of uncertainties
arising from distance indicator intrinsic scatter. Additionally, we
found that even the smallest scales, going down to 0.33 h−1Mpc,
improve the cosmological constraints. Thus, it would be worth-
while to push the effort to correct for fibre collision systematics.
Using the full available scales, we found that combining galaxy
and velocity tracers yields a 3.8% precision measurement on
fσ8, compared to 4.7% when using only the galaxy information.
However, including the velocity information tend to increase the
systematic shift on fσ8 which might reduce the importance of
this statistical gain.

It is essential to ensure that the HOD parameters are prop-
erly sampled to describe the clustering of a given tracer. Mak-
ing use of the MKGP formalism, the emulator parameter space
could be extended to more elaborate HOD models, including as-
sembly bias (Xu et al. (2021)) or velocity bias extension (Guo
et al. (2015)) to describe any additional scatter. The emulator
could also be extended to different redshift bins, additional mul-
tipoles, larger scales, or forward-modelled observational effects.
To properly account for wide-angle effects for low redshift sur-
veys, the emulated ξ(s, µ) (or multipoles) should either be trained
on a given footprint or binned along an additional dimension to
fully characterise triangles formed by each pair of galaxies and
the observer. This last option would require a detailed study of
the compression/information-loss balance.

It is worth mentioning that any emulator model highly de-
pends on the simulation suite’s numerical specificity and the
galaxy model employed. In particular, the HOD is an empirical
formalism and does not capture the true complexity of galaxy
formation. Therefore, any emulator should be extensively tested

against different simulations with various galaxy models before
being applied to real data.
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Appendix A: Correlation function estimator

We give a complete derivation for the state of the art Landy-
Szalay estimator (Landy & Szalay 1993) for the galaxy correla-
tion function, and use the same methodology to derive estimators
for the velocity auto and cross correlation functions.
The correlation function of two random fields δa, δb is defined as

ξab(x1 − x2) ≡ 〈δa(x1)δb(x2)〉. (A.1)

For the clustering of galaxy, we want to estimate the over den-
sity of galaxy δg(x). The galaxy spatial distribution is obtained
by running a discrete sum ng(x) =

∑Ng

i δD(x − xi) wg,i, with δD

the Dirac delta function Ng the number of observed galaxies, and
wg,i the weight associated with a given galaxy i to correct for sys-
tematic effect. For a complete sample without any observational
effect the weights are set to 1. In order to derive and estimator for
the galaxy correlation function, we can also write the observed
galaxy density as

ng(x) = n̄gWg(x)
(
1 + δg(x)

) 1
wg(x)

, (A.2)

with n̄g the mean density of galaxies andWg the window func-
tion describing the survey footprint. A random catalogue ns(x)
following the spatial distribution of galaxies is commonly used
to describe the product n̄gWg(x). A number of random samples
Ns larger than Ng by a factor of a few tens is usually enough
to properly sample the footprint. The random catalogue can also
have associated weights ws(x) to reproduce observational sys-
tematics. Rewriting the previous relation we define the galaxy
overdensity field as

δg(x) =
wg(x)ng(x) − ws(x)ns(x)

ws(x)ns(x)
. (A.3)

Following Eq A.1, we square the field and assume ergodicity so
the ensemble averaging 〈.〉 is equivalent to a spatial averaging.
Doing so we can derive the well known Landy-Szalay estimator
(Landy & Szalay 1993) for the galaxy TPCF

ξgg(r) =
DD(r) − DS (r) − S D(r)

S S (r)
+ 1, (A.4)

where r = (x1 − x2) and DD, RR, DR and RD are the normalised
auto and cross pair counts of the data and random catalogues
given by

DD(r) = 〈ng(x1)ng(x2)〉 =
1

Ngg

Ng∑
i

Ng∑
j,i

δD(r − |xg,i − xg, j|) wg,iwg, j,

S S (r) = 〈ns(x1)ns(x2)〉 =
1

Nss

Ns∑
i

Ns∑
j,i

δD(r − |xs,i − xs, j|) ws,iws, j,

DS (r) = 〈ng(x1)ns(x2)〉 =
1

Ngs

Ng∑
i

Ns∑
j

δD(r − |xg,i − xs, j|) wg,iws, j,

S D(r) = 〈ns(x1)ng(x2)〉 =
1

Nsg

Ns∑
i

Ng∑
j

δD(r − |xs,i − xg, j|) ws,iwg, j.

(A.5)

The auto and cross normalisation factors for two catalogues a
and b are defined as

Naa =

 Na∑
i

wa,i


2

−

Na∑
i

w2
a,i,

Nab =

 Na∑
i

wa,i


 Nb∑

j

wb, j

 .
(A.6)

Following the same methodology we can derive Landy-
Szalay-like estimators for the radial velocity auto-correlation
and the galaxy-velocity cross correlation. As in large-scales sur-
veys only the radial component of the galaxy velocity field can
be measured, in the following any use of "velocity" implies "ra-
dial velocity".

As the peculiar velocities are measured only where galaxies
are observed, the field sampled is the galaxy momentum field
pg(x). Its spatial distribution can be written as a discrete sum
pg(x) =

∑Nv
i δD(x − xi) ug,i wv,i, with Nv the number of peculiar

velocity measurements, ug,i and wv,i the velocity and weight re-
spectively evaluated at position xi. The galaxy momentum can
also be expressed as

pg(x) = n̄vWv(x) ug(x)
(
1 + δg(x)

) 1
wv(x)

, (A.7)

with n̄v the mean density of velocity measurements andWv the
window function describing the peculiar velocity survey foot-
print. Again, we can use a catalogue nr(x) of Nr random sample
to describe n̄vWv(x). We call the weights associated with the
random catalogue wr(x). We rewrite the previous relation to iso-
late the fields of interest from the selection function and intro-
duce the galaxy weighted velocity field as

v(x) = ug(x)
(
1 + δg(x)

)
=

wv(x)pg(x)
wr(x)nr(x)

. (A.8)

Once again, following Eq A.1 we can define the auto and cross
correlation function by respectively squaring Eq A.8 and multi-
plying it by Eq A.3 :

ξvv(r) =
VV(r)
RR(r)

, (A.9)

ξvg(r) =
VD(r) − VS (r)

RS (r)
. (A.10)

Following the same convention for the pair-counts and the nor-
malisation. Note that ξgv encapsulates as much information as
ξvg and therefore is not used here. In the following we refer to
the "galaxy weighted velocity field" as the "velocity field" since
there are equivalent in linear theory. However the reader should
keep in mind that according to our definition, the velocity corre-
lation function written as

ξvv(r) = 〈ug(x1)
(
1 + δg(x1)

)
ug(x2)

(
1 + δg(x2)

)
〉

should encapsulate on non-linear scales the information con-
tained in ξgg, ξuu,ξug and higher order statistics.
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Appendix B: Peculiar velocity from distance
indicator

Once the log-distance ratio is known, deriving the peculiar ve-
locity is straightforward. From the Doppler shift in the spectro-
scopic redshift

1 + zobs = (1 + zcos)(1 + v/c), (B.1)

the comoving radial distance can be expanded at linear order in
v/c

D(z cos) = D(z obs) +
c

H(z obs)
(z cos − z obs) , (B.2)

leading to the distance ratio

D(z cos)
D(z obs)

= 1 −
(1 + z obs)

D(z obs)H(z obs)
v. (B.3)

Finally, we can write the comoving radial distance ratio as

η ≡ − log
D(z cos)
D(z obs)

= − log
[
1 −

(1 + z obs)
D(z obs)H(z obs)

v
]

= α(z obs)v,

(B.4)

where the last equality is only valid at low redshift. The propor-
tionality factor is defined as

α(z obs) ≡
1

ln 10
(1 + z obs)

D(z obs)H(z obs)
. (B.5)

Note that this factor can slightly vary if measuring the luminosity
or angular distance.

Appendix C: Recovery set posterior distribution

Figure C.1 shows the one and two sigma confidence levels of the
posterior distribution averaged over the 25 realisations of the re-
covery set. The true values of the parameters are indicated with
the black lines. The four methods give consistent results, both for
the cosmological and HOD parameters, recovering every fitted
parameters within one sigma. The contours obtained using the
different observables have slightly different shapes and inclina-
tions. Except for the parameters that weakly affect the clustering
and are therefore unconstrained, jointly fitting the galaxy and
peculiar velocity statistics reduces parameter degeneracy and
yields tighter constraints, especially for w0 and σ8.
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Fig. C.1: Average posterior distribution of the inferred parameters, from the fits of the recovery set. The contours correspond to 1
and 2σ confidence levels. The results obtained using the galaxy, velocity, cross, and total data vectors are shown in blue, orange,
cyan and red respectively.
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