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ABSTRACT

We investigated the polarimetric signatures of orbiting hot spots around a Schwarzschild black hole in the presence of an external
magnetic field, accounting for the electromagnetic interaction between the charged emitter and the field. Using a general-relativistic
model that incorporates synchrotron emission and ray-tracing of light propagation, we analyzed how the electromagnetic interaction
parameter modifies the observed polarization patterns, with particular emphasis on the behavior of the electric vector position angle
and the time-evolving polarization loops in the Q-U plane. Applying the model to millimeter-wavelength ALMA observations of
Sagittarius A*, we explored the parameter space that best reproduces the asymmetry, time ratio, and area ratio of the observed
polarization loops. We find that the inclusion of a small positive interaction parameter increases the symmetry of the loops and the
time ratio, while a negative magnetic parameter introduces strong asymmetry and fails to reproduce the data. Our results indicate that
electromagnetic interaction can lead to ambiguity in the estimation of the system parameters such as orbital inclination or hot-spot

velocity.
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1. Introduction

Polarimetric observations of black holes provide crucial
information on the extreme gravitational and electromag-
netic environments in their vicinity. Recent groundbreak-
ing observations by the Event Horizon Telescope (EHT)
Collaboration at 230 GHz have opened new avenues for
probing the complex interplay between gravity and mag-
netic fields around supermassive black holes (SMBHs).
Specifically, polarization images of the SMBH MS87*
(Event Horizon Telescope Collaboration et al. 2021) and Sagit-
tarius A* (Sgr A*; Event Horizon Telescope Collaboration et al.

2024a) have unveiled structures  suggesting  the
presence of predominantly poloidal magnetic
field components, especially in the latter case
(Event Horizon Telescope Collaboration et al.  2024b).  Fur-

thermore, observations by the Gravity Collaboration et al.
(2018, 2023) in near infrared have detected distinct polarization
loops associated with orbiting flaring matter, offering additional
constraints on the dynamics and magnetic-field configurations
close to an event horizon (GRAVITY Collaboration et al.
2020a,b; Yfantis et al. 2024b).

Complementing these observations, Wielgus et al. (2022b)
reported the detection of polarization loops by the Atacama
Large Millimeter/submillimeter Array (ALMA), revealing time-
dependent polarization signatures associated with orbital mo-
tion close to Sgr A*, following a high-energy flare observed by
Chandra (Event Horizon Telescope Collaboration et al. 2022a;
Wielgus et al. 2022a). These polarization loops, seen as cyclic
trajectories in the Stokes O—U plane of linear polarization, pro-

vide evidence of transient, localized emission components or-
biting in the innermost region near the event horizon (see also
Vincent et al. 2024). By analyzing these loops, the authors con-
strained the orbital properties of the emitting regions, such as
their orbital radii and periods, revealing details about plasma
dynamics and magnetic-field geometry close to Sgr A*. This
observational finding significantly enhances our understanding
of Sgr A* black hole and its astrophysical environment, of-
fering novel observational constraints on theoretical models
(Yfantis et al. 2024a; Levis et al. 2024).

Despite these advances, interpreting polarization signals
from near-horizon regions remains challenging due to uncertain-
ties in the plasma motion and magnetic-field structure. One key
source of uncertainty arises from the assumption of Keplerian
motion for emitting material around black holes, which might
not hold true in strong-magnetic-field environments. In reality,
the emitting plasma consists of charged particles whose motion
can deviate significantly from purely gravitational trajectories
due to electromagnetic interactions with vertical magnetic fields
(Tursunov et al. 2020). Such interactions can introduce substan-
tial non-Keplerian effects, potentially mimicking observational
signatures attributed to black-hole spin or other gravitational
phenomena (see, e.g., Appendix C from Wielgus et al. 2022b).

Event Horizon Telescope observations consistently sup-
port the presence of dominant vertical magnetic fields, with
significantly weaker toroidal or radial components, reinforc-
ing the importance of vertical magnetosphere models in de-
scribing the Galactic center environment (Johnson et al. 2015;
Jacquemin-Ide et al. 2024). These vertical and large-scale mag-
netic fields play a crucial role in particle acceleration, jet forma-
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tion, and overall energy extraction processes in black-hole sys-
tems (Blandford & Znajek 1977; Tursunov & Dadhich 2019).

Motivated by these observations, we propose an extension
of the polarized synchrotron emission model by Narayan et al.
(2021) and Gelles et al. (2021) from weakly charged hot spots
orbiting a Schwarzschild black hole embedded in an vertical
magnetic field. In this model, we explicitly account for the elec-
tromagnetic interaction between the potentially charged emit-
ting hot spot and the magnetic field, introducing a dimensionless
magnetic interaction parameter.

Standard general relativistic magnetohydrodynamic simula-
tions typically assume exact charge neutrality at fluid scales. In
reality, a magnetized plasma is only quasi-neutral: a tiny ex-
cess of charge carriers can exist without violating global neu-
trality. The size of this excess is set by electrostatic screen-
ing. In a quasi-neutral plasma, the fractional charge imbalance
required to sustain a smooth electrostatic potential variation
A® across a region of size L can be estimated as (see, e.g.,
Hazeltine & Waelbroeck 2004; Chen 2016)

Ny

e®
M . 2v?
" D

2
ﬁz(/ID) e ANO )
B

L) kgT’
where n, = n; — n, is the net charge number density, 7 is a to-
tal number density (n ~ n, =~ n;), T is a plasma temperature,
and /lf) = kpT/(4nne?) is the Debye length. Equation (1) is de-
rived by using Poisson’s equation V2@ = —4ren, with the scale
estimate V2@ ~ A®/L2.

Such charge imbalances can naturally be generated by
the relativistic motion of plasma around a black hole in
the presence of an ordered magnetic field approximately or-
thogonal to the orbital plane, which induces charge separa-
tion and a nonzero net charge density. In pulsar magneto-
spheres the same special-relativistic effect produces the well-
known Goldreich—Julian charge density (Goldreich & Julian
1969; Muslimov & Tsygan 1992). Neglecting general relativis-
tic corrections for the moment, Maxwell’s equations in the lab
frame together with Ohm’s law imply that the charge density re-
quired to reduce the co-moving electric field is

1 1 QB
=—V.E=——V.(vxXB)x —— 2
Pa 4 de v ) 2nc 2

for rigid rotation, with the speed v. = Q X r and a
vertical field B. For a hot spot orbiting Sgr A* near
the innermost stable circular orbit (ISCO) of a nonrotat-
ing black hole and a vertical field of strength B =~ 10
G (Event Horizon Telescope Collaboration et al. 2022b, 2024b),

the corresponding excess charge number density is of the order
of

|pq| —4 ( B ) Q
=— =x~1 —
" 0 10G/\ Qisco

) cm™. 3)

Given the total plasma number density associated with the flare
components, n ~ 107*! cm™ (Yuan et al. 2003; Eckart et al.
2012; Yfantis et al. 2024a), the ratio of excess to total carriers is
ng/n ~ 10~11#!, This means that only about one particle in every
10'0 — 10'? contributes to the net charge, underscoring that the
plasma remains overwhelmingly neutral even when such charges
are dynamically relevant.

One can show that the right-hand side of (1) yields a sim-
ilar order-of-magnitude estimate. For a hot spot with a charac-
teristic size of L ~ r, = GM/c* ~ 6 x 10" cm and plasma
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temperature 7 ~ 10! K, moving near the ISCO, the induc-
tive electric field has a magnitude of £ =~ (v/c)B. This corre-
sponds to a potential difference across the hot spot on the order
of A ~ EL = (v/c)BL. Substituting this into (1), we obtain a
charge imbalance on the order of |ng|/n ~ 10710=1,

Although this fraction is vanishingly small, the integrated
excess charge over a hot spot of size L ~ r, corresponds to a
macroscopic total charge, O = en, L3 ~ 10'2C. Such a charge
is large enough for its electrostatic and magnetic coupling to the
ambient field, potentially modifying its orbital motion and the
polarization signature of its emission. General relativistic ex-
tensions of the above estimates (see, e.g., Muslimov & Tsygan
1992; Thorne & MacDonald 1982; Tursunov et al. 2020) yield
comparable magnitudes. To estimate the dynamical effect of the
excess charge, we define a dimensionless parameter characteriz-
ing the strength of the electromagnetic interaction between the
charged hot spot and the ambient magnetic field:

B

“

-2 e
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where Q and my, are the total charge and mass of the hot spot.
This parameter represents the ratio of the characteristic Lorentz
force to the gravitational force, and governs deviations from
purely geodesic motion. For a characteristic ratio of n,/n ~
10~ — 107 we obtain B ~ 1073 — 1073 for an e~—p plasma and
B ~ 1072 — 1 for an e"—e* plasma. The upper end of the range
corresponds to the pair-dominated plasma inertia together with
the largest assumed charge imbalance (1, /n). For smaller charge
imbalance or in an electron—proton plasma, substantially lower
values of B are expected. The allowed range of this parameter for
Sgr A* has been constrained by Tursunov et al. (2020); see their
Eq. (33), which yields 107> < |8| < 10, for 10 G magnetic field
near Sgr A*. The sign of the parameter 8 depends on the sign
of the hot-spot charge and the relative orientation between the
magnetic field and the orbital motion, and can be either positive
or negative (Frolov & Shoom 2010; Kolos et al. 2015).

Charge separation is also driven by general relativity itself;
frame dragging twists magnetic-field lines around a spinning
black hole and induces an electric field. Wald (1974) showed
that a Kerr black hole in a uniform magnetic field acquires
an induced charge, Qw, set by the spin and the vertical mag-
netic field. For Sgr A* this constrains the black-hole charge to
|OgH| < 101 C (Zajacek et al. 2018). Classic analyses of the
coupled black hole—-magnetosphere system by Ruffini & Wilson
(1975) show that, for a wide class of stationary accretion config-
urations, the global charge of the magnetosphere balances that
of a black hole, Omae ® —OgH, ensuring overall neutrality of the
system. These estimates show the significance of electromag-
netic interactions; even a tiny deviation from charge neutrality,
while still maintaining quasi-neutrality, can sustain dynamically
relevant electric fields in the magnetized vicinity of Sgr A*.

In this work we systematically explored how variations in
the electromagnetic-interaction parameter can influence polar-
ization signatures discussed by Wielgus et al. (2022b). Further,
we compared our theoretical predictions with ALMA observa-
tions of polarization loops from Sgr A*, focusing on the effect
of the magnetic interaction on the QU-pattern parameters con-
sidered by Wielgus et al. (2022b) and Vos et al. (2022), namely
the degree of asymmetry of the loop, ratio of the full loop period
to inner loop duration, and ratio of the areas of large and small
loops on the O—U plane. The introduced magnetic-field interac-
tion parameter, 8B, can also be regarded as an effective parameter
controlling deviations from the geodesic motion.



Tlemissov et al.: Polarized emission of orbiting hot-spots

The paper is organized as follows. We start from the the-
oretical description of the dynamics of a charged emitter in a
Schwarzschild space-time in the presence of vertical magnetic
field given by the exact solution of Wald (1974). We next cal-
culated the polarization vectors and radiative-transfer equations
for propagation of the polarized light, and derived the observable
parameters in the case of a charged emitter. We then applied our
model to the ALMA polarization loops of Sgr A* (Wielgus et al.
2022b) to constrain the magnetic-interaction parameter and as-
sess its impact on orbital dynamics and the interpretation of ob-
servational data.

2. Orbiting hot spot with electromagnetic
interaction

We start by introducing the line element in a spherically sym-
metric Schwarzschild space-time,

dr?
fdr* + — 70
where f(r) = 1 —2M/r is a lapse function and M is the mass of
the central object in geometric units. Without loss of generality,
we set the black-hole mass to unity, M = 1, in the following.
The mass will be reinstated later when expressing equations in
astrophysically relevant units.
Wald (1974) introduced a method to generate test electro-
magnetic fields in stationary, axisymmetric space-times with
Killing vector symmetries, obtaining a solution of

A = CEl + Cyé, (6)

where the constants C; and C, are determined by the asymp-
totic behavior of the field at infinity. In the case of a nonrotat-
ing and uncharged black hole, the only relevant Killing vector is
the rotational one: £y = 0/0¢. Therefore, assuming asymptotic
magnetic-field B strength, the resulting vector potential reads

+ 2(d6” + sin® 6d¢?), (3)

Ay = lB 2 sin® 0 (7)
6= 3 r- s s

with the antisymmetric electromagnetic-field tensor components

given by

F,4 = Brsin®6, Fg, = Br* cosfsin6. 8)

The Hamiltonian governing the motion of a charged hot-spot can
be expressed as (Wald 1984; Kolos et al. 2015)

1 1
Hy = 58 (o = gAs) (15 = gAg) + 5, ©)

2
where m is the mass of the charged particle and ¢ is its elec-
tric charge. The generalized canonical and kinematical four mo-
menta are defined, respectively, as

o= p'+qAt, Pt =mut.

Due to symmetries of the background space-time and the exter-
nal magnetic field, one can introduce conserved quantities of the
energy and the axial component of angular momentum:

(10)

E

d
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For convenience we used the dimensionless magnetic parameter
B, introduced in (4), and introduced the specific energy, &, and
specific angular momentum, £, as follows:

qB E

L
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Using the above quantities, one can rewrite the Hamiltonian as

(13)

"2
_ 2 2
= f( rp} + Zng e )2( -&), (14)
where the effective potential is taken in the form of
s 2
Vet = f(r)[l +( - —Brsin@) } . (15)
rsinf

The effective potential, representing energetic boundary of the
hot-spot, is symmetric under the transformation (£,B) —
(=L, —8B), which implies two equivalent scenarios: either L > 0,
B < 0isequivalentto £L < 0,8 >0or L >0, B > 0is equiv-
alent to £ < 0, 8 < 0. We chose the positive angular momen-
tum of the charged hot spot to represent the clockwise motion,
which is supported by observations (Gravity Collaboration et al.
(2018); Wielgus et al. (2022a)).

Depending on the sign of B, one can distinguish two quali-
tatively distinct cases, differing in the orientation of the effective
Lorentz force: for 8 < 0 the Lorentz force is attractive, acting
toward the black hole, while for 8 > 0 it is repulsive, acting
outwards from the black hole. In analogy with the prograde and
retrograde motion in Kerr space-time, the two above cases in
Schwarzschild space-time can be referred to as Larmor (8 < 0)
and anti-Larmor (8 > 0) motions; these are defined with respect
to the magnetic-field orientation.

The extrema points of the effective potential give locations of
circular orbits. For a given radius, r, the corresponding specific
angular momentum and energy of a hot spot at circular orbit is
given by

)

(Leare = 2T (16)
Lo o VN

(Eco)s = (f() 1+( —Br) D , (17)

where

F(r;B) = VBr2(r—22 +r-3 (18)

Thus, using Eq. (12) we find the angular velocity of at the circu-
lar orbit,

(19)

where the + sign corresponds to the two branches of motion,
in analogy with prograde and retrograde orbits in Kerr space-
time, here referred to as Larmor and anti-Larmor cases. How-
ever, within a narrow radial range of 2 < r < 3, both branches
of the solution reduce to the same orbital orientation, which
can be either Larmor-like or anti-Larmor-like depending on the
sign of the product, £ B; see details in Frolov & Shoom (2010),
Kolos et al. (2015), and Tursunov et al. (2016). With that, the
circular motion under r < 3 corresponds to the case with the
repulsive Lorentz force only. The local radial extrema of £,
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Fig. 1. Dependence of ISCO radius, risco, on the magnetic-field interac-
tion parameter, 5, in the presence of a uniform magnetic field. In both
cases of positive and negative B, the ISCO radius decreases with in-
creasing 8.

correspond to the ISCO, defining their radius, angular momen-
tum, and energy. The ISCO condition reads

Bzr(2r3 — 972 +8r— 12)—B(r—6)Y+r/2—3 =0, (20)
where
Y(r; B) = \/52,.2 (572 —4r +4) + 2r. 2D

The behavior of ISCO with respect to the magnetic-field interac-
tion parameter is shown in Fig. 1. In the absence of electromag-
netic interaction (8 = 0), the ISCO is located at the standard
Schwarzschild space-time value of r = 6 7,.

3. Polarized signatures of hot spots
3.1. Polarization formalism

In this section we discuss the key aspects of the polarization
of light around black hole within a semi-analytic model in-
troduced by Narayan et al. (2021) and Gelles et al. (2021), and
modified here by the inclusion of electromagnetic interaction. In
this model, radiation is emitted by the fluid from the equatorial
plane, 6; = /2, confined to a point-like emitter located at the di-
mensionless radius r, = rc?/GM in Schwarzschild coordinates.
The orbital plane of the hot spot is inclined at an angle, 6,, rela-
tive to a face-on orientation, as seen by a distant observer.

Below, we transform the components of vectors and tensors
into the local orthonormal frame at the arbitrary point, P (here-
after, P-frame; the geometry of the different reference frames is
described in more detail in Narayan et al. (2021)) in the equato-
rial plane via

Vi =€V Taw = €geipTurs (22)
where in Schwarzschild space-time
fmr 0 0 0
| o s o0 0
“w=l o o A o (23)
0 0 0 (rsing)!
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For the chosen magnetic-field configuration given by (8), the
components of the magnetic field in the P-frame are
(24)

1
F@(ﬁ = - (259 = B?(P) = EBCOS gs’

! .
Frg = ~Fj = Byp = 3BN(rsin’ 6, 25)

In the fluid’s rest frame (hereafter, F-frame), the components of
the magnetic field take the following form:

(26)
27

<COSZX +v sinz)() B?(p)q
VB?}(P)’

Bir)
B@(F) =

where the Lorentz factor is y = 1/ +/1 — 82 and the velocity vec-
tor is given by

B =ﬁ(cos/\(? + sin)(gi),

with y being the angle between the velocity vector and the radial
direction. In our case, where the emitter lies in the equatorial
plane at 6, = m/2, the radial component of the magnetic field,
B;, vanishes. Thus, the only nonzero component of the magnetic
field is

Y
B@)(F) = EB S(rs),

which corresponds to the vertical magnetic field in the fluid
frame. Now let us consider polarization vector fr in the F-
frame as a vector orthogonal to the local magnetic field By =

(Bf, By, B@) and wave vector k(ry = (k;«, ké,, k@) direction:

(28)

(29)

(krp x BF)
lkpl

In this scenario, the intensity of synchrotron radiation along the
wave vector is proportional to

o = fury = 0. (30)

f“f = sin® {|Br) P, (31)
with the pitch angle
) lk(r) X Byl
sin = ————-. (32)
[k |1 Br)

One can use an inverse Lorentz boost to transform the polariza-
tion vector, which yields

fipy = Vfie +vBosK fln + yBsiny [, (33)

f(?P) = B cost(’}) +(+@y-1 cosz)()f(fF) (34)
+(y — 1)cos y sin y f(‘f;)

£ = yBsing iy + oy - Deosysiny fiy, (35)
+(1+ (y = Dsin® ) f5,

foy = for (36)

In further calculations, it is important to know the polarization
vector expressed in global coordinates, which is obtained by ap-
plying the inverse transformation from the local P-frame:

fh )

fo= \/j% 1= N ),
féﬁ i

T AL (37)
I I
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Fig. 2. From left to right: Polarization patterns, polarization intensity values, EVPA, and Q-U fluxes shown in the case of r;, = 11, y = —n/2,
B = Br and for different inclination angles: 20°, 40°, 60° (from top to bottom), with curves corresponding to different magnetic-field parameters:
B = 0.01 (blue), B = 0 (black), and B = —0.01 (red). In each polarization panel, the polarization segment lengths are normalized relatively to
the maximum intensity. The intensity and Q-U fluxes are normalized by the average polarization magnitude. This average can be defined as an

— 2 . . . . .
angular average, |P| = i fo " 1Pl dé¢. Since the angular frequency, w, is constant in time, the same quantity can equivalently be expressed as a

time average over one period, T = 27/w, namely Pl = % fOT [P (wt)| dt.

3.2. Propagation of linearly polarized light

Light travailing from source to observer undergoes redshift,
which leads to the following expression for photon momentum
in the geodesic local Cartesian P-frame,

- 1 3 _ sinésina
N RN
W = Cosa F cosésina 38)

» = e T T =
N NS

Here, « is the emission angle and ¢ is defined by
sin 6 cos ¢

sin i
where ¢ is the angle between 7 and the unit vector, 71, toward the
observer.

In the next step, one must rewrite the emission angle « in

terms of . To do this, we calculated the angle ¢ by assuming
the observer is located at infinity as

0 dr
V= o
r
N

siné = , (39)

(40)

together with

(41)

sinar = 27,

which helped us to find the relationship between the ¢ and
a emission angle. The relation (41) was found using the fact
that tana = /u¥u,/ Vu"u, (for more details, see Beloborodov
2002). Finally, we obtained the four momentum of the photon in
the fluid frame by using the Lorentz transformations as

kg, = kb —yBcosxky —yBsinykip, . (42)

K = —yBcosyk+(1+(y—1)cos’x)kip (43)
+(y —1)cosy sin)(kfp) ,

k?F) = —yBsin )(k; + (y — 1) cos y sin )(kf P) (44)
+ (1 +(y—-1 cosz)() kfp) ,

kg, = kip- (45)
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Fig. 3. Same as Fig. 2 but for r; = 6. Strong gravity effects are more prominent.
3.3. Stokes parameters
At this point, we were ready to introduce the complex Penrose— ry i
Walker constant (Walker & Penrose 1970): X = —— ) , 51
sin 6
0V _ (1 Vo :
K = K1+ iKz, (46) y =7 (k(p)) - (k(p)) cot” 6 sgn (Sln ¢) . (52)
_ —1/3( ter r t)
K| = Kf—kf), 47 . . . .
1 s ! f @7) The expression for the normalized electric field, E, associated
K = ,ﬁ;l/ 3 r? (k¢ ok f¢) , (48)  with synchrotron radiation, as it propagates along a geodesic in

where the photon momentum and polarization components are
expressed in Boyer—Lindquist coordinates. These components
are obtained via an inverse transformation from the local frame:

kf
r P) PN et
k - W& k - f(rs) (P)9
k? K
o= BB (49)
rS rS

together with the Weyl scalar,

Y = (50)

w\ml E

The celestial coordinates (x,y) for a photon moving toward
the observer at infinity are described as follows:
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the observer’s sky coordinates, is given as follows:

Ky + XK
Exnom T — (53)
\/(K% + K%) (2 +y?)
Eynomm Sl — (54)
\/(K% + K%) (X2 +y?)
Elvorm * Ejpom =1 (55)

The components of the observed electric field and the in-
tensity of synchrotron radiation, as received by an observer at
infinity, are dependent on multiple factors and expressed as

Jay (g, ltey | lrey
Ex,obs = 62 lp/ |B| 2 s 2 gEx,norms (56)
3tay 170 pyitey . ltoy
Ey,obs = 62 lp/ |B| 2 s 2 {Ey,norm, (57)
2 2 3t+a, Lay i l+a,
Elgs * Ejgps=0 TOLIBITTY sin T (58)
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Fig. 4. Comparison between ALMA Q — U loop data with semi-analytical ring model prediction for 8 = 0.1 (left), B = 0 (middle), and B = —0.01

(right).

where 6 = 1/ kfF) is the Doppler shift factor and a,, is the spectral
index. In the following, we assume the emitted spectrum follows
a power-law distribution of I, cc v™%'. As a consequence, the an-
gular dependence of the emission varies as sin'*® . Therefore,
for the spectral index, «,, the observed flux density is related to

the hot spot’s emitted flux density by

Iv,obs — 63+av . (59)

IV,HS

The other quantity, /,, describes photon path length, which is
usually written in the form

(60)

where H is the height of the disk. In the following, we set @, =
1 as a representative value at 230 GHz frequency (Goddi et al.
2021). As a result, the intensity (/) and electric vector position
angle (EVPA) of polarized light becomes

1
EVPA

|P| = 6*1,|BJ* sin® £,
0.5Arg(P) = 0.5Arg(Q + iU),

(61)
(62)

where the Stokes parameters Q and U are defined as

2 2
Q = Ey,obs )

x,0bs °

U= _2Ex,0bsEy,obs- (63)
In our model, circular polarization is neglected. Moreover, the
linear polarization fraction is equal to a constant p and total in-

tensity of radiation satisfies 4/Q2 + U2/I = p. We took p = 1 for

the sake of simplicity; hence, |P| = /02 + U? = I. The Stokes
parameters Q and U were calculated using Eq. (63).

4. Results for an orbiting point-like hot spot

For hot-spot modeling, we assumed a localized isotropic emit-
ting region of characteristic size, L ~ r,, confined to the equa-
torial plane. The primary radiative-transfer and polarization cal-
culations are performed in the point-source approximation, in
which only the trajectory of the centroid of the emitting region
is followed. This approximation is justified provided that the
source size remains small compared to the characteristic spa-
tial scales over which relevant quantities vary along the orbit,
including the magnetic-field structure, gravitational lensing, and
relativistic polarization transport across neighboring geodesics.

Effects of extended sizes are incorporated in the depolariza-
tion calculation by integrating over the spatial extent of the equa-
torial emitting patch. These effects become significant when rel-
evant quantities vary appreciably across the emitting region. We
address this in Sect. 5.

4.1. Effect of electromagnetic interaction on polarization

We were then ready to construct the polarization images of the
hot-spot-orbiting black hole in the equatorial plane at a fixed ra-
dius of r = r,. We chose the motion to be clockwise, correspond-
ing to an angle of y = —m/2. The associated relativistic velocity
measured in the locally nonrotating frame is given by

rS
NI

where the angular velocity, €, is defined by formula (19) in the
previous section. The orbital period of the hot spot around the
black hole can be determined using the relation

(64)

Br=Q

T =27ty A|r3 (2B*r?(r —2) + 2BrF + 1), (65)
where 1, = GM/c? is the gravitational timescale and B is a
magnetic-field interaction parameter defined in (13). In Figs. 2
and 3 we illustrate how the magnetic interaction parameter B8
affects every major polarization observable for an orbiting hot
spot, and how those effects vary with inclination angle. From left
to right we show the instantaneous polarization-vector maps on
the sky (the ticks are normalized to the same maximum length in
each panel), the total polarization intensity, the EVPA, and the
Q-U trajectory over one full 27 of azimuthal phase, ¢. Rows
correspond to the inclinations of 20°, 40°, 60° (from top to bot-
tom), while colors show B = +0.01 (blue), 0 (black), and —0.01
(red); that is, the interaction parameter is relatively weak. Fig-
ure 2 shows the hot spot at radius r = 11 r,, while Fig. 3 repeats
the same analysis at r = 6r,, bringing the hot spot deeper into
the strong-gravity zone.

In the left panels of Figs. 2 and 3 illustrating the polariza-
tion patterns, systematic offsets (zoomed-in view) are visible: a
positive B (blue) twists the polarization direction forward in the
direction of motion, while negative B (red) twists it backward.
Changing the viewing angle shows that at low inclinations the lo-
cal magnetic interaction torque more directly alters the projected
field geometry, whereas at high inclinations the lensing effect
dominates. The total-intensity, I, plots exhibit peaks when the
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Fig. 5. Asymmetry (A), time (R,), and area (R,) ratio in the case of negative magnetic parameters (fop) and positive ones (bottom) with respect to
inclination angle. The lowest inclination angle at which R, = 550 is indicated by a cross.

emitting hot spot passes behind the black hole due to maximal
Doppler boosting. As with the other observables, the absolute
difference between positive and negative B grows as the system
is viewed more face-on. This shows that low-inclination polar-
ized flares provide a better sensitivity to the magnetic-interaction
paramete, B.

The third columns of Figs. 2 and 3 show the EVPA versus
orbital phase. Interestingly, even small 8 = +0.01 shifts the en-
tire EVPA curve by ~ 5-10° and introduces a slight asymmetry
between the incoming and outgoing rotations. Since the EVPA
can in principle be measured with sub-degree precision in bright
flares, even a small persistent offset can potentially provide a
sensitive probe of B. A limiting factor at 230 GHz frequency
is the variable internal Faraday screen of Sgr A* (Wielgus et al.
2024), which we neglect in this analysis. Finally, the rightmost
panels of Figs. 2 and 3 illustrate the Q—U trajectories over one
orbit. The magnetic-interaction parameter does not change the
sense of the loop rotation, but its shape and enclosed area clearly
depend on the sign and magnitude of 8. We quantified this in the
next section when applied to the observational data.

4.2. Polarization loops from Sgr A* with ALMA

Wielgus et al. (2022b) reported an exceptional radio flare from
Sgr A* detected by the ALMA, whose EVPA traces clear, quasi-
closed loops in the Stokes Q-U plane. By fitting a synchrotron
hot spot orbiting a black hole, they extracted three key parame-
ters of each loop: asymmetry, A — the largest ratio of perpendic-
ularly projected diameters of the loops; time ratio, R, — the ratio
of the full loop period to the time; and area ratio, R, — the ratio
of area of the large loop to that of the small loop. Based on the
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ALMA measurements Wielgus et al. (2022b) constrained these
parameters to

A=13+01, R, =65+05, R,=550x50, (66)

and inferred an observer inclination of 6, ~ 20°. They also de-
rived that the magnetic field near the black hole is dominated by
the vertical component.

We extended their analysis by incorporating electromagnetic
interaction between the synchrotron-emitting hot spot and those
vertical magnetic fields parametrized by B. If one considers
$ = 0, corresponding to a purely Keplerian hot spot, the emit-
ter is located at approximately r ~ 10.6 + 0.6 r,, correspond-
ing to a range from rpi, = 10r, to 1 = 11.2r,. However,
for nonzero B, the situation changes considerably, as we demon-
strate in Figs. 4 and 5.

Figure 4 shows a comparison between the Q-U fluxes pre-
dicted by the simple ring model and the ALMA observations
acquired on April 11, 2017 for a different 8. In Fig. 5 we show
the dependence of A, R;, R, for different values of the inclina-
tion angle. The overall result is consistent with that obtained by
Wielgus et al. (2022b), and it predicts a small tilt angle of ap-
proximately 6, ~ 20° for 8 = 0, 6, ~ 26° for 8 = —0.01, and
0, ~ 27° for B = 0.1, respectively. Interestingly, including either
the positive or negative magnetic parameter, both lead to larger
inclination angles. In our comparison, it is evident that large neg-
ative values of the magnetic parameter around 8 ~ —0.1 fail
to accurately reproduce the time ratio observed in the ALMA
data (see the bottom middle panel). Likewise, large positive val-
ues of B also struggle to reproduce the area ratio (see the top
right panel). Therefore, one can infer that the magnetic parame-
ter likely lies within the range of —0.1 < 8 < 1.
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In the figures, the area ratio of the loops, R, = 550, remains
unchanged. In this scenario, in order to better reproduce the ob-
servations, we set rs = rmax in each figure, corresponding to the
smallest tilt angle (as illustrated in Fig. 5, smaller 6, produce
more symmetric loops). As shown in the figures, introducing a
positive magnetic parameter makes the loop more symmetrical,
although it also increases the R, ratio. In the case of a negative
magnetic parameter, the situation changes dramatically. Includ-
ing a small negative B increases not only the time ratio, it also
makes the loops more asymmetric. Therefore, it can be inferred
that if a magnetic parameter is present, it likely has a positive
effective sign, corresponding to either ¢ > 0, B > O or g < 0,
B < 0.

5. Depolarization of a finite-sized hot spot

We quantified the depolarization arising from the nonzero spatial
extent of a synchrotron-emitting hot spot in the equatorial plane
of a spherical symmetric space-time by comparing its net linear
polarization to that of an equivalent point-like emitter. We con-
sidered a symmetric, optically thin hot spot centered at radius
r. and azimuth ¢. = —€.t at emission time #, with emissivity-
profile scaling modeled as

AX2 + Ay?
J(r, ¢) ~ exp —410g2(-ﬂl—3—ll)]=
w
AP +dr, (r. + Ar)sin® &
exp|—4log2 5 , ©7)
w
where the minus sign in ¢, = —Q.t denotes clockwise motion,

A¢ = arg e"9~99) is the wrapped phase difference, and Ar = r—r.
is the radial displacement from the spot center. The parameter
w is the full width at half maximum (FWHM) of the Gaussian
profile. In the following, we identify the hot-spot scale as L ~ w.

The observed Stokes parameters were computed by incorpo-
rating all relevant general relativistic radiative-transfer effects.
The observed intensity on the image plane is expressed as

I(p, 90) = J(:O’ Qa)lv,obSa (68)

where (p, ) denote the polar coordinates on the observer’s
screen, defined as

p= X+

In evaluating Eqgs. (61)—(63), we included the redshift correction
through the observed specific intensity 1,45 defined by Eq. (59).

The net observed polarization from the extended hot spot
was obtained by integrating the Stokes parameters over the im-
age of the emitting region,

Ot = ff Op,p)dA, U = ff U(p, p)dA,
Lo = ffl(p’ ‘/’)dA,

leading to a polarization fraction

@ = arg(x +iy). (69)

(70)

(71)

2 2
Qi +i Uil V@it + Vi
Pfinite = =
It()l It()l
For comparison, the polarization fraction of a point-like emitter

located at (7, ¢¢) iS ppoint = 1. Therefore, we define the depolar-
ization factor as

D= Pfinite )

(72)

(73)
Ppoint

0 — FWHM =1,
— FWHM = 2r,
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Fig. 6. Depolarization of emitted radiation as a function of the orbital
phase, ¢., for an orbiting hot spot with different sizes measured with
the FWHM. The observer inclination angle is fixed at 8, = 20°, while
the hot-spot center is located at . = 10 r,. The figure demonstrates
how the extent of the emitting region influences the phase-dependent
depolarization behavior.

The net observed Stokes parameters were obtained by nu-
merically integrating over the observer’s image plane. In prac-
tice, we summed the local flux densities I(x,y), Q(x,y), and
U(x,y) over all pixels in an image with a 307, field of view and
resolution 512 x 512. Depolarization arises from spatial varia-
tions of the EVPA across the image of the emitting region, lead-
ing to partial cancellation in the vector sum of local polarized
fluxes. For w = r, and r. = 10r,, the variation of the EVPA
across the hot spot is small, resulting in weak depolarization.
The net depolarization fraction is given by

(1 -<(D)) x100% = 0.72%, (74)
where (D) is the time-averaged depolarization factor over one
orbit, which remains close to unity.

In Fig. 6, the weakest finite-size depolarization occurs near
¢. ~ Tn/5, corresponding to the hot-spot position in front of
the black hole. In contrast, the depolarization becomes strongest
around ¢, ~ m/5, when the hot spot is located behind the
black hole. In this configuration, photons emitted from differ-
ent regions of the source propagate along substantially different
geodesics due to strong gravitational lensing, enhancing vari-
ations in the polarization properties across the emitting region
and leading to a stronger net depolarization effect. For compar-
ison, in the case of a static hot spot the depolarization extrema
occur at exactly ¢, = m/2 (maximum) and ¢, = 37/2 (mini-
mum). The slight shift of these extrema in the orbiting case is
caused by the nonzero orbital velocity of the emitting plasma.
We note, however, that this effect becomes significant for emis-
sion originating close to the black hole, where strong-field lens-
ing amplifies variations in the transported polarization vectors.
Our results indicate that strong depolarization occurs when the
characteristic source size becomes comparable to the distance
of the source center from the black hole, namely w/r. ~ 1. In
this regime, differential transport across the emitting region be-
comes substantial, producing large variations in the transported
polarization directions and consequently leading to a significant
reduction of the integrated polarization degree.
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6. Conclusions

Our results demonstrate that even within a quasi-neutral plasma,
small charge imbalances can lead to electromagnetic interactions
with significant dynamical and observational consequences near
Sgr A*. In particular, the new magnetic interaction parameter,
8, produces characteristic, inclination-dependent imprints on all
polarization observables of an orbiting hot spot. In practice, the
strongest effects can be measurable from modeling the EVPA
offset and the O—U loop area.

In this study, we adopted two distinct simplifications: (1) the
black hole was assumed to be nonrotating; and (2) only the pri-
mary (direct) image was considered, while higher order images
were neglected. However, black-hole spin can contribute notice-
ably, and secondary images may influence the detailed structure
of the O-U loop (Gelles et al. 2021; Yfantis et al. 2024a). In-
cluding them would help capture spin-dependent effects more
accurately, but treating higher order images is challenging within
this framework, so they are not included in this analysis. More-
over, in a rotating Kerr black hole, the frame dragging of space-
time twists the magnetic-field lines, inducing an electric field.
This effect is encoded in Wald’s solution as a nonzero temporal
component of the vector potential, which gives rise to a radial
and polar electric field near the black hole (Komissarov 2022).

Our results indicate that the depolarization associated with
the finite extent of the emitting region is weak for compact hot
spots, with the orbit-averaged value remaining below 1% and
maximum along the orbit of around 5% for w ~ r, at an orbital
radius of 7. = 10r,. However, a systematic increase is observed
for larger hot-spot sizes (w > r,), leading to more pronounced
depolarization, reaching orbit-averaged value of = 6.4% and a
maximum along the orbit of over 40% for w = 3 r,.

The inclusion of the B-term in our emission model represents
a direct coupling between the hot-spot electrons and an exter-
nal, large-scale magnetic field around the black hole. A nonzero
B applies a small torque on the emitting electrons, tilting their
pitch-angle distribution and hence the instantaneous polarization
vector. As the hot-spot orbits, this torque accumulates a phase
shift that appears as a coherent EVPA offset and altered Q-U
morphology. Simultaneously, the model allows the emission to
occur closer to the black hole.

Even a small charge imbalance in the hot spot (e.g., due to
charge separation originating from turbulence) renders it sensi-
tive to a Lorentz force that can subtly alter its trajectory, and
hence its EVPA features. We conclude that only weak electro-
magnetic coupling, |8| < 0.1, remains consistent with ALMA’s
polarization loops. These limits on 8 translate into constraints
on the product of the hot-spot charge-to-mass ratio and the am-
bient field strength at radii of r ~ 5-107,. In the absence
of electromagnetic interaction, stable circular orbits around a
Schwarzschild black hole are only possible at radii greater than
r = 61,. Therefore, any emission originating from r < 6 r, may
result from electromagnetic effects, which shift the location of
stable orbits closer to the event horizon. Future high-precision
astrometric monitoring will directly localize the hot spot’s or-
bital phase and radius, breaking the current degeneracy with in-
clination and 8B and thereby tightening constraints on both the
coupling parameter and the magnetic-field strength.
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