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ABSTRACT

We studied how eccentricity affects the gravitational wave (GW) spectrum from supermassive black hole (SMBH) binaries. We devel-
oped a fast and accurate semi-analytic method for computing the GW spectra, the distribution for the spectral fluctuations and the
correlations between different frequencies. As GW emission circularizes binaries, the suppression of the signal strength due to eccen-
tricity is relevant for signals from wider binaries emitting at lower frequencies. Such a feature is present in the signal observed at pulsar
timing arrays. We found that when orbital decay of the SMBH binaries is driven by GWs only, the shape of the observed signal pre-

+0.04

ferred highly eccentric binaries {(e); 1, = 0.837 <.

However, when environmental effects were included, the initial eccentricity could

be significantly lowered, yet the scenario with purely circular binaries was still mildly disfavored.
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1. Introduction

The pulsar timing array (PTA) collaborations have recently
found compelling evidence for the Hellings-Down quadrupo-
lar correlation (Hellings & Downs 1983) within the previously
observed common-spectrum stochastic process (Agazie et al.
2023a; Antoniadis et al. 2023b,a; Reardon et al. 2023a; Zic
et al. 2023; Reardon et al. 2023b; Xu et al. 2023). This indi-
cates that the observed signal likely originates from a stochastic
background of gravitational waves (GWs), the measurement of
which marks a significant milestone in GW astronomy. Such a
GW background at nHz frequencies can be naturally sourced
by a population of inspiraling supermassive black hole (SMBH)
binaries (Agazie et al. 2023b; Antoniadis et al. 2024; Ellis et al.
2024b,a).

The naive expectation of the GW background from circu-
lar SMBH binaries, a power-law with a spectral index of 13/3
(Phinney 2001), does not provide a good fit to the data, and
less steep spectra are preferred. The fit improves significantly
once the stochastic nature of the background and energy loss via
environmental effects are included (Ellis et al. 2024b). The addi-
tional energy loss also aids in solving the final parsec problem
(Begelman et al. 1980), as the energy loss shortens the timescale
of tightly bound binary formation to reasonable (sub-Hubble
time) lengths (Ellis et al. 2024c¢).

The SMBH binaries are formed in mergers of galaxies
(Begelman et al. 1980) and typically have very high initial eccen-
tricities (Fastidio et al. 2024). Whether the binary retains its high
initial eccentricity when it reaches parsec separations, where the
emission of GWs becomes relevant, is unclear and has been stud-
ied with simulations and semi-analytic models (Dotti et al. 2007,

* Corresponding author; juhan.raidal@kbfi.ee

Miranda et al. 2017; D’Orazio & Duffell 2021; Berczik et al.
2006; Vasiliev et al. 2015; Gualandris et al. 2022; Kelley et al.
2017; Fastidio et al. 2024).

If the binary is in a gas-rich environment and forms a
circumbinary disk, the eccentricity of the binary evolves by
interactions with the gas. For circular circumbinary disks, it is
expected that, at the pericenter, the SMBH orbits faster than the
disk and the disk tends to slow it down. In contrast, at the apoc-
enter, the SMBH orbits slower than the disk and the disk tends to
speed it up. This circularizes the binary making the SMBH coa-
lesce with a negligible eccentricity (Dotti et al. 2007). However,
more recent simulations suggest that angular momentum transfer
between the binary and the accretion disk could maintain large
eccentricities and increase the separation (Miranda et al. 2017).
A transition between the circular and the precessing disk has
been found to happen at around e ~ 0.4 (D’Orazio & Duffell
2021; Zrake et al. 2021), and all initial eccentricities e > O(0.1)
end up at e ~ 0.4 while for e < O(0.1) the circumbinary disk
remains circular and circularizes the orbits.

On the other hand, if the merger happens in a gas-poor envi-
ronment, loss-cone scattering can drive the binary to sub-parsec
separation in a sub-Hubble time if the loss-cone is refilled suf-
ficiently fast (Berczik et al. 2006; Vasiliev et al. 2015). The
loss-cone scattering phase is stochastic and its overall effect on
the eccentricity distribution depends on the number of stellar
encounters (Nasim et al. 2020; Rawlings et al. 2023), on the ini-
tial eccentricity (Gualandris et al. 2022), on the geometry of the
stellar background (Rawlings et al. 2023) and the mass ratio of
the SMBH binary (Gualandris et al. 2022). Overall, these effects
can circularize the orbit or, for comparable mass binaries, pre-
serve the high eccentricity. During hardening, eccentricity might
increase in minor mergers but is reduced in major ones, permit-
ting large eccentricities of up to e ~ 0.8 (Gualandris et al. 2022)
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at the onset of the GW-driven phase. Furthermore, the results of
the Illustris simulation indicate that SMBH binaries can preserve
a very high eccentricity up to the point they enter the PTA band
(Kelley et al. 2017; Fastidio et al. 2024).

Although a clear consensus is lacking about the eccentric-
ity distribution of SMBH binaries entering the PTA frequency
band, it is possible that their eccentricities can be relatively high.
Thus, in light of the recent PTA data, it is not only important to
understand how the eccentricity would affect the nHz GW spec-
trum from SMBHs, but a good theoretical picture of the latter
will assist us in resolving the properties of the SMBH binary
population.

In this paper, we studied how eccentricities of SMBH bina-
ries affect the nHz GW background. Large eccentricities in the
GW-dominated stage of binary evolution lead to a suppression of
the GW signal, due to faster orbital decay (Enoki & Nagashima
2007; Sesana 2013; Huerta et al. 2015; Chen et al. 2017; Bi et al.
2023). Since GW-emission circularizes the orbits, this effect is
more relevant at lower frequencies where larger average eccen-
tricities are expected. We showed that the eccentricity-induced
suppression improves the fit to the NANOGrav 15-year (NG15)
data (Agazie et al. 2023a). Furthermore, we found that the effect
of eccentricity on the GW background was remarkably similar
to that expected from environmental effects (Ellis et al. 2024b).

2. GW emission of eccentric SMBHs

Unlike circular binaries, eccentric binaries emit GWs at multiple
frequencies. A binary with a given orbital frequency, f,, emits
GWs at the rest frame frequencies

fn,r =+ Z)fn = nfb7 (D

where n > 1 is the harmonic number and f;, is the measured GW
frequency of the nth harmonic. For circular binaries, only the
n = 2 harmonic is present. An eccentric SMBH binary emits
GWs in the nth harmonic with power (Peters & Mathews 1963)!

dE, 32

= g@anb)‘““gn(e)
L )
Ty, gnle)s

where M denotes the chirp mass and dE./d¢, is the power emit-
ted by a circular binary with the same binary parameters M,
fo and z. The observed time ¢ is related to the time 7, in the rest
frame of the binary by df = (1 +z)dt,. The relative power radiated
in the nth harmonic is

4
gule) = %[%Jﬁ(ne) + (Jn_z<ne> —2eJ,-1(ne)
2 2
+ 2 ,(16) + 211 (ne) = J,Hz(ne)) 3)

2
+(1- 62)(Jn—2(ne) - 2J,(ne) + Jn+z(ne)) ]

where J, is the nth Bessel function of the first kind. For circular
binaries, only the second harmonic contributes g,(0) = 6,. The
total power emitted by a binary across all frequencies is

dEgw _ dE.
dr, ~ ds,

¥ (o), “)

' Geometric units ¢ = G = 1 are used throughout the paper.
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where

1 +73/24¢* + 37/96¢*
(1—e2)12

Fle)= ) gule) = )
n=1

GW emission by an eccentric binary, e > 0, is enhanced com-
pared to emission by a circular binary by 7 (e) > 1.

The increase in the total emitted GW power does not nec-
essarily lead to an increase in the GW background because the
increase in the emitted power accelerates the orbital decay of the
binary. The orbital dynamics of an eccentric binary are described
by the evolution of its orbital frequency and eccentricity (Peters
& Mathews 1963)

dinfy 96

70 1513 8/3
@, 5 MR,
de L s 8/3 ©
d—tr = —EM (27be) g(@),
where
304e + 121€°
Gle) = T2 ¢ @

(1 - e2)52

From this, the observed residence time of a binary at orbital
frequency f is

d 5 1+z g3 |
dinfy ~ 96 M5 ) UG )
Codr 1
~dInfy, F(e)’

where df./dIn f;, is the observed residence time of the corre-
sponding circular binary (i.e., at e = 0) and the factor 1 + z arises
from the conversion of the binary rest frame time ¢, to the time ¢
in the observer frame.

3. Eccentricity distribution

The orbital evolution of the SMBH binaries is very slow com-
pared to the PTA observation times, so the binaries can be treated
as having a constant orbital frequency and eccentricity from an
observational point of view. On the other hand, Eq. (6) gives

de 1 G(e)
dinf, 288 F(e)’

®

indicating a strong relation between the eccentricity of a binary
and its frequency. Binaries with higher orbital frequencies are
more likely to have lower eccentricities because the GW emis-
sion circularizes their orbits. By (9), eccentricity evolution in a
GW-driven regime can be described by
2\3 18 2\~ 5%

fooc (1=¢?)7 e (304 + 121¢%) ™. (10)
Importantly, it is universal, that is, it does not depend on binary
masses, if there are no additional environmental effects.

We started with fixing the initial eccentricity distribution,
P(e, fo) = Po(e) at some initial orbital frequency fy (see also
Huerta et al. 2015 and Chen et al. 2017). Eq. (10) gives the
evolution of eccentricity with frequency, e = é(ey, f»/fo). This
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Fig. 1. Evolution of an eccentricity distribution set to be uniform at
f = fo. The inset shows the evolution of the expectation value of e.

can be inverted to give ey = é(e, fy/ fv) and, since probability is
conserved, the distribution of eccentricities at frequency f is

dé(e, fo/ .
Peelfy) = LRI e, o/ . (1)
For the initial distribution, we consider a power law,
Po(e) = (y + D)e?, (12)

with y > —1. Although it is a generic phenomenological ansatz,
it has some physical motivation as, for instance, y = 1 corre-
sponds to the “thermal” distribution (Jeans 1919). In the fol-
lowing, we characterized the distribution using the mean initial
eccentricity, which is related to the parameter y as

1+
(e = —7

2+7y’

(13)

or inversely, v = —(1 — 2{e)z,)/(1 — {e),). An example of how
the evolution of eccentricity affects its distribution at different
frequencies is shown in Fig. 1 for a uniform initial distribution

(y=0).

4. Mean GW spectrum

The mean GW spectrum generated by eccentric SMBH binaries
is

1 = £
(@) = f dadedf, Zl (f - —)

(14)
1+z dE,

47D2 dIn f’

where p, is the critical energy density, Dy, is the source lumi-
nosity distance and the delta function picks binaries whose nth
harmonic contributes to the observed frequency f = f;/(1 + z2).
The differential merger rate of BHs in the observer reference
frame is

x Plelfo)—=

1 dv. dRBH
A= dMndz =3 vy
where 7 is the symmetric mass ratio, V, the comoving volume,
and Rgy the comoving BH merger rate density.

Following Ellis et al. (2024b), we used the halo merger rate
R;, arising from the extended Press-Schechter formalism (Press
& Schechter 1974; Bond et al. 1991; Lacey & Cole 1993)2, and

(15)

2 We computed the variance of smoothed mass fluctuations
following Eisenstein & Hu (1998) and used the values of the cos-
mological parameters inferred from the CMB observations (Planck
Collaboration VI 2020).
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converted it to the BH merger rate through a halo mass-BH mass
relation

dRgy f dR;,
= dM, ;dM
dmydm, PBH v,1dMy 2 dM,,dM,
y 1—[ dP(m;|M.(M, j, 2)) (10
] dmj ’
j=12

where m; are the masses of the merging BHs, M, ; are the virial
masses of their host halos and pgy < 1 combines the SMBH
occupation fraction in galaxies with the efficiency for the BHs to
merge following the merging of their host halos. Due to the GW
background being generated by binaries with a narrow range of
SMBH masses and redshifts, pgy was treated as a constant free
parameter. We estimated the mass relation using the observed
halo mass-stellar mass relation M.(M, j,z) from Girelli et al.
(2020) and the global fit stellar mass-BH mass relation from Ellis
et al. (2024c). The latter is given by

dP(m|M.)

17
dlog,,m {an

m M,

= N(logloﬁe a—+ blOglom, O'),
with a = 8.6, b = 0.8 and o = 0.8, where N(x|x, o) denotes the
probability density of a Gaussian distribution with mean X and
variance o>, We assume that eccentricity does not significantly
affect the merger rate.

The residence time at each emitting frequency is reduced for
eccentric binaries, leading to an energy emitted per logarithmic
frequency interval of

dE,
dIn fb

_dte 1 dE.ga(e)
S dInfy 1+z df, Fle)

(18)

Now, using (18), the mean GW abundance (14) can be expressed
as

gn(e) oo dr.

- cudez Pelfy)

dj( % din folyz (19)
=fd/18(fr) Qg-l)mfb%’

where we defined

v e L g :

denoting the contribution from a single circular binary, and?

oo

21" gu(e)
&(f) = ZM fdep(e|ﬁ/n)7__(e).

n=1

2D

which quantifies how non-zero eccentricities modify the mean
GW spectrum of circular binaries. For circular binaries, P(e) =
o(e) and &(f;) = 1. Eq. (21) agrees with Huerta et al. (2015,
Eq. (36)) for delta distributions P(e) = (e — ep). We remarked
that the second line of (19) holds only for inspiraling binaries
when the binary evolution is driven purely by GW emission and
environmental effects can be neglected.

From the initial eccentricity distribution and its evolution, we
evaluated (21) which shows how eccentricity affects the mean

3 The factor of (2/n)*? arises from changing orbital frequencies from
fo = fi/nto fy = f;/2 in Eq. (19).
A212, page 3 of 8
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Fig. 2. Function & defined in (21) that describes the modification of
the mean GW spectrum caused by the binary eccentricities shown
for power-law (solid) and delta function (dashed) initial eccentricity
distributions and different values of mean eccentricity of the initial dis-
tribution fixed at f = f;.

GW spectrum. In Fig. 2, we showed &(f) for different ini-
tial eccentricity distributions. Since GW emission circularizes
orbits as the orbital frequency increases, &(f) reaches unity at
f > fo. High initial eccentricities suppress the spectrum at low
frequencies. For a power-law Py(e) we find that E(f) increases
monotonously with f whereas for Py(e) = d(e — eg) (or for nar-
row peaked distributions), it increases until it gets mildly larger
and starts to approach unity from above.

5. Statistics of GW spectra

Given that the binary separation and the eccentricity evolve
slowly when compared to an orbital period, the observed GW
spectrum of a single binary can be expressed as a sum of
individual harmonics:

Qb =ab Z gn(e)fé(f - gfz)-

n>1

(22)

Thus, the statistical properties of the GW spectrum of SMBH
binaries can be inferred from the distribution of Q. and e (or an
equivalent set of parameters) at a given f, (or observed orbital
frequency f;) and the number of SMBH binaries in a given range
of f>. In the following, we considered the distribution

dv \!
POQ, elfy) :(W) f dAP(elfy)
23)

. _ N’
=3

dlf

where the number of SMBHs per a logarithmic f; interval is

dN dlc
dlnfz h fd/ldlnfb fb:sz’r. (24)
The mean (19) is recovered as
_ Qcgnle)

Q) = f de dQ, Z ol

dN 25)

(1)
Xd] fP (Qc’e|f2)|f o

Higher order correlation functions can be computed similarly
from P(Q., e|f>).
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5.1. Distribution at a frequency

The GW spectrum in a given frequency bin f; can be computed
by integrating over eccentricities e. The distribution of Q. and e
at a given f, can then be converted into a distribution of con-
tributions Q from individual binaries at a given frequency f,

-1 I~
PO@If) =(d—N) [aeary, B
n=1

dln F
df (e) 26)
t |
X d]nfb c gl‘l(e)) b:%’
where
dN dz,
dinf d/ldlnfb izt @7

The only difference with the approach developed in Ellis et al.
(2023) and Ellis et al. (2024b) is that now the expression includes
a sum over the harmonics n, an integral over eccentricity e,
with the appropriate g, (e) and ¥ (e) factors, and the distribution
of eccentricities. Consequently, the derivation of the statistical
properties of the GW spectrum presented below has a sizeable
overlap with these references.

We computed the distribution of the total GW abundance
in frequency bins, P(Q|f;), by dividing the sources into strong
sources, above some threshold Q > Q., and weak sources,
Q < Q. The strong sources were modelled via Monte-Carlo
(MC) sampling (23) in each frequency bin. The expected number
of binaries in a frequency interval (fj, fj1) is

(28)

and the number of strong sources is Ns ; = ps jN; < N;, where

ps,j = f dQ POQIf)). (29)
Q>Qupr

We sampled 103 realisations of the strong source contribution
and chose Q,, so that the number of strong sources is Ng ; = 50.
This number of strong sources was sufficient to accurately model
the high-amplitude fluctuations in the spectrum (for more details,
see Ellis et al. 2024b). The distribution of Q from individual
sources has scales approximately as P{)(Q|f) o« Q72 at large Q
(Ellis et al. 2023). This long tail is inherited by P(Q2) (Ellis et al.
2024b)

]Cj+1
f,

where (Q) is the mean of € in a given frequency bin.

The weak sources did not need to be treated with an MC
approach, as their distribution obeys the central limit theorem
and does not inherit the long Q tail of POQ f) due to the cut-
off at the division between strong and weak sources. Thus, the
GW signal from the weak sources follows Gaussian distribution.
Moreover, as this distribution tends to be narrow, we estimated
their effect on the total distribution by simply shifting the contri-
bution from the strong sources by the mean of the weak source
distribution,

P(Q)Q»(mf’m[@ @)ln

f’“} (30)

Qu(f) = fg _dar@ne. a1
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Fig. 3. Distribution of the total GW abundance in the seventh NG15 fre-
quency bin for the best-fit eccentricity model found in Sect. 7. The green
(orange) curve shows the distribution obtained using the no-correlation
(with correlations) method with 103 (10*) realisations. The thick black
dashed curve shows the analytical estimate of the long tail of the distri-
bution of individual binaries. The dashed and dot-dashed curves show
the contributions from strong and weak sources respectively.
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Fig. 4. Best-fit eccentricity spectrum found in Sect. 7 (violins) and the
means of the first 5 harmonics (solid curves) contributing towards the
mean of the spectrum (solid black curve).

An example of the distribution P(log;, Q|f;) of Q in the fre-
quency bin f; € [13.8-15.8] nHz is shown in Fig. 3 along with
the individual components contributing to it. The dash-dotted
lines depict the contribution of weak sources and the dashed
lines show the contribution from strong sources. The green and
orange lines correspond to the distributions obtained, respec-
tively, by omitting and including correlations between different
bins. In the latter case, individual spectra of the 50 strongest
binaries characterised by Q., e in a small interval of f, were
drawn from the distribution P(V(Q., e|f>) given in (23) (see
Sect. 5.2), while the uncorrelated case generated sets of 50 real-
izations of Q from P(’(Q|f) in a given frequency bin f;. Due
to this difference in binning, the number of strong sources con-
tributing to a given frequency was smaller in the former case,
which lead to a stronger signal from the remaining weak sources
— the green dashed-dotted distribution in Fig. 3 is seen to peak
at a larger value of Q) than the orange dashed-dotted distribution.
Nevertheless, as expected, both approaches gave the same distri-
bution of  even when both the weak and strong sources were
combined. The analytic tail (30), shown by the dashed line, was
reproduced well with the MC results.

The best-fit eccentric spectrum (found in Sect. 7) and the
first five harmonics contributing toward its mean can be seen in
Fig. 4. Note that, due to the large initial mean eccentricity, there
is still significant mean eccentricity present in the system even in

the last bin. This leads to relevant contributions to the mean from
multiple harmonics, not just the second harmonic. The mean,
shown by the black curve, is noticeably above the median of the
violins because of the long high-Q tail of the distributions seen
in Fig. 3.

5.2. Correlations between frequencies

Since eccentric binaries emit GWs at several frequencies, they
can contribute to more than one frequency bin and consequently
make them correlated. To study these correlations, we needed
to sample both Q. and e from (23). We, again, computed the
total GW abundance in frequency bins, P(Q|f;), by dividing
the sources into strong and weak sources. Here the threshold
was on Q. instead of Q and, since we needed to fix f> instead
of the frequencies of the data bins, we binned f, so that each
output (NG15) frequency bin was divided into 10 smaller fre-
quency bins and both higher and lower frequencies were added to
account for signal “leaking” into the PTA sensitivity range. We
chose f, from each of the small input bins and sampled simulta-
neously Q. and e from (23). The expected number of binaries in
a frequency interval (f> j, f>,j+1) is
fir1

dIn fzd—N,

f; dln f;

and the number of strong sources is Ns ; = ps ;N; < N;, where

N; = (32)

ps.j = f de dQ. PV(Q,, el f)). (33)
Q>Quy

The emission by each strong binary was binned into the data bins

to get the total contribution from the strong sources:

Qs(f) = 1 N Z Q. kgn(ex) (34)
SV I (fa /f) H&5 T’

where k labels the strong binaries and n € N; =
(2fi/ fox>---»2fj+1/ fox} are the harmonics of each strong
binary that contribute to the frequency bin f;.

The correlation between the frequency bins i and j is given
by

_ LQUHQS) — QUK

g0

(35)

ij

where a; = (Q(f)?) — (Q(f))*. As shown in Fig. 3, the
contribution from weak sources (dash-dotted yellow curve) is
negligible in this approach. This is because for the computation
of the correlations we considered 10 times more bins of the sec-
ond harmonic frequency f, than in the computation based on
the observed frequency, f, but we kept the number of strong
sources in each bin the same. Consequently, the strong sources
almost fully dominate the background and we can neglect the

weak sources®.

4 Correlations between the frequency bins of the weak source back-
ground can be described by a multivariate Gaussian

PQw(A). Qw(fo)e- - Q)
~exp[ (@ — (@) Z7 (@w - (Qw))]

- NS ’

where j is the number of bins, X is the covariance matrix and (Qw)
is the vector of mean Qy in each bin. The covariance matrix of the
multivariate normal distribution is then X;; = o0 ,p;; where o; =

VQw(H)?) = (Qw(fi))*.

(36)

A212, page 5 of 8
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Fig. 5. Correlations between frequency bins for spectra generated with 10* realisations, pgy = 1 and differing initial mean eccentricities at orbital
frequency fi, = 2nHz. The correlations get stronger as eccentricity increases, with the strongest correlations found for frequency ratios 2/3 (along
the blue dashed line) and most of the correlated bins are expected to lie between the ratios 3/4 and 1/2 (shaded blue area).

Fig. 5 shows correlations between Q(f;) in different fre-
quency bins for various initial eccentricities in a SMBH model
with pgpy = 1. The correlations depend on the amount of
eccentricity present in the binary population, with the strongest
correlations following a line of frequency ratio 2/3. This ratio
dominates because the spectrum of moderately eccentric bina-
ries tends to be dominated by the 2nd and the 3rd harmonics.
When the 4th harmonic is included, then most of the correla-
tions are expected to be found in the region between frequency
ratios 3/4 and 1/2, highlighted by the turquoise band in Fig. 5.
We found that the correlations can be negligible already for rel-
atively large initial eccentricities (e)ng, < 0.5, while notable
correlations required very high initial eccentricities {(e)ong, =
0.9. In such cases, the strongly correlated bins seen can appear
away from the 1/2-3/4 ratio band due to the non-vanishing
contribution from higher harmonics.

6. Environmental effects

In addition to GW emission, SMBH binaries may lose energy
through dissipative environmental effects. The change in the
binaries binding energy E is then
E = -Egw — Ecpy. 37
The impact of environmental effects is not fully known. Though
it is generally expected that encounters with stars and drag due
to circumbinary gas disks shorten binary inspiral times (Tang
et al. 2017; Armitage & Natarajan 2002; Merritt 2013), some
also argue that environmental effects can expand binary orbits
(Muifioz et al. 2019). Following Ellis et al. (2024b), we intro-
duced environmental effects via a phenomenological power-law
ansatz.

The characteristic timescales for GW emission and environ-
mental effect energy loss are tgw = |E| /Egw = 47 and fey =
|E|/E.,y, Where 7 is the coalescence time of the binary assuming
only GW emission. Following Eq. (4), we see that

El __IEl 47
Ecw EgyFle) Fle)

fow = (38)

where 7. = (5/256)(1 + z)(nf,)~8/3 M~/3 is the observed coales-
cence time of a circular binary, 7. = lim,_,o 7. By computing the
time derivative of the binding energy E = — (£,)*/> M°/3/2, the
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impact of environmental effects to the residence time of binaries
at each logarithmic frequency can then be found to be

T =5 o)
2 fow fow 1| )
" 3F(e) feny (e)] '
giving
dE, _ dE, [1 L fow 1 ]‘1 . 40)
dinf, — dInfl,, —e tenv F(€)

To leading order, the timescale of the environmental effects can
be approximated with a power-law treatment

tenv _ ( f;" )‘Z
tf;w f GW
where fgw is the reference frequency above which GW emission

becomes the dominant form of energy loss. We parametrize fow
as

(41)

M -B

JowM,1n,2) = fret (W) (42)
The modified orbital evolution due to the introduction of
environmental effects also has an effect on the evolution of
eccentricity distributions as a function of orbital frequency, with

Eq. (9) now becoming

de _L G(e) |
dinfy, = 288 F(e)

tow 1 |
fey F ()]

Here we implicitly assumed that the environmental effects do
not change the evolution of binary eccentricity, i.e., de/d¢, is still
given by Eq. (6)°.

The evolution of the eccentricity distribution now depends
on the masses of the binary components. Our numerical esti-
mates suggested that environmental effects affected the eccen-
tricity evolution of light-to-moderate binaries. As an explicit

(43)

3 A similar approach is adopted in Chen et al. (2017, Eq. (31)), where
eccentricity evolution below a threshold frequency was turned off.
Instead of a sharp cutoff, Eq. (43) adopts a more gradual suppression
of the eccentricity evolution.
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Fig. 6. Best fits assuming energy loss by only GWs (black), energy loss
by GWs and environmental effects (Ellis et al. 2024b) (pink) and energy
loss by GWs from eccentric binaries (green) compared to the NG15 data
(yellow).

example, we considered a scenario with the environmental
parameters fixed to the best-fit values obtained in Ellis et al.
(2024c¢) and an initial eccentricity of {(e); 4y, = 0.80. Indepen-
dently of the binary mass, the mean eccentricity in the last bin
was {e)23nuz = 0.40 when no environmental effects were present.
When environmental effects were included {e),g,u, = 0.41 for
binaries with M = 10'°M,, (e)ognm, = 0.67 for binaries with
M = 108M, and the mean eccentricity of light binaries, M <

10%M,, remained practically constant at all bins indicating that
orbital evolution is almost entirely dominated by environmental
effects. It follows that, since light binaries exhibit no evolution
of mean eccentricity as a function of orbital frequency, their
contribution to the final spectrum is uniformly suppressed and
becomes even less significant.

In both Egs. (40) and (43), the environmental effect terms are
scaled by a 7 ~!(e) factor. Since F (e) > 1, environmental effects
are suppressed for highly-eccentric binaries and, for most of the
parameter space, the evolution of binaries is either eccentricity
or environment-dominated.

7. Fit to the PTA data

We analysed the model against the NG15 data using the likeli-
hood

16p) [ f 4O Py QUPQS, ), (44)

where the product is over the NG15 frequency bins, Pga,(Qlf;)
are the probability distribution functions of the Hellings-Down-
correlated free spectrum fit (Agazie et al. 2023a) (i.e., the NG15
violins shown in Fig. 6) and 6 denotes the model parameters.
The full model presented in this paper, including both envi-
ronmental effects and eccentricity, contains 5 free parameters:
0r = {pBH,{(€)2nHz, @, B, frer}. Because of the large parameter
space and increasingly complex integral for P(V(Q|f), a full fit of
the model to the NG15 data was computationally unfeasible. In
the following, we performed fits without environmental effects
and with fixed values of «, 8 and fs. To compare models we
introduced the likelihood ratio

maxg, [(0|H,)

by = —————. 45
™ maxg, [(0/1H>) (43)

where H, and H, label the models.

1.0

0.8
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Fig. 7. Fit of the eccentric SMBH binary model (solid) and a model with
fixed environmental parameters (f..r = 30nHz, o = 8/3,8 = 5/8) with
added eccentricity (dashed). Note that the confidence levels are shown
for each fit separately, with the ratio between the 1o contours of the
purely eccentric and environmental+eccentricity model being 5. The
black circle denotes the best-fit point in the model including eccentric-
ities, while the black square/star indicate the best-fit points for circular
binaries with environmental effects omitted/included.

We performed a scan of the parameter space for the model
containing only eccentricity effects, feny > tgw, with 6y =
{pBH, (€)2n1,}. The maximal likelihood analysis yielded best-
fit values of pgy = 0.60 and (e)»,u, = 0.83 (corresponding to
the power-law index yyy, = 3.9). The 1o, 20 and 30 con-
fidence levels of the two-dimensional likelihood are shown in
Fig. 7 by the coloured regions. The fit prefers values of the
SMBH merger efficiency, pgy > 0.17 and the likelihood peaks
sharply around an initial eccentricity of ~0.83 due to fitting
the low-frequency dip of the NGI15 data. At low eccentric-
ities, the contours bend towards the black square, indicating
the best fit for circular GW driven binaries. This point is dis-
favoured by more than 30 compared to the fit with eccentric
binaries.

For the second scan, we fixed @ = 8/3, 8 = 5/8 and ff =
30nHz. This choice of @ and 8 corresponds to gas infall driven
binary evolution (Begelman et al. 1980) and the choice of fis
gives a good fit to the NG15 data assuming circular binaries
(Ellis et al. 2024c). Performing the likelihood analysis in 8y =
{pBH, (€)2n1.} yielded the dashed contours seen in Fig. 7. The
1o region now extends from highly eccentric binaries down to
circular binaries. The highest likelihoods are still found at very
high eccentricities and near-maximal values of ppy. At high
eccentricities, the environmental effects are rendered insignifi-
cant due to the suppression factor in Eq. (40) and confidence
regions become increasingly similar to the scenario without
environmental effects.

In Fig. 6, we show the best-fit spectra of the models with
GW-driven circular binaries, circular binaries with environmen-
tal effects and GW-driven eccentric binaries. The parameter
values are collected in Table 1. The resulting spectrum in the
eccentricity model is similar to the spectrum generated by the
environmental effects, but the violins are much narrower due
to the higher pgy needed. The likelihood ratios reported in
Table 1 imply that the eccentricity model provides a slightly
better fit than the circular binary model with environmental
effects.
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Table 1. Log-likelihood differences and the posterior means and stan-
dard deviations for the considered parametrizations.

Model —21In gmax PBH (€>2 nHz fref (IIHZ)
GW only 0(57.5)  0.06*30: 0 0
GW + env. -8.8 0.37+009 0 30
GW + ecc. -124 0317019 0.83+90 0
0.60 0.83
GW +ecc. +env.  -102 035703 0.77:097 30
0.90 0.83

Notes. The best-fit values for the multidimensional fits are given in
small print. The log-likelihood differences are shown relative to the
GW-only model, for which the absolute log-likelihood value is given
in the parenthesis.

8. Conclusions

We presented a semi-analytic method for computing the stochas-
tic gravitational wave background spectrum generated by a pop-
ulation of inspiraling eccentric supermassive black hole binaries
expanding upon the work done in Ellis et al. (2024b, 2023,
2024c). Since eccentric binaries spend less time emitting GW's
at each frequency, the resulting gravitational wave spectrum
of SMBH binaries is generally suppressed depending on the
amount of eccentricity present in the SMBH binary population.
However, as GW emission tends to circularize orbits, binaries
with smaller separations tend to be less eccentric, leading to
stronger suppression in the low-frequency tail of the spectrum.
We find that this suppression is near-degenerate with the effects
of environmental interactions.

We found that the NANOGrav 15-year observations pre-
fer very high initial eccentricities of around (e);,u, = 0.83 if
the evolution of SMBH binaries in the PTA frequency range
is driven purely by gravitational wave emission. When environ-
mental effects are present, the mean eccentricity preferred by
data is greatly reduced although non-vanishing eccentricities are
still mildly preferred. Our main results are summarized in Fig. 7.

Although eccentricity and environmental effects tend to pro-
duce very similar spectral modulations, we found they can differ
in a few key aspects: (i) The fit of the eccentricity model without
environmental effects prefers smaller spectral fluctuations com-
pared to the fit of circular binaries with environmental effects.
(ii) As eccentric binaries do not emit monochromatically, they
will generate correlations between different frequency bins that
can be sizeable for relatively large ({e); . = 0.5) initial eccen-
tricity and they cannot be mimicked by environmental effects.
These effects provide a potential way to distinguish whether
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eccentricities or environmental interactions have the dominant
effect on the spectral shape of the PTA GW signal.
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