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ABSTRACT

Aims. We model helical or rotating signatures in the solar atmosphere to further understand the efficiency of the equilibrium condi-
tions, for example magnetic twist, rotation, plasma-β, and viscous effects on the life of solar helical structures.
Methods. Solar rotating structures, such as tornadoes, spirals, and whirls are modelled by considering a rotating and twisted mag-
netic cylinder residing in an environment with a straight magnetic field. A macroscopic approach proves adequate for working on the
phase speed and damping of waves in solar atmospheric structures; as such, the magnetohydrodynamic theory is implemented. In this
way the second order thin flux tube approximation is used for obtaining expressions for the frequency, deceleration, and damping of
torsional waves in solar plasma structures in the presence of equilibrium rotation, magnetic twist, viscosity, and gravity.
Results. The dependency of the dissipation effects regarding the torsional wave in the linear regime is highlighted. The dispersion
relation for axisymmetric oscillations propagating along a rotating and twisted solar cylindrical plasma structure in the presence of
plasma viscosity and gravity is obtained. In this way we present explicit expressions for the oscillation and damping of torsional
waves. The explicit expressions shed light on the influence of the equilibrium and environmental conditions on the speed decelera-
tion, frequency, and damping of the torsional wave that exists in various layers of the solar atmosphere. The dispersion of the torsional
wave is highly controlled by the combined effects of the rotation and the plasma-β, where when both are zero, the magnetic twist
becomes significant only when the plasma resistivity comes into play. Regarding damping, the dominant actor for coronal conditions
is the magnetic twist. However, since the damping time is highly dependent on the plasma-β, for photospheric conditions, the rotation
becomes very significant. The damping of torsional waves is inversely proportional to the elevation of the rotating structure. This
means that if the torsional wave survives through the photosphere and chromosphere, the chance for it to extend through the corona
and solar wind is very high by gradually dissipating energy, which gives more opportunity for it to be observed.
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1. Introduction

Today on hearing the term wave propagation, regardless of the
context of discussion, the primary impression that comes to mind
is energy transport. The fact of the matter is that energy is trans-
ported by waves as long as the wave itself propagates. Nonethe-
less an inevitable process known as dissipation comes into play
as the wave oscillates. In the context of the present study the
waves under consideration are magnetohydrodynamic (MHD)
waves and the propagation domain is the solar atmosphere.

The solar atmosphere is decorated with various events that
are structured by magnetic fields, for example coronal mass
ejections, loops, jets, and tornadoes. These structures are not
only beautiful but also interesting. They are interesting because
of their physics. The physics in these structures provides us
with knowledge of the general question of the solar atmo-
sphere, which gives rise to questions on solar wind accelera-
tion and coronal heating. The contribution of the present study
is towards coronal heating by dissipation of magnetohydrody-
namic waves. The propagation of MHD waves in solar magnetic
structures could be affected by various dissipation mechanisms.
Dissipation could be either due to the nature of the waves (Edwin
& Roberts 1983) or due to the conditions of the plasma structure
guiding the wave (Goossens et al. 1992).

In the absence of viscosity, magnetic diffusion, and the grav-
itational field, all MHD waves except for the Alfvén wave

actually experience dispersion (Edwin & Roberts 1983). The
dispersion increases the wave speed as the longitudinal wave
number tends to smaller values. This causes the fast magnetoa-
coustic waves to leak out of the plasma structure and experi-
ence damping (Cally 1986). The leaking wave number where
the waves start to damp (Nakariakov et al. 2012) together
with the damping time (Vasheghani Farahani et al. 2014) are
proportional to the density ratio of the internal and external
environments. Concerning the density ratio, another dissipation
mechanism known as mode conversion greatly depends on the
density contrast of the internal and external media (Pascoe et
al. 2016). Another mechanism that affects the propagation of
torsional waves and contributes towards heating is the Kelvin–
Helmholtz instability (Zaqarashvili et al. 2015), where it was
proved that the interplay of the rotation and magnetic twist gov-
erns the onset of the instability.

However, in the presence of magnetic diffusion and plasma
viscosity (Hollweg 1985, 1986), the MHD waves in plasma
structures (Laing & Edwin 1995; Litvinenko 2005) or in the
neighbourhood of reconnection sites are bound to dissipate
(Craig et al. 2005; Craig & Litvinenko 2007; McMahon 2017).
However, what if the system is almost ideal? A famous dis-
sipation mechanism comes into play when inhomogeneities
at the boundary of the solar structure are present (Ofman
& Davila 1995); this mechanism is due to resonant absorp-
tion (Goossens et al. 1992). For kink oscillations inside a hot
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coronal jet observed by Cirtain et al. (2007), the damping time
due to resonant absorption (Van Doorsselaere et al. 2004) lim-
its the oscillations to a few periods (Vasheghani Farahani et al.
2009). Regarding the resonant absorption of the kink wave in
other solar structures, it is interesting to study for example Arregui
et al. (2005).

Dissipation is an inevitable process that stands against wave
propagation. When the wave dissipates and how gradual is the
dissipation process is of interest for coronal seismology. Various
dissipation mechanisms (Cargill et al. 2016; Montes-Solís &
Arregui 2017) have been studied, for example for Alfvén waves
(Ryu & Huynh 2017; Gupta 2017), kink waves (Goddard &
Nakariakov 2016; Morton & Mooroogen 2016; Magyar & Van
Doorsselaere 2016; Pascoe et al. 2017), quasi periodic pulsations
(Cho et al. 2016), and slow magnetoacoustic waves (Mandal et al.
2016; Krishna Prasad et al. 2017), which provide insight into the
energy release of MHD waves in the solar atmosphere and its con-
tribution towards coronal heating.

In the context of the present study the damping and decelera-
tion of the torsional wave in coronal structures, such as tornadoes
and spirals, is taken under consideration. However, prior to this
study, the dissipation of slow magnetoacoustic waves propagat-
ing in solar plumes in the presence of viscosity and stratification
has been studied. It is understood that the slow magnetoacoustic
wave reaches its maximum amplitude when elevated up the solar
atmosphere to about one solar radius before starting to damp
(Ofman et al. 2000). Regarding the Alfvén wave, the ampli-
tude and speed peak around six to eight solar radii depending
on the temperature and initial speeds (Nakariakov et al. 2000).
In the present study, it is the torsional Alfvén wave, which is
in the category of fast waves (Zhugzhda & Nakariakov 1999;
Vasheghani Farahani et al. 2010), that is considered. It was
shown by Vasheghani Farahani et al. (2017) that, in the pres-
ence of equilibrium magnetic twist and rotation, the torsional
wave possesses a collective behaviour and acts as a mode. This
is while the torsional Alfvén wave is incompressible and does
not perturb its neighbouring magnetic surfaces, and therefore is
not considered as a mode.

In the present study we derive analytic explicit expressions
for the dispersion relation, frequency, speed, and damping of tor-
sional waves propagating in rotating plasma structures in the
presence of equilibrium rotation, twist, viscosity, and gravity.
This provides insight into the role of the equilibrium actors and
the environmental actors on the life and nature of the rotat-
ing structure. The results obtained by explicit expressions are
compared with those obtained numerically. The dependency of
the environmental effects on the equilibrium conditions regard-
ing wave propagation and damping is another feature that is
of importance in the present study. The findings of the present
study, especially the dependencies of the physical parameters on
the rotation, are important in the context of the recent obser-
vations of whirls (Komm et al. 2014), spirals, and tornadoes
(Wedemeyer & Steiner 2014) in the solar atmosphere (see also
Kato & Wedemeyer 2017).

2. Model and equilibrium conditions

Consider a magnetic cylinder inserted into a zero plasma-β mag-
netic medium with a high magnetic Reynolds number (Fig. 1).
The cylinder is initially rotating (Ω0 , 0) and twisted (Bϕ0 , 0)
while the external medium is static. The z-components of
the equilibrium magnetic field for the internal and external
mediums are respectively represented by Bz0 and Bz0e, while the
equilibrium internal plasma pressure is denoted by p0. Since the
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Fig. 1. Equilibrium configuration of a rotating (Ω0) and magnetically
twisted (B0(0, Bϕ0, Bz0)) cylindrical solar plasma structure with radius a
and cross section A0 = πa2. The plasma structure with an equilibrium
pressure denoted by p0 is embedded in a zero-βmedium with an equilib-
rium magnetic field represented by Bz0e. The solar gravity is represented
by g, while viscosity is represented by ν.

external medium is considered almost to be a vacuum, the exter-
nal plasma pressure is zero, which is an appropriate assump-
tion for the solar coronal conditions (see e.g. Zhugzhda 1996;
Zhugzhda & Nakariakov 1999; Vasheghani Farahani et al. 2010).
The internal medium is a finite plasma-β regime with a non-
zero plasma viscosity (ν , 0) in the presence of solar gravity.
Here the macroscopic aspect of the solar plasma structure is to
be studied. Therefore magnetohydrodynamic (MHD) theory is
used. The MHD set equations appropriate for solar plasma struc-
tures under consideration in the present study are

ρ

(
∂v
∂t

+ (v · ∇) v
)

= −∇p

− ρg + ρv
[
∇2v +

1
3
∇ (∇.v)

]
+

1
4π

(∇ × B) × B, (1)

∂ρ

∂t
+ ∇ · ρv = 0, (2)

∂B
∂t

= ∇ × (v × B) , (3)

dp
dt
−
γp
ρ

dρ
dt

= 0, (4)

∇ · B = 0. (5)

For focusing on the effects regarding the equilibrium twist and
rotation, the second order thin flux tube approximation proves
adequate.

An advantageous approach for working on long-wavelength
axisymmetric (torsional, longitudinal, and sausage) perturba-
tions of magnetic flux tubes is the second order thin flux-tube
approximation derived by Zhugzhda (1996). This approxima-
tion enables an analytical study regarding the role of equilib-
rium rotation and magnetic twist on the perturbations inside
the plasma cylinder. This approach generalises the classical
thin flux-tube theory of Roberts & Webb (1978). In particu-
lar, this approach enables us to consider the effects of the long-
wavelength dispersion connected with the presence of the char-
acteristic spatial scale, the tube diameter, on the wave propa-
gation (Zhugzhda 1996). An intensive following-up discussion
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(Zhugzhda & Goossens 2001; Zhugzhda 2002, 2005; Ruderman
2005) revealed the necessity to pay attention to the induced per-
turbations in the external medium (see also Vasheghani Farahani
et al. 2017). However, this is of course not necessary if the exter-
nal medium is a vacuum, and the plasma confinement is fulfilled
by the internal magnetic twist. However, without the considera-
tion of the equilibrium twist and rotation, the theory developed
in Roberts & Webb (1978) and Edwin & Roberts (1983) is more
appropriate since it provides a deeper insight into the radial depen-
dencies of the perturbations. Nonetheless, in the long-wavelength
limit, which is of interest in the present study (where the cylinder
radius is much smaller than the wavelength), the second order thin
flux-tube approach is implemented to make the radial dependen-
cies of the physical quantities linear. Therefore the Taylor expan-
sions of the physical quantities around the cylinder axis (r = 0)
are performed (Zhugzhda 1996):

ρ = ρ̃ + ρ2r2 + · · · , p = p̃ + p2r2 + · · · ,

vr = vr1r + vr3r3 + · · · , vϕ = Ω r + vϕ3r3 + · · · ,

vz = u + vz2r2 + · · · , Br = Br1r + Br3r3 + · · · ,

Bϕ = Jr + Bϕ3r3 + · · · , Bz = B̃z + Bz2r2 + · · · , (6)

where B and v respectively represent the magnetic and velocity
fields; ρ and p respectively represent the density and pressure of
the medium. The three components of the fields are shown by
indices in the cylindrical coordinate system, where the number
in the indices represents the order of derivative with respect to
r. The variables J = Bϕ/r and Ω = vϕ/r are respectively the
zeroth-order values of the current density and vorticity. The par-
allel component of the velocity and the radial derivative of the
velocity are represented by u and vr1, which from hereafter shall
be represented with v′r. The superposed tildes in the expansions
of the variables represent the zeroth-order terms. By substitut-
ing the Taylor expansions stated in Eq. (6) and linearising the
physical quantities around the equilibrium, the linearised set of
equations regarding the propagation of axisymmetric (∂/∂ϕ = 0)
MHD oscillations in cylindrical plasma structures would be

∂Ω

∂t
+ 2v′rΩ0 +

J0

4πρ0

∂Bz

∂z
−

Bz0

4πρ0

∂J
∂z
− v

∂2Ω

∂z2 = 0, (7)

ρ0
∂u
∂t

+
∂p
∂z

= −ρg +
2
3
ρ0ν

∂v′r
∂z

+
4
3
ρ0ν

∂2u
∂z2 , (8)

∂ρ

∂t
+ ρ0

∂u
∂z

+ 2ρ0v′r = 0, (9)

∂J
∂t

+ J0
∂u
∂z
− Bz0

∂Ω

∂z
+ 2 v′r J0 = 0, (10)

∂Bz

∂t
+ 2Bz0v

′
r = 0, (11)

∂p
∂t
−C2

s
∂ρ

∂t
= 0, (12)

p + p0 +
A0

2π

ρ0Ω
2
0 −

J2
0

4π

 +
B2

z0

8π
+

Bz0Bz

4π
−

A0ρ0

2π
∂v′r
∂t

+
A0Ω

2
0ρ

2π
+
ρ0Ω

2
0A

2π
+

A0ρ0Ω0Ω

π
−

J2
0 A

8π2 −
A0J0J
4π2

−
A0Bz0

16π2

∂2Bz

∂z2 +
A0ρ0ν

2π
∂2v′r
∂z2 =

B2
z0e

8π
, (13)

where A0 = πa2 represents the equilibrium tube cross section.
Since the external medium is considered to be a vacuum, regard-
ing the external medium, only the equilibrium external magnetic
pressure term B2

z0e/(8π) contributes towards the pressure bal-
ance. It is worth stating that after substituting the Taylor expan-
sions stated by Eq. (6) in the MHD set equations, we ought to
have terms either with zero indices, which represent the equi-
librium quantities, or terms with overtildes, which represent the
perturbed quantities. However, in Eqs. (7)–(13) the overtildes
that are over the zeroth-order perturbations are omitted.

The equilibrium pressure balance condition for the configu-
ration under consideration in the present study is

p0 +
B2

z0

8π
+

A0

2π

ρ0Ω
2
0 −

J2
0

4π

 =
B2

z0e

8π
, (14)

where, by combing Eqs. (13) and (14), the equation for the pres-
sure balance at the tube boundary is obtained as

p +
Bz0Bz

4π
−

A0ρ0

2π
∂v′r
∂t

+
A0Ω

2
0ρ

2π
+
ρ0Ω

2
0A

2π

+
A0ρ0Ω0Ω

π
−

J2
0 A

8π2 −
A0J0J
4π2 −

A0Bz0

16π2

∂2Bz

∂z2

+
A0ρ0ν

2π
∂2v′r
∂z2 = 0. (15)

In obtaining Eqs. (7)–(13), the conservation of magnetic flux,
BzA = const., has been imposed.

The linear expressions represented by Eqs. (7)–(13) are a
generalisation of Eqs. (2)–(11) of Vasheghani Farahani et al.
(2010) with additional features like gravitational and viscous
effects. These features would extend our knowledge of the emer-
gence caused by the correlation of the plasma rotation and mag-
netic twist in the presence of gravitational and viscous effects.
Continuing this approach, we go on to write the dispersion rela-
tion for the axisymmetric oscillations. In order to obtain the dis-
persion relation for the oscillations under consideration in the
context of the present study, we consider linear perturbations
proportional to expi(ωt−kz) and therefore substitute iω instead
of ∂/∂t and −ik instead of ∂/∂z, as such we obtain[

(C2
s + C2

A)(ω2 − iωνk2) − k2C2
A

(
C2

s +
ig
k

+
iων
3

)]
×

(
ω2 − k2C2

A − iωνk2
)

=
A0

4π

{
ω6 − ω5

[
10
3

iνk2
]

+ω4
[
2α2C2

A − 4Ω2
0 − k2

(
2C2

A + C2
s +

ig
k

+
11
3

k2ν2
)]

+ω3
[
4αΩ0kC2

A + iνk2
(

14
3
Ω2

0 +
14
3

k2C2
A

+2k2
(
C2

s +
ig
k

)
+

4
3

k4ν2 −
10
3
α2C2

A

)]
+ω2

[
k6ν2

(
8
3

C2
A + C2

s +
ig
k

)
+k4C2

A

(
C2

A + 2
(
C2

s +
ig
k

)
−

4
3
α2ν2 −

2
3
Ω2

0

C2
A

ν2
 − k3

(
20
3

iαΩ0νC2
A

)
+ k2

((
C2

s +
ig
k

) (
2Ω2

0 + 2α2C2
A

)
− 2α2C4

A

)]
+ω

[
−8αΩ0k3C2

A

(
C2

s +
ig
k

)
+ 2iνk2

(
C2

s +
ig
k

)
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×
(
k2Ω2

0 − k4C2
A − k2α2C2

A

)
+2iνk2

(
1
3

k2Ω2
0C2

A −
2
3

k4C4
A +

4
3

k2α2C4
A

)]
+

[(
C2

s +
ig
k

) (
2k4Ω2

0C2
A − k6C4

A + 2k4α2C4
A

)]}
. (16)

It is important to state that the gravity is taken as a constant and
is not dependent on the z-component of the cylinder. The reason
for this is that here the concentration is on the effects connected
to the equilibrium twist and rotation, therefore the gravity is just
a parameter that here is just supposed to reflect its influence
regarding the equilibrium conditions, namely twist and rotation.
The Alfvén (CA) and sound (Cs) speeds are defined as

C2
A =

B2
z0

4πρ0
, C2

s =
γp0

ρ0
· (17)

In the present study the current density J is used to represent the
magnetic twist Bϕ, and the vorticity Ω is used to represent the
rotation vϕ. However, the parameter α is equal to J0/Bz0, where
J0 represents the equilibrium twist. We note that in obtaining the
dispersion relation represented by Eq. (16) we have complied
with the conservation laws of angular momentum and magnetic
flux. Equation (16) could be written in the form

A0

4π

(
ω2 − k2C2

A − iνωk2
) [(

ω2 − k2βC2
A − k2 ig

k

)
×

(
ω2 − k2C2

A − iνωk2
)
−

4
3

iνk2ω3
]

= C2
A(1 + β + 2R − K)

(
ω4 + bω3 + cω2 + dω + e

)
, (18)

where solving the fourth order equation with respect to ω would
be
A0

4π

(
ω2 − k2C2

A − iνωk2
) [(

ω2 − k2βC2
A − k2 ig

k

)
×

(
ω2 − k2C2

A − iνωk2
)
−

4
3

iνk2ω3
]

= C2
A(1 + β + 2R − K)

(
ω − kC(+)

+

)(
ω − kC(−)

+

) (
ω − kC(+)

−

) (
ω − kC(−)

−

)
, (19)

which makes an explicit expression for the frequency of the tor-
sional wave as

ω = C(+)
+ k +

A0k3

4π

(
C(+)2

+ −C2
A − iνkC(+)

+

)
C2

A (1 + β + 2R − K)

×


(
C(+)2

+ − βC2
A −

ig
k

) (
C(+)2

+ −C2
A − iνkC(+)

+

)
(
C(+)

+ −C(−)
+

) (
C(+)

+ −C(+)
−

) (
C(+)

+ −C(−)
−

)
−

4
3

iνkC(+)3

+(
C(+)

+ −C(−)
+

) (
C(+)

+ −C(+)
−

) (
C(+)

+ −C(−)
−

)  , (20)

where we have used the dimensionless parameters K = a2α2/2
and R = a2Ω2

0/2C2
A to represent the equilibrium twist and rota-

tion, with a being the equilibrium radius and α = J0/Bz0. The
speeds C+ and C− respectively represent the speed propagation
of torsional wave

C(+)
+ = −

b
4k

+

√
2Z + q
2k

−
i

2k

√
2Z + 3q +

2s√
2Z + q

, (21)

which is a fast magnetoacoustic wave, and the slow wave

C(+)
− = −

b
4k

+

√
2Z + q
2k

+
i

2k

√
2Z + 3q +

2s√
2Z + q

, (22)

which is a longitudinal wave. The positive superscripts for C+

and C− indicate the direction of the waves, where we have

q =
−3b2 + 8c

8
, s =

b3 − 4bc + 8d
8

, (23)

b = −
2kCA

√
KR

(1 + β + 2R − K)
−

iνk2 (7R − 5K + 7 + 6β)
3 (1 + β + 2R − K)

, (24)

c = −k2C2
A

(β (2 + R +K) − K + 1)
(1 + β + 2R − K)

+
i
(
−gk(1 + R +K) + 10

3 νk
3CA
√
KR

)
(1 + β + 2R − K)

, (25)

d =
4βk3C3

A

√
KR − νgk3 (1 +K − R)

(1 + β + 2R − K)

+i

4gk2CA
√
KR + νk4C2

Aβ(2 +K − R)
(1 + β + 2R − K)

+
1
3
νk4C2

A(4 − R − 4K)
(1 + β + 2R − K)

 , (26)

Z = −
5
6

q +
3
√

Q +
√

D +
3
√

Q −
√

D, (27)

Q = −
1
2

(
−

q3

108
+

qm
3
−

s2

8

)
, (28)

P =
1
3

(
−

1
12

q2 − m
)
, D = Q2 + P3, (29)

m =
−3b4 + 16b2c − 64bd + 256e

256
, (30)

e =
k4C4

Aβ (1 − R − K)
(1 + β + 2R − K)

+ i
gk3C2

A (1 − R − K)
(1 + β + 2R − K)

· (31)

It was shown by Zhugzhda & Nakariakov (1999) that whenever
the solar plasma structure possesses equilibrium twist, rotation,
or both (Vasheghani Farahani et al. 2010) the torsional wave
speed is modified. This modification shows how a fast magnetoa-
coustic torsional wave is formed, where it possesses a collective
behaviour that also depends on the density ratios of the environ-
ments, internal and external to the plasma structure (Vasheghani
Farahani et al. 2017).

Equations (20) and (21) provide a general explicit expression
for the frequency and speed of the torsional wave by taking into
account most equilibrium and environmental actors influencing
wave propagation in a solar plasma structure. The fact of the mat-
ter is that Eq. (20) enables a direct understanding on the influence
of the equilibrium twist, equilibrium rotation, plasma-β, grav-
ity, and viscosity individually and together with their combined
effects. Equation (20) is an explicit dispersion relation for the
effects of the helical and rotational properties of a plasma structure
on the environmental effects connected to oscillation and damp-
ing of torsional waves; this provides insight into the long-standing
problem regarding coronal heating. In order to test the robustness
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Fig. 2. Frequency of the torsional wave (normalised by the Alfvén wave
frequency) versus the longitudinal wave number for typical parame-
ters of a solar plasma structure. The solid lines are obtained numer-
ically from Eq. (19) while the dashed lines are plotted from the
analytic expression represented by Eq. (20). For the blue lines we have
K = 0.4,R = 0.1, while for the red lines we have K = 0.1, R = 0.4.

of our explicit expression obtained analytically for the dispersion
relation (Eq. (20)) of the torsional wave, we plot the frequency
against the longitudinal wave number using the implicit expres-
sion (Eq. (19)) and compare it with our explicit expression. This
comparison is shown in Fig. 2 where the torsional wave frequency
is plotted against the longitudinal wave number.

In Fig. 2 the effect of the equilibrium twist and rotation is
shown on the dispersion of the torsional wave frequency. The
solid lines are obtained numerically from the general implicit
expression represented by Eq. (19), while the dashed lines are
plotted using the explicit expression represented by Eq. (20).
The frequency of the torsional wave that is normalised by the
Alfvén wave frequency is plotted versus the longitudinal wave
number for typical parameters of a solar plasma structure. For
the blue lines we have taken the equilibrium twistK and rotation
R respectively equal to 0.4 and 0.1, while for the red lines the
equilibrium twist and rotation are taken respectively equal to 0.1
and 0.4. We can see that when the equilibrium twist is higher, the
frequency is increased (blue lines) while when the equilibrium
rotation is higher (red lines) the frequency is decreased. The fine
consistency of the lines can be clearly observed; in fact the diver-
gence of the lines can hardly be noticed especially for the red
lines, which proves adequate to count on the explicit expressions
obtained in the present study for understanding the behaviour of
torsional waves and implementing them as tools in the study of
coronal seismology.

Before proceeding with the damping and deceleration of
the torsional wave, it is worth exhibiting the dispersion of the
torsional wave propagating in solar plasma structures in various
layers of the solar atmosphere due to the equilibrium conditions.
This is shown by surfing the torsional wave frequency using
Eq. (19) presented in the two panels of Fig. 3, where the inter-
play of the equilibrium rotation and magnetic twist of the plasma
structure guiding the torsional wave is pictured for coronal (top
panel) and photospheric (bottom panel) conditions. By taking a
close look at the top panel, we can see that the equilibrium twist
does not affect the frequency in the zero plasma-β limit as long
as the structure is non-rotating. However, the equilibrium rota-
tion is effective even in the absence of the magnetic twist. By
increasing the value of the equilibrium rotation, the equilibrium
twist shows more significance when the plasma-β is non-zero.
This is a feature of a fast magnetiacoustic wave, which propa-
gates faster than the Alfvén wave. Under the condition that the

Fig. 3. Frequency dependence of the torsional wave (normalised by the
Alfvén wave frequency) on the dimensionless parameters representing
the equilibrium twist K and rotation R at ka = 0.1. The combined
effects of the equilibrium twist and rotation are pictured. In the top panel
the plasma-β is taken to be zero, while in the bottom panel the plasma-β
is taken to be equal to 0.5. The surface plots are obtained using the full
dispersion relation (Eq. (19)).

equilibrium twist and rotation cancel out each others’ effects (see
also Vasheghani Farahani et al. 2017), the frequency is exactly
equal to the Aflvén wave frequency. It could be deduced that
the efficiency of the equilibrium twist strongly depends on the
plasma-β.

The interplay of the equilibrium magnetic twist and rota-
tion in the long wavelength limit (ka = 0.1) is another aspect
of Fig. 3. Although the equilibrium twist increases the tor-
sional wave speed, while the equilibrium rotation decreases it
(Vasheghani Farahani et al. 2017). Nonetheless, the dominant
actor for the dispersion of the torsional wave is the equilib-
rium rotation. This can be seen by the sudden increase in the
frequency with the initiation of the rotation. It is now time
to deal with the damping of the torsional wave. The damp-
ing, as in the case for the frequency, could be either calculated
numerically from Eq. (19) or analytically by Eq. (20). The ques-
tion that arises is whether the twist or rotation or their combined
effects influence the damping, and consequently the damping
time, or not? Perhaps this cannot be answered easily by looking
at the implicit dispersion relation expressed by Eq. (19), but this
question can be answered by considering Eq. (20). The imagi-
nary terms on the right hand side of Eq. (20) give the damping of
the torsional wave due to the environmental effects, for example
viscosity, gravity, and equilibrium conditions. In Fig. 4 the tor-
sional wave damping has been pictured for coronal conditions
accounting for the normalised viscosity equal to 10−5, gravity
equal to 274 m s−2, and local Alfvén speed equal to 1000 km s−1.
The plasma-β is taken to be equal to 0.1. The blue curve repre-
sents the damping when the magnetic structure is untwisted and
non-rotating. This is where the damping is lowest and is only

A82, page 5 of 7

https://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361/201832620&pdf_id=2
https://dexter.edpsciences.org/applet.php?DOI=10.1051/0004-6361/201832620&pdf_id=3


A&A 618, A82 (2018)

0 0.02 0.04 0.06 0.08 0.1
0

0.5

1

1.5
x 10

−3

ka

D
am

p
in

g

Fig. 4. Damping of the torsional wave normalised by the Alfvén wave
frequency versus the longitudinal wave number for coronal conditions
where we have the normalised viscosity ν/(RSunCA) = 10−5, the grav-
ity g = 274 m s−2, the local Alfvén speed CA = 1000 km s−1, and the
plasma-β = 0.1. The red and black solid lines are for when the plasma
structure is only rotating with values equal to 0.1 and 0.2, respectively,
while the red and black dashed lines are for when the tube is only
twisted with respective values of 0.1 and 0.2. The blue curve is for
an untwisted and non-rotating flux tube. The plots have been obtained
using the analytic expression represented by Eq. (20).

due to the environmental conditions such as viscosity and strati-
fication. However, as the wave number increases the dissipation
also increases as dispersion itself is a dissipative effect. The red
and black solid lines are for when the flux tube is untwisted but
rotating with respective values equal to 0.1 and 0.2. The red and
black dashed lines are for when the flux tube is non-rotating but
twisted with respective values equal to 0.1 and 0.2. As in both
cases the black curves are above the red curves, we can say that,
for coronal conditions, either a higher twist or a higher rotation
increases the damping.

In order to see how many periods the torsional wave will
oscillate in various layers of the solar atmosphere before damp-
ing and transferring its energy to other faces, the ratio of the
damping time and period of the torsional wave with respect to
the wave number is plotted (Fig. 5). The top two solid lines are
plotted for an initially rotating (R = 0.2) and untwisted (K = 0)
plasma structure, while the two bottom dashed lines are plotted
for an initially twisted (K = 0.2) and non-rotating (R = 0) struc-
ture. The black curves represent the damping in coronal condi-
tions where the plasma-β is equal to zero, while the red curves
are plotted for chromospheric-photospheric conditions where the
plasma-β is taken to be equal to 0.5. The influence of the plasma-
β on a plasma structure that is only rotating is different from that
on a plasma structure that is only twisted. This can be readily
seen from Fig. 5 where the damping time of the torsional wave
for the rotating and untwisted structure (solid lines) experiences
a decrease. This is because the red line is lower than the black
line. However, for the twisted and non-rotating structure (dashed
lines) the red curve is higher than the black curve, which is an
indication of a later damping time. This means that the damping
time for various equilibrium conditions varies with the location
of the initiating wave.

In the end it is instructive to perform a case study. Although
our dispersion relations presented by Eqs. (19) and (20) pro-
vide a complete insight into the propagation, deceleration, and
damping of the torsional wave in various layers of the solar
atmosphere, it may still look complicated. As such we per-
form a more convenient expression without loss of generality by
neglecting higher order terms. This enables us to understand the
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Fig. 5. Ratio of the damping time and period of the torsional wave ver-
sus the longitudinal wave number when the plasma-β is equal to zero
(black lines) and equal to 0.5 (red lines). The solid lines are for when
the tube is rotating (R = 0.2) without twist, while the dashed lines are
for when the tube is twisted (K = 0.2) without rotation. The plots have
been obtained using the analytic expression represented by Eq. (20).

equilibrium conditions together with the environmental effects
at the same time. This may better highlight the individual impact
of each actor besides their interplay and competition.

Consider a twisted, non-rotating magnetic flux tube guiding
a torsional wave in the solar corona where the solar gravity is
neglected. In this case Eq. (21), which represents the fast mag-
netoacoustic wave speed, simplifies to

Ṕ =
−b2 + 3c

9
, Q́ = −

2b3 − 9bc + 27d
54

, D́ = Q́2 + Ṕ3, (32)

C(+)
+

CA
= −

b
3kCA

+

3
√

Q́ +
√

D́ +
3
√

Q́ −
√

D́

kCA
, (33)

which gives

C(+)
+

CA
= 1 −

ν2k2

C2
A

(
121 + 172K − 140K2

)
216

+ i
νk

6CA

(
3 + 2K −K2

)
, (34)

where the effect of one of the equilibrium conditions, which is
the twist (K), and one of the atmospheric conditions, which is
the viscosity (ν), is clearly visible. The deceleration of the tor-
sional wave speed could be directly understood from the second
term on the RHS of Eq. (34). Also the damping due to the plasma
resistivity is clearly shown by the presence of the third term on
the RHS of Eq. (34). Since the viscosity is small for coronal con-
ditions, the deceleration is not very strong in the long wavelength
limit, but in the long run would gradually become significant.

3. Discussions and conclusions

In the solar atmosphere MHD waves interact with the plasma.
When a gradient in the density is present, a wave guide is created
that guides waves leading to the appearance of collective modes.
In this work a magnetized cylindrical structure whose density
is higher than its surroundings has been taken into considera-
tion. The interplay of the equilibrium twist and rotation exhibits
interesting features of the nature of the torsional wave that are
of interest for coronal seismology. We considered a twisted and
rotating magnetic flux tube, which resembles a solar spiral or tor-
nado, and studied the influence of its helical properties on other
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dissipating parameters linked to the oscillations of the torsional
waves.

The analytic expressions obtained for the dependence of the
phase speed of the torsional wave on the equilibrium twist and
rotation enabled a quantitative study of the interplay of vari-
ous actors on its propagation. The comparison of the explicit
expressions obtained for the phase speed of the torsional wave
in the present study with the implicit version, in all cases proved
adequate for the robustness of the explicit expressions. This is
reflected in the figures where the numerical results are compared
with analytic solutions.

The full dispersion relation for axisymmetric oscillations in
the long wavelength limit has been obtained by showing the joint
effects of the equilibrium twist and rotation with the viscosity
and gravity (Eq. (19)). An explicit expression for the depen-
dency of the torsional wave frequency in the presence of vis-
cosity, equilibrium, and environmental conditions on the wave
number has been obtained (Eq. (20)). This explicit dispersion
relation also gives the damping and deceleration of the torsional
wave guided by solar plasma structures. The fine consistency
between the full dispersion relation and the explicit expressions
for the frequency, damping, and speed of the torsional wave jus-
tifies the model and results.

The magnetic twist owes its efficiency on the torsional wave
frequency to not only the flux-tube rotation and coronal condi-
tions, but also to the viscosity and gravity. In a zero plasma-
β structure that is non-rotating, the magnetic twist acts very
weakly on the torsional wave frequency (Fig. 3). If in such condi-
tions the viscosity and solar gravity become negligible, the mag-
netic twist, no matter how large, would be completely neutral
without any effect on the frequency.

The damping of the torsional wave due to viscosity in solar
structures is proportional to the strength of the magnetic twist
and rotation. Although the Alfvén wave damping takes place
when viscosity and gravity exist, the plasma-β makes no con-
tribution towards its damping in the absence of viscosity and
gravity. However, the plasma-β actually does significantly affect
the damping time of the torsional wave due to viscosity when
the equilibrium twist and rotation are both present. This means
that the damping time for photospheric conditions due to the
interplay of the magnetic twist and rotation is quite less than
for coronal conditions (Fig. 5). However, the equilibrium twist
compared to the rotation is less sensitive to the location of the
plasma structure.

The deceleration and damping of the torsional wave in the
long wavelength limit due to the equilibrium twist in the absence
of the plasma-β and equilibrium rotation, unlike for the fre-
quency which is very weak, may actually have significance
(Eq. (34)). However, this damping is slow, allowing the wave
to damp and dissipate energy gradually.

The dissipation of waves propagating in solar structures owe
their efficiency not only to the parameters that give impressions
regarding resistivity and deceleration by their names, such as
plasma viscosity and solar gravity, but also to equilibrium condi-
tions and atmospheric situations. The location of the wave in the
solar atmosphere strongly affects the dissipation and damping
of the waves, since in the presence of magnetic twist or rota-
tion or both the damping time for the wave propagation may

be extremely modified. The damping and deceleration of MHD
waves give an impression of where the energy of the wave is
transformed to heat contributing towards coronal heating. The
damping of torsional waves in coronal conditions is quite slow
meaning that one could count on observing them in the outer
layers of the solar atmosphere. When the observation is carried
out and the observables like the propagation speed and the vis-
cosity are measured, by implementing for instance Eq. (34), the
magnetic twist could be estimated, which contributes towards
our understanding of coronal seismology.
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