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ABSTRACT

Context. The origin of massive black holes in the early Universe remains uncertain and is still unexplored. Population IIT (Pop III;
zero-metallicity) stars are among the first stellar sources capable of producing such remnants, but their evolution is very sensitive to
rotation.

Aims. We explore how slow initial rotation affects the evolution and black hole formation of very massive Pop III stars and assess
their potential to become massive fast-spinning black holes consistent with gravitational-wave events such as GW231123.

Methods. We computed a grid of non-rotating and slowly rotating Pop III stellar models with initial masses of 80, 85, and 90 M, using
the GENEC stellar evolution code. Our models included rotation-induced mixing and angular momentum transport by magnetic torques
(Taylor-Spruit dynamo and the magneto-rotational instability). We analysed the CO core masses and their volume-averaged adiabatic
index (I'y) to assess stability against electron-positron pair creation. From the angular momentum profiles of the stellar models by the
end of He-burning, we estimated the resulting black hole masses and dimensionless spins under the assumption of a direct collapse.
Results. Our non-rotating and slowly rotating 80 and 85 M, models developed carbon-oxygen core masses between 31 and 36 M,
and had an adiabatic index (I';), which remained above 4/3 (i. e. they avoided pair instability). Our models thus predict that Pop III
stars can keep most of their mass and collapse directly to form black holes of 80-85 M, with dimensionless spins up to agy < 0.7.
Conclusions. Initially slowly rotating massive Pop III stars can form very massive rapidly spinning black holes just below the pair-
instability regime. This supports an interpretation of the lower boundary of the pair-instability supernova mass gap as a smooth,
structure-dependent transition and identifies single-star Pop III evolution as a possible component channel for the population of
massive fast-spinning black holes observed by gravitational-wave detectors, subject to the uncertain efficiency of internal angular

momentum transport and mass-loss prescriptions.
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1. Introduction

The gravitational-wave event GW231123 has been interpreted as
the merger of two black holes (BHs) with source-frame masses
of 137’:%3 Mg and 101f§(2) Mg, and with high inferred spins,
X1 = 0.90f8:{8 and y» = 0.80fg:§2 (Abac et al. 2025). These
properties make GW231123 particularly challenging to interpret
within standard stellar evolution channels. In conventional mod-
els, BH formation is expected to be strongly suppressed in the
pair-instability mass gap (PIMG), which is commonly placed at
roughly ~55—130 M (Heger et al. 2003; Giacobbo et al. 2018;
Woosley 2019; Woosley & Heger 2021). The physical origin of
this gap lies in the development of sufficiently massive carbon—
oxygen (CO) cores. Within such cores, pair creation softens
the equation of state, triggering contraction and explosive oxy-
gen burning, which can either eject part of the stellar enve-

* Corresponding author: norhaslizay@um.edu.my

lope in pulsational pair-instability (PPI) episodes or disrupt the
star completely in a pair-instability supernova (PISN), leav-
ing no compact remnant (Heger et al. 2003; Farmer et al. 2019;
Woosley & Heger 2021).

GW231123 is especially intriguing in this context. Its sec-
ondary component lies well within the canonical PIMG, while
the primary lies within or above its upper edge, depending on
the true source parameters. In addition to their high masses, both
components appear to be spinning rapidly (Abac et al. 2025). It
is therefore a non-trivial challenge for single-star evolutionary
models to simultaneously explain such high masses and high
spins.

A number of scenarios have been proposed to explain
BHs in the mass gap, including growth of lower-mass
BHs through accretion or repeated mergers (Roupas 2025;
Stegmann et al. 2025; Kirogluetal. 2025; Liuetal. 2025;
Gottlieb et al. 2025), premature collapse before pair instability
fully develops (Baumgarte & Shapiro 2025), and a primordial
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origin (Nojiri & Odintsov 2025; Yuan et al. 2025). These possi-
bilities suggest that the PIMG is not an immutable prediction,
but the outcome of competing effects involving core growth,
mass loss, rotational mixing, angular momentum transport, and
the thermodynamic response of the stellar interior (Farmer et al.
2019; Renzo et al. 2020; Woosley & Heger 2021).

The difficulty of forming BHs in the mass gap through clas-
sical stellar evolution stems from the relation between the final
stellar mass and the CO-core mass, since the latter determines
the onset of pair instability (PI). This relation is sensitive to mass
loss, chemical mixing, rotation, convection, and nuclear reaction
rates.

Recent work suggested that the lower edge of the PPI regime
is set primarily by a critical CO-core mass, with residual depen-
dence on rotation and mass loss (Winch et al. 2025). Using the
same stellar evolution code as in the present work, Farrell et al.
(2021) found that Population III stars may form BHs of up to
about 85 M,,; this was later supported by Hirschi et al. (2025)
for very low-metallicity models (Z = 107).

Population III stars are particularly relevant here as their pri-
mordial composition implies extremely weak radiatively driven
winds, allowing them to retain most of their mass and potentially
much of their angular momentum throughout their evolution.
They are therefore promising progenitors of very massive pos-
sibly rapidly spinning BHs, and they are natural candidates
for probing the lower edge of the PIMG (Heger et al. 2003;
Farrell et al. 2021; Hirschi et al. 2025).

This motivated us to re-examine the lower edge of the PIMG
at zero metallicity, with special emphasis on the role of slow
rotation and angular momentum retention. Instead of determin-
ing the highest BH mass attainable below the onset of PI, we
determine the maximum mass of a fast-spinning BH that can
be produced by a single very low-metallicity star. To address
this issue, we computed new stellar-evolution models of mas-
sive Pop III stars with initial masses of 80, 85, and 90 M
using the GENEC code. We followed the evolution of non-rotating
and slowly rotating models and analysed their mass retention,
core growth, angular momentum budget, and stability against
PI using their CO-core masses and volume-averaged adiabatic
index. Our aim was to determine whether stars in this mass range
can avoid pair-instability disruption and collapse into massive
BHs, and whether the resulting remnants can retain sufficiently
high spins to be relevant for systems such as GW231123.

The paper is organised as follows. In Sect. 2 we describe the
stellar models and summarise their main evolutionary properties.
In Sect. 3 we discuss their predicted fate and the implications
for BH masses and spins near the pair-instability boundary.
The summary of the evolutionary properties is presented in
Appendix A. An approximate treatment of collapse, fallback,
and BH growth is presented in Appendix B.

2. Stellar models

We computed the evolution of massive stars for three initial
masses (80, 85, and 90 M) at zero metallicity (Z = 0) from
the zero-age main sequence (ZAMS) to at least the end of core-
helium burning and generally until oxygen burning using the
stellar evolution code GENEC (Eggenberger et al. 2008). The
models were evolved with varying degrees of initial rotation,
from non-rotating to a critical velocity of 20% at most. The spe-
cific initial values and nomenclature for all models we computed
can be found in Table A.1. The choice of masses and rotation was
motivated by the predicted high mass and high spin of the BH
remnant inferred from the event GW231123 (and the expected
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lower boundary of the PIMG). We used zero-metallicity mod-
els to minimise mass loss from stellar winds and to explore first
stellar generation BHs.

In metal-free stars, line-driven winds are extremely weak, so
any significant loss of mass, and thus, of total angular momen-
tum, can only occur through mechanical mass shedding triggered
by proximity to the critical surface rotation. The initial rotational
velocities we chose are relatively low to avoid such mechanical
mass loss. This is in contrast with previous studies with GENEC
(cf. Murphy et al. 2021 uses w = vjni/Verit = 0.4, where v 1S
the critical velocity). The suppression of mechanical and wind-
driven mass loss left our models with a high final mass and total
angular momentum, making them good candidates to produce
heavy BHs that can be spun up by the late accretion of angular-
momentum-rich outer layers.

We used the version of GENEC described in Griffiths et al.
(2025), including the same physics as in Ekstrom et al. (2012)
and the recent grid of Sibony et al. (2024), except for three
key aspects. These consist of updates to the equation of state
(EoS), opacity calculations, and nuclear reaction network (we
employed GeValNet25 ; for further details on the differences,
see Sections 2, 3, and 4 of Griffiths et al. 2025). These updates,
particularly that of the EoS, are critical to correctly determine the
evolution of the core of the massive stars under thermodynamic
conditions where the pair-instability becomes important.

Our models that evolved with rotation also included angular-
momentum transport induced by all standard shear instabili-
ties, meridional circulation, convection (see, Eggenberger et al.
2008, for a complete list of mechanisms included in GENEC),
and local magnetic torques. The magnetic mechanisms of
angular momentum transport we used are the Tayler-Spruit
(TS) dynamo, as described in Eggenberger et al. (2022), and
the magneto-rotational instability (MRI), as described in
Griffiths et al. (2022). These two instabilities can transport angu-
lar momentum outwards within the stellar interior during the
main sequence and core-helium burning. The efficiency of these
prescriptions remains uncertain, and there is no observational
evidence that these magnetic instabilities operate in Pop III
stars. Therefore, the models should be interpreted as exploring
one possible (perhaps extreme) scenario of angular- momentum
transport rather than establishing the probability of this chan-
nel. Angular momentum transport shapes the final distribution
of angular momentum within the stellar interior since our base-
line models effectively lost no mass (see below), and hence, con-
served the total angular momentum.

In Table A.1 we provide the values for the initial, M;,;, and
final mass, Mg, (i.e. at the end of core-helium burning) and the
variation with respect to the initial mass, AM. Only the mod-
els with Mi,; > 85 My and w > 0.20 underwent appreciable
mass loss due to high surface rotation during the stellar expan-
sion after the main sequence. Mechanical mass loss is therefore
avoided provided the initial rotation stays below =20% of the
critical velocity. We also report the total angular momentum at
the ZAMS and at the end of core-helium burning, which again
only decreased appreciably for models with w = 0.20, as all
other models retained nearly all of their mass, and consequently,
their angular momentum. Finally, we provide the values of the
helium core mass, M,, defined as the location where the hydro-
gen mass fraction falls below 0.01 and of the CO core mass,
Mco, defined as the location where the helium mass fraction
falls below 0.01. These two masses are evaluated at the end of
core-helium burning. The carbon-oxygen core mass might grow
slightly during later evolutionary phases, but the values we report
approximately correspond to the final core masses at collapse.
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M, and Mco are commonly used to predict whether a star will
undergo a PISN. CO core masses below 60 M (Hirschi 2017,
Woosley 2017) are not expected to produce a full PISN. For
cores in the range ~40—60 My, violent pair-instability pulsations
can occur, leading to eruptive mass loss, but the pulsations are
not strong enough to completely disrupt the core. In our models,
M, and Mo were below the lower limit of 40 M, except for M,
in models with M, = 90 M, for which they were marginally
above 40 M. We further assessed whether the models presented
here were globally dynamically stable to pulsations. To do this,
most of our models were evolved beyond core-helium burning
(see Table A.1). The models were globally stable when the adia-
batic index I'; satisfied the following inequality:

JTi£dm

D
I [Zdm
P

as already used in Renzo et al. (2020) and based on the orig-
inal derivation of this stability criterion by Ledoux (1945)
and Stothers (1999). The models that remained globally stable
(became globally unstable) until oxygen burning are labelled
with an N (Y) in Table A.1. In Appendix B we describe the
method for predicting the final remnant parameters of our mod-
els.

Figure 1 shows the Kippenhahn diagram of the 80 M, with
an initial velocity ratio w = 0.05, illustrating the internal struc-
ture evolution from the main sequence to core oxygen burning.
The total stellar mass remains nearly constant throughout the
evolution, as previously discussed. Convective regions are con-
fined to the core during H and He core burning, while the enve-
lope stays radiative. This internal structure is consistent with
the moderate helium and carbon-oxygen core masses reported
in Table A.1 and characterises an evolution that avoids strong
structural instabilities prior to core collapse. By retaining most
of its mass and angular momentum, especially in the outer lay-
ers (50% of the angular momentum is contained in the outer
4-5 My; see the vertical line in Fig. B.1), the star can evolve
towards direct collapse and subsequently spin the BH up through
fallback accretion.

>4/3, (1)

3. Discussion and conclusions

The PPI boundary sets the maximum stellar mass that can col-
lapse to a BH without being disrupted (below the PIMG). This
limit is not determined by a unique initial mass, but by the onset
of dynamical instability when electron—positron pair production
softens the EoS in sufficiently massive CO cores. Early stellar
evolution and hydrodynamical studies placed the onset of pulsa-
tional pair instability at CO-core masses of roughly 35—-40 M,
(Heger & Woosley 2002; Farmer et al. 2019; Woosley 2019),
while more recent systematic grids suggest a nearly con-
stant critical value of Mcouik =~ 35-36 My (Winchetal.
2025), with remaining uncertainties linked to nuclear reaction
rates and convection modelling (Renzo et al. 2020; Farag et al.
2022; Woosley & Heger 2021). Below this threshold, stars are
expected to collapse directly to BHs; above it, they can enter
a transitional regime in which weak or moderate pulsational
pair-instability (PPI) episodes can occur before final collapse,
whereas complete PISN disruption requires substantially larger
cores (60 My < Mco < 130 My).

Within this framework, our Pop III models approached the
PPI boundary from below. The 80 and 85 M, sequences devel-
oped CO-core masses between ~31 and 35.9 M, that is, at or
below the nominal instability threshold.

80}
70} \MF//_“

log(time left until last model [yr])

Fig. 1. Kippenhahn diagram of the 80 M, model with an initial rota-
tion set to 5% of the critical velocity. The black lines denote radius
contours at 0.1, 0.3, 1, 10, and 50R,, and the orange line marks the
total mass of the star, which is constant for this model. The light blue
shaded regions correspond to convective zones. The coloured lines show
the locations of the peak (solid lines) and of 10% of the peak (dot-
ted lines) in the nuclear energy generation rate for hydrogen burning
(blue), helium burning (green), and advanced burning (carbon, neon, or
oxygen; red).

For these 80 and 85 My models, the volume-averaged adi-
abatic index satisfies (I';) > 4/3, and they thus show no evi-
dence of global dynamical instability. These models are there-
fore expected to collapse directly, producing BHs with masses
up to ~80—-85 M.

By contrast, the 90 My models reach CO-core masses of
~36.5-38 My, placing them in the transitional regime com-
monly associated with the onset of pulsational pair-instability
mass ejection episodes or supernovae (sometimes referred to as
PPISNe, which are less violent than the full PISNe; Farmer et al.
2019; Winch et al. 2025). Although global instability has not
been explicitly confirmed for all our models, their core masses
fall within the range where PPISN is expected, depending on
the details of the late evolutionary stages. We stress that plac-
ing these models near the lower PI boundary does not imply
complete disruption; rather, it indicates that pulsational pair-
instability effects can begin to affect the final mass and struc-
ture. This reinforces the view that the PPI boundary is bet-
ter interpreted as a structural transition region and not as a
sharp cut-off.

The most distinctive result of this work concerns angular
momentum retention and its effect on the final BH spin. Because
metal-free models have negligible ordinary wind-driven mass
loss, angular momentum transported toward the surface can-
not be efficiently removed and instead accumulates in the outer
envelope. These layers remain bound provided the star does not
rotate rapidly enough, w < 0.15, for centrifugal ejection to
occur. As a consequence, the BH that forms is initially close
to non-rotating because the inner stellar regions have been effi-
ciently drained of angular momentum; magnetic torques are cru-
cial for this redistribution. The high final BH spin is therefore
not inherited from an initially rapidly rotating core, but is pro-
duced later by the accretion of outer layers where most of the
stellar angular momentum is stored (Fig. A1 illustrates this point
for the model with M;,; = 85 My and w = 0.15; a qualitatively
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similar behaviour is found in the other models). This strongly
limits the feedback exerted by the newly formed BH until the
outermost layers, in which most of the angular momentum is
stored, begin to accrete. The BH can therefore grow substantially
in mass before its spin increases significantly. This behaviour
contrasts with that of rapidly rotating progenitors, for which
collapse can produce fast-spinning BHs whose feedback can
strongly reduce the final remnant mass or even disrupt the star
(e.g. Shibata & Fujibayashi 2026).

Using the simplified one-dimensional collapse and feedback
model (Appendix B), we estimated the fraction of mass and
angular momentum retained during disk formation and fallback.
Even under extreme assumptions, disk-driven outflows remove
10% of the stellar mass at most. The final BH mass therefore
retains most of the progenitor mass.

The final spin reflects the interplay between three factors: (i)
outward angular momentum redistribution during stellar evolu-
tion, (ii) weak angular momentum loss at zero metallicity, and
(iii) late accretion of material with high angular momentum. In
our model grid, the dimensionless spin parameter agy increased
with the initial rotation parameter w to a maximum and then
decreased, reaching peak values of agy =~ 0.7 for Mi,; =~ 85 M.
This non-monotonic behaviour shows that rapid BH rotation
does not require extreme initial stellar rotation. Rather, even
moderately rotating Pop III stars can produce high-mass and
rapidly spinning remnants when winds are negligible and the
progenitor remains below the PPI boundary.

While the inferred redshift of GW231123 is moderate (z ~
0.4 see Abac et al. 2025) and the metallicity of its BHs might
be higher than zero, the findings of this study are consistent
with stellar grids predicting BH masses up to ~80-90 M, just
below the PPI regime at very low metallicity (Hirschi et al.
2025). These results thus provide a useful point of compari-
son with GW231123 (assuming its BHs formed from very low-
metallicity stars), whose components have inferred masses and
spins of M| = 137f%§ Mo, a; = O.90f8:ig, and M, = 101f§(2) Mo,
ap = 0.80f8§(2) (Abac et al. 2025).

We stress, however, that our calculations are single-star mod-
els and do not address the binary assembly of GW231123. In par-
ticular, we did not model tidal interactions, mass transfer, enve-
lope stripping, or the orbital separations required to preserve the
hydrogen envelope while still producing a binary black hole that
merges within a Hubble time.

Within the mass range we explored, only the properties of the
secondary BH can be approached, and only from the lower-mass
side. Our models produce BHs with masses up to ~80-90 My
and spin them up to agy =~ 0.7, which is slightly below but
still broadly consistent within present uncertainties with the
inferred spin of the secondary. The substantially more massive
primary component lies beyond the progenitor masses consid-
ered here and likely requires either more massive progenitors
above the PIMG or a different formation channel. The connec-
tion between such single-star remnants and a merging binary
system, whether through isolated binary evolution or dynami-
cal pairing, must therefore be investigated in future work. More
generally, gravitational-wave population studies suggest a down-
turn in the BH mass distribution between ~45 and 60 My, com-
monly associated with the PI mass gap (Fishbach & Holz 2017,
Farr et al. 2019), although more recent analyses do not require
a sharp cut-off below ~40-50 M, (Ray & Kalogera 2026). This
is consistent with interpreting the PPI boundary as a transition
region and not as an abrupt limit.

In summary, the PPI boundary acts as a physical ceiling for
single-star BH formation. Below this ceiling, however, slowly
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rotating metal-free stars can naturally produce high-mass and
rapidly spinning BHs, provided that mass loss remains negligible
and angular momentum is efficiently retained. The combination
of weak mass loss, the internal angular momentum redistribu-
tion, and the retention of most of the stellar mass during collapse
suggests that within the prescriptions for angular momentum
transport we adopted, high-mass fast-spinning BHs in the early
Universe did not require extreme initial rotation, but might arise
from massive Pop III progenitors evolving just below the PPI
boundary.
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Table A.1. Evolutionary outcomes and BH remnant predictions for non-rotating and rotating Z = 0 stellar models.

M © i Mia Jon M, Mco AM | final PPI| MY, M$ MO MP o) af)
[%] [gem®s™'] [Mo] [gem*s™'] [Mo] [Mo] [107* M]|phase Y/N| [Mo]l [Mo]l [Mo] [Mo)
80 0 — 79.9999 — 35.70 31.78  1.10 O N|[8 — 00 — 000 —
80 5 3.54x10°% 79.9999 3.53x10°% 34.76 3130  1.07 O N |797 786 03 14 041 0.38
80 10 7.06x10°2 79.9999 7.06x10°2 34.87 30.88  1.21 He ‘N°|79.1 764 09 36 067 0.6l
80 15 1.05x10% 79.9999 1.05x10% 3597 31.99  1.31 He ‘N°| 789 720 1.1 80 064 048
85 0 — 84.9999 — 38.01 34.89 1.12 O N|[8 — 00 — 000 —
85 5 3.93x10%2 84.9999 3.93x10°% 38.22 3549  1.18 He ‘N’ | 849 841 01 09 038 036
85 10 7.86x10%2 84.9999 7.85x10°% 3843 3471  1.29 O N [842 805 08 45 054 044
85 15 1.17x10% 84.9999 1.17x10% 38.15 33.84 147 He ‘N’ | 837 809 13 41 070 0.65
85 20 1.56x10% 84.7772 1.14x10%% 39.89 3597 2.23x10°| He ‘N’ | 837 776 1.1 72 0.61 046
9 0 — 89.9999 — 40.77 37.09 1.20 O Y |@®) — ©0 — (.00 —
90 5 4.36x10%2 89.9999 4.36x10°%2 40.39 36.54 130 |He-C Y’ |(89.6) (89.6) (0.5) (0.5) (0.36) (0.36)
90 10 8.69x10°2 89.9999 8.69%x10°2 40.92 36.65 1.38 Ne ‘Y’ [(89.0) (87.3) (1.0) (2.7) (0.66) (0.63)
90 15 1.30x10% 89.9983 1.29x10°% 41.67 37.67 1.65x10' | He Y’ |(88.9) (80.5) (1.1) (9.5) (0.60) (0.41)
90 20 1.72x10% 89.7474 1.24x10°% 42.46 37.87 2.53x10° |H-He ‘Y’ |(88.6) (81.1) (1.1) (8.7) (0.61) (0.45)

Notes. The table tracks key parameters from the zero-age main sequence (initial mass, rotation w = viy;/vcrie and angular momentum,
Jini) to the end of core helium-burning (final mass My, final angular momentum Jg,, He core mass M,, CO core mass Mo, and
total mass loss AM). The column labelled final phase gives the final burning phase reached by each model, and indicates how far
the evolution has been followed when diagnosing whether the model becomes globally PPI unstable (O, Ne, C, and He denote
core oxygen, neon, carbon, and helium burning). The column labelled PPI indicates whether the model is unstable according to
the global pair-instability criterion (Eq. 1). A'Y indicates models that become globally PPI unstable. An N denotes models that are
stable against the PPI. A'Y or N with quotation marks (Y’ or ‘N’) denotes models that have not been evolved sufficiently far to
confirm global dynamical instability explicitly, but whose CO-core masses place them within the expected transitional PPI regime.
The last six columns provide the masses and dimensionless spins of the BHs formed from these models, along with the ejected mass,
M, according to the two extreme feedback cases described in App. B. Numbers enclosed in parentheses denote values computed for

marginal cases which are likely to enter the PPI regime.

Appendix A: Stellar grid summary

This appendix provides comprehensive summary of the evolu-
tionary outcomes and predicted black hole (BH) remnants for
both non- rotating and rotating stellar models at zero metallicity
Z = 0. Table A.1 tracks key parameters of Population III stars,
from the zero-age main sequence (ZAMS) through the end of
core-helium burning.

Appendix B: BH growth and feedback model

In stellar models whose helium core mass hints at the forma-
tion of a BH, we follow the BH growth and feedback onto
the rest of the star adopting the semi-analytic framework of
Batta & Ramirez-Ruiz (2019), with minor modifications. Accre-
tion proceeds shell-by-shell. Material with equatorial specific
angular momentum, jeq above the last stable orbit (LSO) thresh-
old forms a disk and can power winds; otherwise, it accretes
quasi-radially. Feedback is compared to the binding energy of
the exterior layers to determine whether the envelope is unbound
and BH growth terminates.

From stellar profiles (r, p, P,T’, Q) we compute shell masses
Am; = M,; — M,;_1 and jeq; = Qiriz. For a BH of mass Mgy and
spin agy, shells with jeq; < jiso plunge into r 5o, while those
with jeq; > jiso circularize at rejre = qu,i/ (GMpgy) and form a
disk spanning sinf;; = +/jLso/ jeq,i- Following Bardeen (1970)
and Thorne (1974), disk-accreted mass Amygisk; adds energy,
eLso(apn) and specific angular momentum, jiso, whereas the
quasi-radial fraction Amiagia; adds mass and specific spin

angular momentum A, jeq;, With A, = (2/3)(1 - cos? 0)/(1 -
cosf,;). We assume BH formation at Mpuy = 3 My with
agno = GJo/ (czMéH’O), where Jj is the total angular momentum
enclosed in Mgy . In our models this seed spin is small; the sub-
stantial spin-up occurs later, as higher-angular-momentum outer
shells are accreted.

Disk winds inject energy at a rate Eying = 7u(apn) & Mc?,
where 77, =~ 0.05 + 0.35611231_1 (McKinney et al. 2012) and & =
(l)wind/c)2 with vyind = MuwindCs, Muwind the wind Mach number
and ¢, the sound speed in the vicinity of the BH. Only disk-
accreted mass contributes to feedback, so shell i injects Efg =

nw(asn) & Amgigg i ¢*.

We use a dynamic energy barrier, in which shell i is assumed
to have fallen from its original radius r; to an arrival radius 7
before being stalled by feedback. The feedback must therefore
both cancel the infall kinetic energy of shell i and lift it out of
the potential from 7;, in addition to unbinding the exterior layers.
The corresponding barrier is

) | GMgudm;
ED =~ Amp? () + ——202

N
GM, Am; .
E (—# + hjAm; + EigAmj)
Tj

(B.1)

J>i

rot
extends over shells exterior to shell i. We take 7, = rygo for
quasi-radial infall and 7#; = r¢j;. when a disk forms.

where h; =T;/(I'; = 1) P/pj, EY) = %erf and the summation
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Fig. B.1. Radial structure and angular-momentum content of the stellar
model with M;,; = 85 M, and w = 0.15 as functions of enclosed mass
M, together with the corresponding stellar and black-hole spin parame-
ters. The adopted initial BH mass, Mgy = 3 Mo, is marked by the ver-
tical dotted line. The black curve shows the radius R(M,), the blue curve
the cumulative angular momentum J(< M,), the red dashed curve the
stellar dimensionless spin a,(M,), and the red solid curve the BH spin
ag}){(M,) corresponding to the case with maximum feedback (no losses
and Mying = 10), and the red dotted curve the BH spin agf){(M,) corre-
sponding to the case with weaker feedback (with losses and My;ng = 3).
The vertical dashed blue line indicates the mass coordinate within which
50% of the star’s total angular momentum is enclosed.

If E&) > El(l’g (feedback with losses) or if the cumula-
tive energy Eg’) exceeds El(fg (without losses), accretion halts.
The model depends parametrically on the value of Mg and
offers two possible modes to handle the feedback, with and
without losses. The larger the value of Mg, the stronger
the BH feedback. Here we consider My,qa ~ 3 or 10. For
Mying ~ 3 we reproduce the same efficiency parameter as in
Batta & Ramirez-Ruiz 2019, i.e., & = 1073, whereas Myinq = 10
increases & to ~ 1072, In the models with losses, a fraction of
the BH energy released will be advected back onto it. Hence,
this case, along with Mg = 3, estimates a lower bound of the
ejected mass, Mél) and an upper bound for the final BH mass

(Ml(al;[) and spin (agl){) before the outer layers of the star are
unbound. In contrast, models without losses and Myiq = 10
provide an approximate lower bound for both the final M1(32})1 and

agf)l, and a correspondingly larger estimate of the ejected mass

Méz). As illustrated in Fig. B.1, both agﬁ[ and aglzl remain well
below the dimensionless stellar spin because only part of the
progenitor angular momentum can be incorporated into the BH
during the collapse and subsequent accretion. The close overlap
between aggl(M,) and aglzl(M,) over most of the star indicates
that both feedback prescriptions produce a very similar spin-up
history while the same inner shells are being accreted. Notice-
able differences appear only in the outermost layers, where the
different feedback efficiencies mainly determine the mass coor-
dinate at which the collapse is halted.
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