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ABSTRACT

Spin—orbit misalignment is increasingly observed in binary stars, but its origin remains uncertain. We study the secular spin dynamics
of stellar binaries and derive the associated Cassini states. We isolate a spin—spin resonance that arises when the two stellar spin-
precession frequencies become commensurate. This resonance can excite the obliquity of the secondary to high values even when the
primary is only weakly tilted. Magnetic braking favors the formation of high-obliquity states, whereas tidal dissipation may suppress
them. Spin—spin coupling may thus help explain the observed diversity of obliquities in young stellar binaries.
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1. Introduction

Measurements of stellar obliquities in binaries have shown that
spin—orbit misalignment is a real and possibly common fea-
ture of binary-star dynamics. The archetypal system DI Herculis
exhibits large stellar obliquities (Albrecht et al. 2009), while
CV Velorum provides another well-studied case with a signifi-
cantly misaligned stellar spin axis (Albrecht et al. 2014). Gaia-
based population studies indicate that nonzero obliquity is not
restricted to a few exceptional systems, and that a significant
fraction of early-type binaries are misaligned (Marcussen et al.
2024; Smith et al. 2024). This picture is further strengthened
by obliquity measurements in short-period low-mass eclipsing
binaries (Spejcher et al. 2025). These results motivate renewed
interest in dynamical pathways capable of creating, maintaining,
or modifying stellar obliquities.

Most theoretical work considers primordial misalignment
(e.g., Lai 2014), tertiary-driven evolution (e.g., Anderson et al.
2017), spin—orbit resonances involving circumbinary disks (e.g.,
Anderson & Lai 2021), or Cassini-state dynamics driven by
nodal orbital precession (e.g., Felce & Fuller 2023). However,
these works typically treat the two stellar spins as effectively
uncoupled to first order, so that one or both stars may evolve
into spin—orbit equilibria independently. By contrast, the pos-
sibility of a spin—spin resonance, which arises when the two
stellar spin-precession frequencies become commensurate (e.g.,
Correia et al. 2016), has received no dedicated attention.

This question is especially relevant because the spin evolu-
tion of binary stars is shaped by both magnetic braking (e.g.,
Skumanich 1972) and tidal torques (e.g., Hut 1981). Their com-
bined action has long been recognized as a key ingredient in
binary evolution (e.g., Hurley et al. 2002; Repetto & Nelemans
2014) and has been revisited in both massive and low-mass
binaries (Song et al. 2018; Fleming et al. 2019). Since the stellar
spin-precession frequencies depend directly on the stellar rota-
tion rates, their secular evolution can sweep binaries through the
spin—spin commensurability. In this Letter, we isolate this reso-
nance, characterize its dynamics, and assess its contribution to
the observed diversity of spin—orbit angles in binary stars.

2. Spin dynamics

We consider a binary system composed of a primary and a sec-
ondary star, with masses mg and m,, respectively, separated by
the relative position vector r. Each star of mass m; is modeled as
an oblate ellipsoid with mean radius R;, rotation period P;, and
angular velocity Q; = Q; s;, where Q; = 2x/P; and s; is the axis
of maximum inertia (gyroscopic approximation) with moment
of inertia C; = {imiRl.z, where ¢; is an internal structure constant.
The rotational angular momentum of each star is then

Si=8isi=CiQ;s;, (D

and the orbital angular momentum is

L=Lk=pna*V1-ek, 2

where k is the unit vector normal to the orbital plane, a is the

semi-major axis, e is the eccentricity, n = +/u/a’ is the mean
motion, and 8 = mym; /(mg + m,) is the reduced mass.
The Hamiltonian of the system is (e.g., Smart 1953):
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where p = Bi, u = G(mg + m;), G is the gravitational constant,
P>(x) = (3x% — 1)/2 is the Legendre polynomial of degree two,
and # = r/r is the position unit vector; terms in (R;/r)> have
been neglected (quadrupolar approximation). For the gravity-
field coefficients, we adopt (e.g., Correia & Rodriguez 2013)

Q’R}
ko; i l’
2 3Gm,

Joi = 4)
where ky; is the second Love number for potential.

In general, the precession of the spin axes is much slower
than the orbital motion. Since we are only concerned with spin—
spin interactions, we average the Hamiltonian (Eq. (3)) over
one orbital period. For the nonconstant terms, we obtain (e.g.,
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Goldreich 1966; Boué & Laskar 2009)

3Gm1mQJ2,~Ri2

21— ) ®

H=-N Y 12 - -
H= Zmz(s, k), with ;=

In the averaged problem, all quantities in the Hamiltonian
(Eq. (5)) are constant, except the unit vectors s; and k, which can
be related to the angular momentum components (Egs. (1), (2)).
The system’s secular evolution can therefore be described by the
evolution of these components, derived from the Hamiltonian
through Poisson brackets (e.g., Dullin 2004),

. —  O0H

Si=1{S;, H} = oH X 8;=—a;(s;- k) kxs;, (6)
0S;

. —  0H

L:{L,H}:6—L><L:—Zai(si-k)s,»><k. (7)

i=0,1

We verify that the norms of the individual angular momentum
vectors are conserved, as is the total angular momentum,

J=L+S8y+ S = const. (3)

Following Boué & Laskar (2009), the equations of motion
reduce to an integrable system. They can be simplified if we con-
sider only the relative position in space of the unit vectors s; and
k, given by the direction cosines (Fig. A.1)

x;=cosf;=s;-k, and z=cose=sp"S]. ©)]

With these notations, we can rewrite the Hamiltonian (Eq. (5)),

Hy = aoxé + ale = —2H = const, (10)
and the total angular momentum (Eq. (8)),

JP-1*-52-52
Xy =Xo+gxi+01z2= = const, 11D

2SoL
withg = S1/Soand §; = S;/L.

3. Solutions in the precession frame

We now consider a frame (i, j, k) that follows the precession
of so about k, that is,

_ so — xok _ k x so

S kL T N B okl 12
-2 T aoen (12)

lo

where j, is along the line of the nodes between the orbital plane
and the equatorial plane of the star with mass my. In this frame,
we can express §1 = (u, v, x1), for which

. Z— XpX1 .
u==s8y g = —————— =8inf; cos A¢, 13
1+ o -2 1 é (13)
and
. k-(soxs1) . .
V=S5 Jy= ———=—— = sin#; sin A¢, 14
1 Jo 1- )" 1 é (14)

with A¢ = ¢ — ¢, where ¢; denotes the precession angle of s;
measured along the orbital plane (Fig. A.1). Because s, is a unit
vector, we can also express

1/2

x=sik=(1-u-0") (15)
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Fig. 1. Secular trajectories in the TOI-2119 system (Table B.1) adopting
Py =2.1day and P, = 2.0 day. We show the spin axis of the secondary,
s1, projected on the orbital plane. These trajectories are obtained by
plotting the level curves Hy(u, v, x,) = const (Eq. (20)). The stationary
solutions (Cassini states) are marked with a dot.

Following Correia (2016), we can get z from expression (13),
7= xpx1 +u(l =)', (16)

while xj can be obtained by eliminating z in expression (11),

(1+61x1) %0 + S1u(l = x5)'* = x0 — g x1, (17)

which can be explicitly solved for xq as

o = (1+61x1)X(x1,u)—51u\/T(xl,u), (18)
VA +6,x))? + (61u)?

with

X(xr,u) = ———2 12 (19)

VA0 + Grap

Thus, xo depends only on (xy, u#), and hence on (i, v) (Eq. (15));
so does the Hamiltonian (Eq. (10)),
Hy = Ho(xy, u, xx) = Ho(u, v, xy). (20)

In Fig. 1, we show the secular trajectories for the spin of the
secondary projected on the orbital plane in the TOI-2119 binary
system (Table B.1) when Py ~ P; = 2day. These trajectories
were obtained by plotting the level curves Hy(u, v, x,) = const
(Eq. (20)), but they correspond to the integration of the secular
Equations (6) and (7) for different initial values of 9.

The dynamics is akin to that of a second fundamental model
for resonance (Henrard & Lemaitre 1983). In astronomy, such
behavior occurs for spin—orbit (e.g., Ward & Hamilton 2004;
Correia 2015) or mean—motion resonances (e.g., Delisle et al.
2012; Petit 2021). Here, the resonant motion corresponds to a
commensurability between the precession frequencies of the two
stellar spins, ¢ ~ ¢, with (Eq. (6))

¢i = —ixi/S; 1)

that is, it corresponds to a spin—spin resonance.
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4. Cassini states

Cassini states are stationary equilibria of the spin axis (Correia
2015) given by the extrema of the Hamiltonian (Eq. (20)),

0H, 0H,

— =0 d — =0. 22
ou an ov (22)

Since Hy = Hy(x, u), we have

6H() 6H0 (9x1 6H0 v

2 P . 23
ov Ox; Ov x| x1 (23)

We therefore conclude that v = 0 is always a possible equilib-
rium solution (equivalent to A¢ = O or ), where the unit vectors
S0, 81, and k remain coplanar. We denote these coplanar states
by u. = +sin 6, (Eq. (13)), which are given by (Eq. (10))

OH, 0
e = =2a1u + 2apxg %

=0.
ou |y=0 U ly=0

(24)

Setting v = 0 in x; (Eq. (15)), we get x{ = +/1 —u2, and for
xo (Eq. (18)), we have x{ = xo(x{, u.). Equation (24) therefore
provides an implicit condition for the coplanar states,
05
@iite = @0Xo 5

whose roots can be found in the interval u, € [-1,1] using
numerical methods. In Appendix C, we provide approximate
analytic expressions for these states when S| <« L.

In the example shown in Fig. 1, the stationary solutions cor-
respond to three Cassini states, u, = —0.275, u. = —0.0522,
and u. = 0.323, equivalent to 6; ~ —-16.0°, 6; ~ —3.0°, and
01 =~ 18.9°, respectively. The smallest 6; value corresponds to
a hyperbolic unstable point, but the spin can be stabilized in
the other two states. The largest 6, value lies within a libration
region and thus corresponds to the resonant equilibrium.

In Fig. 2, we plot the Cassini states as a function of the
rotation period of the primary, Py, for the TOI-2119 system
(Table B.1) with Py = 2day. For Py < 2day, we observe
that there is only one stable state at nearly zero obliquity. For
Py = 2day, the obliquity of the previous state increases to high
values, while two additional states appear. This is a consequence
of the emergence of a separatrix that introduces a libration region
around the high-obliquity state (Fig. 1). We then conclude that
when the rotation period of the primary increases (e.g., through
magnetic braking), the spins can be captured into resonance,
leading to significant changes in the obliquity.

(25)

5. Obliquity excitation

So far, we have neglected magnetic braking and tidal torques,
which modify the rotational angular momenta, S; (Eq. (1)).
These effects extract energy from the system, so the problem is
no longer integrable and must be solved numerically. In Appen-
dices D and E, we provide the secular equations for magnetic
braking and tidal effects, respectively.

As an example, we consider the TOI-2119 binary system
(Doyle et al. 2025), composed of an M-type main-sequence
primary and a brown dwarf secondary (Table B.1). Observa-
tional studies of young brown dwarfs with masses in the range
0.02—-0.08 m¢, show rotation periods spanning 0.7—4.5 day, with
a median value of 1.9day, and a clear trend of longer periods
at higher mass (Scholz et al. 2018). Likewise, population studies
of young low-mass stars in the range 0.15—1.5 m¢ show a rota-
tion period distribution of 0.2—-30 day, peaking near 2 day, with
M stars rotating faster on average than GK stars (Rebull et al.
2018). We therefore adopt an initial period of Py = 1 day for the

1 . ; . . . .
0.8 |
0.6 |
0.4 f
0.2 f

S 0

—0.2 f
—04 |
—0.6 |
_08 -

0.5 1 1.5 2 2.5 3 3.5 4
Py (day)

Fig. 2. Cassini states as a function of the rotation period of the pri-
mary, Py, for the TOI-2119 system (Table B.1) with P, = 2 day. These
equilibria are obtained by solving Eq. (25). The vertical dashed line cor-
responds to the configuration shown in Fig. 1.

primary and P, = 2day for the secondary. For the initial oblig-
uities, we use the currently observed value 6y = 15.7° for the
primary and arbitrarily set 6; = 1° for the secondary.

In Fig. 3 (left), we show the secular spin evolution of both
stars under magnetic braking alone. The rotation period of the
secondary is not expected to change significantly because it is
a brown dwarf (e.g., Zapatero Osorio et al. 2006). Thus, as the
rotation period of the primary increases and reaches Py = P; =
2 day, the precession rates also become comparable, ¢g ~ ¢
(Eq. (21)), thereby modifying the phase space (Fig. 2). The spin
of the brown dwarf, initially circulating around the only existing
Cassini state (red state in Fig. 2), adiabatically follows this state,
leading to a significant increase in its obliquity. In the absence
of tides, this increase is permanent and can drive the obliquity to
values close to 90° for Py > 2 day.

The obliquity of the primary, 8y, is also affected by the res-
onance crossing. Because the total angular momentum is nearly
conserved and §; < L, we generally have (Eq. (11))

cos By + g cos 8; = const. (26)

It follows that 6y must decrease as 6, increases. For the TOI-2119
system, the decrease in 6 is small since g < 1 as well.

In Fig. 3 (right), we show the secular spin evolution includ-
ing tides for both stars. There are two main differences relative
to the previous case. First, tides also modify the secondary rota-
tion period, driving it toward the pseudo-synchronous equilib-
rium at Py = 4.2 day (Eq. (E.5)) and thus delaying the resonance
encounter. Second, tides act directly on the obliquity, damping it
to near zero (e.g., Correia et al. 2016). As a result, although the
secondary’s obliquity, 6, is still excited by the spin—spin reso-
nance, the primary’s obliquity, 6y, continues to decrease owing to
tides. Once 6 is damped to nearly zero, the resonant equilibrium
can no longer be maintained, and 6, is also damped.

In Appendix F, we provide another example of a stellar
binary with two main-sequence stars, EBLM J2025-45. In this
case both stars undergo magnetic braking, which may give rise
to complementary obliquity excitation behaviors in the absence
of tides. However, when tides are included, the system evolves
in a way very similar to TOI-2119 (Figs. F.2 and E.3).

6. Discussion

In this Letter, we studied the dynamics of spin—spin coupling in
stellar binaries and its effect on their obliquities. We showed that
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Fig. 3. Secular spin evolution of the TOI-2119 binary stars as a function of time. We show the obliquity (top), rotation period (middle), and
precession frequency ratio (bottom). The primary and secondary spins are shown in blue and red, respectively. The left column shows the evolution
under magnetic braking alone, while the right column also includes tidal effects for both stars.

this mechanism can efficiently excite the obliquity of the sec-
ondary to high values even when the primary’s obliquity is small.
However, the resonant equilibrium breaks down as the primary’s
obliquity nears zero, owing to tidal dissipation.

Magnetic braking is the main driver of high-obliquity states,
while tidal damping acts against it. Although magnetic braking is
well constrained by observational studies (e.g., Gallet & Bouvier
2013), tidal dissipation in stars relies mostly on theoretical mod-
els and can vary by orders of magnitude depending on stel-
lar properties and age (e.g., Ogilvie 2014; Mathis 2015). More
efficient tidal damping may prevent high-obliquity states from
developing, whereas weaker dissipation may allow such states
to survive over the system’s lifetime.

The two examples shown, TOI-2119 and EBLM J2025-
45, are compact binaries (@ < 0.07 au), where tides are more
efficient. In wider binaries, magnetic braking is expected to
dominate the evolution, allowing high-obliquity states to per-
sist longer. However, the precession rates are then also slower
(Eq. (21)), making the resonant excitation less efficient.

Spin—spin resonances are most likely to occur during the
early stages of stellar evolution, when rotation is rapid and
evolves quickly, but the resulting high-obliquity states may per-
sist for Gyr. In our examples, we adopted initial rotation peri-
ods near resonance, so that the resonance crossing occurs after a
short time. Larger initial period ratios may delay or prevent the
onset of obliquity excitation.

Our results show that spin—spin coupling may play an impor-
tant role in shaping the diversity of spin—orbit angles observed in
young stellar binary systems.

Acknowledgements. We acknowledge support from FCT — Fundacdo para
a Ciéncia e a Tecnologia, I.P., Portugal, through the CFisUC project
UID/04564/2025 (with DOI identifier 10.54499/UID/04564/2025).

References

Albrecht, S., Reffert, S., Snellen, I. A. G., & Winn, J. N. 2009, Nature, 461, 373
Albrecht, S., Winn, J. N., Torres, G., et al. 2014, ApJ, 785, 83
Amard, L., Palacios, A., Charbonnel, C., et al. 2019, A&A, 631, A77

L10, page 4 of 7

Anderson, K. R., & Lai, D. 2021, ApJ, 906, 17

Anderson, K. R., Lai, D., & Storch, N. 1. 2017, MNRAS, 467, 3066

Boué, G., & Laskar, J. 2009, Icarus, 201, 750

Claret, A. 2023, A&A, 674, A67

Correia, A. C. M. 2009, ApJ, 704, L1

Correia, A. C. M. 2015, A&A, 582, A69

Correia, A. C. M. 2016, MNRAS, 457, L49

Correia, A. C. M., & Rodriguez, A. 2013, ApJ, 767, 128

Correia, A. C. M., Boué, G., & Laskar, J. 2016, Celest. Mech. Dyn. Astron., 126,
189

Delisle, J.-B., Laskar, J., Correia, A. C. M., & Boué, G. 2012, A&A, 546, A71

Doyle, L., Canas, C. I, Libby-Roberts, J. E., et al. 2025, MNRAS, 536, 3745

Dullin, H. R. 2004, Reg. Chaot. Dynam., 9, 255

Felce, C., & Fuller, J. 2023, MNRAS, 526, 6168

Fleming, D. P, Barnes, R., Davenport, J. R. A., & Luger, R. 2019, ApJ, 881, 88

Gallet, F., & Bouvier, J. 2013, A&A, 556, A36

Goldreich, P. 1966, Rev. Geophys. Space Phys., 4, 411

Henrard, J., & Lemaitre, A. 1983, Celest. Mech., 30, 197

Hurley, J. R., Tout, C. A., & Pols, O. R. 2002, MNRAS, 329, 897

Hut, P. 1981, A&A, 99, 126

Lai, D. 2014, MNRAS, 440, 3532

Leconte, J., Lai, D., & Chabrier, G. 2011, A&A, 528, A4l

Marcussen, M. L., Albrecht, S. H., Winn, J. N., et al. 2024, ApJ, 975, 149

Mathis, S. 2015, A&A, 580, L3

Matt, S. P, Brun, A. S., Baraffe, 1., Bouvier, J., & Chabrier, G. 2015, ApJ, 799,
L23

Ogilvie, G. I. 2014, ARA&A, 52, 171

Patel, R., Penev, K., & Schussler, J. 2023, MNRAS, 524, 5575

Penev, K., Jackson, B., Spada, F., & Thom, N. 2012, ApJ, 751, 96

Petit, A. C. 2021, Celest. Mech. Dyn. Astron., 133, 39

Rebull, L. M., Stauffer, J. R., Cody, A. M., et al. 2018, AJ, 155, 196

Repetto, S., & Nelemans, G. 2014, MNRAS, 444, 542

Scholz, A., Moore, K., Jayawardhana, R., et al. 2018, ApJ, 859, 153

Sethi, R., Martin, D. V., Barker, A. J., et al. 2026, MNRAS, 547, stag454

Singer, S. F. 1968, Geophys. J. R. Astron. Soc., 15, 205

Skumanich, A. 1972, ApJ, 171, 565

Smart, W. M. 1953, Celestial Mechanics (London, New York: Longmans, Green)

Smith, C. L., Moe, M., & Kratter, K. M. 2024, AplJ, 975, 153

Song, H. F., Meynet, G., Maeder, A., et al. 2018, A&A, 609, A3

Spejcher, B., Martin, D. V., Pandina, J., et al. 2025, ArXiv e-prints
[arXiv:2511.23430]

Ward, W. R., & Hamilton, D. P. 2004, AJ, 128, 2501

Wright, N. J., Newton, E. R., Williams, P. K. G., Drake, J. J., & Yadav, R. K.
2018, MNRAS, 479, 2351

Zapatero Osorio, M. R., Martin, E. L., Bouy, H., et al. 2006, ApJ, 647, 1405


https://doi.org/10.54499/UID/04564/2025
http://linker.aanda.org/10.1051/0004-6361/202660175/1
http://linker.aanda.org/10.1051/0004-6361/202660175/2
http://linker.aanda.org/10.1051/0004-6361/202660175/3
http://linker.aanda.org/10.1051/0004-6361/202660175/4
http://linker.aanda.org/10.1051/0004-6361/202660175/5
http://linker.aanda.org/10.1051/0004-6361/202660175/6
http://linker.aanda.org/10.1051/0004-6361/202660175/7
http://linker.aanda.org/10.1051/0004-6361/202660175/8
http://linker.aanda.org/10.1051/0004-6361/202660175/9
http://linker.aanda.org/10.1051/0004-6361/202660175/10
http://linker.aanda.org/10.1051/0004-6361/202660175/11
http://linker.aanda.org/10.1051/0004-6361/202660175/12
http://linker.aanda.org/10.1051/0004-6361/202660175/12
http://linker.aanda.org/10.1051/0004-6361/202660175/13
http://linker.aanda.org/10.1051/0004-6361/202660175/14
http://linker.aanda.org/10.1051/0004-6361/202660175/15
http://linker.aanda.org/10.1051/0004-6361/202660175/16
http://linker.aanda.org/10.1051/0004-6361/202660175/17
http://linker.aanda.org/10.1051/0004-6361/202660175/18
http://linker.aanda.org/10.1051/0004-6361/202660175/19
http://linker.aanda.org/10.1051/0004-6361/202660175/20
http://linker.aanda.org/10.1051/0004-6361/202660175/21
http://linker.aanda.org/10.1051/0004-6361/202660175/22
http://linker.aanda.org/10.1051/0004-6361/202660175/23
http://linker.aanda.org/10.1051/0004-6361/202660175/24
http://linker.aanda.org/10.1051/0004-6361/202660175/25
http://linker.aanda.org/10.1051/0004-6361/202660175/26
http://linker.aanda.org/10.1051/0004-6361/202660175/27
http://linker.aanda.org/10.1051/0004-6361/202660175/27
http://linker.aanda.org/10.1051/0004-6361/202660175/28
http://linker.aanda.org/10.1051/0004-6361/202660175/29
http://linker.aanda.org/10.1051/0004-6361/202660175/30
http://linker.aanda.org/10.1051/0004-6361/202660175/31
http://linker.aanda.org/10.1051/0004-6361/202660175/32
http://linker.aanda.org/10.1051/0004-6361/202660175/33
http://linker.aanda.org/10.1051/0004-6361/202660175/34
http://linker.aanda.org/10.1051/0004-6361/202660175/35
http://linker.aanda.org/10.1051/0004-6361/202660175/36
http://linker.aanda.org/10.1051/0004-6361/202660175/37
http://linker.aanda.org/10.1051/0004-6361/202660175/38
http://linker.aanda.org/10.1051/0004-6361/202660175/39
http://linker.aanda.org/10.1051/0004-6361/202660175/40
https://arxiv.org/abs/2511.23430
http://linker.aanda.org/10.1051/0004-6361/202660175/42
http://linker.aanda.org/10.1051/0004-6361/202660175/43
http://linker.aanda.org/10.1051/0004-6361/202660175/44

Correia, A. C. M.: A&A, 711, L10 (2026)

Appendix A: Reference angles definition

orbit

equatof 1

Fig. A.1. Reference planes for the definition of the direction cosines.

Appendix B: Parameters of the binary systems

Table B.1. Adopted parameters for the binary systems TOI-2119
(Doyle et al. 2025) and EBLM J2025-45 (Spejcher et al. 2025). The
ages and the values of {; and k,; are estimated from stellar evolution
models (Leconte et al. 2011; Claret 2023; Sethi et al. 2026).

parameter TOI-2119 EBLM J2025-45
a [au] 0.0611 0.07061
e 0.3355 0.12651
my [me] 0.53 1.001
my [mp] 0.06145 0.224
Ro [Ro] 0.51 1.053
R [Re] 0.109 0.249
Py [day] 13.1 6.43
6o [°] 15.7 17.3
& 0.178 0.070
4| 0.210 0.205
ka0 0.213 0.028
ko1 0.340 0.300
age [Gyr] 0.7-5.1 6.3-10

Appendix C: Cassini states for §; << L
For binary systems, we usually have (Egs. (1), (2)),

2

Cith <1

i~ ()

Then, neglecting terms in ¢d; and 52, we rewrite Eq. (18) as

S
51 :Tl = (C.1)

Xo R Xy —q X — 01 (x*xl +u(l-— xi)l/z) R (C.2)
and so

dxg 24172

— | ~qu/x + 61 (xeu/x - (1= x2)'7) (C.3)
Ou v=0

Replacing in Eq. (25), we get for the Cassini states

U ® ao(xe—q X5) [que + 61 (xeue = x5(1 = x3)'2)], (C4)

where x{ = /1 —u2. This is a quartic equation in u., which
may have up to four real roots. To find them, we can use the
trigonometric relations,

(C5)

where 6, corresponds approximately to the initial 6y (Eq. (11)).
Replacing in Eq. (C.4), we get for the Cassini states,

u. =sinf., xj=cosf., and x,=cosb,,

a sin 6, cos B, ~ (cos O, — g cos HL.)[q sin @, + 0 sin(6, — 6*)] s

@
(C.6)
whose approximate roots are
01 8inf,(q = 0
6, ~ arctan 1 5in 04 (g & €05 6) , (C.7)
ay/ag + g% + gcos O,
and
q cos By
6, ~ +arccos| ————| . (C.8)
ai/ao + ¢

We also conclude that the high-obliquity states (Eq.(C.8)) are
only possible when

ai/ayg = q(cosby —q) . (C.9)

Appendix D: Magnetic braking

A star’s magnetic field couples to its surrounding ionized wind.
As the wind escapes, it extracts angular momentum from the
star, causing its rotation to slow down over time. This process,
known as magnetic braking, is particularly important in low-
and intermediate-mass stars, which possess substantial convec-
tive envelopes and are therefore able to sustain efficient mag-
netic dynamos. The efficiency of magnetic braking is commonly
parametrized in terms of the convective turnover timescale, 7;,
which depends on stellar mass'.
For 0.08 < m;/mg < 1.36, we adopt (Wright et al. 2018)

2

log;y 7i = 2.33 — 1.50 (ﬂ) +0.31 (—) , (D.1)
Mo

where 7; is expressed in days. For m; > 1.36 m, the convective

turnover timescale decreases steeply. Stellar evolution models

indicate that it drops by approximately two orders of magnitude

for m; ~ 2 mg (e.g., Amard et al. 2019).

The efficiency of magnetic braking also depends sensitively
on the Rossby number, R; = P;/7;. When the Rossby number
falls below a critical threshold, Ry, several indicators of mag-
netic activity appear to saturate, reaching an approximately con-
stant maximum value that is largely independent of R;. Follow-
ing Matt et al. (2015), we write Ry = Ro/x, where Ry is the
solar Rossby number and y =~ 10.

The magnetic-braking torque can then be written, for rapidly
rotating stars in the saturated regime (R; < Rys), as

3.1 0.5
. . (R, m; Q;
$i==So(=t) (2] H(oh) i
O(RO) (m®) & (QO) :

whereas for more slowly rotating stars in the unsaturated regime
(R; > Rs), we use

S'__S &3.1 ﬂ0.5 22 &3&
[ 0] Ro me To Q@ )

wherg To =~ 12.9 days is the solar convective turnover timescale,
and So ~ 6.3 x 102 J ~ 1.4 x 107'* mg au® yr~2 is a constant
calibrated against observations.

D.2)

(D.3)

' The convective turnover timescale is the time required for a convec-
tive element to traverse the stellar convection zone.

L10, page 5 of 7



Correia, A. C. M.: A&A, 711, L10 (2026)

Appendix E: Tidal evolution

Tidal effects arise from the differential and inelastic deformation
of each star under the gravitational forcing of its companion.
Because the stars are not perfectly rigid, this perturbation pro-
duces a distortion that gives rise to a tidal bulge. The dissipation
of mechanical energy inside the star introduces a time delay, Az,
between the initial perturbation and the resulting deformation.
As a consequence, the companion exerts a torque on the tidal
bulge, which modifies the spin and the orbit.

The exact dependence of A¢ on the frequency of the tidal
perturbation is unknown, because it depends on stellar proper-
ties and age (e.g., Ogilvie 2014). For simplicity, we adopt here a
model with constant Az, which can be made linear (Singer 1968;
Hut 1981). The equations of motion are (e.g., Correia 2009)

. s; +cosb; k Q;
S; = —nk; [fl(e)TF - fale) k] , (E.1)
. s; +cos8; k Q;
L=} nk, [ﬁ(e)—— - f(e) k] , (B2)
i=0,1 2 n
2K; Q;
a= — | fale) cos ;— — fi(e)| , (E.3)
5 Ba n
with
3GRImy,_,
K; = — koiAt; (E4)
a

and ¢ = 1 — L?/(B%ua), fi(e) = (1 + 3¢ + 3¢*/8)/(1 — €*)°/2,
fole) = (1 + 15¢%/2 + 45¢* /8 + 5¢°/16) /(1 — €2)°, fs(e) = (1 +
31e%/2 +255¢%/8 + 185e°/16 + 25¢%/64) /(1 — €2)1>/2,

Tidal dissipation in stars can vary by several orders of magni-
tude (e.g., Mathis 2015). Observational constraints on the mean
tidal quality factor in eclipsing binaries suggest 10° < Q < 107
(e.g., Patel et al. 2023), while the distribution of close-in exo-
planets around Sun-mass stars gives Q 2 107 (e.g., Penev et al.
2012). We therefore assume here At; = 0.05 sec for m; < 0.8 mg
and Af; = 0.005 sec for m; > 0.8 mg, which correspond to
Q; ~ 10° and Q; ~ 107, respectively, using Ql.‘1 = nAt;.

The equilibrium spin is reached when S; = 0 (Eq. (E.1)), that
is, for (e.g., Correia 2009)

% _ fale) 2cos6;
n fi(e) 1+cos?6;’

(E.5)

which is also known as pseudo-synchronous rotation. The cor-
responding timescale is 7g,in ~ C;/K;, whereas for the circu-
larization of the orbit we get Ton, ~ Ba®/K;. For both Sys-
tems in Table B.1, we obtain 74, ~ 1 Gyr for the primary,
Tepin ~ 100 Myr for the secondary, and 744, ~ 100 Gyr.

Appendix F: Application to EBLM J2025-45

As a complementary example of obliquity excitation, we con-
sider here the EBLM J2025-45 binary system (Spejcher et al.
2025), which is composed of a Sun-like G-type primary and an
M-type secondary main-sequence stars (Table B.1).

For guidance, in Fig. F.1, we plot the Cassini states for the
EBLM J2025-45 system as a function of the rotation period ratio,
Py/P;. This picture is similar to that of TOI-2119 (Fig. 2). For
Py/P; < 1, there is only one stable state at nearly zero obliquity.
For Py/P; 2 1, the obliquity of the original state increases to
high values, while two additional states appear.
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Fig. F.1. Cassini states as a function of the rotation period ratio, Py/P;,
for the EBLM J2025-45 system (Table B.1) with P, = 2 day. These
equilibria are obtained by solving Eq. (25).

Observational studies of young low-mass stars in the range
0.15 - 1.5 mg show rotation periods spanning 0.2 — 30 day, peak-
ing near 2 day (Rebull et al. 2018). In a first experiment, we thus
adopt initial rotation periods of Py = 1.5 day for the primary and
Py = 2.0 day for the secondary (Fig. F.2). In a second experi-
ment, we swap these values, adopting Py = 2.0 day for the pri-
mary and P; = 1.5 day for the secondary (Fig. F.3). For the ini-
tial obliquities, we use the currently observed value 6, = 17.3°
for the primary and arbitrarily set 6; = 5° for the secondary.

In Fig. F.2 (left), we show the secular spin evolution of both
stars under magnetic braking alone. We initially have Py < P;
and the rotation period of the secondary, P, varies more slowly
than that of the primary, Py. As a result, the rotation periods
of both stars become equal after a short time, bringing the sys-
tem into resonance. The obliquity of the secondary, 6;, then
increases, following the high-obliquity Cassini state (red state
in Fig. F.1), while the obliquity of the primary, 6, decreases
(Eq. (26)). The obliquity of the secondary peaks around 60°, cor-
responding to a maximum period ratio Py/P;. As the G-type star
spins down, it enters the unsaturated regime, where magnetic
braking is less efficient (Eq. (D.3)). At that point, the ratio Py/P;
begins to decrease, also leading to a decrease in 6, (red state in
Fig. F.1). When Py/P; < 1, the system moves out of resonance,
since there is only one Cassini state left.

In Fig. F.2 (right), we show the secular spin evolution includ-
ing tides for both stars. Tides raised in the secondary are very
efficient, so its rotation period increases much faster than in the
absence of tides. Yet, after some time, the secondary’s rotation
period stabilizes at P; = 6.2 day, near the pseudo-synchronous
equilibrium (Eq. (E.5)), allowing it to be caught up with the pri-
mary’s rotation period. Then, the system enters in resonance,
and 6, is excited, while 6) decreases owing to tides. Once 6
is damped to nearly zero, the resonant equilibrium can no longer
be maintained, and 6, is also damped in a way very similar to
that observed for the TOI-2119 system (Fig. 3).

In Fig. F.3 (left), we show the secular spin evolution of both
stars under magnetic braking alone. In this case, we initially
have Py > Pj, and so there is no resonance crossing at early
times. However, as the G-type star enters the unsaturated regime,
the evolution of its rotation period slows down, allowing P; to
catch up with Py. At that point, the system crosses the resonance,
but with a decreasing ratio Py/P;. That is, before the resonant
encounter, the system circulates around a low-obliquity Cassini
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P (day)

time (Gyr)

Fig. F.2. Secular spin evolution of the EBLM J2025-45 binary stars as a function of time, starting with Py = 1.5 day and P, = 2.0 day. We show
the obliquity (top), rotation period (middle), and precession frequency ratio (bottom). The primary and secondary spins are shown in blue and red,
respectively. The left column shows the evolution under magnetic braking alone, while the right column also includes tidal effects for both stars.

magnetic braking only
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Fig. F.3. Secular spin evolution of the EBLM J2025-45 binary stars as a function of time, starting with Py = 2.0 day and P, = 1.5 day. We show
the obliquity (top), rotation period (middle), and precession frequency ratio (bottom). The primary and secondary spins are shown in blue and red,
respectively. The left column shows the evolution under magnetic braking alone, while the right column also includes tidal effects for both stars.

state (green state in Fig. F.1). Then, this state disappears, and the
system must circulate around the only remaining Cassini state
(red state in Fig. F.1). Nevertheless, although in this case reso-
nant capture is not possible, the obliquity of the secondary is still
slightly excited by about 5°.

In Fig. F.3 (right), we show the secular spin evolution includ-
ing tides for both stars. Although we initially have Py > Py,

tides raised in the secondary allow P; to increase faster than
Py. The system then crosses the resonance with an increasing
ratio Py/P;, allowing resonant capture and subsequent excita-
tion of #;. Once 6, is damped to nearly zero owing to tides,
the resonant equilibrium is broken, and 6, is also damped in
a way very similar to that observed for the TOI-2119 system
(Fig. 3).
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