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ABSTRACT

Radiation is crucial not only for observing astrophysical objects, but also for transporting energy and momentum. However, accurate
on-the-fly radiation transport in astrophysical simulations is challenging and computationally expensive. Here we introduce AREPO-
IDORT (implicit discrete ordinate radiation transport), a scheme coupled to the explicit magnetohydrodynamic (MHD) solver in the 3D
moving-mesh code AREPO. The discrete ordinate scheme means that we directly solve the specific intensities in discrete directions.
We solve the time-dependent relativistic radiation transport equation via an implicit Jacobi-like iterative finite-volume solver, which
overcomes the small radiation time-steps needed by explicit methods. Compared to commonly used moment-based methods, such
as flux-limited diffusion (FLD) or M1 closure, this scheme has the advantage of correctly capturing the directions of radiation in
both optically thick and thin regions. It is based on the scheme developed for the adaptive mesh refinement code ATHENA++, but
we generalise the scheme to support (1) an unstructured moving-mesh, (2) local time-stepping, and (3) general equations of state.
We show various test problems that commonly used moment-based methods fail to reproduce accurately. To apply the scheme to
a real astrophysics problem, we show the first global 3D radiation hydrodynamic simulation of the entire convective envelope of
a red supergiant star. We even marginally resolve the photosphere, which is a known challenge for global 3D simulations of stars.
For this problem, the radiation module only takes less than half of the total computational cost. Our current scheme assumes grey
radiation, is first-order accurate in both time and space, and is memory-intensive (especially for large cosmological simulations), but
we discuss potential avenues for future improvements. We expect that our scheme will enable more accurate multi-scale radiation MHD
simulations involving supersonic bulk motions, ranging from planet formation in protoplanetary disks, stars and associated transients,
to accretion flows near black holes.
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1. Introduction

Radiation plays an essential role in most astrophysical problems.
Even in this era of multi-messenger astronomy, electromagnetic
radiation is still the dominant way for us to observe astro-
physical objects via photometry, spectroscopy, polarimetry, or
interferometry. More importantly, radiation interferes with the
dynamics of matter through emission, absorption, and scatter-
ing. Photons exchange energy with matter in the form of heating,
cooling, photoionisation and photodissociation, and exchange
momentum with matter via radiation pressure or radiation force
(Mihalas & Mihalas 1984). Radiative heating and cooling deter-
mines the thermodynamics and thickness of most astrophysical
disks and streams, and significantly alters gas dynamics; for
example, substructures in protoplanetary disks (Zhang et al.
2024), protostar accretion or mass-transferring binary stars
(Geroux et al. 2016), circularisation of the stellar debris in tidal
disruption events (Hayasaki et al. 2016), and circumbinary-disk
accretion onto supermassive black hole binaries (Tiwari et al.
2025). Ionising radiation regulates star formation and thermody-
namics of the intergalactic medium, thereby controlling galaxy
formation, especially at high redshifts (Borrow et al. 2023).
Under certain conditions, radiation forces dominate the dynam-
ics, driving outflows in cool (Habing 1996) and hot stars (Castor
et al. 1975), active galactic nuclei (AGNs; Murray et al. 1995),
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and super-Eddington accretion flows around compact objects
(Jiang & Dai 2024). For many complex astrophysical scenarios,
it is therefore crucial to perform multi-dimensional numerical
simulations with (magneto)hydrodynamics (MHD) fully cou-
pled with accurate radiation transport to understand the physical
processes and provide accurate predictions for the observables.

Radiation transport in radiation MHD (RMHD) simulations
is difficult for three reasons caused by the vast range of scales
and quantities involved. (1) Dimension: The radiation field is not
only a function of space and time, but also direction and fre-
quency (Mihalas & Mihalas 1984). This means that if we aim to
extend any existing MHD simulation to a full RMHD simulation,
the number of numerical quantities will expand at least by one to
two orders of magnitude. This poses a major challenge not only
for calculating those quantities, but also for saving them with
limited computational power and memory storage (Jiang et al.
2014). (2) Length-scale: The mean free path of photons gener-
ally differs from the length-scale of MHD processes by many
orders of magnitude. When the photon mean free path is much
larger than the length-scale of gas, matter is transparent to light
(‘optically thin’), and photons can travel freely at the speed of
light. At the other extreme, when the photon mean free path is
much smaller than the length-scale of gas, matter is opaque to
light (‘optically thick’), and photons are frequently absorbed and
re-emitted or scattered, resulting in a diffusive random-walk of
photons. An even more challenging regime is the transition zone
from optically thick to optically thin, from which the observed
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Table 1. Summary and comparison of radiation transport methods.

Category Particle Ray Fluid Ray-fluid hybrid

=⇒

Method name Monte Carlo Ray-tracing Flux-limited diffusion Variable Eddington tensor
Characteristics M1 closure Discrete ordinate

Physics

Accurate direction ✓ ✓ × ✓
of radiation? (τ ≲ 1)

Accurate at different × ✓ × ✓
optical depths τ? (τ ≫ 1) (τ ≲ 1)

Time-and- ✓ × ✓ ✓
velocity-dependent?

Detailed microphysics ✓ × × ×
(e.g. anisotropic scattering)?

Known difficulties
Poisson noise; Filling shadows;
Slow transport Ray-effect ∗ Merging crossing beams; Ray-effect ∗

(τ ≫ 1) (τ ≪ 1) Colliding radiation fronts (τ ≪ 1)

Computational cost for a sophisticated grey 3D simulation (1= comparable to hydro, order-of-magnitude estimate)

Relative cost ×100 ×10 ×1 ×10

Implementation in AREPO

AREPO module name AREPO-MCRT a Sweep b AREPO-RT c AREPO-IDORT (This work) d

Notes. See the main text for details. For a summary of codes using different methods, see e.g. Wünsch (2024). (∗)Artificial radiation peaks in
discrete directions if the number of discretised angles is insufficient; see e.g. Fig. 16. (a) Smith et al. (2020). (b)Peter et al. (2023, 2025); see also
Greif (2014); Jaura et al. (2018, 2020). (c)Kannan et al. (2019); Zier et al. (2024a); see also Bauer et al. (2015). (d)see also Petkova & Springel (2011)
for a semi-implicit source-dependent variance of the discrete ordinate method.

light escapes. An accurate radiation transport scheme is expected
to capture the physics correctly in all those three regimes, despite
the significant differences in physics and mathematical proper-
ties of the equation (Stone et al. 1992; Teyssier 2015; Jiang 2021).
(3) Timescale: In the optically thin regime, radiation travels at
the speed of light, which is orders of magnitude larger than the
gas speed for non-relativistic simulations. Furthermore, typically
in the optically thick regime, the heating and cooling can change
the energy content of the plasma at a timescale faster than the
normal MHD processes, which poses a numerical challenge in
coupling the radiation and gas (Teyssier 2015).

Given the three challenges, one has to make a tradeoff
between speed and accuracy for radiation transport methods in
RMHD simulations. Motivated by the wave-particle duality of
photons, and geometrical optics, we broadly separate those meth-
ods into three categories (see also Wünsch 2024), namely to treat
radiation as (1) particles, (2) rays, or (3) fluids, as summarised in
Table 1.

The particle description primarily refers to Monte Carlo radi-
ation transport (see e.g. Noebauer & Sim 2019, for a review),
which generates randomly sampled photon packets and fol-
lows them as they propagate through matter. It is often used
for post-processing simulations to make predictions for observ-
ables, where detailed microphysics such as scattering and line
transport are important (Noebauer & Sim 2015). But Monte
Carlo radiation transport has not been a mainstream method for

multi-dimensional RMHD simulations due to Poisson noise and
slow propagation of photon packets in optically thick regions
(Nayakshin et al. 2009; Camps & Baes 2018).

The ray description integrates intensities along straight lines,
analogous to the rays of light. This is done by interpolating
between cell centres and their projections on the rays (Stone
et al. 1992; Freytag et al. 2012). In typical forward ray-tracing
methods, the rays originate from each radiation source and end
at the simulation boundaries or at the points where the radiation
is completely absorbed (Abel & Wandelt 2002; Wise & Abel
2011). For a small number of radiation sources (e.g. some cases
in star formation), forward ray-tracing is efficient to calculate
heating, cooling, ionisation, and so on (Abel & Wandelt 2002;
Wise & Abel 2011). However, for a large number of radiation
sources, or when every cell is effectively a radiation source, other
methods are more efficient. In contrast to forward ray-tracing,
‘short characteristics’ creates rays from active cell points and
traces them only to nearby active mesh points (Stone et al. 1992;
Mellema et al. 2006; Davis et al. 2012; Freytag et al. 2012). This
method is more diffusive than others and trades accuracy for sta-
bility (Stone et al. 1992; Davis et al. 2012; Freytag et al. 2012),
because multiple interpolations are needed between cell centres
and their projections on the rays. But the calculations are com-
pletely local, which makes the scheme faster than others (Stone
et al. 1992; Mellema et al. 2006; Davis et al. 2012). These ray-
based methods perform reasonably well in both optically thick
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and thin media, but the huge number of radiation quantities that
need to be calculated is still an issue (Abel & Wandelt 2002).

The fluid description of radiation transport, also known as
the moment-based method, does not calculate the intensities but
the radiation energy density, Er, radiation flux, Fr, and radia-
tion pressure tensor, Pr. This drastically reduces the number of
radiation quantities to be calculated and saved, albeit at the price
of making assumptions of the relations between Er, Fr, and Pr.
The simplest method is flux-limited diffusion (FLD; Levermore
& Pomraning 1981), which treats the radiation as a diffusion
problem, whereby the radiation flux is always directed along
the gradient of radiation energy density. A more sophisticated
method is M1 closure (Levermore 1984), which solves for Er and
Fr simultaneously, but still uses analytical approximations for
the Eddington tensor, fEdd ≡ Pr/Er, to reproduce the asymptotic
limits in both optically thick and thin regimes. Both approaches
have limitations. Due to the diffusion description, FLD can-
not cast shadows, since the radiation field will diffuse into the
shadow (Menon et al. 2022). The approximated Eddington tensor
of M1 causes the light to behave as a fluid, resulting in nonphys-
ical phenomena such as two crossing radiation beams merging
into one because the radiation is forced to only have one distin-
guished direction at one location (Sądowski et al. 2013), creating
artificial shocks when two radiation fronts meet (Thomas &
Pfrommer 2022), or generating unsteady vortices resembling the
Karman vortex street in the shadows (Menon et al. 2022). It is
also not clear whether FLD and M1 can correctly capture the
radiation field in the transition zone between optically thick and
thin regimes (Mihalas & Mihalas 1984). In particular for M1, it
has been shown that the Eddington tensor near the photosphere
is always overestimated in the radiating homogeneous sphere
test (Smit et al. 1997; O’Connor 2015; Murchikova et al. 2017;
Anninos & Fragile 2020).

A way to combine the advantages of different methods is to
solve the radiation transport problem twice using two methods.
This is demonstrated using the variable Eddington tensor (VET)
scheme (e.g. Stone et al. 1992; Jiang et al. 2012; Menon et al.
2022), which solves for fEdd using another radiation transport
method (ray-based short characteristics in practice), and then
solves for both Er and Fr as in the moment-based methods.

Along these lines, in recent years, a novel discrete ordinate
radiation transport method has emerged in computational astro-
physics, credited to the continuous efforts by Jiang et al. (2014)
and Jiang (2021, 2022). This method resembles ray-based short
characteristics, as it discretises the radiation field in angular
space and solves for intensities in each direction. The calcula-
tions are locally confined within neighbouring cells during each
iteration. It also resembles the moment-based methods, as it
solves the time-dependent radiation transport equation, taking
into account the Lorentz transformation and isotropic scattering.
The intensities can be calculated using the same mesh as MHD
in a finite-volume manner as one solves for energy in the mesh-
based MHD simulation, which avoids the interpolation-induced
diffusion in the ray-based methods. This method shares the
same features of ray-based methods and the moment-based VET
scheme, in that (1) it performs well at all optical depths, and (2)
it is relatively computationally expensive and memory-intensive.
Compared to the VET scheme, it does not solve the radiation
transport twice but only once; therefore, it is more physically
self-consistent. The semi-implicit version of this method (Jiang
et al. 2014) has been generalised for moving-mesh codes (Chang
et al. 2020), and the fully implicit version (Jiang 2021, here-
after J21) has been generalised for general relativity (White et al.
2023).

All of those methods face a similar timescale challenge, in
that (1) the light propagates much faster than the plasma in opti-
cally thin regime, and (2) the energy exchange between radiation
and gas happens much faster than the propagation of fast MHD
waves in an optically thick regime. These two timescale dif-
ferences correspond to the transport terms and source terms in
the radiation transport equation, respectively. Therefore, a fully
explicit time integration whereby the radiation module and MHD
module share the same timestep is often not adequate in RMHD
simulations. A way to circumvent this for the transport terms is to
adopt a reduced speed-of-light approximation with sub-cycling.
This approach reduces the speed of light in radiation transport
to increase the radiation timestep allowed by explicit time inte-
gration, while keeping the hierarchy of different timescales (e.g.
Skinner & Ostriker 2013). However, great caution is needed to
use this approximation (Gnedin 2016), which sometimes leads to
significant errors (Deparis et al. 2019; Ocvirk et al. 2019; Cain
2024). Alternatively, one can adopt an implicit scheme for the
transport terms, which leaps backwards in time and attempts to
predict the quantities at the end of the timestep. Besides the
transport terms, the source terms also need special treatments,
since the temperature field or thermochemistry often needs to be
solved simultaneously with the radiation field because they are
strongly coupled together (Sekora & Stone 2010; Rosdahl et al.
2013; Jiang et al. 2012, 2014; Kannan et al. 2019; Jiang 2021).
Those source terms can also be dealt with either explicitly with
sub-cycling (e.g. Rosdahl et al. 2013; Zier et al. 2024a) or implic-
itly (e.g. Jiang et al. 2014; Kannan et al. 2019). Generally, implicit
methods are conceptually more complex and require a more
sophisticated scheme to perform well in parallel computing, but
they generally gain in accuracy and stability.

Besides accurate radiation transport, most complex astro-
physical systems demand a wide length-scale and timescale
range to be covered in one single simulation, which is often
very challenging. In this work, we focus on the 3D moving-mesh
MHD code AREPO (Springel 2010; Pakmor et al. 2011, 2016;
Weinberger et al. 2020). It was initially designed for cosmologi-
cal simulations of galaxy formation (e.g. IllustrisTNG; Springel
et al. 2018; Pillepich et al. 2018; Nelson et al. 2018; Naiman et al.
2018; Marinacci et al. 2018). This was made possible largely due
to the unique features of AREPO: (1) Voronoi mesh construction
with arbitrary refinement and de-refinement criterion; (2) local
time-stepping, whereby different parts of the simulation can take
different timesteps according to local conditions, while con-
serving the total energy and momentum; and (3) moving-mesh,
whereby the mesh follows the gas velocity in a quasi-Lagrangian
way. These three features facilitate global 3D (M)HD simula-
tions for astrophysical systems of arbitrary geometry involving
highly supersonic flows and multi-scale resolutions both in space
and time.

Therefore, besides galaxy formation, the AREPO code has
also shown unique potential for simulating other multi-scale sys-
tems, sometimes with supersonic speeds, such as planet-disk
interactions (Muñoz et al. 2014), disk instability and circumbi-
nary disks (Zier & Springel 2022b, 2023; Muñoz et al. 2019;
Siwek et al. 2023), binary star interactions (Ohlmann et al. 2016;
Schneider et al. 2019; Ryu et al. 2024a), neutron star mergers
(Lioutas et al. 2024), type Ia and core-collapse supernovae (Chan
et al. 2018; Pakmor et al. 2022), tidal disruption events (Goicovic
et al. 2019; Ryu et al. 2024b; Vynatheya et al. 2024), star forma-
tion (Mocz et al. 2017; Mayer et al. 2025), multiphase gas (Sparre
et al. 2019; Das et al. 2025), and AGN jets (Bourne & Sijacki
2017; Weinberger et al. 2017; Talbot et al. 2024). An extreme
case of the vast length-scale AREPO can simulate within one
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single simulation is presented in Morán-Fraile et al. (in prep.),
for double-detonated white dwarfs, covering a length-scale hier-
archy of more than six orders of magnitude, comparable to the
most radical simulations by GIZMO (Hopkins et al. 2024) or
AthenaK (Guo et al. 2023). It is therefore promising to use
AREPO as a general-purpose RMHD code to simulate the afore-
mentioned problems, where radiation influences the multi-scale
dynamics.

So far, multiple radiation transport modules have been imple-
mented in AREPO, as summarised in the last row of Table 1.
These include a semi-implicit source-dependent discrete ordi-
nate method (Petkova & Springel 2011), an explicit source-
dependent ray-tracing method (Greif 2014), an explicit short
characteristics method (SPRAI; Jaura et al. 2018, 2020), a time-
independent discrete ordinate method (Sweep; Peter et al. 2023,
2025), an explicit moment-based M1 closure (Bauer et al. 2015),
a semi-implicit moment-based M1 closure (AREPO-RT; Kannan
et al. 2019; Zier et al. 2024a), and a semi-implicit Monte-Carlo
method (AREPO-MCRT; Smith et al. 2020). However, all of
the current radiation transport modules in AREPO are spe-
cialised in treating ionising radiation for either star formation
or cosmological simulations, and therefore with thermochem-
istry often hard-coded to couple with radiation transport. This
makes it difficult to use existing radiation modules to deal with
general astrophysical problems. Also, current implementations
are not applicable for some problems; for example, when there
are too many radiation sources, intersecting radiation fronts, or
radiation-dominated flows.

It is therefore clear that a new implementation is needed to
push forwards AREPO towards a general-purpose 3D moving-
mesh RMHD code, where radiation transport is treated accu-
rately in all regimes with minimal assumptions. In this paper
we introduce AREPO-IDORT, an implicit discrete ordinate radi-
ation transport fully compatible with all the main features of
AREPO. To this end, we generalise the implicit discrete ordinate
radiation transport scheme developed by J21 for the 3D adap-
tive mesh refinement finite-volume code ATHENA++ (Stone
et al. 2020). The reasons we choose this method are: (1) it pro-
duces accurate results across all optical depths; (2) it is fully
implicit, and therefore does not suffer from artefacts introduced
by the reduced speed-of-light approximation; (3) it exploits a
finite-volume approach, which can be easily generalised to an
unstructured mesh, compared to, for example, ray-based meth-
ods; and (4) it has been successfully applied to a wide range
of problems, which aligns with our intention for a general-
purpose code. Examples using the J21 method include, but are
not limited to, planet formation (Zhu et al. 2021), protoplane-
tary disks (Zhang et al. 2024), stellar envelopes (Goldberg et al.
2022a), supernovae (Goldberg et al. 2022b), neutron star accre-
tion (Zhang et al. 2022), tidal disruption events (Huang et al.
2023), AGN disks (Chen et al. 2023), and circumbinary disks
(Tiwari et al. 2025).

We improve the scheme by J21 in multiple aspects by
supporting: (1) an unstructured moving mesh, (2) local time-
stepping, and (3) general equations of state. Our scheme also
achieves a fast performance. In Sect. 2 we derive the radiation
transport equations from first principles with minimal assump-
tions. We describe the grey radiation transport scheme in Sect. 3,
in which we summarise the flow of our scheme in Sect. 3.5
for direct usage. In Sect. 4 we present extensive test problems
covering all regimes of optical thickness and dominant energy
content, with a special focus on the performance of the scheme
on an unstructured moving mesh with local time-stepping. We
then show a global 3D radiation hydrodynamic model of a red

supergiant star in Sect. 5, which for the first time covers the entire
convective envelope, while resolving the radiation flux near the
photosphere. Finally, we discuss the caveats of our scheme and
future plans to improve and generalise it further in Sect. 6. We
summarise and conclude in Sect. 7 and point out additional
possible applications of our new scheme in different fields of
astrophysics that very few existing codes can simulate efficiently.

2. Basic equations

In this section, we review the equations involved in the radiation
transport processes. We first state the general forms of radia-
tion transport equations in Sect. 2.1. Then in Sect. 2.2, assuming
isotropic scattering and a Planck source function, we derive the
radiation transport equations used to develop our scheme. Radia-
tion is coupled to the total energy and momentum of the system,
along with the MHD and gravitational processes. Therefore, we
describe the equations of RMHD in Sect. 2.3. Definitions of the
main variables are provided in Table 2.

2.1. General equations of radiation transport

The general form of the radiation transport equation is

∂Iν
∂t
+ cn · ∇Iν = c(ην − χνIν), (1)

where Iν is the specific intensity at the frequency ν along the
direction given by the unit vector n, t the time, and c the speed
of light. The emissivity, ην, and the extinction coefficient, χν,
here are defined in the rest frame. Adopting the convention that
the source function is S ν ≡ ην/χν and the opacity is κν ≡ χν/ρ,
where ρ is the fluid density, this equation can be written as

∂Iν
∂t
+ cn · ∇Iν = cρκν(S ν − Iν) . (2)

Since the source function and the opacity are often given in
the frame comoving with the fluid at a velocity u, it is natu-
ral to convert quantities to the comoving frame (denoted with a
prime ′) by the Lorentz transformation (Mihalas & Mihalas
1984)

I′ν′ (n′) = Γ3Iν(n) , (3)

S ′ν′ = Γ
3S ν , (4)

κ′ν′ = Γ
−1κν , (5)

ν′ = Γν , (6)

n′ = Γ−1
(
n− 1 + Γ

1 + γ
γβ

)
, (7)

where

β = u/c , (8)

γ = 1/
√

1 − β2 , (9)

Γ(n, u) ≡ γ (1 − n · β) . (10)

Therefore, the radiation transport equation in a mixed-frame
expression reads

∂Iν
∂t
+ cn · ∇Iν = cρκ′ν′Γ

−2(S ′ν′ − I′ν′ ). (11)
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Table 2. Main variable definitions.

Symbol Description Definition Discretised form

Astrophysical constants

c Speed of light
h Planck constant
kB Boltzmann constant
a Radiation constant 8π5k4

B/(15c3h3)

Subscripts and superscripts

q′ Quantity q in the comoving frame of the gas
qi Quantity q in the ith mesh cell
qi j Quantity q at the face between the ith and jth mesh cell
qn Quantity q in the nth radiation direction
qm Quantity q at the mth timestep
ql Quantity q at the lth iteration

Gas quantities

ρ Gas density
T Gas temperature
eg Gas specific internal energy
u Gas velocity

Radiation quantities (in the lab frame)

ν Frequency
Iν Specific intensity
n Unit vector of radiation direction nn

dΩ Differential of the solid angle 4πwn

I Frequency-integrated specific intensity In,i

IV Frequency-integrated specific intensity integrated over cell volume (IV)n,i

J Frequency-integrated zeroth moment of the specific intensity
∫

IdΩ/(4π)
∑

n In,iwn

Er Radiation energy density
∫

IdΩ/c (4π/c)
∑

n In,iwn

Fr Radiation flux
∫

IndΩ 4π
∑

n In,innwn

Pr Radiation pressure tensor
∫

InndΩ/c (4π/c)
∑

n In,innnnwn

B Frequency-integrated Planck function caT 4/(4π)
κE Energy-weighted mean of the absorption opacity Eq. (22)
κF,a Flux-weighted mean of the absorption opacity Eq. (23)
κs Scattering opacity Eq. (24)
κP Planck mean of the absorption opacity Eq. (21)
κR Rosseland mean of the absorption opacity Eq. (26)

Quantities of the moving mesh

Vi Volume of the mesh cell i
∆Ri Radius of the mesh cell i [Vi/(4π/3)]1/3

Ai j Area vector pointing from the mesh cell i to j
µi j Unit vector pointing from the mesh cell i to j
ui Velocity at the mesh-generating point in the cell i
ui j Velocity of the face between mesh cells i and j
∆ti Timestep of the mesh cell i
∆ti j Timestep for the flux exchange at the face between mesh cells i and j min(∆ti,∆t j)

The zeroth-, first-, and second-moment of Iν are related to the
radiation energy density, radiation flux, and radiation pressure
tensor at each frequency via

Eν ≡ 1
c

∫
IνdΩ, Fν ≡

∫
IνndΩ, Pν ≡ 1

c

∫
IνnndΩ, (12)

respectively, whereΩ is the solid angle. Their counterparts in the
comoving frame are

E′ν′ ≡
1
c

∫
I′ν′dΩ

′ , F′ν′ ≡
∫

I′ν′n
′dΩ′, P′ν′ ≡

1
c

∫
I′ν′n

′n′dΩ′, (13)
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where

dΩ′ = Γ−2dΩ . (14)

The corresponding frequency-integrated quantities are
defined as

I =
∫

Iνdν , Er =

∫
Eνdν , Fr =

∫
Fνdν, Pr =

∫
Pνdν. (15)

By integrating over the frequency, the radiation transport equa-
tion becomes

∂I
∂t
+ cn · ∇I = cρΓ−3

∫ [
κ′ν′ (S

′
ν′ − I′ν′ )

]
dν′. (16)

2.2. Radiation transport equations under assumptions

For the rest of this work, we assume:
1. Isotropic and coherent scattering in the comoving frame;
2. That the source function is the Planck function;
3. That the fluid is moving at a non-relativistic speed (β ≪ 1).
Under the first two assumptions, the source terms on the right
hand side of the radiation transport equations can be further
expressed in terms of scattering opacity κ′ν′,s, absorption opacity
κ′ν′,a, Planck function B′ν′ , and the zeroth moment

J′ν′ =
∫

I′ν′dΩ
′/(4π) = cE′ν′/(4π), (17)

which gives

∂I
∂t
+ cn ·∇I = cρΓ−3

∫ [
κ′ν′,s(J′ν′ − I′ν′ )+ κ

′
ν′,a(B′ν′ − I′ν′ )

]
dν′. (18)

Here, the Planck function is

B′ν′ =
2hν′3

c2

1
exp (hν′/kBT ) − 1

, (19)

where h is the Planck constant, kB is the Boltzmann constant,
and T is the local gas temperature. Integrated over frequencies,
this gives

B′ =
∫

B′ν′dν
′ =

caT 4

4π
. (20)

Here, a = 8π5k4
B/(15c3h3) is the radiation constant.

We define the frequency-integrated opacities as

κP ≡
∫
κ′ν′,aB′ν′dν

′∫
B′ν′dν′

, (21)

κE ≡
∫
κ′ν′,aE′ν′dν

′∫
E′ν′dν′

, (22)

κF,a,d ≡
∫
κ′ν′,aF′ν′,ddν′∫

F′
ν′,ddν′

, d = 1, 2, 3, (23)

κF,s,d ≡
∫
κ′ν′,sF

′
ν′,ddν′∫

F′
ν′,ddν′

, d = 1, 2, 3, (24)

where F′ν′,d is the component of the radiation flux in the dth
dimension. We further assume that

κF,a,d ≈ κF,a, κF,s,d ≈ κs, d = 1, 2, 3, (25)

where κF,a is the flux-weighted mean of the absorption opac-
ity and κs is the scattering opacity. These assumptions only
hold when the radiative fluxes of different frequencies are
pointing to the same direction. For a general case, better treat-
ment of opacities are needed; for example, multigroup or direct
frequency-dependent calculations.

In the optically thick regime where local thermal equilib-
rium (LTE) and radiative diffusion are good approximations, the
energy-weighted opacity equals to the Planck mean opacity and
the flux-weighted opacity equals to the Rosseland mean opacity,
i.e. κE ≈ κP and κF,a ≈ κR, where

κR ≡

∫
κ′ −1
ν′,a (∂B′ν′/∂T )dν′∫
(∂B′ν′/∂T )dν′

−1

(26)

is the Rosseland mean of the absorption opacity. However, we
develop the scheme for a more generalised scenario here, and
therefore do not make such an assumption.

The frequency-integrated radiation transport equation then
reads

∂I
∂t
+ cn · ∇I = cS I , (27)

S I = ρΓ
−3 [

(κPB′ − κEJ′) + (κF,a + κs)(J′ − I′)
]
. (28)

Integrating over solid angles, we arrive at the corresponding
moment equations for radiation energy density and radiation flux

∂

∂t
Er + c∇ · Fr

c
= S r,E , (29)

∂

∂t
Fr

c
+ c∇ · Pr = cSr,p, (30)

where

S r,E =

∫
S IdΩ, (31)

Sr,p =
1
c

∫
S I ndΩ . (32)

2.3. Equations of radiation ideal magnetohydrodynamics

The Euler equations of radiation ideal MHD can be written as

∂

∂t
U + ∇ · F = S, (33)

where the conserved quantities, their associated fluxes, and
source terms are

U =

 ρ
ρu + Fr/c2

E∗ + Er

 , F =

 ρu
ρuu + P∗ − BB + Pr

(E∗ + P∗)u − B(u · B) + Fr

 ,
S =

 0
−ρ∇Φ
−ρu · ∇Φ

 .
(34)

Here, B is the magnetic field, Φ is the gravitational potential,
E∗ = Eg + ρv

2/2 + B2/2 is the total MHD energy density, and
P∗ = (Pg + B2/2)I is the total MHD pressure, where Eg and
Pg are the internal energy density and gas pressure. This set of
equations, coupled with the induction equation

∂

∂t
B − ∇ × (u × B) = 0 (35)
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and the radiation transport equation, form the system of radiation
ideal MHD.

For the numerical methods, it is more useful to separate the
radiation terms as radiation source terms, S r,E and Sr,p (Eqs. (31)
and (32)) such that the conserved quantities, fluxes, and source
terms are

U =


ρ

ρu

E∗

 , F =


ρu

ρuu + P∗ − BB
(E∗ + P∗)u − B(u · B)

 , S =


0

−ρ∇Φ − Sr,p

−ρu · ∇Φ − S r,E

 .
(36)

3. Implicit discrete ordinate solver

Implicit time integration allows the radiation solver to evolve the
radiation field at a timestep not limited by the speed of light. This
is at the expense of losing the short-timescale physics between
the large timesteps, which is typically acceptable if the radia-
tion varies at a timescale at least comparable to the dynamical
timescale. The radiation transport equations, either in the angle-
dependent form (27) or the moment form (29), (30), are linear
in radiation quantities. This suggests that the radiation quantities
in all the cells can be grouped into a vector, and the radiation
transport equations form a linear solver involving a large sparse
matrix. However, the radiation source term in the energy equa-
tion can be stiff (Sekora & Stone 2010; Jiang et al. 2012) such
that the gas temperature has to be evolved simultaneously with
the radiation quantities by calculating the change in the internal
energy density due to the radiation source terms

∂

∂t
Eg = −S r,E + u · Sr,p − 1

2
Sr,p · Sr,p = −1

γ

∫
S IΓdΩ − 1

2
Sr,p · Sr,p

= −cρ
(
κP

4πB′

c
− κEE′r

)
+ O(κErβ

3) .

(37)

Both the internal energy density of the gas and the Planck func-
tion are non-linear functions of the gas temperature. Therefore,
the equations are linear in terms of radiation quantities but non-
linear in gas temperature. For this work, we adopted an iterative
solver to solve for the intensities based on J21, and used the
Newton-Raphson method to solve for the gas temperature. The
scheme described here is only first-order accurate both in time
and space, as in (J21). This is because higher-order spatial recon-
struction requires flux limiters to avoid oscillatory behaviour, but
flux limiters render the transport term non-linear, which is very
difficult to solve implicitly (J21). Also, stiff source terms can
be difficult to treat with higher-order implicit time integration
(Sekora & Stone 2010; Jiang et al. 2012; Jiang 2021).

The implicit discrete-ordinate radiation transport described
in this paper is based on the method in J21 implemented
in ATHENA++ (Stone et al. 2020). This method solves for
the specific intensities along discrete angles. It exploits the
finite-volume approach, which makes the method particularly
suitable for unstructured meshes. We extend the scheme to be
fully compatible with the features of AREPO (Springel 2010;
Pakmor et al. 2016; Weinberger et al. 2020): unstructured mov-
ing mesh with local time-stepping and general equations of state,
as summarised in Sect. 3.1. We first review the discretisation
(Sects. 3.2 and 3.3) and the derivation of the equations for the
iterative solver with local time-stepping (Sect. 3.4). We present
the detailed scheme in Sect. 3.5. Then we describe the source

terms to be coupled back to the AREPO MHD solver (Sect. 3.6).
We also briefly describe some optional features for the users to
choose and experiment with (Sect. 3.7).

3.1. Features of AREPO: Moving unstructured mesh with
local time-stepping

To understand how to generalise the J21 radiation transport
scheme for AREPO, we briefly summarise the main features of
AREPO compared to standard finite-volume codes, which are
described in more detail in Springel (2010), Pakmor et al. (2016),
and Weinberger et al. (2020).

AREPO uses an unstructured Voronoi mesh. Given a group
of mesh-generating points, one can uniquely define the perpen-
dicular bisecting plane of each two point, and the cells enclosed
within those planes form the Voronoi cells. This means that each
cell can have different number of faces beyond the standard six
faces in a regular grid, which needs to be taken into account in
the flux exchange.

The mesh is designed to move with the gas such that the
velocity of the mesh central point, u, is close to the gas velocity,
u. This mesh movement needs to be compensated for when con-
structing fluxes and timesteps. During the MHD step, the mesh is
reconstructed to take into account the mesh movement such that
the cell volume, V , and normal area vector, A, are also updated
(Pakmor et al. 2016).

AREPO also exploits a local time-stepping technique. Each
individual cell can choose its own timestep limited by the local
Courant criterion. The timesteps of all the cells are grouped
into a factor-of-two hierarchy such that it is easier to sum up
fluxes and to synchronise again. The cells that are currently
being updated with the same local timestep, ∆t, are called the
‘active cells’. For those active cells, conserved quantities, prim-
itive variables, and cell centres are all explicitly updated. The
other cells that have larger local timestep are frozen and there-
fore called ‘passive cells’. For the passive cells, the primitive
variables and cell centres are not updated, and only the con-
served quantities (mass, momentum, and energy of the cell) are
updated due to flux exchange with neighbouring active cells. The
primitive variables are only updated from the conserved quanti-
ties when the passive cells become active again and their cell
geometry has been updated as well. This guarantees the conser-
vation of mass, momentum, and energy globally, which has to
be treated carefully in the flux exchange and variable update.
The local time-stepping also poses a serious challenge for any
implicit method, because the implicit method attempts to update
quantities globally instead of locally, as discussed in Sect. 3.5.

3.2. Discretisation in space, time, and angular space

To numerically integrate the equations, all the radiation trans-
port equations are discretised in space, time, and solid angle.
We performed the radiation transport calculations on the same
Voronoi mesh as the AREPO MHD solver uses, but the method
applies to arbitrary meshes. For the Voronoi mesh, the cells are
labelled in a 1D sequence. For spatial discretisation, the sub-
script i indicates the ith active cell. This cell has neighbouring
cells indicated by the subscript j. We further used jact to indi-
cate an active neighbouring cell and jpas to indicate a passive
neighbouring cell. The active cells are cells holding the local
timestep. The passive cells are cells with larger local timesteps
and therefore frozen. We used the subscript i j to indicate the
quantities at the face between cell i and j. The specific intensi-
ties were defined at the volume centre of each cell. For angular
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discretisation of the radiation field, the subscript n indicates the
nth radiation direction among the 4π solid angles. For temporal
discretisation, we used the superscript m to indicate the primi-
tive variables at the end of the last active timestep, and m + 1 as
the primitive variables at the end of the current active timestep.
For local time-stepping, the last active timestep is different for
different cells.

We used the same angular discretisation as the implementa-
tion in ATHENA++ (Davis et al. 2012; Jiang et al. 2014; Jiang
2021). The unit vector in each direction, nn = ((nx)n, (ny)n, (nz)n),
was defined with respect to the (x, y, z) co-ordinates. Each direc-
tion was assigned a weight, wn, for integrated quantities. We kept
the weights fixed for all the cells and throughout the simula-
tion. The angular discretisation scheme is based on Bruls et al.
(1999). The scheme guarantees that when the radiation field is
isotropic, the radiation flux is strictly zero and the Eddington
tensor fEdd ≡ Pr/Er is strictly 1/3 the unit matrix, namely∑

n

wn = 1, (38)∑
n

(nx)nwn =
∑

n

(ny)nwn =
∑

n

(nz)nwn = 0, (39)

∑
n

(nx)2
nwn =

∑
n

(ny)2
nwn =

∑
n

(nz)2
nwn =

1
3
. (40)

This angular discretisation ensures that each octant has k(k +
1)/2 directions, where k is an arbitrary integer. The total num-
ber of angles can only take specific values as 4k(k + 1); that
is, 8, 24, 48, 80, 120, and so on. Therefore, although the Voronoi
mesh does not have preferred directions, the discretised radiation
field has, especially if only a small number of angles is chosen.
It is generally recommended to choose a number of angles above
48 for 3D simulations to obtain a decent coverage of the sphere
and to avoid ray-effects (i.e. peaks along the discretised direc-
tions in radiation and temperature fields due to the small number
of directions selected; Huang et al. 2023; Zhang et al. 2024, see
also our Fig. 16). Based on the Lorentz transformation of the
solid angle, we have (w′)n,i = (Γn,i)−2wn. However, as noted in
J21, the normalisation

∑
n(w′)n,i = 1 is typically not satisfied to

machine precision. This is corrected by

(w′)n,i =
(Γn,i)−2wn∑
n(Γn,i)−2wn

. (41)

We note that although the weight, wn, in the lab frame does not
depend on space and time, the weight (w′)n,i in the comoving
frame does, since the Lorentz factor depends on space and time.

We calculated the radiation energy density, radiation flux,
and radiation pressure tensor with

(Er)i =
4π
c

∑
n

In,iwn, (42)

(Fr)i = 4π
∑

n

In,innwn, (43)

(Pr)i =
4π
c

∑
n

In,innnnwn. (44)

3.3. Discretised equations

In a moving-mesh code with refinement and local time-stepping
such as AREPO, it is essential to distinguish between the con-
served quantities and primitive variables. We only update the

primitive variables of the cell when the cell is active (i.e. syn-
chronised), but the conserved quantities are always updated
when they exchange fluxes with the neighbouring cells. Here,
we use (IV) as the volume-integrated specific intensity corre-
sponding to the specific intensity I. The conserved form of the
discretised radiation transport equation can be written as

[(IV)m+1
n − (IV)m

n ]i = −
∑

j

[
Im+1
n (cnn − u)

]
i j
· Am+1

i j ∆ti j

+
[
(S I)m+1

n Vm+1c∆t
]
i
,

(45)

where Ai j, ∆ti j = min(∆ti,∆t j) and ui j are the normal area vec-
tor, minimum timestep and the face velocity between cell i and
j. Note that the face timestep ∆ti j for the flux exchange and
the cell timestep ∆ti for the source terms can be different. The
face areas Am+1

i j and cell volume Vm+1
i are quantities of the new

mesh updated during the MHD step taking into account the mesh
movement. The local timesteps are limited by the local Courant
condition (see Sect. 3.6 for the modified Courant criterion) and
grouped into a power-of-two hierarchy (Springel 2010). For a
fixed-mesh code, ui j = 0. For a code that uses global timesteps,
we have ∆ti j = ∆ti. Here, Vi is the volume of the cell i, and the
implicit source term is

(S I)m+1
n,i = (ρΓ−3

n )m
i

[
(κP)m

i (B′)m+1
i − (κE)m

i (J′)m+1
i

+ (κF,a + κs)m
i (J′ − I′n)m+1

i

]
.

(46)

The first moment of the specific intensities is discretised as

J′ =
∑

n

I′nw
′
n, (47)

where the specific intensities in the comoving frame are
related to their counterparts in the lab frame via the Lorentz
transformation

I′n = Γ
4
nIn . (48)

We do not separate the gas velocity advection term from the total
transport term as in J21, because we find that the separation leads
to unstable behaviour with local time-stepping.

The discretised update to the specific gas internal energy is

(em+1
g − em

g )i = −4π
[
∆t(κmP B′,m+1 − κmE J′,m+1)

]
i
, (49)

where em+1
g = Em+1

g /ρm = eg(ρm,T m+1) and B′,m+1 = B′(T m+1).
By coupling these two implicit equations together, we solved
for the radiation field and the temperature field simultaneously.
All the other physical quantities were kept unchanged from the
last timestep. Specifically, the opacities were not solved implic-
itly. This was to ensure convergence and to avoid oscillatory
behaviour from the highly non-linear dependence of opacities
on temperature. For passive cells, only the conserved radiation
quantities (IV) were changed, and all the other MHD quantities
(e.g. temperature, internal energy, total energy, total momentum)
were only updated by the next time the passive cells became
active again.
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3.4. Derivation of the equations for the iterative solver

In this subsection we closely follow J21 to construct the itera-
tive solver. However, to update the gas temperature and couple
the radiation energy to the gas energy, instead of using a fourth-
order polynomial for an ideal gas as in J21, we apply the
Newton-Raphson method for a general equation of state.

Let us focus on the specific intensity in one direction in one
cell. It only depends on the other physical quantities of the cell,
the specific intensities of the cell along other directions, and
the specific intensities in neighbouring cells along this direction.
The iterative solver is constructed such that the specific intensi-
ties along this direction in neighbouring cells are kept unchanged
after the last iteration, in order to update the specific intensities
along all directions in the target cell in the current iteration.

Specifically, the iterated equation was derived as follows.
First, we considered the transport terms. The implicit transport
term in the radiation transport equation is a linear combination
of the specific intensities in the target cell and in neighbouring
cells. Therefore, it can be written as{∑

j

[
Im+1
n (cnn − u)

]
i j
· Am+1

i j ∆ti j

}
/Vm+1

i

=

∑
j

Cn,i j

 Im+1
n,i +

∑
jact

Dn,i jIm+1
n, j

 +
∑

jpas

Dn,i jIm
n, j

 ,
(50)

where the coefficients C and D only depend on the grid config-
uration and the Riemann solver. The last two terms on the right
hand side are separated according to whether the neighbouring
cell is active or not.

These coefficients in the transport terms were calculated by
a modified HLLE solver as proposed by J21 based on Sekora &
Stone (2010), where

[
Im+1
n (cnn − u)

]
i j
· µi j =

(
S +

S + − S −

)
n,i j

Im+1
n,i (cnn − ui j) · µi j

−
(

S −

S + − S −

)
n,i j

Im+1
n, j (cnn − ui j) · µi j

+

(
S +S −

S + − S −

)
n,i j

[
I j − Ii

]m+1

n
.

(51)

Here, ui j is the face velocity of the moving mesh calculated in
the AREPO MHD finite-volume solver. The unit vector µi j is
normal to the face pointing from cell i to cell j, obtained from the
Voronoi mesh construction. The maximum and minimum signal
speeds are

(S +)n,i j =

c
∣∣∣nn · µi j

∣∣∣ √{
1 − exp

[
−(τi j)2

]}
/(τi j)2, nn · µi j ≥ 0,

c
∣∣∣nn · µi j

∣∣∣ √{
1 − exp

[
−(τi j)4

]}
/(τi j)2, nn · µi j < 0,

(52)

(S −)n,i j =

−c
∣∣∣nn · µi j

∣∣∣ √{
1 − exp

[
−(τi j)4

]}
/(τi j)2, nn · µi j ≥ 0,

−c
∣∣∣nn · µi j

∣∣∣ √{
1 − exp

[
−(τi j)2

]}
/(τi j)2, nn · µi j < 0.

(53)

This definition is designed to reduce the simple signal speed
c
∣∣∣nn · µi j

∣∣∣ by a factor of τi j in the optically thick limit while

approaching an upwind flux in the optically thin limit (J21).
Here, the effective optical depth at the face is defined as

τi j = αρi j(κF,a + κs)i j∆Ri j, (54)

where α is a numerical parameter taken as α = 5 by default (J21).
All the face values on the right hand side of this equation are
calculated as the average of the two values in the i and j cells,
namely qi j = (qi + q j)/2. The effective cell radius is converted
from the cell volume, namely ∆Ri = [3Vm+1

i /(4π)]1/3. We note
that the cell ‘volume’ is different in 1D and 2D cases. Therefore,
the coefficients are

Cn,i j =

(
S +

S + − S −

)
n,i j

[
(cnn − ui j) · µi j − (S −)n,i j

] (A∆t
V

)
i j
, (55)

Dn,i j = −
(

S −

S + − S −

)
n,i j

[
(cnn − ui j) · µi j − (S +)n,i j

] (A∆t
V

)
i j
. (56)

The radiation transport equation can be further written as

Im+1
n,i = −

∑
j

Cn,i j

 Im+1
n,i −

∑
jact

Dn,i jIm+1
n, j

 −
∑

jpas

Dn,i jIm
n, j


+ (IV)m

n,i/V
m+1
i +

[
(S I)m+1

n c∆t
]
i
.

(57)

We rewrite this in the context of iterations. The previous itera-
tion is denoted by a superscript l, while the current iteration is
denoted as l + 1:

Im+1,l+1
n,i = −

∑
j

(C+)n,i j

 Im+1,l+1
n,i −

∑
j

(C−)n,i j

 Im+1,l
n,i

−
∑

jact

Dn,i jI
m+1,l
n, j

 −
∑

jpas

Dn,i jIm
n, j


+ (IV)m

n,i/V
m+1
i +

[
(S I)m+1,l+1

n c∆t)
]
i
.

(58)

Here we further split the coefficients, C, according to whether
they are positive or negative, namely (C+)n,i j = max(Cn,i j, 0) and
(C−)n,i j = min(Cn,i j, 0). All the negative terms are grouped into
the last iteration. This is to ensure the coefficients in front of the
specific intensities are always above unity during the iterations
for a more robust performance (see the appendix of J21). The
equation then reads[
1 + (g+)n,i

]
Im+1,l+1
n,i = (Ic)m+1,l

n,i +
[
(S I)m+1,l+1

n c∆t
]
i
, (59)

where

(g+)n,i =
∑

j

(C+)n,i j, (60)

(g−)n,i =
∑

j

(C−)n,i j, (61)

(Ic2)m+1,l
n,i = −(g−)n,iI

m+1,l
n,i −

∑
jact

Dn,i jI
m+1,l
n, j

 −
∑

jpas

Dn,i jIm
n, j

 , (62)

(Ic)m+1,l
n,i = (Ic2)m+1,l

n,i + (IV)m
n,i/V

m+1
i . (63)

Since the source terms are measured in the comoving frame,
we multiplied Eq. (59) by Γ4, which yields[
1 + (g+)n,i

]
(I′)m+1,l+1

n,i = (Γn,i)4(Ic)m+1,l
n,i

+ (c∆tρΓn)i

[
(κP)i(B′)m+1,l+1

i − (κE)i(J′)m+1,l+1
i

+ (κF,a + κs)i(J′ − I′n)m+1,l+1
i

]
.

(64)
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This gave

[
1 + g+n + c∆tρ(κF,a + κs)Γn

]
i(I
′)m+1,l+1

n,i = (Γn,i)4(Ic)m+1,l
n,i

+ (c∆tρΓn)i

[
(κP)i(B′)m+1,l+1

i + (κF,a + κs − κE)i(J′)m+1,l+1
i

]
.

(65)

We defined the coefficient

fn,i ≡ 1
1 +

[
g+n + c∆tρ(κF,a + κs)Γn

]
i
, (66)

such that the equation became

(I′)m+1,l+1
n,i = ( fΓ4)n,i(Ic)m+1,l

n,i

+ (c∆tρΓn fn)i

[
(κP)i(B′)m+1,l+1

i + (κF,a + κs − κE)i(J′)m+1,l+1
i

]
.

(67)

Summing that equation up over the solid angle yielded

(J′)m+1,l+1
i =

∑
n

(w′n fnΓ4
n)(Ic)m+1,l

n


i

+

c∆tρκP
∑

n

w′n fnΓn


i

(B′)m+1,l+1
i

+

c∆tρ(κF,a + κs − κE)
∑

n

w′n fnΓn


i

(J′)m+1,l+1
i .

(68)

We note that this summation was not written correctly in Eq.
(25) of J21 because it did not take into account the angular
dependence of g+n . This was later corrected in Jiang (2022).

We now defined another coefficient,

hi ≡ 1
1 − [

c∆tρ(κF,a + κs − κE)
∑

n w
′
n fnΓn

]
i
. (69)

The equation then became

(J′)m+1,l+1
i = hi

∑
n

(w′n fnΓ4
n)(Ic)m+1,l

n


i

+

hc∆tρκP
∑

n

w′n fnΓn


i

(B′)m+1,l+1
i .

(70)

Plugging the above result into the equation for the specific gas
internal energy, we got

(eg)m+1,l+1
i = (eg)m

i + (4πκE∆th)i

∑
n

(w′n fnΓ4
n)(Ic)m+1,l

n


i

−
4πκP∆t

1 − hc∆tρκE
∑

n

w′n fnΓn


i

(B′)m+1,l+1
i .

(71)

Taking

bm+1,l
i = (eg)m

i + (4πκE∆th)i

∑
n

(w′n fnΓ4
n)(Ic)m+1,l

n


i

, (72)

ki = −
ρκPc∆t

1 − hc∆tρκE
∑

n

w′n fnΓn


i

, (73)

(eB)m+1,l+1
i =

a(T m+1,l+1
i )4

ρm
i

, (74)

we thus arrived at a non-linear equation for T m+1,l+1
i as

y(T ) = eg(T ) − keB(T ) − b = 0, (75)

where eg and eB are functions of T m+1,l+1
i . The solution can be

obtained via the Newton-Raphson method if the specific heat
capacity, cV , can be directly read from the equation of state table
to give dy/dT . This is a small improvement upon the implemen-
tation in ATHENA++, where an ideal gas is assumed for the
equation of state and a fourth-order polynomial is solved for each
iteration (J21). With T m+1,l+1

i at hand, we can go back to Eq. (70)
to directly obtain (J′)m+1,l+1

i , and then to Eq. (67) for (I′)m+1,l+1
n,i ,

and finally obtain Im+1,l+1
n,i via the Lorentz transformation I =

Γ−4I′.

3.5. Detailed scheme for the radiation transport module

In this subsection, we describe the steps the scheme takes to
calculate the radiation field. The main differences between our
scheme and the original scheme of J21 are to generalise the
scheme for a moving mesh with an arbitrary number of cell faces,
local time-stepping, and general equations of state.

At the beginning of the simulation, we discretised the angular
space in the lab frame based on Sect. 3.2, which gave

nn, wn (76)

for the unit vectors of radiation directions and the weights of
each direction. Then, we set the initial radiation field.

At the end of each timestep, we started the radiation trans-
port solver. First, we looped over all the active faces between
cells, and calculated all the coefficients from the modified HLLE
Riemann solver that did not change during the iterations, includ-
ing (Eqs. (55) and (56))

Cn,i j, Dn,i j , (77)

by which we got

(g+)n,i =
∑

j

(C+)n,i j, (g−)n,i =
∑

j

(C−)n,i j. (78)

For the summation, we need to perform the first flux communica-
tion between tasks in the radiation module to add the coefficients
to the correct cells. We saved these coefficients for later use:

(g+)n,i, (g−)n,i, Cn,i j, Dn,i j. (79)

Second, we looped over all the active cells, and calculated all the
coefficients that do not change during the iterations, including

Γn,i = (1 − nn · βi)/
√

1 − (βi)2 , (80)

(w′)n,i =
(Γn,i)−2wn∑
n(Γn,i)−2wn

, (81)

fn,i =
1

1 +
[
g+n + c∆tρ(κF,a + κs)Γn

]
i

(82)
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hi =
1

1 − [
c∆tρ(κF,a + κs − κE)

∑
n w
′
n fnΓn

]
i
, (83)

( fIΣ)n,i =
[
hc∆tρ(κF,a + κs − κE) fnΓ−3

n

]
i
, (84)

( fIB)n,i = (hc∆tρκP fnΓ−3
n )i, (85)

( fΣI)n,i = (w′n fnΓ4
n)i, (86)

( fbΣ)i = 4π(h∆tκE)i, (87)

ki =

c∆tρκP

hc∆tρκE
∑

n

w′n fnΓn − 1


i

. (88)

We saved these coefficients for later use:

fn,i, ( fIΣ)n,i, ( fIB)n,i, ( fΣI)n,i, ( fbΣ)i, ki. (89)

Then, we entered the iteration. The initial values were set
to the values at the mth timestep. During each iteration, pro-
ceed as follows: Exchange the primitive radiation variables Im+1,l

n, j
between tasks. Loop over all the active cells to get

(Ic)m+1,l
n,i = (IV)m

n,i/V
m+1
i − (g−)n,iI

m+1,l
n,i . (90)

Then, we loop over all the active faces to apply the fluxes from
neighbouring cells:

(Ic)m+1,l
n,i = (Ic)m+1,l

n,i −
∑

jact

Dn,i jI
m+1,l
n, j

 −
∑

jpas

Dn,i jIm
n, j

 . (91)

This requires another flux communication between tasks. After-
wards, we loop over all the active cells to calculate

(IΣ)m+1,l
i =

∑
n

( fΣI)n,i(Ic)m+1,l
n,i , (92)

bm+1,l
i = (eg)m

i + ( fbΣ)i(IΣ)m+1,l
i . (93)

For each active cell, we used the Newton-Raphson method to
solve the non-linear equation for T :

y(T ) = eg(ρi,T ) − kieB(ρi,T ) − bm+1,l
i = 0, (94)

which gives the solution T = T m+1,l+1
i and the integrated Planck

function (B′)m+1,l+1
i = ca(T m+1,l+1

i )4/(4π). Then calculate the
specific intensities as

Im+1,l+1
n,i = fn,i(Ic)m+1,l

n,i + ( fIB)n,i(B′)m+1,l+1
i + ( fIΣ)n,i(IΣ)m+1,l

i . (95)

When the maximum iteration number Nmax
iter is reached (Nmax

iter =
10 is the default for steady-state 3D simulations), or when the
convergence criterion is reached, i.e. (J21)∑

i
∑

n |Im+1,l+1
n,i − Im+1,l

n,i |∑
i
∑

n |Im+1,l+1
n,i | < ϵ = 10−8 (default), (96)

we stop the iteration and set Im+1
n,i . See Sect. 6.3 for a detailed dis-

cussion of the criterion and alternative choices. This global value
of the convergence criterion requires another communication
between tasks.

Finally after we exit the iteration, we update the conserved
quantities:

(IV)m+1
n,k =


Im+1
n,k Vm+1

k , cell k is active,

(IV)m
n,k + ∆(IV)m+1

n,k ,
cell k is passive but

has adjacent active cells,
(97)

where ∆(IV)m+1
n,k is the change in the conserved quantity for the

passive cell due to the exchanged fluxes between the passive cell
and neighbouring active cells. This step requires another flux
communication between tasks just to apply the fluxes to passive
cells. When a passive cell becomes active, we use the updated
(IV)m

n,k + ∆(IV)m+1
n,k as the initial conserved quantity from the

last timestep. This way, we guarantee that the conserved quan-
tity IV and its integrated values, such as radiation energy and
radiation flux, are indeed conserved. But the local time-stepping
may still introduce artificial energy transport or momentum
transport between cells while conserving the total conserved
quantities1. In total, within each timestep, the radiation module
performs Niter primitive radiation variable exchanges between
tasks, Niter + 2 flux exchanges between tasks, and 1 convergence
criterion exchange between tasks, where Niter is the number of
iterations. Within each variable or flux exchange between tasks,
O(NΩ) variables are exchanged per active cell or per active face,
where NΩ is the number of radiation directions.

3.6. Coupling to the MHD solver via the radiation source
terms and determination of the timestep

The major difference between post-processing with radiative
transfer and full radiation hydrodynamics is that the radiation
field needs to be coupled back to the MHD solver for the energy
and momentum exchange between radiation and fluid. There are
two ways to express the radiation source terms. One is to cal-
culate the radiation source terms as they appear in the radiation
transport equations. The other is to express them in terms of time
derivatives and the transport terms, which conserves the total
energy and total momentum.

By default, we use the conservative form of the radiation
source terms. The change in (IV) due to the transport terms are

(∆trIV)m+1
n,i = −(g+)n,iIm+1

n,i Vm+1
i + (Ic)m+1

n,i Vm+1
i − (IV)m

n,i. (98)

Therefore, we have

(IV)m+1
n,i − (IV)m

n,i − (∆trIV)m+1
n,i = (g+)n,iIm+1

n,i Vm+1
i − (Ic)m+1

n,i Vm+1
i .

(99)

This yields the radiation source terms as

(S r,EV)m+1
i = (ErV)m+1

i − (ErV)m
i − (∆trErV)m+1

i

=
4π
c

Vm+1
i

∑
n

[
(g+)n,iIm+1

n,i − (Ic)m+1
n,i

]
wn,

(100)

(Sr,pV)m+1
i =

1
c2

[
(FrV)m+1

i − (FrV)m
i − (∆trFrV)m+1

i

]
=

4π
c2 Vm+1

i

∑
n

[
(g+)n,iIm+1

n,i − (Ic)m+1
n,i

]
nnwn.

(101)

At the end of each hydro timestep, we performed the radiation
transport calculations, and only for the active cells did we sub-
tract the source terms from the total gas energy and total gas
momentum of the equations to get the conserved quantities. Then
we updated the primitive variables for the active cells in the

1 In particular, in the free-streaming regime, local time-stepping may
yield accumulating radiation near the active-passive cell boundaries.
This is tested in Sect. 4.2.2, where we do not see such artefacts, but
more complex simulations are needed to test the free-streaming regime
with local time-stepping.

A162, page 11 of 32



Ma, J.-Z., et al.: A&A, 711, A162 (2026)

MHD part, and the primitive variables for the radiation module
including opacities and intensities.

After updating the primitive variables, we set the new
timestep of each cell. The radiation module shares the same
timestep as the MHD module and the same procedure to deter-
mine active and passive cells. Since the radiation field also
changes the dynamics of the cell via radiation pressure, we take
this into account following Krumholz et al. (2007) via a modified
effective sound speed of the cell

ceff =

√
c2

MHD +
(4/9)Er(1 − e−τ)

ρ
, (102)

where cMHD is the fast magnetosonic wave speed, Er is the radi-
ation energy density given by the radiation module, ρ is the
density, and τ = ρ(κF,a + κs)∆R is the optical depth of the cell.
The factor 1 − e−τ is to include the radiation pressure contribu-
tion when the cell is optically thick but exclude it when the cell
is optically thin (Krumholz et al. 2007). Note that cMHD is calcu-
lated after the total energy is modified by the radiation module
and after the primitive variables are updated such that the energy
exchange between radiation and matter has already be taken into
account when we calculate cMHD. The timestep each cell can take
is thus limited by the Courant criterion

∆t < CCFL
∆R

|u − u| + ceff
, (103)

where the Courant–Friedrichs–Lewy (CFL) number is taken to
be CCFL = 0.3 by default and u − u is the gas velocity relative to
the grid motion.

3.7. Optional features

For the boundary conditions, our current implementation sup-
ports periodic and inflow/outflow boundaries. To use the peri-
odic boundary condition for the radiation module, the hydrody-
namic boundary has to be set as periodic as well, which applies
to most scenarios. The inflow and outflow boundary conditions
for the radiation module are independent of the hydrodynamic
boundary. However, the radiation inflow boundary has to be set
manually in the source code, as there is no universal way to inject
radiation into the computational domain. For an example that
uses a mixture of periodic and inflow–outflow boundaries, see
the test in Sect. 4.1.4. For another example that injects radiation
in the middle of the simulation box, see Sect. 5. We currently
do not support reflective boundary condition, as radiation is
rarely reflective and this is more difficult to realise with an
angle-dependent discrete ordinate method.

We offer an optional feature to solve the time-independent
radiation transport equation with the implicit discrete ordinate
solver. This is done by neglecting the time derivative term, gas
velocities, face velocities, and setting ∆t = 1 in the factors and
coefficients. Specifically, we solve for

cn · ∇I = cρ
[
(κPB − κEJ) + (κF,a + κs)(J − I)

]
. (104)

By default, this is used to set the initial conditions for the radi-
ation field, where we assume the radiation field starts to evolve
from an initial equilibrium state. It can also be used to directly
compare with the ray-tracing results, and to provide the Edding-
ton tensor for a VET scheme. It can be further exploited for
post-processing, in particular if multi-group radiation transport
is feasible in the future. For this time-independent version, we

also implement an option to couple the radiation source terms
to the MHD solver as heating and cooling terms and radiation
forces. In practice, we only use the time-independent scheme at
the globally synchronised timesteps, but still allow for local time-
stepping for MHD. This is valid when the radiative timescale is
much longer than the local timesteps.

Moreover, we implement different options to test various
numerical choices for specific problems. For example, the gas
advection term can be solved explicitly as done in J21, which is
expected to suppress numerical diffusion from gas advection but
only works for global time-stepping. The coupling source terms
can be solved in the non-conservative form, although caution is
needed when using this with local time-stepping. The radiation
transport step can be solved without coupling it to the gas tem-
perature, although this typically creates large errors in our tests.
Finally, it is possible to run the radiation solver only on globally
synchronised timesteps despite using local timesteps for MHD.
The timesteps taken in the radiation module are replaced by the
globally synchronised timestep instead of the local timestep of
the cell or the face. This will become a poor approximation when
gas dynamics changes the radiation field on the timescales of
MHD processes.

4. Test problems

Test problems are essential for debugging new schemes and
demonstrating the capabilities and limitations of numerical
schemes. Here, we repeat most of the test problems in J21 for
direct comparisons between AREPO and ATHENA++ results,
with a few additional tests for broader contexts. Most of those
tests can also be found in the method papers for the VET scheme
(Davis et al. 2012; Jiang et al. 2012) and the semi-implicit
discrete ordinate scheme (Jiang et al. 2014) for ATHENA++.

We performed all the tests on the moving Voronoi mesh
except for test 4.3.3. For 2D tests, the mesh was initialised
in a honeycomb-like configuration (Fig. 1). This was done by
constructing the cell centres in a Cartesian grid first, and then
shifting every second row by half the cell size. In the evolving
radiation tests and radiation hydrodynamic tests, we switched on
local time-stepping. For cases in which the background medium
was fixed or too homogeneous for automatic local time-stepping,
we forced different timesteps in different parts of the compu-
tational domain, as illustrated in Fig. 1. For outflow boundary
conditions, we set the incoming intensities to be zero and copy
the outgoing intensities from the last active cells to the ghost
cells, as in J21. The radiation constant, a, and the speed of
light, c, were sometimes set to other values for exploring dif-
ferent regimes easily, which are specified in different tests. For
all the tests, we did not distinguish between the flux-weighted
opacity, κF,a, and the Rosseland opacity, κR, and also did not dis-
tinguish between the energy-weighted opacity, κE, and the Planck
opacity, κP.

We normally adopt the angular discretisation as described in
Sect. 3.2 for 1D and 3D tests. However, for 2D tests, we use
another set of angular bins for better coverage of the angular
space. When we also need to keep the Eddington tensor to be
1/3 for isotropic radiation in 2D, we set up the directions in two
groups. One group is confined in the 2D plane (nz = 0) and uni-
formly distributed on a unit circle where nx = cos θ, ny = sin θ.
The other group shares the same set of θ as the first group,
but has nx =

√
1/3 cos θ, ny =

√
1/3 sin θ, nz =

√
2/3. When the

Eddington tensor constraint is not needed for a purely optically
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Fig. 1. Illustration of the forced local time-stepping on the initial hon-
eycomb mesh in 2D tests. We use the hierarchical time-stepping in
AREPO. The top right octant holds the normal timestep, ∆tmax, allowed
by either the maximum timestep limit or the CFL condition for hydro-
dynamics. The diagonal octants are updated with timestep ∆tmax/2, and
the bottom left octant is updated with a timestep, ∆tmax/4.

thin medium (e.g. Sect. 4.1.1), we only use the first group for the
angular discretisation.

We present the test results based on their categories:
1. We first test whether the code can capture the radiation field

in a steady state with a fixed background (Sect. 4.1) by solv-
ing the time-independent radiation transport equation, where
we set the transport terms to exactly balance the source
terms. We use the time-independent flavour (Sect. 3.7) of our
scheme for these tests. The tests explore different regimes,
including a 2D optically thin medium, an optically thick-
to-thin medium with pure absorption, pure scattering, and
a standard 2D shadow test.

2. Afterwards, we test the evolving radiation field with a fixed
background (Sect. 4.2) by solving the time-dependent radia-
tion transport equation. We demonstrate 2D dynamic diffu-
sion for an optically thick regime and a 2D expanding multi-
source radiation bubble test for an optically thin-dominated
regime.

3. Then we test the coupling between radiation and gas by per-
forming radiation hydrodynamic tests (Sect. 4.3). We explore
2D thermal equilibrium, 2D linear waves, 1D radiation
shocks, and 2D irradiated clouds.

Most of the tests can be directly compared with the figures in J21,
since we almost always adopt the same setup. However, we use
the honeycomb mesh for the initial 2D mesh configuration, and
switch on the moving mesh with local time-stepping for the sec-
ond (evolving radiation) and third categories of tests (radiation
hydrodynamics). In particular, except for tests in Sects. 4.2.1,
4.3.1, and 4.3.2, FLD and M1 will not produce accurate results
for all the other tests due to the inaccurate representation for
the direction of radiation. These are demonstrated in, for exam-
ple, Sądowski et al. (2013), Murchikova et al. (2017), Thomas &
Pfrommer (2022), and Menon et al. (2022) for some of the tests.

4.1. Steady-state tests with fixed gas background

4.1.1. 2D crossing beams in optically thin vacuum

This test is designed to show how many iterations it takes for our
scheme to converge in the optically thin medium. In a physical
scenario, the distance of light propagation should be solely deter-
mined by the timestep. However, when the light is supposed to
cross the entire simulation box within one timestep, an iterative
solver can artificially halt the light propagation if the number
of iterations is not enough. As already noted in J21, the iter-
ative solver easily converges when the source terms dominate
over the transport terms because the matrix of the coefficients
is diagonally dominant, which is typically the case in the opti-
cally thick regime. However, in the optically thin regime, we
need many iterations for the information of the radiation field
to propagate through the computational domain. Here, we show
that if we have approximately N cells per dimension (so that the
total cell number is O(N3) in 3D simulations), the safe choice
would be to run 2N iterations to ensure a correct radiation field
in the optically thin regime.

To illustrate this extreme case, we set up a 2D box spanning
[−0.5, 0.5] × [−2.0, 2.0] with two light beams injected from the
bottom. We choose an angular resolution of 4 rays confined in
the 2D plane, and two different spatial resolutions of 64 × 256
and 256 × 1024. All the opacities are set to zero throughout
the simulation for a vacuum background, and the intensities are
also initialised to be zero. For the beams at the bottom bound-
ary, we set the specific intensities at x = −0.1, y = −2.0, nx =

−1/
√

2, ny = 1/
√

2 and x = 0.1, y = −2.0, nx = 1/
√

2, ny =
1/
√

2 to be 0.8c. All the other intensities at the bottom boundary
were set to be zero. We used a periodic boundary in the x direc-
tion and an outflow boundary at the top. The constants were set
to be a = 1, c = 103, but the values do not matter for the test.

In Fig. 2, we show the radiation energy density distribution
for the crossing-beam tests. Two different spatial resolutions are
shown in two rows, and three columns are for 20, 200, 2000 iter-
ations. Panel c adopts the same resolution as J21, and thus can
be directly compared with their Figure 3. As illustrated in panel f
compared with panel c, increasing the resolution fourfold in both
dimensions reduces the numerical diffusion, thereby suppressing
the spreading of light beams. This was also demonstrated in Fig-
ure 6 in Davis et al. (2012) for the short-characteristic scheme
and Figure 6 in Jiang et al. (2014) for the semi-implicit discrete
ordinate scheme. Furthermore, we illustrate the propagation of
radiation with increasing iterations from left to right. The sharp
boundaries in the left column are likely a mesh effect from the
background honeycomb mesh. Even after 200 iterations (mid-
dle column), the radiation field is still not converged since the
information is not propagated to the top of the box. Our tests
suggest that in the optically thin regime, radiation only prop-
agates through approximately one layer of cells in one to two
iterations. Therefore, for the optically thin radiation to be cor-
rectly captured, simulations with higher spatial resolution would
also require more rounds of iterations.

This test shows that our scheme can correctly capture the
direction of radiation in the optically thin regime. If other
moment-based methods were applied to this problem, the FLD
method would fill the domain with a more uniform radiation
field, whilst the M1 method would merge the two crossing beams
into one (e.g. Figure 3 in Asahina et al. 2020). We also illustrate
that increasing spatial resolution suppresses the numerical diffu-
sion of our scheme, albeit at the cost of more rounds of iterations
in the optically thin regime.
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(a) (b) (c)

(d) (e) (f)

Fig. 2. 2D crossing-beam tests with different spatial resolutions (rows) and different numbers of iterations (columns). Panel a: after 20 iterations
with resolution 64 × 256. Panel b: after 200 iterations with resolution 64 × 256. Panel c: after 2000 iterations with resolution 64 × 256. Panel d:
after 20 iterations with resolution 256× 1024. Panel e: after 200 iterations with resolution 256× 1024. Panel f : after 2000 iterations with resolution
256 × 1024. The colour shows the radiation energy density distribution when two light beams are injected from the bottom of the simulation box.
White indicates that the radiation energy density is zero as the initial condition. From left to right, different columns show increasing iterations.
Information of the radiation field approximately propagates through one layer of cells per one or two iterations, so the iteration needed also depends
on resolution, as demonstrated in panel b compared to panel e. The light beams spread due to numerical diffusion when propagating through the
box. Panels a–c use the same resolution as Figure 3 in J21 for direct comparison. Panels d–f increase the resolution fourfold in both dimensions,
thereby reducing the numerical diffusion.

4.1.2. Absorption-dominated homogeneous sphere in
spherical co-ordinates

With this test, we demonstrate the transition from the optically
thick to the optically thin region with pure black body emission
and absorption. It also serves as a showcase for our scheme in 1D

spherical co-ordinates for future tests on radiation hydrodynamic
simulations of 1D stars, winds, accretion, shock waves, and
so on.

To construct the initial condition for this test, we adopted
exactly the same setup as in J21. We used 1000 mesh
points covering r ∈ [0.05, 7] in 1D spherical co-ordinates and
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Fig. 3. Absorption-dominated homogeneous sphere test. Different solid
coloured lines show the profiles of normalised radiation energy density
Er/(aT 4

0 ), normalised radiation flux Fr/(caT 4
0 ), and the radial compo-

nent of the Eddington tensor Pr/Er as functions of the radius, r. All
of the simulated results align with the analytical solutions indicated by
dotted black lines. At r = 1, the radiation field transitions from radiative
diffusion in LTE inside the optically thick sphere to free-streaming in
the optically thin vacuum.

40 directions for the radiation module. Note that radiation is dis-
cretised in 3D space and not only along the radial direction. We
set up a homogeneous sphere of radius R0 = 1, density ρ0 = 1,
temperature T0 = 1, and absorption opacity κR = κP = 10 with
zero scattering opacity. Outside of the sphere, we set zero opaci-
ties such that the background gas is transparent to radiation. We
initialised the intensities to be the isotropic value caT 4

0/(4π). We
fixed the intensities as their isotropic value at the left boundary,
and used an outflow boundary on the right. The constants were
set to be a = 1, c = 100, but the values do not matter for the test.

For our scheme to work in 1D spherical co-ordinates, we
used a specific set of angular discretisation and take care of the
additional transport terms arising from the curvature of the co-
ordinate system, as described in Sect. 3.2.4 in J21. Since we
directly take this part of the code from the public version of
ATHENA++2, we do not describe the method again, but refer
the interested readers to J21 and the ATHENA++ code.

There is an analytical solution to this problem (Smit et al.
1997). The specific intensities depend on the radial co-ordinate,
r, and the directional unit vector, n, as

I(r, n) =
caT 4

0

4π
{
1 − exp

[
ρ0κRs(r, nr)

]}
, (105)

where nr is the radial component of n and

s(r, nr) =


rnr + R0g(r, nr), r < R0 ,

2R0g(r, nr), r ≥ R0 &
√

1 − (R0/r)2 ≤ nr ≤ 1 ,
0, otherwise,

(106)

g(r, nr) =
√

1 − (r/R0)2(1 − n2
r ). (107)

In Fig. 3, we show the profiles describing the radiation field
inside and outside of the homogeneous sphere, which fits well
with the analytical solutions (dotted black lines). Inside the opti-
cally thick sphere, the radiation follows radiative diffusion in
LTE, where the radiation temperature is the same as the gas
temperature, with the radiation pressure being 1/3 of the radi-
ation energy density and a radiation flux proportional to the
2 https://github.com/PrincetonUniversity/athena

radiation energy density gradient. Outside of the photosphere at
r > R0, the radiation field transits to free-streaming, where the
profiles asymptotically approach Pr = Er and Fr = cEr ∝ r−2,
which indicates a constant luminosity. The radiation field takes
1000 iterations to pass through the 1000 mesh points, which sup-
ports the conclusion we reached in Sect. 4.1.1 that radiation only
propagates through approximately one cell in one iteration.

This test illustrates that our scheme correctly simulates the
radiation field in the transition zone between optically thick and
optically thin regions, which is crucial for simulations of stel-
lar atmospheres, transients, and disk photospheres. For this test,
the M1 closure method always overestimates the Eddington ten-
sor near the photosphere (Smit et al. 1997; O’Connor 2015;
Murchikova et al. 2017; Anninos & Fragile 2020), indicating that
caution should be taken when simulating immediate surround-
ings of stellar photospheres or transients using M1 radiation
transport.

4.1.3. 1D scattering-dominated non-LTE atmosphere

This test aims to show the transition from optically thick to opti-
cally thin region when the medium is dominated by scattering.
When the source term is dominated by scattering, the inten-
sity is also influenced by radiation coming from other directions
such that standard ray-tracing breaks down and many rounds of
iterations are needed to capture the radiation field properly.

We used exactly the same setup as in J21 by adopting 1280
mesh points covering x ∈ [−10, 10] in 1D and eight direc-
tions for the radiation module. We fixed the density profile
to be ρ = 10−3 exp(10 − x) and a uniform temperature field
T = T0 = 1. The opacities were also set uniformly in the com-
putational domain, with absorption opacity κR = κP = ϵ and
scattering opacity κs = 1 − ϵ, where ϵ is a small value for the
scattering-dominated atmosphere. We initialised the intensities
to be the isotropic value caT 4

0/(4π). We fixed the intensities as
their isotropic value at the inner boundary of the atmosphere, and
used an outflow boundary for the outer boundary of the atmo-
sphere. The constants were set to be a = 1, c = 1, but the values
do not matter for the test.

The analytical solution to this problem is (J21)

Er = aT 4
0

1 − exp(−√3ϵτ)
1 +
√
ϵ

 , (108)

where the optical depth from the right boundary is τ =∫ 10
x ρ(κR + κs)dx =

∫ 10
x ρdx = 10−3[exp(10 − x) − 1]. In Fig. 4

we show the radiation energy density as a function of the optical
depth. The solid lines show the simulation results, with differ-
ent opacities indicated in different colours. They agree well with
the analytical solutions shown in dotted black lines. The radi-
ation transits from LTE in the optically thick region (right) to
the non-LTE optically thin atmosphere (left) where the radia-
tion has a much smaller temperature than the gas. As noted in
Davis et al. (2012), Jiang et al. (2014) and J21, greater deviation
from LTE requires significantly more rounds of iterations. For
example, our scheme needs about 103 iterations for the ϵ = 10−1

case to converge to the analytical solution, while the ϵ = 10−8

case needs about 106 iterations. This is similar to the finding
in J21, where they showed that the discrete ordinate scheme is
slower at convergence for this particular test compared to short
characteristics.

With this test, we show that our scheme produces the cor-
rect radiation field in scattering-dominated medium regardless
of the optical thickness, but is rather expensive in the optically
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Fig. 4. 1D scattering-dominated non-LTE atmosphere tests for differ-
ent absorption opacity ϵ and scattering opacity 1 − ϵ. The solid lines
show the radiation energy density Er as functions of the optical depth τ,
transiting from LTE in the optically thick region (right) to the non-LTE
optically thin atmosphere (left). The dotted black lines show the ana-
lytical solutions. As the atmosphere becomes more scattering-dominant
(top to bottom indicated by different colours), the radiation temperature
deviates from the gas temperature more in a more extended region. This
test also demonstrates that significant scattering can reduce the radia-
tion coming from an optically thick region.

thin regime. Such a scenario is important for systems involving
dust scattering; for example, wind driving in cool stars (Habing
1996) and observational signatures of protoplanetary disks (Zhu
et al. 2019).

4.1.4. 2D shadow test

The shadow test is a classic test to demonstrate the difference
between different radiation transport methods, in particular FLD,
M1, and other more accurate methods. FLD and M1 do not give
the correct answer to this problem (e.g. Figure 13 in Menon
et al. 2022). For FLD, the radiation is directed along the radi-
ation energy density gradient, thereby filling the shadow. M1
treats the radiation like fluid, so the two radiation beams col-
lide and merge into one, and non-stationary radiation vortices
are sometimes observed behind the optically thick object.

We set up the simulation box similar to J21. The box cov-
ers [−0.5, 0.5] × [−0.3, 0.3] with two parallel rays cast from
the left. We used a spatial resolution of 512 × 256 and 24
angles consisting of two groups of angular sets to ensure cor-
rect Eddington tensors in both the optically thick and optically
thin regimes. We describe the elliptical optically thick cloud
and the near-vacuum background with a density distribution of

Fig. 5. 2D shadow test. We injected two parallel rays of light at ±15◦
from the left, which cast a shadow behind the central optically thick
cloud. The top, middle, and bottom panels show the normalised radi-
ation energy density, Er/(aT 4

0 ), component of the Eddington tensor in
the xx direction, fxx, and component of the Eddington tensor in the yy
direction, fyy, respectively. Inside the optically thick cloud, the radia-
tion field is nearly isotropic such that the diagonal components of the
Eddington tensor are 1/3. The radiation field becomes more anisotropic
in the shadow. Outside the shadow in the background, the radiation fol-
lows the trajectories of injected rays with a small amount of numerical
diffusion.

ρ(x, y) = 1 + 9/{1 + exp[10((x/0.1)2 + (y/0.06)2 − 1)]}, a tem-
perature distribution T (x, y) that creates uniform pressure P =
ρT = 1, and a pure absorption opacity κR = κP = ρT−3.5. The
density and temperature background is therefore ρ0 = 1,T0 = 1.
This ensures that the total optical depth is approximately one
across the background but reaches more than 105 across the
cloud (J21). We initialised the intensities to be the isotropic
value caT 4/(4π). From the left boundary, we injected two par-
allel rays of radiation by setting intensities along the directions
±15◦ confined in the 2D plane to be 1031.3ca for each ghost cell,
set other intensities to be zero, and used an outflow boundary
condition for the right boundary. We adopted periodic boundary
conditions in the vertical direction. The constants were set to be
a = 10−7, c = 1.9 × 105, but the values do not matter for the test.
We set the maximum iteration number to be 2000.

In Fig. 5, we show the relaxed radiation field when an opti-
cally thick cloud is immersed in two parallel rays of light at ±15◦.
The top, middle, and bottom panels illustrate the normalised
radiation energy density, the xx component, and the yy compo-
nent of the Eddington tensor, respectively. In the optically thin
background, the radiation energy follows the injected value, and
the direction follows the injected rays nearly parallel to the x
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axis. In the optically thick cloud, the radiation temperature is
in equilibrium with the gas temperature of the cloud, and the
radiation field is nearly isotropic with an Eddington tensor of
1/3 on the diagonal. Immediately behind the cloud, a triangu-
lar shadow is formed. Two extended wings at ±15◦ can also be
found behind the cloud with half of the injected radiation energy
density, because the injected rays coming from the same direc-
tion are blocked by the cloud. In the middle of the two wings, the
injected rays are not blocked by the cloud, and therefore the radi-
ation energy density holds the injected value as the unblocked
background. We illustrate in this test that the shadow behind
optically thick objects is correctly captured in our scheme, and
the results are almost identical to J21.

4.2. Evolving-radiation tests with a fixed gas background

4.2.1. 2D dynamic diffusion

This test is an essential test to demonstrate if the scheme can
capture radiative diffusion in the optically thick regime even in
a moving medium. If the fluxes are not carefully calculated for
scattering-dominated regime, the numerical diffusion can easily
dominate over the physical diffusion, resulting in a much shorter
diffusion timescale (Jiang et al. 2013, 2014; Jiang 2021). This is
especially true for the discrete ordinate method, since the equa-
tions are not by design the diffusion equations as solved in FLD.
The test also shows that exploiting local time-stepping does not
change the diffusion timescale or introduce any discontinuous
artefacts in the radiation field.

We used the same setup in J21 but extended the box in
2D, because we aim to perform the test on a moving Voronoi
mesh, which can only be constructed in 2D and 3D. We adopted
a slim box with a spatial resolution of 1280 × 16 covering
[−10, 10] × [−0.125, 0.125]. We used the default angular dis-
cretisation not specific to 2D with 8 directions to reduce the
computational cost, since the radiation field is almost isotropic.
The uniform background was fixed with a constant density,
ρ = 1, a constant temperature, T = 1, a constant horizontal
velocity, vx = 1, a constant scattering opacity, κs = 4 × 104, and
zero absorption opacities. The intensities were initialised to be
the isotropic values associated with a radiation energy density
of Gaussian-peak shape Er(x, y) = exp(−40x2), x ∈ (−0.5, 0.5)
with a floor of Er(x, y) = exp(−10), |x| ≥ 0.5. We used periodic
boundary conditions for all boundaries. The constants were set to
be a = 1, c = 1000 such that the diffusion timescale of the peak
tdiff ∼ ρκs/c = 40 is comparable to the gas advection timescale
tadv ∼ Lx/vx = 20 where Lx = 20 is the horizontal size of the
box. We find that the numerical parameter in the signal speed
(Eq. (54)) needs to be increased to α = 20 to obtain accurate
results in 2D. We manually applied a three-level hierarchy of
local time-stepping as illustrated in Fig. 1.

The dynamic diffusion of the radiation peak is shown in
Fig. 6 for time t = 0, 4, 8, 16 in different colours. We sort the
2D data points according to their x co-ordinates, and plot the
radiation energy density, Er, as a function of x. Initially, the
radiation is concentrated at the box centre as a narrow Gaus-
sian peak (blue). As the radiation field evolves in the uniformly
moving background gas, the radiation peak is advected with the
gas at the gas speed vx = 1. Meanwhile, the peak spreads due
to radiative diffusion in the optically thick medium. The profiles
of the radiation peaks at different times coincide with the ana-
lytical solutions (dotted black lines). For local time-stepping, we
do not observe artefacts at the boundaries between regions that
hold different timesteps, and the diffused shape of the peak is

Fig. 6. 2D dynamic diffusion test. The plot shows the radiation energy
density, Er, as a function of the x co-ordinate at different times. We
initialised the radiation field as an energy density Gaussian peak at the
centre (blue). As the radiation field evolves, the peak is dragged along
with the moving fluid, and in the mean time spreads due to radiative
diffusion. The shapes of the peaks agree well with the analytical solu-
tions (dotted black lines), which suggests that the dynamic diffusion is
well captured by our scheme even on an unstructured moving mesh with
forced local time-stepping.

not changed by forced local time-stepping. Therefore, we have
demonstrated that dynamic diffusion can be correctly captured
in our scheme, even on an unstructured moving mesh with forced
local time-stepping.

4.2.2. 2D multi-source expanding radiation bubbles

With this test, we aim to show the propagation of radiation in the
optically thin region emitted by multiple optically thick radiation
sources, especially when the radiation only propagates through a
small portion of the simulation box in one timestep. Such a setup
provides an idealised showcase motivated by the test in Thomas
& Pfrommer (2022), with implications for the ionising radiation
in star-forming regions or in the epoch of re-ionisation. This test
also demonstrates how the numerical diffusion spreads the radi-
ation in optically thin region, and how local time-stepping does
not jeopardise the results.

We constructed the initial conditions in a 2D box of
[−0.5, 0.5] × [−0.5, 0.5] with a spatial resolution of 1024 × 1024
and 200 directions consisting of two groups of angular sets. For
radiation sources, we set up 20 optically thick homogeneous
spheres with varying radii and temperatures. Their locations,
radii, and temperatures seem to be randomly distributed, but are
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actually determined by deterministic functions (available at Zen-
odo: doi: 10.5281/zenodo.15032138). This is for the test to
be reproducible with other methods, an improvement we made
upon the test in Thomas & Pfrommer (2022). The whole domain
is in pressure balance with a uniform pressure P = 1, and the
density is determined from ρ = P/T , where the temperature
T (x, y) is different in each sphere and in the background. The
background was fixed to have a temperature of 10−3 and zero
opacity such that it is effectively vacuum to radiation. Inside
each homogeneous sphere, we set the absorption opacity to sat-
isfy κR = κP = 105/ρ with zero scattering opacity such that the
optical depth across each sphere is at least 103. We initialised
the intensities to be the isotropic value caT 4/(4π). All bound-
aries were set to be outflow for radiation, and we only evolved
the radiation field. We chose the constants to be a = 1, c = 10
such that the light-crossing time for the box is tc = 0.1 and the
CFL timestep is approximately ∆tCFL = 4× 10−5 for a CFL num-
ber of 0.4 when the signal speed is the speed of light. We set the
maximum iteration number to be 200 per timestep.

It is important to demonstrate the power of the implicit
scheme to overcome the small timesteps when propagating radi-
ation even if local time-stepping is used. Therefore, we chose a
maximum timestep of 0.001, about 25 times larger than the CFL
timestep limited by the speed of light. This results in a three-level
timestep hierarchy of 0.00078, 0.00039, 0.000195 distributed in
the 2D plane as illustrated in Fig. 1. In Fig. 7, we show the expan-
sion and merging process of radiation bubbles. The 20 radia-
tion sources with varying sizes and luminosities are shown in
panel a. The radiation bubbles expand at the speed of light
(panel b), merge (panel c), and eventually fill the simulation box
(panel d). The radiation field is dominated by radiation from the
luminous sources clustered at the top and lower-right of the box,
which is designed to mimic the clustering of massive stars. We
find no artefact at the boundaries between regions holding differ-
ent timesteps. We also compare the figures with another test that
adopts global time-stepping, and find almost identical results.
We therefore conclude that local time-stepping does not change
the simulation results when the radiation is free-streaming in the
optically thin region, but more complex simulations are needed
to confirm this.

In panel b, for each individual expanding bubble, we predict
its size as R0 + ct and plot them as blue circles, where R0 is the
size of the individual source and t is the time of the simulation.
The radiation energy density falls off as r−2 and follows the ana-
lytical prediction shown in Sect. 4.1.2. We therefore only plot
the predicted bubble sizes for those that are luminous enough to
have a radiation energy density at the radiation front larger than
the colour bar floor. The bubble sizes in the simulation generally
agree with the predicted ones, indicating that the bubbles indeed
expand at the speed of light, even though we take much larger
timesteps than the CFL condition. However, the radiation fronts
are not sharp but more extended due to the numerical diffusion.
This seems to suggest that, if our method is applied to more
complicated re-ionisation simulations, the surroundings may be
ionised sooner than what happens in nature. But this may not
be an issue, because the radiation energy density in the diffused
part falls off quickly with radius, and is generally orders of mag-
nitude smaller than the radiation energy density at the radiation
front.

This test also demonstrates the accuracy of our method in
simulating a complicated radiation field propagating at the speed
of light. For example, in panel c and d, we show that the intense
radiation leaves shadows behind the dim optically thick sources,
and the shadows are pointed in different directions depending

on their relative positions to the luminous clusters. Thomas
& Pfrommer (2022) also illustrated that, due to the fluid-like
description of M1 closure, it predicts the collision of radiation
bubbles, which generates rarefaction waves and shock fronts that
artificially enhance or decrease the radiation energy locally. But
with our method, the radiation bubbles pass each other as light
is supposed to behave (see also the discrete ordinate results in
Thomas & Pfrommer 2022).

4.3. Radiation hydrodynamic tests for radiation-gas coupling

4.3.1. 2D thermal equilibrium in a uniform medium

This test is a simple demonstration of the coupling between radi-
ation and gas. Specifically, we test the exchange of energy and
momentum between radiation and gas.

We set up the problem the same way as in J21 with a 2D
box covering [0, 1] × [0, 1]. We set the spatial resolution to be
32 × 32, with 24 directions for the angular resolution consist-
ing of two groups of angular sets. The box was filled with a
uniform medium of density ρ = 1, temperature T0, horizontal
velocity vx0, absorption opacity κR = κP = κa, and zero scattering
opacity. The intensities were initialised to be the isotropic value
set by the radiation energy density, Er,0, which is out of ther-
mal equilibrium. All boundaries were set to be periodic for both
fluid and radiation. We chose a = 1 with three sets of different
parameters: (1) T0 = 1, Er,0 = 100, vx0 = 0, κa = 100, c = 100; (2)
T0 = 100, Er,0 = 1, vx0 = 0, κa = 1, c = 100; (3) T0 = 1, Er,0 =

1, vx0 = 3, κa = 1, c = 103. The thermal relaxation timescale can
be calculated for different parameter sets as t0 = 1/(cρκa). We
manually applied a three-level hierarchy of local time-stepping
as illustrated in Fig. 1.

In Fig. 8, we show the results of three tests. The first two pan-
els illustrate the swift relaxation to thermal equilibrium in static
media, either for the optically thick regime (left panel) or for the
optically thin one (middle panel). The averaged radiation energy
density Er (red) and averaged aT 4

gas (black) reach the same value
as the analytical solution (dotted grey). This proves that the total
energy is conserved and the energy is exchanged between gas
and radiation. The time evolution to the equilibrium value is not
correctly displayed in the left panel, because the hydro timestep
is about 10 t0, and the system reaches thermal equilibrium in
one timestep, although physically it should take much less time.
In the middle panel, the system reaches the approximate equilib-
rium state much faster than t0, because the initial deviation from
equilibrium is orders of magnitude larger than the equilibrium
value, which accelerates the initial thermal relaxation process.
However, if we plot the temperature in linear scale, it is evident
that the system is still approaching the exact equilibrium state
at the end of the simulation, because the ultimate thermal relax-
ation timescale is t0. In the right panel, we examine the thermal
equilibrium in a uniformly moving medium and show the relative
errors of different quantities compared to their expected values.
The relaxed radiation energy density Er (blue) and the horizontal
velocity vx (orange) fit well with the values reported in J21 to the
reported precision. The average total energy density (green) and
the average total horizontal momentum density (red) also do not
change within the relative errors of 10−7. Even though this test
does not guarantee the conservation of energy and momentum in

3 In J21, they recorded that the last test is performed with c = 100.
We have checked that, in our case, this parameter will not produce the
equilibrium Er and vx as reported in J21. This is likely a typo, because
if we choose c = 10 the results agree very well.
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(a) (b)

(c) (d)

Fig. 7. 2D multi-source expanding radiation bubble test, with a maximum timestep 25 times larger than the CFL condition among the three levels
of local timestep hierarchy. Panel a: initial conditions. Panel b: after 0.05 light-crossing timescales. Blue circles indicate expected radii of the
most luminous expanding radiation bubbles. Panel c: after 0.25 light-crossing timescales. Panel d: after 1 light-crossing timescale. The colours
show the radiation energy density distribution. We follow the propagation of 20 radiation bubbles in vacuum until the light crosses the whole box.
The bubbles are emitted from 20 optically thick sources with different luminosities seemingly randomly distributed (panel a). The radiation does
propagate at the speed of light, but the radiation fronts are slightly spread by numerical diffusion compared to the expected fronts (blue circles in
panel b). The radiation bubbles run into each other and merge (panel c). Eventually, they fill the simulation box, leaving small shadows behind the
dim optically thick sources (panel d). As shown in the expansion of the bubbles, most of the radiation comes from the luminous sources clustered
at the top and bottom right.

sophisticated simulations, it shows that the energy and momen-
tum are conserved in the simple test even on an unstructured
moving mesh with forced local timesteps.

4.3.2. 2D linear waves

The linear wave test is a basic test to show the accuracy of the
code and the convergence order of the scheme. It can also expose
the errors introduced by the moving-mesh noises that affect the
convergence, especially in radiation-dominated optically thick
waves.

We perform the tests similar to J21 by setting up 2D boxes
spanning [0, 1] × [0, 1]. We vary the spatial resolution from
16 × 16 to 256 × 256, and fix the angular resolution as 8 direc-
tions using the default angular discretisation not specific to 2D
setup. We set the uniform background with density ρ0 = 1,
temperature T0 = 1, gas pressure P0, and absorption opacity
κR = κP = κa. The equation of state is chosen to be P = ρT
with an adiabatic index 5/3. On top of the uniform background,
we add perturbations with an amplitude of 10−3 via eigenmodes
with a wavelength the size of the box, calculated from the
dispersion relation detailed in Appendix B of Jiang et al. (2012).
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Fig. 8. 2D thermal equilibrium test. We start with a radiation field and a temperature field very far from equilibrium with each other, and they
quickly reach thermal equilibrium state as the system evolves. All the x axes indicate the time, t, of the simulation in units of the thermalisation
timescale, t0. In the first two panels, we explore thermal equilibrium in static media (left: optically thick; middle: optically thin). We show that Er
(red) and aT 4

gas (black) become equal at a value consistent with the analytical solutions (dotted grey). In the last panel, we show the relative error of
different values: the radiation energy density compared to the J21 reported value (blue), the horizontal velocity compared to the values reported in
J21 (orange), the average total energy density compared to its initial value (green), and the average total horizontal momentum density compared
to its initial value (red). The relative errors show that our results are consistent with the values reported in J21 to the precision they reported, and
that the total energy and total momentum are conserved at 10−7 level even with local timesteps on an unstructured moving mesh.

Fig. 9. 2D linear wave test showing the convergence with increas-
ing spatial resolution. We explore different physical parameters of τa =
0.01, 1, 100 in different colours, and different aT 4

0 /P0 = 0.01, 10 in the
different panels. The L1 norm of the absolute error in density (y axis),
generally decreases with increasing number of cells in the horizontal
dimension (N, presented on the x axis). The curves fall off as N−2, until
they saturate at 10−6 level, where the errors are dominated by moving-
mesh noises as discussed in the main text.

We initialised the intensities to be the equilibrium values cal-
culated from the time-independent version of our scheme, as
we find that this procedure reduces the errors for radiation-
dominated optically thick waves. All boundaries were set to be
periodic. Two physical parameters to this problem are the optical
depth per wavelength, τa = ρ0κa, and the ratio between radiation
energy density and gas pressure, aT 4

0/P0. We thus fixed the speed
of light as c = 10, and varied a and κa. We manually applied
a three-level hierarchy of local time-stepping as illustrated in
Fig. 1.

We evolved the system for one wave period, and compared
the results with the analytical solutions. In Fig. 9, we mea-
sure the L1 norm of the absolute error in density, and plot it
against the number of cells in the horizontal dimension. For
gas-dominated waves (left panel), the convergence curve fol-
lows N−2, as expected for the second-order accurate hydro solver
in AREPO. However, we find the same trend for radiation-
dominated waves (right panel), even though the errors should be
dominated by the first-order accurate radiation solver, as shown
in Jiang et al. (2012, 2014) and J21. Such an excellent perfor-
mance is unexpected, and deserves further investigation. We find
that the convergence generally saturates at 10−6, even for pure
hydro tests not shown here. This is because the moving-mesh
noises introduce errors at 10−6 level, which is also why we set the
perturbations with amplitudes 10−3 instead of 10−6 as in Jiang
et al. (2012, 2014) and J21. However, the moving-mesh noises do
not show up in 1D tests, such as those demonstrated in Springel
(2010) and Weinberger et al. (2020). In multi-dimensional tests,
the moving-mesh noises may be suppressed by using higher-
order flux integration (Zier & Springel 2022a). We also find
that a numerical parameter of α = 5 is not enough to obtain
sufficiently accurate results for the most optically thick tests
with τa = 100. The results presented here adopt α = 50 for
aT 4

0/P0 = 10, τa = 100 test, α = 20 for the rest of τa = 100
tests, and α = 5 for the others. In Fig. 10 we present the phase
velocity (top panel) and the damping rate (bottom panel) of the
waves for different choices of optical depths τa and aT 4

0/P0. We
take the last snapshot of each test, fit the density perturbation
with a sinusoidal curve, and obtain the phase and the ampli-
tude, by which we calculate the phase velocity and the damping
rate. The results shown (stars) are calculated with resolution
256 × 256, and agree with analytical solutions (solid lines). We
find no difference between the test results that adopt forced local
time-stepping and those that do not (not presented here to avoid
duplication).
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Fig. 10. 2D linear wave test showing the phase velocity (top) and the
damping rate (bottom) of waves, for simulations with different ratios
between radiation and gas pressure (as indicated), and for different
choices of the optical depth (shown on the x axis). The results marked
by star symbols are for simulations with resolution 256 × 256, which
agree well with the analytical solutions (solid lines).

4.3.3. 1D radiation shocks

Shock tube tests are standard tests for non-linear numerical
schemes for hydrodynamics and MHD. However, in radiation
hydrodynamics or RMHD, the evolution of shocks are more
complex, and no analytical solutions can be used to verify
numerical results for shock tube tests (Jiang et al. 2012). There-
fore, we resort to the steady-state radiation shock test (e.g. Jiang
et al. 2012, 2014; Jiang 2021; Menon et al. 2022). The test
checks the capability of the code to keep the radiation shock
structure calculated from analytical solutions. This is the only
time-dependent test where we do not use the moving-mesh or
local time-stepping, because we find that the moving-mesh is
squeezed near the boundaries such that the mesh construction
becomes difficult.

In particular, the setup is almost identical to the radiation
shock test in Jiang et al. (2014). We use a 1D slab of length
0.115847 filled by 4096 mesh points and 24 directions cover-
ing the full unit sphere. We set the pre-shock parameters to be
ρ0 = T0 = Er,0 = 1 and velocity v0 = M, where we vary the
Mach number to be M = 1.2, 2, 3. The absorption opacity is
chosen to satisfy κR = κP = 577.4/ρ. We set a non-standard equa-
tion of state P = ρT/γ to be consistent with Ferguson et al.
(2017), where the adiabatic index is γ = 5/3. The initial con-
ditions are taken from the analytical solutions (Ferguson et al.
2017), and the intensities are initialised via our time-independent
radiation transport calculations. The left boundaries are set to
keep the pre-shock quantities, and we use an outflow bound-
ary condition for the right boundary. The constants are set to
be a = 10−4, c = 1.73 × 103.

In Figs. 11, 12, and 13, we show the shock structures
for Mach number M = 1.2, 2, 3, respectively, after three flow-
crossing times. Different panels show the radiation temperature

Fig. 11. 1D radiation shock test with Mach numberM = 1.2. We show
the profiles of radiation temperature Tr = (Er/a)1/4, gas temperature T ,
radiation flux Fr, density ρ, xx component of the Eddington tensor fxx,
and velocity v. The simulation results (black) align with the analytical
solutions (dashed red).

Fig. 12. Same as Fig. 11 but for Mach numberM = 2.

Tr = (Er/a)1/4, gas temperature T , radiation flux Fr, density
ρ, xx component of the Eddington tensor fxx, and velocity v.
The shock structures after three flow-crossing times (black) are
identical to the initial profiles (dashed red) calculated from
analytical solutions. A common feature is that the radiation
fluxes are always pointing from downstream to upstream, which
cool the post-shock downstream gas and heat up the pre-shock
upstream gas. When the upstream Mach number is close to
unity (Fig. 11), radiative heating and cooling are not significant
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Fig. 13. Same as Fig. 11 but for Mach numberM = 3.

so that the gas temperature still increases monotonically from
upstream to downstream. However, for Mach number M = 2
(Fig. 12), the upstream gas near the shock front is heated up and
the downstream is cooled such that the immediate post-shock
gas temperature exceeds the far downstream gas temperature,
resulting in a spike in gas temperature typically referred to as
the Zel’dovich spike (Zel’dovich & Raizer 1967). For both of
those cases, the immediate pre-shock gas temperature is still
lower than the far downstream gas temperature, which is called a
subcritical shock. For Mach numberM = 3 (Fig. 13), the imme-
diate pre-shock gas temperature becomes the same as the far
downstream gas temperature, termed as the supercritical shock.
Another common feature is that the Eddington tensor is above
1/3 at the immediate pre-shock region, but below 1/3 at the
immediate post-shock region, which indicate a jump in radiation
pressure at the shock front. The plots can be directly compared
with the results in Jiang et al. (2014), which show identical
profiles.

4.3.4. 2D irradiated cloud

This simplified test demonstrates the capability of our scheme
to perform radiation hydrodynamic simulations, where radiative
heating has a significant impact on the gas dynamics. We use
the same setup adopted for the 2D shadow test in Sect. 4.1.4. The
relaxed radiation field in the shadow test is used as the initial con-
dition, and we switch on the time-dependent radiation module
coupled to the hydro solver to perform a radiation hydrodynamic
simulation. We switch on the local time-stepping and allow the
code itself to decide the local timesteps. To keep the scheme sta-
ble, we find it necessary to set a maximum timestep of 0.0003 to
limit the timestep jump in neighbouring cells to a factor of two.
This results in a three-level time-stepping hierarchy.

In Fig. 14, we show the density distribution at simulation
time 0.06t0, 0.1t0, 0.16t0, where t0 = 1 is the sound-crossing
timescale across the box. The optically thick cloud, which is ini-
tially in pressure balance with its surroundings, is compressed by
a radiation pressure 0.1% of the gas pressure. The surface of the
cloud is also heated up, driving an outflow from the irradiated
side. Meanwhile, the compressed heated side drives shocks that

(a)

(b)

(c)

Fig. 14. 2D irradiated cloud test. The panels show the density profile at
time t = 0.06t0 (panel a), 0.1t0, (panel b), and 0.16t0 (panel c), where
t0 = 1 is the sound-crossing timescale across the box. We use the same
setup in the 2D shadow test (Sect. 4.1.4), where we inject two parallel
rays of radiation from the left boundary. The radiation acts as a pres-
sure that pushes the cloud. It also heats the cloud on one side, which
evaporates the surface and sends out an outflow. In the meantime, the
heated side sends in shocks that propagate inside the cloud, which even-
tually destroy the cloud. The figure can be directly compared to Figure 5
in J21.

propagate inwards, which compress the gas further, and even-
tually destroy the cloud. Our results can be directly compared
with Figure 5 in J21. The two results are nearly identical, except
that our results show sharper edges because we switch on mesh
refinement with a target mass resolution 1/(512× 256) while J21
fixed the mesh without adaptive mesh refinement. Similar sim-
ulations can also be found in Jiang et al. (2012) and Proga et al.
(2014).

5. Astrophysical example: Global 3D convective
envelope of a red supergiant star

To demonstrate the potential of our scheme to simulate com-
plex astrophysical systems, we present a global 3D grey radiation
hydrodynamic simulation of a 10 M⊙ red supergiant star that
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simulates the entire convective envelope and simultaneously
marginally resolves the stellar photosphere. Such a simulation
is very challenging because it involves physics with orders-of-
magnitude span in both length-scale and timescale. 3D simula-
tions of red supergiants have been performed before, for example
by Freytag et al. (2002, 2024) and Chiavassa et al. (2011) using
the CO5BOLD code (Freytag et al. 2012), and by Goldberg et al.
(2022a) using the ATHENA++ code (Stone et al. 2020), which
are considered the current state-of-the-art 3D models for red
supergiants (Chiavassa et al. 2024).

We show that, with our new scheme, we can surpass the
current state-of-the-art in the following ways:
1. We conduct the global 3D simulation for the star that (1)

simulates the entire 4π sphere and (2) retains a large sim-
ulation box to capture the atmospheric structure. The first
point is important for the global convective structure and
synthetic interferometric observations (e.g. Chiavassa et al.
2009), whilst the second point is essential for studying wind
launching, circumstellar material, and shock breakout (e.g.
Goldberg et al. 2022b). The CO5BOLD models achieve the
first but not the second, whereas the ATHENA++ models
achieve the second but not the first. We manage to attain
both because our scheme (a) achieves fast performance that
enables global 3D simulations with reasonable computa-
tional cost, and (b) supports Voronoi mesh construction in
AREPO which enables very flexible mesh sizes.

2. Our simulation include the entire convective envelope down
to the bottom4. This is to ensure that the specific entropy of
the convective envelope matches the internal condition of
red supergiants, which is a general challenge that remains
to be solved in previous simulations (Chiavassa et al. 2024).
We manage to solve this by simulating the entire convec-
tive envelope. This is because our scheme supports local
time-stepping in AREPO, which allows us to simulate the
deep interior of the star where the local dynamical timescale
is orders of magnitude lower than the surface dynamical
timescale. Local time-stepping in 3D simulations of stellar
atmospheres has only been implemented recently (e.g. the
DISPATCH framework; Nordlund et al. 2018), albeit only
for local box simulations (Eitner et al. 2024) or global simu-
lations with simple cooling functions (Popovas et al. 2022).
Here, we illustrate the advantage of local time-stepping in
global 3D simulations of stellar surface convection with
more accurate radiation transport.

3. We demonstrate that it is possible to marginally resolve
the red supergiant photosphere in global 3D simulations
such that the outgoing luminosity matches the input energy
source. This is important because it determines the surface
cooling rate, which controls the convective structure and the
atmospheric temperature. We can achieve this because our
scheme (1) supports the flexible Voronoi mesh construction
of AREPO that can be easily refined in arbitrary regions,
and (2) is accurate in the transition region between opti-
cally thick to thin regimes. Our surface resolution of 1.5 R⊙

4 It is commonly assumed that only simulating the upper part of
the convective envelope does not jeopardise the convective structure,
because the convection is primarily driven by surface radiative cooling
(Stein & Nordlund 1989) and the deep thermal timescale is so high that
the bottom envelope is not thermally relaxed even if we can simulate
it. Both of these arguments are true. However, if the bottom boundary
is not correctly treated, the specific entropy of the efficient convection
zone will not be physical, thereby affecting the whole convective enve-
lope. In addition, deep convection can also influence the fluid dynamics
near the stellar surface.

is 5 times higher than the 8 R⊙ surface resolution used in
ATHENA++ red supergiant models (Goldberg et al. 2022a),
and also slightly higher than the 2 R⊙ surface resolution used
in latest CO5BOLD red supergiant models (Ahmad et al.
2023). On average, we have three cells per photon mean free
path at the photosphere, and once in a while six cells per
photon mean free path during the simulation.

Below we describe the setup and test simulations. We limit our-
selves to a brief demonstration. In separate upcoming papers (Ma
et al. 2026, Ma et al. in prep.), we will discuss the scientific
findings in detail.

5.1. Numerical setup

For the initial condition, we take a 10 M⊙ non-rotating red super-
giant star at Z = 0.02 metallicity evolved to the stable core
helium burning stage using the 1D stellar evolution code MESA
(Paxton et al. 2011, 2013, 2015, 2018, 2019; Jermyn et al. 2023).
Since the inner part of the star is too dense and therefore too
computationally expensive for 3D simulations, we replace the
inner 5% Rbol,MESA with a point mass and a modified polytrope
of polytropic index γ = 4/3 that is stably stratified following
Ohlmann et al. (2017). Here, Rbol,MESA is the MESA bolometric
stellar radius. The star itself is placed at the middle of the sim-
ulation box, surrounded by a background filled with low density
ρbg = 10−17 g cm−3 and low temperature Tbg = 1800 K pseudo-
vacuum. We choose the box size to be 300 Rbol,MESA and use
periodic boundary conditions on all sides for the hydrodynamic
quantities but not for gravity. Effectively there is no bound-
ary, because only waves exceeding 60 km s−1 can reach the box
boundary within 20 years of simulation time, while the typical
outgoing convective speed is below 30 km s−1.

To supply an energy source and to keep the inner part stable
during the simulation, we introduce an ‘artificial core’ region
in our simulation (inner 7% Rbol,MESA) that extends beyond the
radius where we modified the initial profile. Within the artifi-
cial core, we apply a constant radiative luminosity (104.6 L⊙, the
surface luminosity of the MESA profile taken as the initial condi-
tion) to the radiation transport module. This is achieved by using
a radiation flux profile that follows Fr = Ls,MESA/(4πr2), where
r is the distance from the centre and Fr is the radial component
of the radiation flux. The intensities are constructed such that the
radiation energy density is in equilibrium with local temperature
T and gives the correct radiation flux Fr assuming Eddington
approximation, i.e. In = caT 4/(4π) + 3Fr(nn · r̂)/(4π), where r̂
is the unit vector along the radial direction. Inside the artificial
core, we also actively damp the core velocities throughout the
simulation such that ρu̇ = −ρu/τc, where we choose a damping
timescale τc to be 5% of the global sound-crossing timescale
of the MESA star. We find that the core damping is neces-
sary to keep the hydrostatic structure of the core beyond 150
global dynamical timescales. We note that this artificial core sits
well within the radiative zone (inner 12%), below the convective
envelope in the 1D profile. We therefore simulate the entire con-
vective envelope and a part of the radiative zone below in our
computational domain.

For the production run shown here, we use the time-
independent version of our scheme, where we assume the trans-
port term exactly balances the source terms and solve Eq. (104).
This is still valid for non-relativistic simulations such as the
simulation presented here. We find that it is still necessary
to implicitly evolve the temperature field simultaneously with
the radiation field. We include the radiation energy and radia-
tion pressure assuming LTE in the equation of state for density
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Fig. 15. Relative error in conserved global quantities as functions
of time for the 10 M⊙ 3D AREPO red supergiant model. The total
mass (blue) is conserved to near machine precision. As we apply
the damping term in the artificial core, the total energy (thermal +
radiation + kinetic + gravitational potential), momentum, and angular
momentum are not expected to be conserved. Therefore, we observe
a relative error at the order of 1% in total energy (orange) compared
to its initial value. The momentum and angular momentum are ini-
tialised to be zero, so the concept of relative error is not applicable.
Here, we normalise the momentum along the z axis by MMESAv0 =
2 × 1039 g cm s−1, and normalise the angular momentum along the z
axis by 0.1MMESARbol,MESAv0 = 5.3 × 1051 erg s, where we take a ref-
erence v0 = 1 km s−1. The green and red curves therefore indicate that
the star receives a fluctuating numerical ‘kick’ along the z axis of about
0.01 km s−1, and a fluctuating numerical ‘spin up’ along the z axis of
about 0.01 km s−1 or 10−11 rad s−1, which are negligible compared to
their normal values of any physical origin for red supergiants.

ρ > 10−8 g cm−3 and smoothly transition to a pure gas equa-
tion of state for density ρ < 10−10 g cm−3 such that the radiation
is not included in the equation of state in the optically thin
regime. In the hydrodynamic solver, we include the radiation
source terms in the energy equation for radiative heating and
cooling, and only include them in the momentum equation for
ρ < 10−8 g cm−3 with a compensating transition region between
10−10 − 10−8 g cm−3 to take into account the possible radiation
forces in the optically thin regime. Given that the radiative dif-
fusion timescale is orders of magnitude larger than the local
timesteps, we only switch on the radiation transport module on
the globally synchronised timesteps to save computational time.
At local timesteps that are not synchronised, we only evolve the
hydrodynamics and not the radiation field in active cells. This
approach does not guarantee energy or momentum conservation,
but as we show in Fig. 15, it does not lead to significant devia-
tions from conservation laws. We have also attempted to use the
time-dependent version of our scheme with local time-stepping
on the moving mesh, which did not introduce notable errors
by the scheme itself. However, we find that the inner bound-
ary condition for the time-dependent radiation transport module
is difficult to set while keeping the inner core region stable for
more than 50 sound-crossing timescales. We therefore choose
to use the time-independent scheme, and defer the possibility of
using the time-dependent scheme to future explorations.

Radiation transport is performed with 80 directions. This
is slightly smaller than the 120 directions adopted in the
ATHENA++ red supergiant simulation (Goldberg et al. 2022a),
but we find that it does not lead to significant ray-effects. This
is demonstrated in Fig. 16, where 24 or 48 directions lead to
noticeable radiation peaks in the optically thin atmosphere of the
star. Since the radiation is coupled to the temperature field, this
also leads to peaks in temperature field in the stellar atmosphere
later on in the simulations. We thus choose 80 directions to save

Fig. 16. Demonstration of the ray-effect in the 10 M⊙ 3D AREPO red
supergiant model. Different panels show 2D slices of the star when the
number of radiation directions, NΩ, in the radiation transport module
is taken as 24, 48, 80, 120. The colour shows the radial radiative lumi-
nosity, 4πr2Fbol,r. Inside the star, the radiation is close to the diffusion
limit, and the radiative flux is not sensitive to the number of directions
chosen. Across different panels, the radiative fluxes inside the star agree
with each other at a relative error below 10−10. However, in the optically
thin atmosphere of the star where radiation propagates freely, a small
number of directions lead to radiation peaks along the discretised direc-
tions. We generally do not find significant ray-effects for NΩ = 80 and
120.

computational cost and memory cost while avoiding significant
ray-effects.

The simulation includes full self-gravity, uses the OPAL
equation of state (Rogers & Nayfonov 2002), and Rosseland and
Planck opacities κR, κP from the high-temperature Los Alamos
OPLIB table (Colgan et al. 2016)5 blended with the low-
temperature Ferguson et al. (2005) table6. We assume κE ≈ κP
and κF,a ≈ κR, which are not good approximations in the opti-
cally thin regime. But this is the standard approach for 3D grey
simulations of stellar atmosphere (Freytag et al. 2012; Goldberg
et al. 2022a). We enable local time-stepping for hydrodynam-
ics and gravity on the moving Voronoi mesh in the simulation,
which is the main reason that we can afford to run simulations
that include the entire convective envelope.

To pass the initial relaxation phase of the simulation, we
change the damping terms and the surface resolution during
the relaxation. For the initial one dynamical timescale of the
star, we apply a global damping term to the momentum across
the simulation box to aid relaxation following Ohlmann et al.
(2017). We drop the global damping afterwards, but we keep
the strong damping in the artificial core until the end of the
simulation. We use a target mass resolution of 3.4 × 10−6 M⊙.
We have checked that this leads to sufficient resolution near
the artificial core, but not sufficient to resolve the stellar sur-
face. We therefore adopt several nested layers for the maximum
cell volume as the (de-)refinement criterion. In the spherical

5 https://aphysics2.lanl.gov/apps/ The opacity due to elec-
tron scattering is included in the Rosseland opacity table.
6 https://www.wichita.edu/academics/fairmount_las/
physics/Research/opacity.php
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Fig. 17. Bolometric light curve of the 10 M⊙ 3D AREPO red super-
giant model. We start the simulation at time t = 0. During the initial
relaxation phase t = 0–1.1 yr, the resolution near the stellar surface is
not enough to resolve the photosphere, and the bolometric luminosity
Lbol does not saturate around the input luminosity (dotted black horizon-
tal line). Therefore, at t = 1.1 yr (indicated by the arrow), we suddenly
increase the surface resolution from 7.4 R⊙ to 1.5 R⊙. We find that this
is enough for Lbol to drop to the target value. After t > 3.5 yr, the bolo-
metric luminosity settles into a regular variable state around the input
luminosity, as shown in the zoom-in plot. The black dots on the orange
line show the snapshots used to draw the light curve, which are equally
spaced by 7.6 days. The overall variability is likely due to the self-
excited pulsation of the model, which merits further analyses.

shell between 0.2–3 Rbol,MESA, we further constrain the maxi-
mum cell size to be 7.4 R⊙. We find that this is still not enough
to resolve the photosphere, in a sense that the outgoing lumi-
nosity from the 3D simulation is two times larger than the input
luminosity in the artificial core. Therefore, after about 25 global
dynamical timescale of the MESA star, we further decrease
the maximum cell size to be 2 R⊙ between 0.9–1.5 Rbol,MESA,
and 1.5 R⊙ between 0.95–1.15 Rbol,MESA. We find that this is
enough to marginally resolve the stellar photosphere, in a
sense that the time-averaged outgoing luminosity matches the
input.

5.2. Results

The relaxation process is shown in the bolometric light curve
of the 3D AREPO red supergiant model in Fig. 17, where we
show the bolometric luminosity, Lbol, as a function of time. The
bolometric luminosity is calculated by taking the radial com-
ponent of the radiation flux from the AREPO output (denoted
as Fr,r), and averaging the quantity 4πr2Fr,r over all the cells
between 4–5 Rbol,MESA, where r is the distance from each cell
to the box centre7. Eventually after 3.5 yr, the 3D star reaches
a steady state, as shown in the zoom-in plot in Fig. 17. On top
of other variability, the bolometric luminosity exhibits a regular
pulsation pattern around the input luminosity value. The pul-
sation is likely driven by the κ-mechanism (Eddington 1917;
Cox & Whitney 1958; Baker & Kippenhahn 1962; Zhevakin
1963) where the opacity increases with temperature due to
hydrogen recombination (Heger et al. 1997; Joyce et al. 2020),
but detailed analyses are deferred to future work.

7 Alternatively, it may seem more intuitive to calculate the bolomet-
ric luminosity by integrating the normal radiation flux over all the box
boundaries. However, since the box boundary is far away from the star
with very low resolution, it is more accurate to calculate the luminosity
closer to the star, as we describe in the main text.

Taking a steady-state simulation snapshot at time 3.4 yr,
we show different timescales and optical depth as func-
tions of radial co-ordinates in Fig. 18. We compute the
shell-averaged timescales through radial binning, i.e. taking
the average value of quantities in small bins of radial co-
ordinates, weighted by either mass or volume. The shell-average
of quantity q weighted by mass is denoted as ⟨q⟩m(r) ≡[∑
|ri−r|<δR/2(qi × ∆mi)

]
/
[∑
|ri−r|<δR/2 ∆mi

]
, where ∆mi is the mass

enclosed in each cell, δR = Rbol,MESA/1000 is the size of the
bin, and the sum is taken over all the cells i whose radial
distance ri from the centre fall into the bin. Similarly, the
shell-average of quantity q weighted by volume is denoted as
⟨q⟩V (r) ≡

[∑
|ri−r|<δR/2(qi × ∆Vi)

]
/
[∑
|ri−r|<δR/2 ∆Vi

]
, where ∆Vi

is the volume enclosed in each cell. We define the shell-averaged
convective timescale ⟨tconv⟩, radial pressure scale height ⟨Hp⟩,
thermal timescale ⟨tth⟩, and Rosseland optical depth ⟨τRoss⟩ as
follows:

⟨tconv⟩(r) ≡ αMLT⟨Hp⟩(r)√⟨v2r ⟩m(r)
, (109)

⟨Hp⟩(r) ≡ −
( ⟨∇P · r̂⟩V
⟨P⟩V

)−1

, (110)

⟨tth⟩(r) ≡
∑

ri>r(cpT∆m)i

Lbol
, (111)

⟨τRoss⟩(r) ≡
∑
ri>r

[
(κR + κs)∆m

4πr2

]
i
, (112)

where cp is the specific heat capacity at constant pressure, r̂
is the unit vector in the radial direction and we take αMLT =
3. The pulsation period is found by taking the Fourier trans-
formation of the relaxed bolometric light curve (Fig. 17) and
identifying the period of the highest peak in the power
spectrum.

In Fig. 18, we shade the artificial core in grey, and only anal-
yse the regions outside of the artificial core. Throughout the
convective envelope, the convective timescale (blue) is mostly
comparable with the pulsation period (black). This indicates that
convection will interact with pulsation, and 1D treatments of
both processes may not be adequate to capture the physics. The
thermal timescale (red) is smaller than the convective timescale
at the top of the convective envelope, but is still orders of mag-
nitude larger at the bottom of the envelope. This is beyond reach
for the total simulation time (dotted grey horizontal line). How-
ever, we argue that it does not mean the inner part of the envelope
is out of thermal equilibrium in 3D simulations. As long as we
start the simulation from a profile close to the real thermal equi-
librium state, it is unlikely for the simulation to deviate too much
from reality. This is why it is essential to take the initial condition
from a 1D stellar evolution code, as opposed to relaxing the sim-
ulation from a previous 3D simulation of different parameters (as
done e.g. in CO5BOLD simulations; Ahmad et al. 2023). Nev-
ertheless, the simulation duration is still an order of magnitude
larger than the convective timescale and the pulsation period,
and therefore the simulation is dynamically relaxed to the steady
state. We further show the scatter plot of local timesteps taken
by all the cells in the simulation. The smallest timestep is taken
by the innermost cells in the artificial core. The bottom of the
convective envelope takes a timestep 16 times smaller than the
largest timestep in the outer envelope. This is why simulating the
entire envelope is beyond reach for 3D codes that only employ
global time-stepping.
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Fig. 18. Shell-averaged timescales and Rosseland optical depth pro-
file of the 10 M⊙ 3D AREPO red supergiant model at time 3.4 yr. We
show the local timestep distribution in green that occupies seven lev-
els of hierarchy, which enables us to simulate the entire convective
envelope. The artificial core within 7% Rbol,MESA is shaded in grey (see
main text). We further show different timescales across the envelope:
the convective timescale (blue), pulsation period (black), and thermal
timescale (red), as defined in the main text. The smallest timestep is
five orders of magnitude smaller than the convective timescale and the
pulsation period, and six orders of magnitude smaller than the total sim-
ulation time, which showcases the vast range of timescales covered in
the simulation. In orange, we show the shell-averaged Rosseland opti-
cal depth ⟨τRoss⟩, which is a steep function of radial co-ordinate near
the bolometric photosphere (vertical dotted grey line, defined as where
⟨τRoss⟩ = 1). We mark different optical depths in orange squares to indi-
cate the approximate locations of the 2D maps shown in Fig. 19.

In Fig. 18, we further show the shell-averaged Rosseland
optical depth (orange). We mark the averaged bolometric pho-
tosphere (vertical dotted grey line), defined as where the grey
optical depth reaches unity. From outside the grey stellar pho-
tosphere to just beneath the photosphere, the optical depth
increases steeply by more than 10 orders of magnitude. It is
therefore essential to have enough resolution near the photo-
sphere to resolve the region where photons escape. Here, we only
marginally resolve this region such that the outgoing luminos-
ity matches the input. We also mark the location of ⟨τRoss⟩ =
107, 105, 1, 10−3 with orange squares, where we take the simula-
tion data to plot the tomography of the star in Fig. 19. Besides
the highest optical depth ⟨τRoss⟩ = 107 that is located at about
1/3 stellar radii, all the others are located rather close to the pho-
tosphere. But as we show in Fig. 19, they display distinct flow
patterns across different optical depths.

The fact that we simulate the entire envelope while
marginally resolving the photosphere means that we can resolve
the flow patterns both in the deep convection envelope and in
the atmosphere. In Fig. 19 we present a tomography of our
3D AREPO red supergiant model probed at different layers
of optical depths along the x axis. We take a model snapshot
in the steady state at 3.4 yr, interpolate it onto a Cartesian
grid, and calculate the Rosseland optical depth τRoss,x(x, y, z) =∫ x
−∞ ρ(x, y, z)(κR + κs)(x, y, z)dx by integrating along the x axis

from infinity to negative infinity. In Fig. 19 we scan through
different optical depths from the deep stellar interior to the bolo-
metric photosphere, and eventually into the stellar atmosphere.
As illustrated in Fig. 19, none of the temperature maps looks
alike across different optical depths. This is in part because radia-
tive cooling and heating gradually becomes important compared
to adiabatic expansion as a fluid parcel travels from the deep
convective envelope to the upper stellar atmosphere, which will
be detailed in the upcoming paper (Ma et al. in prep.). The

distinct morphology across optical depths will have profound
implications for interpreting spectroscopic and interferometric
observations of red supergiants, which will be explored in the
future.

6. Discussion on caveats and directions for future
development

6.1. From grey to multigroup

The radiation transport scheme described in this work is cur-
rently limited to the grey approximation, where the frequency-
integrated Rosseland and Planck opacities are used to calcu-
late the bolometric intensities. However, in many astrophysi-
cal scenarios, different radiation sources emit in distinct fre-
quency bands. For example, for irradiated exoplanets such as
hot Jupiters, the radiation from internal heating is released
in infrared (IR), whereas the irradiation from the host star is
concentrated in optical (Guillot 2010). For problems involving
photo-ionisation and photo-dissociation such as protoplanetary
disks (e.g. Woitke et al. 2016), star formation (e.g. Chon et al.
2024) or the epoch of re-ionisation (e.g. Stark 2016), strong ultra-
violet and X-ray radiation is emitted from (proto)stars which
ionise surrounding atoms and dissociate molecules, while in
the meantime the dust absorbs the optical and UV radiation
and re-emits in IR. For tidal disruption events, the optical/UV
emission and X-rays are observed to have distinct blackbody
temperatures and thus emitted from distinct regions (Gezari
2021). In general, grey frequency-integrated opacities based on
the Planck function are merely crude approximations in the
optically thin regions (Malygin et al. 2014; Jiang 2022, 2023),
and frequency-dependent opacities are needed for more accurate
treatments.

Since the frequency-by-frequency radiation transport is too
expensive even in 1D simulations, it is more feasible to adopt a
multigroup approach by solving the radiation transport in several
frequency bins (Mihalas & Mihalas 1984). The implicit discrete
ordinate scheme in J21 has already been extended to multi-
group with Compton scattering in Jiang (2022). The multigroup
extension in ATHENA++ was successfully applied to accretion
disks around AGNs (Secunda et al. 2024) and stellar-mass black
holes (Mills et al. 2024), which demonstrates the potential of the
scheme. Given that the multigroup extension does not require a
structured static mesh, we expect that it will be straightforward
to extend our scheme to multigroup.

6.2. From fast to faster: GPU acceleration and node-to-node
communication

The speed of our scheme depends on the specific problem. But
in general, the computational cost is approximately proportional
to O(NcellNΩNiter), where Ncell is the number of cells, NΩ the
number of radiation angles, and Niter the number of iterations to
reach the convergence criterion.

To demonstrate that our method can be fast for complex 3D
simulations, in Fig. 20 we show the fraction of CPU hours spent
by each module in AREPO for the 3D red supergiant simulation
described in Sect. 5. With Ncell = 2 × 107,NΩ = 80,Niter = 10,
we find that the radiation module takes about 47% of the compu-
tational cost, whilst 18% is spent on tree-particle-mesh gravity,
22% on Voronoi mesh construction, and 4% on the hydro solver.
This means that, in this complex 3D example, including radi-
ation only increases the computational cost by a factor of two,
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Fig. 19. Tomography of the 10 M⊙ 3D AREPO red supergiant model showing 2D temperature maps at different optical depths at time 3.4 yr. We
scan through the star along the x axis, taking the integrated Rosseland optical depths of 107, 105, 1, 10−3. The optical-depth tomography scans from
deep inside the star all the way to the atmosphere outside of the bolometric photosphere. The convective pattern changes substantially. This plot
highlights the importance of simulating the entire convective envelope and simultaneously marginally resolving the photosphere, which gives us
the unprecedented advantage of obtaining the first comprehensive picture of red supergiants from deep inside to high up in the atmosphere, with
significant consequences for observational signatures.

and even less if the radiation transport is only applied at the glob-
ally synchronised timestep. If our scheme were to be applied to
a simplified 3D simulation on a fixed mesh with a simple treat-
ment of gravity, a RMHD simulation is 10–20 times as expensive
as a pure MHD simulation, which is the typical cost of accurate
on-the-fly radiation transport.

Such a performance is in fact very fast considering that we
use 80 angles. For reference, the explicit M1 radiation transport
AREPO-RT with three frequency bins (Kannan et al. 2019) takes
50% of the computing time in the THESAN-1 re-ionisation sim-
ulation on CPUs (Zier et al. 2024a). The relative cost of our
scheme is similar, but our reported cost adopts a large number
of 80 angles. It should be noted though that our scheme will
be much less efficient for re-ionisation simulations due to the
large number of iterations needed for optically thin regions. The
general relativistic extension of the J21 scheme was reported to
occupy 80% − 96% of the total cost for 3D linear wave tests
with 128 angles (including communications; White et al. 2023),

which is comparable to our scheme. Using the J21 scheme to
simulate circumbinary disks, Tiwari et al. (2025) reported that
the RMHD simulation is an order of magnitude more expensive
than the MHD simulation, also consistent with our estimate for
fixed-mesh simulation without self-gravity.

A useful comparison to make is between the cost of 3D
red supergiant simulations in ATHENA++ and that of AREPO,
where the physical processes are similar despite different setups.
Using the scheme of J21 in ATHENA++, Goldberg et al. (2022a)
reported that each 3D red supergiant simulation of 16-year dura-
tion takes two months to finish on 80 skylake nodes on Pleiades
supercomputer, or about 10 million CPU hours. In comparison,
given the current CPU usage, our simulation of 16-year duration
will take one month to finish on 504 CPU cores (7 nodes) on
the NHR@FAU Fritz supercomputer, or about 0.4 million CPU
hours, which is 25 times cheaper than the ATHENA++ simu-
lation. It should be noted that this speed difference is largely
due to different setups. Even though our simulation uses more
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(a) (b)

Fig. 20. Percentage of CPU hours spent by each module in AREPO for the 3D red supergiant simulation in Sect. 5. Panel a: for the time-dependent
version of the radiation module applied at each local timestep. Panel b: for the time-independent version of the radiation module applied only
at the globally synchronised timestep. With 80 directions, the time-dependent version of the radiation transport module takes about 1/2 of the
computational cost if applied at each local timestep. The time-independent version of the radiation transport module takes only 1/4 of the total
computational cost if applied only at the highest timestep, and most of the costs are still dominated by the standard gravity solver and mesh
construction in AREPO.

expensive gravity and mesh construction modules with more
mesh points, Goldberg et al. (2022a) used a more stringent
convergence criterion for the radiation transport 8. The commu-
nication overhead due to a larger number of CPU cores used in
Goldberg et al. (2022a) may also play a role in the difference of
computational cost. Therefore, we conclude that our red super-
giant simulation with AREPO is at least not slower, if not faster,
compared to Goldberg et al. (2022a) with ATHENA++.

The fast performance of our scheme is largely because of
our optimised iterative solver and communication between tasks.
The iterative solver for the intensities effectively solves for a
linear system where the intensities can be grouped into a long
vector and the coefficients form a large matrix. Those coeffi-
cients do not change during iterations, and thus only need to be
calculated once and then saved to be directly used in later itera-
tions, as motivated by Whitehouse et al. (2005)9. This approach
helps reduce the cost for actual calculations without heavily

8 We use full self-gravity and adaptive Voronoi mesh construction with
2× 107 total mesh points in AREPO. This setup is supposed to be much
more expensive than the ATHENA++ setup in Goldberg et al. (2022a),
where they used spherically averaged gravity without adaptive mesh
refinement and 107 total mesh points. On the other hand, we stop the
iterative solver after ten iterations, which typical yields a relative error
of 10−4 − 10−5. In comparison, Goldberg et al. (2022a) stop the itera-
tion after the relative error reaches 10−6, which sometimes takes 20–50
iterations (Y.-F. Jiang, priv. comm.).
9 For specific problems such as fast transients, star formation, or re-
ionisation, the opacity also needs to be updated together with radiation
and temperature field, and different coefficients are needed. This is to
be explored in the future.

burdening the memory load. After optimising the actual cal-
culations, the cost of the radiation module is dominated by the
communication between tasks, where we need to exchange prim-
itive variables as well as fluxes. In the procedure described in
Sect. 3.5, we have optimised our scheme such that there is no
redundant variable exchange or flux exchange. Specifically, (1)
we only exchange fluxes and not the radiation primitive vari-
ables (intensities) when we pre-calculate the coefficients. (2)
During each iteration, we exchange the intensities, and then only
exchange neighbouring fluxes for Ic and not the conserved vari-
ables IV . (3) After the iterations, we exchange the intensities, and
then only apply fluxes for active-passive faces to update the con-
served variables IV for passive cells with neighbouring active
cells.

Despite the fast performance, the radiation module will dom-
inate the computational cost if we aim for multigroup radiation
(Sect. 6.1), since the cost will be at least multiplied by the num-
ber of frequency bins Nν. The true cost will be even higher
because more iterations may be needed to reach convergence.
Although it is possible to reduce the number of angles as a com-
promise, it is not advisable to reduce the number of angles below
48 for complex 3D simulations, especially when there are opti-
cally thin regions in the simulation (see e.g. the convergence tests
in Huang et al. 2023; Zhang et al. 2024). We therefore expect that
radiation module will dominate the computational cost for more
than three frequency bins.

A possible way to significantly decrease the computational
cost of our radiation transport was given in Zier et al. (2024a),
where they ported the M1 radiation transport AREPO-RT
(Kannan et al. 2019) onto GPUs with node-to-node commu-
nications and achieved a factor of 10–20 speedup. Typically,
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GPUs are much more efficient than CPUs when dealing with
millions of simple and identical operations that can be per-
formed independently in parallel. This is especially relevant for
our scheme, since we need to calculate the intensity per cell per
angle per frequency bin, which yields O(NcellNΩNν) almost iden-
tical operations. Furthermore, the cost of our implementation is
still dominated by task-to-task communication, which exchanges
information between different cores. With modern computing
nodes with over 100 cores per node, using shared memory
within each node and only performing node-to-node commu-
nication can significantly reduce the computational cost spent
in communication. Since the sub-cycling approach in explicit
M1 AREPO-RT is in its essence very similar to the iterative
solver in our scheme, the data structure and workflow in Zier
et al. (2024a) can be mostly adopted for our scheme. Such accel-
eration techniques will be explored along with the multigroup
extension.

6.3. Convergence criterion and iterative solver

The convergence criterion used in this work,∑
i
∑

n |Im+1,l+1
n,i − Im+1,l

n,i |∑
i
∑

n |Im+1,l+1
n,i | < ϵ, (113)

is directly inherited from J21. However, it has two limitations.
First, it only constrains part of the simulation domain where the
intensities are large, which typically happens in the high-density
optically thick regions. Second, it only checks whether the rela-
tive error between two sequential iterations l and l + 1 is small,
i.e. whether the iterations have converged to a solution, but it
does not check how well the converged solution satisfies the
original radiation transport equation, Eq. (45). Therefore, it is
important to further check the residual of the radiation transport
equation

δ(IV)m+1
n,i ≡ [Im+1

n Vm+1 − (IV)m
n ]i +

∑
j

[
Im+1
n (cnn − w)

]
i j
· Am+1

i j ∆ti j

−
[
(S I)m+1

n Vm+1c∆t
]
i
.

(114)

Specifically, since the radiation source terms are the rele-
vant quantities for 3D simulations in practice, we propose to
check the relative residuals of the zeroth (radiation energy)
and first moments (radiation flux) of the radiation transport
equation∑

i |δ(ErV)m+1
i |∑

i |(ErV)m
n,i|
< ϵErV , (115)∑

i |δ(FrV)m+1
n,i |∑

i |(FrV)m
i |
< ϵFrV , (116)

where

δ(ErV)m+1
i ≡ 4π

c

∑
n

δ(IV)m+1
n,i wn , (117)

δ(FrV)m+1
i ≡ 4π

∑
n

δ(IV)m+1
n,i nnwn. (118)

For the 3D simulation presented in Sect. 5, we typically find rel-
ative errors at the order of 10−3 in radiation energy and 10−2 in
radiation flux after 10 iterations. This is because we have chosen
a robust iterative solver with a relatively slow convergence speed

as the default solver and that the radiation field does not change
significantly. As already discussed in the appendix of J21, if we
do not separate the positive coefficients from negative ones for
the diagonal terms (see Sect. 3.4), the convergence speed will
be much faster. If we adopt this alternative solver that converges
faster, the relative errors are at the order of 10−7 in radiation
energy and 10−3 in radiation flux after 10 iterations. However, we
do find that this alternative solver is prone to divergence for the
3D simulation in Sect. 5. Therefore, we have chosen to keep the
original iterative solver as the default one, but bear in mind that
this leads to slow convergence and larger errors for the radiation
energy and flux. We have also chosen to keep the original con-
vergence criterion (maximum ten iterations on top of Eq. (96))
as the default one, but print the relative residuals in the terminal
output for debugging purposes. One future direction is to find an
alternative implicit solver that converges faster, which is further
discussed in the next subsection.

6.4. Faster convergence and higher-order accuracy:
Alternative implicit solvers

The computational cost of our scheme almost scales with the
number of iterations Niter. To correctly capture the radiation field
in the optically thin regions, a large Niter is typically needed (see
e.g. the test problems in Sects. 4.1.1, 4.1.3 and 4.2.2). It is thus
desirable to accelerate the convergence of the implicit scheme.
Furthermore, our scheme is only first-order accurate both in
time and space, as directly inherited from the J21 scheme. As
explained in J21, this is to avoid oscillatory behaviours when
the source terms are stiff and when flux-limiters for higher-order
spatial reconstruction are difficult to treat implicitly. However,
the low-order accuracy renders the scheme diffusive (see e.g. the
test problems in Sects. 4.1.1 and 4.2.2).

A potential direction for the future is to look for alterna-
tive implicit solvers that have been successfully applied to other
astrophysical problems. For example, implicit methods are also
adopted to simulate compressible low-Mach stellar convection,
such as the SEVEN-LEAGUE HYDRO code (Miczek et al.
2015; Leidi et al. 2022) or the MUSIC code (Viallet et al.
2016; Goffrey et al. 2017). The Crank-Nicolson time integra-
tion used in those codes yields second-order accuracy in time,
but it remains to be explored how to incorporate it with the
moving-mesh construction in AREPO (Pakmor et al. 2016).
Second-order spatial reconstruction was also shown to be pos-
sible with implicit schemes adopting Newton-Raphson methods
with pre-conditioners (Viallet et al. 2016; Leidi et al. 2022), but
saving the gradients will pose a serious challenge to memory
load. Furthermore, since the Jacobian matrix for our radiation
transport problem is huge, it is attractive to adopt a Jacobian-
free method to avoid overloading the memory (e.g. Viallet et al.
2016), although the construction of a pre-conditioner and mas-
sive parallelisation are challenging to realise compared to the
iterative solver adopted in this work.

6.5. Heavy memory load for large simulations

Large simulations such as cosmological simulations are usually
bound by physical memory (Weinberger et al. 2020; Kannan
et al. 2022). As our first attempt to overcome the memory issue,
we avoid saving gradients for radiation quantities by using a first-
order spatial reconstruction, and free most of the saved radiation
quantities after radiation transport calculations except for the
conserved radiation quantity IV and primitive radiation variable
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I. However, when the radiation module is active, we still tem-
porarily save at the order of O(10NcellNΩNν) quantities. A minor
improvement is to avoid saving the angle-dependent coefficients
(Sect. 3.5), which reduces the temporarily saved quantities to
O(NcellNΩNν). This is especially relevant if we attempt to move
the scheme to GPUs, since the coefficients are supposed to be
computed fast and we aim to limit the amount of data exchanged
between tasks. Another way to explore is to save the radiation
quantities as single precision instead of double precision, as
mentioned in Kannan et al. (2022). Nevertheless, more aggres-
sive approaches will be needed if we aim to reduce the number
of saved radiation quantities by an order of magnitude. It is fore-
seeable that, given the memory limit, a VET method closed
either by our time-independent discrete-ordinate method or by
ray-tracing may be a more practical choice for large simulations,
in particular when the simulation is dominated by optically thin
regimes (e.g. re-ionisation).

7. Conclusions

In this paper, we describe an accurate implicit discrete ordi-
nate radiation transport scheme for general-purpose multi-
dimensional RMHD simulations on an unstructured moving
mesh. We extend and optimise the original finite-volume fixed-
mesh scheme developed by J21, and implement the scheme in
the moving-mesh MHD code AREPO (Springel 2010; Pakmor
et al. 2016; Weinberger et al. 2020). Compared to J21, our new
scheme supports:
1. An unstructured moving mesh;
2. Local time-stepping; and
3. General equations of state.
Our scheme also achieves a fast performance. For a 3D red
supergiant simulation in Sect. 5, we reach a relative compu-
tational cost of RMHD : MHD <2 : 1 for moving-mesh with
full gravity, and an estimated cost of RMHD : MHD = 10 :
1 for fixed-mesh with simple gravity. We performed an exten-
sive list of tests to demonstrate these new features and the
accuracy of our scheme in optically thick and optically thin
regions, or the transition region in between (Sect. 4). Most
of those tests were also performed in J21 and some in Davis
et al. (2012) and Jiang et al. (2012, 2014), and the results show
clear consistencies, which demonstrates that our scheme per-
forms well even on an unstructured moving mesh with local
time-stepping.

We collect our thoughts on future code developments in
Sect. 6. The immediate follow-ups are to extend our scheme to
multigroup radiation transport based on Jiang (2022) and further
speedup with GPUs and node-to-node communication based on
Zier et al. (2024a). We expect that both of these extensions
will be relatively straightforward, since both our scheme and the
Jiang (2022) multigroup scheme are direct descendants of J21,
and the Zier et al. (2024a) speedup was developed for another
radiation transport module in AREPO (Kannan et al. 2019). Fur-
ther uncharted territories include improving the convergence,
order of accuracy, and memory load, for which we discuss
using alternative implicit solvers and trimming the unnecessary
storage.

By combining the unique features of AREPO with an accu-
rate radiation transport, we hope that our scheme will open
up possibilities to perform moving-mesh RMHD simulations
for a vast variety of astrophysical problems in which radiation
plays an important role. The flexible mesh sizes and local time-
stepping provide the rare ability to explore a large dynamic range

in both space and time. This is particularly relevant for star
formation (Grudić et al. 2021; Chon et al. 2024; Mayer et al.
2025), tidal disruption events (Ryu et al. 2023; Price et al. 2024;
Steinberg & Stone 2024), accretion around supermassive black
holes (Hopkins et al. 2024; Guo et al. 2023; Jiang & Dai 2024),
and galaxy formation and re-ionisation in the early Universe
(Vogelsberger et al. 2020; Kannan et al. 2022, 2023), where
radiative feedback and/or radiation force are dynamically impor-
tant. In addition, the moving mesh offers an excellent tool
to simulate systems with bulk supersonic motions. This typi-
cally happens in gravitationally bound multi-body systems, such
as binary star interactions (Schneider et al. 2019; Röpke &
De Marco 2023), and astrophysical disks and their interactions
with planets, stars, black holes (Benítez-Llambay & Masset
2016; Muñoz et al. 2019; Zhu et al. 2021; Chen et al. 2023; Yao
et al. 2025), where the interactions can take the form of radia-
tive heating and cooling or radiation pressure. Supplemented by
recent AREPO implementations of non-ideal MHD (Zier et al.
2024b,c) and unique adaptive mesh refinement in shearing box
(Zier & Springel 2022a), we expect that many difficult astrophys-
ical problems can now be tackled using moving-mesh RMHD
simulations with AREPO. As the ‘first light’ of this prospective
endeavour, we are exploring the trans-sonic convection and pul-
sation in global 3D simulations of red supergiant stars with our
new scheme (see Sect. 5 for a preview), which will be detailed in
forthcoming papers (Ma et al. 2026, Ma et al., in prep.).

Data availability

All the test problems and MESA inlists are available via Zenodo
at https://doi.org/10.5281/zenodo.15032138. The radi-
ation module is merged into the master branch of AREPO and
the IDORT branch is being actively updated for new applica-
tions. To use the code, please see the description in Zenodo and
contact the first author.
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