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ABSTRACT

Context. Scalar-tensor-vector gravity, also known as modified gravity (MOG), has emerged as an alternative to General Relativity
(GR). It aims to explain astrophysical phenomena without invoking dark matter. The theory introduces a dynamic scalar field, a vector
field, and modifications to the gravitational constant. The S-stars orbiting the supermassive black hole at the Galactic centre provide a
unique opportunity to test the predictions of MOG because the orbital measurements are highly precise.

Aims. We investigate the perturbations in the orbits of S-stars under MOG, focusing on the effects on orbital elements, observables
such as right ascension, declination, and radial velocity, and the potential degeneracy with dark matter scenarios.

Methods. We numerically integrated the first post-Newtonian equations of motion for S-stars within the MOG framework, considering
contributions from the space-time geometry and the fifth force. We analysed the time evolution of orbital elements and projected the
orbits onto the plane of the sky to assess deviations from GR. Furthermore, we compared the MOG-induced effects with those expected
from a dark matter distribution.

Results. We found that MOG significantly alters the orbital precession, particularly for higher values of the MOG parameter a. For
sufficiently large a or long observational baselines, the deviations in the observables can reach amplitudes comparable to current
observational precision. Furthermore, we demonstrate that MOG effects can mimic those of a dark matter distribution, particularly in
the argument of pericentre, and we reveal an unexplored connection between MOG and GR with electromagnetism.

Conclusions. The effects of MOG on stellar orbits are distinct from those predicted by GR and can be tested with precise astrometric
and spectroscopic measurements of the S-stars. However, a potential degeneracy with dark matter signatures necessitates careful
interpretation of observational data. Further observations over longer periods are required to conclusively distinguish between these
scenarios.
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1. Introduction

High-precision measurements of the stellar dynamics in the
Galactic centre have allowed for direct tests of modified the-
ories of gravity (Borka et al. 2013; Della Monica et al. 2021;
Dialektopoulos et al. 2019; Rahman & Sen 2019; Zakharov 2018)
and dark mass (DM) (DM includes dark matter and any other
faint source (HeiBBel, et al. 2022; Lechien et al. 2024; Yuan et al.
2022)). Namely, the contribution of Schwarzschild and mass pre-
cessions on the orbit of S2 around Sgr A* has been studied
(HeiBel, et al. 2022), and a method for constraining the DM was
set up assuming two different density profiles around the super-
massive black hole. A more general density profile has been used
as well to reconstruct DM (Lechien et al. 2024), which requires
significantly more observations to achieve the same level of
accuracy in setting bounds on the mass, however.

Constraints on the parametrised post-Newtonian (PPN)
parameters Bppy and yppy were also imposed using the orbits
of S-stars (Gainutdinov 2020), and constraints were forecast for
future S2 and S62 observations (de Mora Losada et al. 2025).

* Corresponding author: ioannis.liodis@desy.de

The PPN formalism is independent of a particular modified the-
ory because it provides a general framework that parametrises
deviations from GR. When strong constraints are to be placed on
a particular theory of gravity, however, PPN is not optimal. As
a more general framework, it considers more parameters than in
the case of a particular theory. For instance, based on the orbital
precession of the S2 star in particular, scalar-tensor-vector grav-
ity (STVG; see below) has been subject to tests (Della Monica
et al. 2021) under a fully relativistic framework. Even though the
latter is formally complete, it is not necessarily the most intuitive
and handy approach for investigating effects of a modified the-
ory. When far enough from the black hole, as is the case for the
currently known S-stars, the post-Newtonian framework offers
a greater flexibility, such as an easier way to add perturbative
accelerations, and the ability to investigate the impact of these
perturbations, as well as of other effects, in isolation.

In an attempt to construct a modified theory of gravity that
can explain the missing mass in the galaxies without dark mat-
ter, John Moffat constructed the STVG, also known as modified
gravity (MOG) (Moffat 2006). In this theory, the gravitational
constant G, a vector field coupling constant w as well as its
mass p4, are dynamical scalar fields that can vary in space
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and time. It should be noted that unlike modified Newtonian
dynamics (MOND) (Milgrom 1983), MOG theory is relativis-
tic by construction. It can therefore be tested in a wide range
of astrophysical and cosmological environments. Namely, MOG
passes the wide binary test (Moffat 2024) and accounts for galac-
tic dynamics without postulating dark matter (Moffat & Rahvar
2013; Brownstein & Moffat 2006; Moffat & Rahvar 2014; Davari
& Rahvar 2020; Moffat & Toth 2023; Green & Moffat 2019;
Moffat & Toth 2015). It can also explain the Bullet cluster (Israel
& Moffat 2018; Brownstein & Moffat 2007), reproduces lens-
ing solely with baryon mass (Moffat & Toth 2021), and fits or
potentially explains cosmological data (Moffat 2026a,b; Davari
& Rahvar 2021; Moffat 2020). Furthermore, two novel observa-
tional signatures have recently been investigated in MOG black
hole shadows perturbed by passing gravitational waves (Lobos
& Rodulfo 2026). We focus on a particle orbiting a MOG black
hole (BH). To do this, the space-time geometry around compact
objects is described in the next paragraph.

2. Background: Modified gravity, and the MOG
black hole

Following Moffat (2021), we review the theoretical basis of
MOG in Sect. 2.1, which is a truncated version of the initial the-
ory proposed by Moffat (2006). In Sect. 2.2 we briefly review
the equations governing test particle motion, the fifth force, and
the classical limit of the theory. We then focus on the case of
a MOG black hole in Sect. 2.3, which is studied in more detail
throughout the rest of this work. In the current paper, the metric
signature convention (+, —, —, —) is used.

2.1. Modified gravity

In General Relativity, the gravitational field is carried by the met-
ric tensor g,,. In addition to this symmetric field component,
MOG adds two further aspects to the gravitational interaction: a
massive vector field ¢,, and a scalar field y = 1/G, where G is
the coupling strength of gravity. With ¢ = 1 units, the action is
expressed as

SZSG+S¢+SM, (D)
where
1 4 [©)75
So=— | d x\/_—g()(R + MG+ 2A), (2a)
167 X
Lo
S, = f NG~ BB + 315084, (2b)

with g = detg,, , R the Ricci scalar, A the cosmological con-
stant, Sy the matter action, By, = d,,¢, — 0,¢, an anti-symmetric
Faraday-like tensor, and w), a constant. Moreover, G is expanded
by G = Gn(1 + @), and py is the effective running mass of the
spin 1 graviton vector field. Gy denotes Newton’s gravitational
constant.

To obtain the field equations, the action with respect to g,
¢, and y has to be varied, which leads to

w 1
Gyv = _?(V/JXVVX - Eg,uvva/\,/va/\/)
o (3a)

1 87
- =(VuxVox —g9uwx) + — T,
¥ uX u Y
VB + gt = J*, (3b)
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8t
oy=———T, 3c
XY= Con+3) (3)
respectively, where G, is the usual Einstein tensor, O = V¥V,
J,, is the current matter source of the vector field, and finally, the
energy-momentum tensor is

XA
T =T+ T5, + G~ )

The TZ’V term is defined as

1 1
T = ~(Bu By = 0B Bos + 1600, = 3008°00), (5)
and T is the conventional trace T = g*'T, .

2.2. Test-particle motion, the fifth force, and the classical limit

The action of a test-particle with mass m is

dxt
Stp= —mczfd‘r—%fqﬁﬂ?d‘r, (6)

where the second term is added due to the fifth force (FF)
(Moffat 2006). This additional interaction is only relevant for
massive particles, where ¢ = vaGym is the particle ¥ F charge,
and ¢, is the vector field. The original scalar field is the inverse
gravitational coupling strength y = G~ = (1 + a/)‘lGl‘vl, which
for a MOG black hole is constant (Moffat 2021). We can there-
fore treat @ as a dimensionless constant. In a general space-time
characterised by Christoffel symbols Fﬁﬁ, the equation of motion
of a test particle with four-velocity U* is obtained from the action
(6) (Moftfat 2015)

0 massless test particle

Ut +TH UUP = ) o
B 1B, U”  massive test particle

(N

Due to the ¥F term on the right-hand side, the motion is non-
geodesic in the massive case.

As derived by Moffat (2006), the acceleration of a massive
particle in the weak-field regime due to a central point mass M
is given by

anoo(r) = - XM [1+a—ae™(1+pyr)|. (8)

72

At large distances, when pgr > 1, the term proportional
to the exponential function vanishes, and what survives is
the Newtonian gravitational acceleration, but enhanced by
a factor (1 + @). Via this feature, the theory is able to
describe the observed flatness of galaxy rotation curves with-
out postulating additional mass (Moffat & Rahvar 2013;
Brownstein & Moffat 2006; Davari & Rahvar 2020; Moffat
& Toth 2023; Green & Moffat 2019; Moffat & Toth 2015).
When p4r < 1, we can linearise the exponential term, resulting
in a cancellation of @, and recovering the Newtonian classical
limit. This means that for small length scales (but still in the
weak field), the repulsive vector field exactly cancels out the
enhancement of the gravitational constant.
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2.3. MOG black holes

When we consider a BH in this theory, additional simplifica-
tions can be introduced. Namely, Moffat (2021) demonstrated
that starting from the field equations (3) for the matter-free ¢,
field-vacuum case with zero cosmological constant, we can fur-
ther set the running mass to zero (i.e. ug = 0), which causes y
to be just a constant. The latter indicates that & from now on is
a parameter that quantifies the fractional increase of the MOG
gravitational constant G compared to the Newtonian one Gy.
Moffat & Toth (2009) also justified why the same simplifica-
tions can be admitted starting from the full general version of
the theory.

The static spherically symmetric solution can then be written
as (Moffat 2015)

ds* = Y(rldi* =¥ (rdr* — PdQ?, 9)
where dQ? = d6* + sin® 6d¢* and

2GM 2
G +GQ

c2r cr?’

Y(r)y=1- (10)
M is the BH mass, and Q = vaGyM denotes its FF charge.
Setting @ = 0 recovers the Schwarzschild solution in GR. In
Sect. 3, we comment on the relation between the line element in
Eq. (9) and the Reissner-Nordstrom solution for a charged BH,
as well as for the motion of test particles in both theories and
space-times.

Moreover, the vector field for a MOG black hole with mass
M in Schwarzschild-like coordinates is given by (Moffat 2021;
Della Monica et al. 2021)

VQ/GNM
by = -

,0,0,0), (11)

where the choice of the sign is explained in Appendix A.

3. Relation to Reissner-Nordstrém space-time

In GR, the space-time of a BH with mass M and electric charge
0 is given by the Reissner—Nordstrom (RN) solution (Reissner
1916; Nordstrom 1918). The line element in standard spherical
coordinates and in Gaussian units (so that 1/(4mgg) = 1) has the
same form as Eq. (9), with

2GyM . GnO?
c2r ctr?

This relation with a MOG BH was pointed out (Moffat & Toth
2009; Moffat 2015) under the straightforward relabelling

Y(r)— Yrn(r) =1 -

(12)

GGy and QO 0. (13)

Here, we present a different substitution, which clearly shows
that not only are there striking similarities, but the two theories
produce indistinguishable geometries and equations of motions
under a certain fine-tuning of their parameters. In particular,
writing Eq. (10) as

2
26y (1 + M) | Gw[VT+aQ)]

y =1- , 14
Moc(r) 2r ) (14)
and identifying

M=(1+a)M and Q= V1+aQ, (15)

leads to

Ymoc(r; M, Q) = Yern(r; M, Q). (16)
In other words, under the fine-tuning of Eq. (15), the line ele-
ments of the two theories are indistinguishable, and hence, so are
the left hand sides (geodesic part) of their equations of motion
(expressed by Eq. (7)). With the above straightforward dictionary
of Eq. (13), this equivalence is not achieved because the value of
« affects G and Q both.

Furthermore, the right-hand sides of the equations of motion
(Eq. (7)) for massive test particles become indistinguishable for
the two theories when the fine-tuning of Eq. (15) is also applied
to the test particle,

m=(1+am and §= Vl+agq. (17)

In the RN case, this right-hand side term for a massive (/i) and
electrically charged () test particle is

[t

RHSgy = n% (8,4, — ,A,)U”, with Ay = (18)

r

being the only non-zero component of the four potential. In the
MOG case, the right-hand side for a test particle with mass m
and FF charge g is

RHSwoa = L3y, - 3,0,)U", with g = <

(19)

being the only non-zero component of the four potential. Impos-
ing the fine-tuning of Egs. (15) and (18) then yields the
equivalence of the two right-hand sides.

We summarise some of the observations and implications of
the above discussion below.

— Under the fine-tuning of Eq. (15), geodesics around a MOG
BH with mass and fifth-force charge (M, Q) are indistin-
guishable from the geodesics around a GR BH (M, Q).
Hence, massless test particles follow the same dynamics
around a BH in both universes.

— Massive but electrically neutral test particles also follow
the geodesics of the Reissner—Nordstrém space—time, while
massive test particles around a MOG BH deviate from these
geodesics due to the proportionality of the fifth-force charge
q to the mass. In other words, there is no MOG analogue to
the electrically neutral massive test particle of GR.

— The additional fine-tuning of Eq. (18) also establishes an
equivalence between the (non-geodesic) dynamics of mas-
sive particles around a MOG BH (M, Q) and a charged GR
BH (M, 0).

It should be emphasised, however, that the MOG theory around
a BH corresponds to a reduced version of the full theory, as
discussed in Sect. 2.3. Consequently, our fine-tuning procedure
may not remain directly applicable in other systems, particularly
when « is not constant.

After establishing the above correspondence between the two
theories, we demonstrate its utility through a brief discussion
of the horizons of a MOG BH. The Reissner—Nordstrom BH
horizons are given by

Guit | G = Gr @

b}
C2

(20)

h
1l
H+

A335, page 3 of 14



Liodis, L., et al.: A&A, 710, A335 (2026)

and since any ¥ F charge is given by QO = vaGyM, starting
from (15), for a positive @, we have

GyM

_ /l+0/>1
VGyO a |

meaning that a MOG BH always has two horizons (Moffat 2015),
and it can only approach the extremal case when @ — oo.

In conclusion, a MOG BH is a very specific case of the RN
solution. The latter is free to take any mass M and electric charge
QO (the same holds for every other massive object), meaning that
on the mass-charge plane, every point is allowed. In contrast,
a MOG BH (and again, every other massive object) will live
on the straight line O = vaGy/(1 + @)M on this plane. Thus,
by observing trajectories around BHs, we would not be able to
infer whether our universe follows MOG or Einstein-Maxwell
under the fine-tuning (15), but now for every mass and charge.
An alternative interpretation might be that a dark sector is asso-
ciated with dark photons and charges, leading to a modified RN
space-time (Morris 2023). A compact object then has a total
mass My« = Mp + Mg and a total charge Qi = Op + Os, where
the D and S indices refer to the dark and standard model charge,
respectively. In this context, we can set Qg = 0 and identify
Mg = M, Mp = aM and Qp = V1 + «Q, such that M,y = M
and Qo = 0, leading to indistinguishable dynamics once again.

21

4. Post-Newtonian dynamics of a massive test
particles orbiting a MOG black hole

4.1. Derivation of the equation of motion

From now on, we recover the powers of ¢, such that the massive
test-particle action of Eq. (22) is

Y P s
Stp=-—mc fd‘r cf¢”deT'

The relative normalisation of powers of ¢ for the two compo-
nents, as well as the relative signs, are consistent with a charged
particle in an electromagnetic field (Jackson 1998). For the test
particle orbiting a MOG black hole with mass M (see Sect. 2.3),
the action S 7p in Schwarzschild-like coordinates can be written
as

(22)

— +a

dr GNM:|’ (23)

STszdtLTPZ_fdtmcz i

rc?

where Lrp denotes the test-particle Lagrangian. Our goal is
to derive the equations of motion up to first post-Newtonian
(IPN) order from this action. Following the method of
Gainutdinov (2020), we achieved this by first transforming to
isotropic coordinates, then developing Ly p to the desired powers
of ¢2, and finally, transforming to Cartesian-like coordinates.
The full steps can be found in Appendix B. The Lagrangian,
obtained by combining Eqs. (B.7) and (B.8), is

5(2
4¢?

2

m 2

I .
TPX1+

3(aM+ 1)90—’;}
C
— (@M + 1)¢N[1 + (2aM + 1)“’—@] 24)
e
2
+Q {a/goN +a(l + a)i—lzv} +0(c™,
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where x denotes the spatial position vector in Cartesian-like
coordinates, and ¢y = —GyM/|x| denotes the Newtonian central
mass potential. The two parameters M, Q were inserted by hand
as book-keeping of the origin of the various terms. In the full the-
ory, they have a numerical value equal to 1. However, in Sect. 5,
we occasionally also set them to zero in order to investigate each
contribution in isolation. Terms not proportional to either book-
keeping parameter are due to the Schwarzschild metric, and are
thus also present in the 1PN expansion of GR. These are indeed
the only surviving terms for @ = 0, as expected. Terms propor-
tional to M are due to the deviation of the MOG BH metric from
the Schwarzschild metric when @ > 0. Terms proportional to Q
are due to the fifth force.

Finally, we plugged the Lagrangian of Eq. (24) into the
Euler-Lagrange equations to obtain the MOG equation of
motion up to 1PN order (see also Gainutdinov 2020 for a related
but less explicit result),

% =-Voy —aM—-Q) OchN (Kepler)
.2 . .
—V(pN(4<p—12V + X—2)+4(V¢N~ §)§ (GR 1PN)
C C c/ cC
%\ X
+a(4M-Q) (V(pN : Z) i (MOG 1PN)
)
— aVey [(2/\4 +Q %] (MOG 1PN)
C

— aVoy [{5(a M-+ 4M}f—]2v] . (MOG IPN)
(25)

We ordered the terms by powers in 1/c¢~? and marked the phys-
ical interpretation of each line on the right. Moreover, recalling
that the parameters M and Q are numerically equal to 1, we
stress the fact that (M — Q) is in reality 0, but we included it
to recall the book-keeping order of the expression.

This derivation can be directly generalised to any modified
theory of gravity, for instance, Yukawa gravity (Tan & Lu 2024).
We conclude this section with a few key observations.

— There is no MOG correction to the classical (Kepler) limit
because the respective individual contributions of metric and
fifth force cancel each other out. This is consistent with
Eq. (8) in the limit usr > 1.

— Although the fifth force also counters the metric effect on the
1PN level to some extent, there are surviving terms. There-
fore, although MOG is constructed to account for the missing
mass problem via its weak-field limit Eq. (8), its deviation
from GR is also apparent in the strong-field regime.

— For a = 0, we recover the GR equations of motion up to 1PN
order (Gainutdinov 2020), as it should be.

— We recall that Eq. (25) constitutes an expression in isotropic
coordinates (modulo the transformation to the Cartesian-like
spatial basis).

4.2. Formulation in terms of osculating Kepler orbits

Motivated by the final point of the previous section, we prepared
Eq. (25) for an investigation into the effect of MOG on an orbit
that probes the PN regime of a central mass M. To do this, we
viewed our equations of motion as a perturbed Kepler problem,

GvM
X=-—"—n+a, (26)

where the perturbative acceleration a, abbreviates all terms on
the right-hand side of Eq. (25) but the first one, p = [x| and
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Z/to eartht

~ pericentre

plane of the sky o

Fig. 1. Definition of the Euler angles (2, ¢, w) giving the orbital ori-
entation and of the true anomaly f giving the current position within
the orbit. The static fundamental frame (X, Y, Z) (blue) is adapted to the
observables, while the co-rotated Gaussian frame (n, 4, e;) (orange) is
adapted to the symmetry of the (perturbed) two-body problem (repro-
duced from Heifel, et al. 2022).

n = x/p. We still kept track of the terms proportional to (M —
Q) for later utility. We projected a, onto the Gaussian frame
(Poisson & Will 2014; Merritt 2013),

a, = Rn + SA + We,, 27

where e, is the unit vector aligned with the orbital angular
momentum, and A completes the right-handed orthonormal basis
(Fig. 1). The components can be further expressed as

R = Roripn + RMoG 1PN, (28a)
S = Sgripn + SMoOG 1PN (28b)
W = Waripn + Wnmog 1pNs (28¢)
where the GR 1PN components read (Merritt 2013)
GvM [4GyM
RGR IPN = é\/ ) N X2 + 4(11 . 5()2 (293)
cp p
M . .
Scripn = — 5 - %)@ - X), (29b)
Waripn =0, (29¢)
with
p a(l —é*)
= = , 30
P l+ecosf 1+ecosf (302)
GyM
= X221+ &+ 2ecos f), (30b)
P
M
(n-x) = GvM  cin f, (30¢)
p
GvM
A-%) = ,/ ’; (1 + ecos f). (30d)

For the MOG components, we derived

Rytoc = —angM -
o S¥M {(4/\4 Q (“ X)2 — oM+ Q);—; (3la)
[5(a/+ 1)M° +4M]},
Swiog = ¢(dM - a) (n 0@ - %), (31b)
Whog ipx = 0. (3lc)

Following Poisson & Will (2014), we used the formalism of
osculating orbits, in which the perturbed Kepler problem (given
by Eq. (26)) is reformulated as a set of evolution equations for the
six orbital elements (p, e, t,Q, w, and f) correspondent to semi-
latus rectum, eccentricity, inclination, argument of the ascending
node, argument of pericentre, and true anomaly, respectively (see
Fig. 1). The full equations are explicitly reported in Eq. (3.64)
of Poisson & Will (2014), while they are here written for the
special case W = 0,

P 2
P=NGyM1+ ecosfS (322)
. p . 2cos f + e(1 + cos? f)
€= \/ GyM [smfR 1 +ecosf } ’ (32b)
2+ec0sf
\ ,GNM [— cos fR+ f fS} (32¢)

while i = 0 and Q = 0. For our problem, the remaining Gaus-
sian frame components R and S are given by Egs. (28), (29) and
(31). Finally, we obtained closed-form expressions by using the
relations (30).

At any point in time, the transformation between the orbital
elements, position, and velocity is given by Egs. (C.1). Some
qualitative features of the MOG orbital mechanics to 1PN order
can be seen directly from Eqgs. (32):

— Because of the vanishing out-of-plane component of the per-
turbative acceleration ‘W, the elements ¢ and Q are constants
of motion, such that MOG does not alter the orbital plane.

— Because of the non-vanishing in-plane components of the
perturbative acceleration Ryvog, Smog (Egs. (31)), MOG
contributes to the evolution of p, e, and w. The latter implies
in particular that it contributes to the rotation of the orbit
within its plane.

4.3. Secular evolution

Next, we investigated whether the evolutions of p, e, and w
exhibited secular components, that is, whether there are non-
vanishing changes in these elements per revolution, for instance,
Aw = w(f + 2r) — w(f), and hence, accumulating effects over
several orbits. To do this, we assumed the trajectories to be close
to Keplerian, which is valid on the distance scales in which we
are interested. Then, we considered the first-order approximation
of the evolution Eq. (32),

dp P’ 2

hu APV - 33

df = GaM I tecosfr (332)
2 ; 2

de p sin f 2cos f + e(1 + cos f)S (33b)

W T GyM| (1 +ecos f)? (1+ecos f)?
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do — p* 1] cos f
df = GyMe| (1+ecosf)?

2+ecos f
(1+ecos f)’

sin fS|, (33c)

in which the orbital elements on the left-hand side are viewed
as functions of f, all orbital elements on the right-hand side
except f are assumed constant, and f is approximated by
its non-perturbed Keplerian expression (Poisson & Will 2014,
p. 160).

Plugging in R and S from Eqgs. (28)—(31), we then integrated
Eq. (33) analytically over one period. More precisely, the secular
change of an orbital element u“ over a complete orbit is given by

P 21
du® f du‘
Au® = f dt = df,
S e A T
where P is the orbital period. Thus, we found Ap = 0, Ae = 0,
and

(34)

Aw

_ 67GuM (1 . %). (35)

pc?

Moreover, for an orbital element x4, denoting a combination
of effects i (asi € {GR, ST, FF , ...}, see Table 1), we defined
ouf as

oui (f) = Aui(f) — Augr(f)-

This is useful in our discussion of Fig. 5 below.
This shows that

— there is no secular evolution of p and e, such that these
elements return to their original values after each revolution,

— the only element other than f that exhibits a secular evolu-
tion is w, and hence, there is a precession of the orbit within
its plane. For a = 0, we recover the GR expression, famous
ever since its first derivation by Einstein (1915). For a > 0,
MOG amplifies this precession by the above factor.

— We note, however, that MOG and GR can both very well
yield the same Aw since the gain in precession by an @ > 0
can be counterbalanced by a lower central mass. Through
correlations like this, that knowledge of the secular behavior
alone is insufficient to distinguish between different theories
of gravity and dark matter. To do this, an understanding of
the distinct non-secular signatures of each model is key (see
Sect. 5 and Heil3el, et al. (2022).

— Our result (Eq. (35)) confirms the result of Della Monica
et al. (2021, 2023), who performed an alternative derivation.
In Appendix. A, we also settle a disagreement between these
authors and Turimov (2022).

(36)

4.4. Observational effects: Transverse Doppler shift and
gravitational redshift

When the interest is not only in the dynamics of test particles
around a MOG black hole as such, but furthermore, in how this
dynamics would be observed from a distance, MOG effects on
the light by which we observe have to be considered as well.
We restricted our considerations here to two such effects, namely
the transverse Doppler shift and the gravitational redshift, since
these are currently the only relativistic effects of relevance to the
observed light of star S2 in the Galactic centre. Moreover, we
consider this latter system as the example to investigate MOG
features in the non-secular evolution in Sect. 5.

First, we note that as a special relativistic effect, the trans-
verse Doppler effect is unaltered by MOG. Furthermore, since
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photons are massless, there is no fifth-force contribution to the
gravitational redshift. The MOG BH metric (see Egs. (9)-(10)),
however, does yield modifications to the well-known GR red-
shift. Labelling the event at which a photon is emitted at the star
by P and the event at which this photon is detected on Earth by
Q, we conclude according to Misner et al. (1973) that for the
gravitational redshift z, we have

v

laz2 2P goolo _
126 goolp

where vp, v¢ are the emitted and observed frequencies, respec-

tively, R is the distance from Earth to the Galactic centre, and ¥

is given by Eq. (10) transformed into isotropic coordinates (see

Eq. (B.5)). On the other hand, the radial (line-of-sight) velocity,
namely RV, is inferred from redshift via

_ [I5ARVIc _ 1 . ARV
l+z= \ 1=ARV/e ~ I+ =

for |ARV| < ¢, by which we obtain

Y(xol) \/we) -

P(xpl)  \ P(o)’

ARV 1-2(a+ )4
J R 4 (38)

=2+ )2t

due to the gravitational redshift, where we kept ¥ up to 1PN
order. Therefore, in order to obtain the radial velocity that the star
had at emission, we need to subtract the ARV (given by Eq. (38))
from the RV measured on Earth, obtaining RVp = RV — ARV.
For a = 0, Eq. (38) reduces to the familiar result of GR.

5. Effects of MOG on stellar orbits in the Galactic
centre

5.1. Model setup: Star S2 in orbit around Sagittarius A*

For the system in the example of which we conducted our numer-
ical investigations, we chose star S2, which is in orbit around the
massive black hole Sgr A* in the Galactic centre (Ghez et al.
2008; Gillessen et al. 2009; GRAVITY Collaboration 2022).
With a pericentre distance of about 1400 Schwarzschild radii,
it probes the post-Newtonian regime of Sgr A*. Coupled with a
high eccentricity of about 0.88, its orbit serves as an excellent
laboratory for testing relativity (GRAVITY Collaboration 2018,
2020; Do et al. 2019; Saida et al. 2019), dark matter (HeiBel,
et al. 2022; Chan et al. 2022; Della Monica & de Martino 2023;
GRAVITY Collaboration 2022), and alternative theories of grav-
ity (Borka et al. 2013; De Martino et al. 2021; Della Monica et al.
2022a,b; Abd El Dayem et al. 2025).

The hypothetical scenario in which Sgr A* is assumed to be a
MOG black hole was investigated by (Della Monica et al. 2021),
who obtained the upper bound @ < 0.662 with a confidence of
99.7%. The measurement was based on fitting the fully relativis-
tic equations of motion (Eq. (7)) to publicly available data of
astrometric and spectroscopic S2 observations. We instead inves-
tigated which distinct signature a MOG black hole inscribes on
the S2 orbit as compared to a Schwarzschild black hole, and
we compared the astrometric and spectroscopic observables, as
well as the evolution of the orbital elements. We hence based
our model on the post-Newtonian osculating-orbit framework
discussed in Sect. 4.2. This choice also facilitates comparisons
to dark matter scenarios (see Sect. 5.4) and prepares MOG for
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potential future Solar System tests, in which Newtonian domi-
nate relativistic perturbations, such that a fully relativistic model
is practically impossible to set up.

In the following, model orbits are based on the integration of
the osculating Egs. (32) with R, S given by Egs. (28)—(31). For
the initial point (#y), we chose the (at the time of writing) last
apocentre passage of the star in 2010. For the other initial orbital
elements, the black hole mass and the distance to the Galactic
centre, we chose the same values as in GRAVITY Collaboration
(2022, Table B.1). In summary, our model parameters common
to all orbits were

po =0.00109214pc,  eo =0.88441, 1o =134.70°, (39a)
wy = 66.25°, Qo =228.19°, fy=m, (39b)
M =4297x10°M,, R =8277pc, (39¢)

where the orbital elements correspond to the initial time #y. The
sole purpose of the distance to the Galactic centre R is to trans-
late between physical distances and angular distances on sky. In
one investigation, which we point out explicitly, we chose differ-
ent values for the black hole mass. The parameters that we varied
to investigate the theory were

a>0, Me{0,1} and Q€{0,1}, (40)
where the latter two were set to 1, unless stated otherwise, and
were occasionally set to O individually in order to investigate the
fifth force from the MOG space-time contribution in isolation.

Since we did not fit observations, but focused on features of
MOG, we did not model systematic effects such as the motion of
the Solar System or the offset and drift of instrument reference
frames (as in e.g. GRAVITY Collaboration (2020) and Reid &
Brunthaler (2020)). Moreover, in comparison plots, where we
subtract a quantity of a GR orbit from the corresponding quan-
tity of a MOG orbit, these contributions would cancel out in any
case because they affect the two orbits identically. To investigate
the effects on the observables (RA, DEC, and RV), which are the
right ascension, declination, and radial velocity, we transformed
the orbital elements in position and velocity using Eqs. (C.1),
such that (RA, Dec,RV) = (7, rX, —v%) (Fig. 1).

5.2. Comparing MOG orbits to GR orbits

In Sect. 4.3, we determined that for the same central mass
M, MOG enhances the secular pericentre advance of GR
(Schwarzschild precession) by a factor 1 + 5a/6 (Eq. (39)).
Figure 2 demonstrates how this alters the appearance of the
observed orbit on sky for the example value @ = 5, yield-
ing an almost sixfold Schwarzschild precession. Since publicly
available observational data readily constrain @ < @, := 0.662
(Della Monica et al. 2021), this is an extreme choice for the sole
demonstrative purpose in which the effect is visible by naked
eye.

To place into perspective what is actually observable, we
note that the current 10~ measurement uncertainties for S2 obser-
vations are about 50 pas in astrometry using the GRAVITY
instrument at the Very Large Telescope Interferometer
(GRAVITY Collaboration 2017) and 10km/s in radial velocity
using the Spectrograph for Integral Field Observations in
the Near Infrared (Eisenhauer et al. 2005) and the Enhanced
Resolution Imager and Spectrograph (Davies et al. 2023) at
the Very Large Telescope. Therefore, in order to probe the
detection threshold for the deviation of a MOG orbit from a GR
orbit for realistic @ values, we present Fig. 3. We subtracted

a= 0.0 a= 5.0

0.1751
0.1501
0.1251

go.loo—

$0.0754
0.0501
0.0251

0.000+ ]

0.03 0.00 —0.03-0.06 0.03 0.00 —0.03-0.06
RA [as]

Fig. 2. Oribt of star S2 (yellow star) around the BH (black dot) in the
centre of our Galaxy for GR (left panel) and an extreme MOG case
(right panel).

the observables of the GR orbit from the observables of the
MOG orbit on a logarithmic scale as functions of time for three
values of a, the highest of which is the bound @, found by
Della Monica et al. (2021). By our choice of initial parameters
(Eq. (39)), the orbits coincide at the 2010 apocentre passage and
then deviate with a certain signature within each 16-year period
and an overall accumulation of the deviation per revolution
according to Eq. (39).

The precise form of the non-secular deviation has to be inter-
preted with some caution. In Fig. 3, which shows the observables
in the time domain, the sharp features around pericentre are
in part due to the fact that the orbital period changes with a.
This ought to be automatically corrected in the true anomaly
domain. A certain f value might correspond to different times
t for orbits in different gravity theories. Furthermore, due to the
high eccentricity we considered (see Eq. (39)), the part of the
orbit around the pericentre is traversed in a rather short window
in the time domain, which is stretched out slightly further in the
true anomaly domain (see the grey area in Fig. 6).

Overall, we observe that for @ equal to the current bound
(right column of Fig. 3), the MOG deviation from GR (solid
blue lines) surpasses the 1o instrument threshold (dashed hor-
izontal line) after a single revolution (=16 years), and the 30
limit (horizontal black line) shortly after. For lower a values
(left and middle columns of Fig. 3), the effect has to accumu-
late for longer in order to exceed the thresholds. However, an
improvement of the (Della Monica et al. 2021) limit by a factor
1/10, namely a = 6.62 - 1072, represented in the middle column
of Fig. 3, seems achievable within realistic timescales.

Furthermore, the RA deviation has a positive offset with
respect to the DEC deviation because of the spatial orientation
of the orbit. Finally, we also note that the RV deviation needs
to accumulate longest in order to breach the thresholds. How-
ever, we recall that the deviation plotted here is solely due to
the effects of MOG on the orbital motion itself. In addition to
this, spectral observations are subject to the gravitational red-
shift, which is altered by MOG in comparison to GR as well
(Sect. 4.4). We discuss the MOG redshift contribution to RV in
isolation in Sect. 6.
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Fig. 3. Evolution of the observables’ (RA, Dec, and RV in the first, middle, and bottom row, respectively) absolute difference between GR and
1) full MOG (solid blue lines), ii) fifth force (solid red lines), and iii) space-time (dashed yellow lines) contribution for different values of . We
fixed @ as @ = 6.62 - 1072 in the left column, @ = 6.62 - 1072 in the middle one and @ = 6.62 - 107! in the right column. An explanation of the
labels can be found in Table 1. The horizontal dashed lines correspond to the 1o~ (black) and 30 (grey) accuracy of the instruments. For the spatial
observables (RA and Dec), these are 50 pas and 150 pas, respectively, and for the radial velocity (RV), they were fixed to 10 km/s and 30 km/s.

We finally focused on the representation of the orbits in terms
of orbital elements (p, e, w,a) and show their change over one
revolution in Fig. 4. Firstly, we note that the secular evolution
agrees with what we derived in Sect. 4.3, such that Ap = Ae = 0,
and w changes from f = 0 to 27 according to Eq. (35). Sec-
ondly, the coincidence of all orbits at f = x is again due to
our arbitrary choice of initial parameters (Eq. (39)). The abso-
lute deviation between the MOG and GR orbits thus must not be
interpreted as an indicator of where (in terms of true anomaly)
MOG impacts the orbit. Instead, the slope of these curves marks
where deviations from Keplerian motion are driven by both GR
and MOG.
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5.3. Fifth force and metric effects in isolation

As was already apparent from the fully relativistic equations
of motion (Egs. (7)), MOG accelerates massive test particles
via two components: through its distinct metric from GR, and
due to the fifth force, by which the motion is non-geodesic. In
Sect. 4 we kept track of these separate contributions through-
out our derivations of the PN equations of motion (Eq. (25))
and of the perturbative acceleration components R, S, and W
(Eq. (28)) via the book-keeping parameters M, Q. We used these
then to investigate the individual contributions to the dynamics
in isolation by setting them to zero individually. We stress that
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Fig. 4. Orbital element evolution with true anomaly. Here, Ap stands for the offset of p from its GR value at f = 0, and analogously for the other
elements. The dashed black line represents GR, and the solid coloured lines represent a MOG case with a particular a value in the range (0.001, 1).

For each orbital element p“, the definition of Au“ is given in Eq. (34).

Table 1. MOG contributions and on-off parameters.

Contributions M @  Extended mass
GR 0 0 -
ST 1 0 -
FF 0 1 -
ST & FF 1 1 -
DM 0 0 Plummer profile

this is merely a diagnostic tool and does not reflect a physical
scenario in the MOG theory, since any massive object carries
a fifth-force charge. Therefore, the only physical scenario is the
full MOG, or equivalently, ST & FF (M,Q) = (1, 1)), and
GR (M, Q) = (0,0)). However, due to the relation to Reissner—
Nordstrom, shown in Sect. 3, the S7 -only scenario around a
MOG BH can be considered equivalent to a massive but electri-
cally neutral particle following a geodesic around an electrically
charged BH in GR. In order to select an @ value for this investi-
gation, we recall that for (M, Q) = (1, 0) or (0, 1), the weak-field
acceleration of MOG does not cancel, such that the Keplerian
two-body acceleration is modified by a factor 1 + « (first lines in
Egs. (25) and (31)). Being of OPN order, this term then com-
pletely dominates the perturbative accelerations, such that we
had to choose a very small « to yield curves on reasonable scales.
We chose @ = 1072, For the same reason, we waited for the iso-
lated effects to appear equal and opposite in our plot, up to small
1PN differences not visible by naked eye on these scales for such
a small @. Consequently, the difference between the curves for
GR (dashed black) and the full MOG (solid blue) theory are also
expected to be insignificant and overlap by naked eye. All of the
above can indeed be observed in Fig. 5.

The semi-latus rectum p (first column of the figure) does
not strongly deviate from GR even for single contributions. The
maximum effect is about 103 AU on the pericentre. In general,
the space-time geometry mainly tends to slightly reduce p, but
drastically increases the eccentricity away from the apocentre,
and thus, the semi-major axis as well (see the second and last
columns, respectively). In contrast, the repulsive force (¥ ) has
the opposite effect and cancels out 87~ almost totally.

Regarding the argument of pericentre (third column), the
ST produces a characteristic feature of a negative slope around
the apocentre, which is compensated for by the opposite feature
produced by 7% . Near pericentre, the effects compete again,
leading in the overall compliance with GR. Eq. (35) indicates
that Awmog =~ Awgr for this value of @, which explains why we
do not see a discrepancy between the solid blue and dashed black
curve by eye. When we consider the findings from this figure, it
becomes clear that the origin of the deviation between MOG and
GR in Fig. 4 is the overcompensation of ¥F for the ST effect
around the pericentre for high « values, while around the apoc-
entre (grey shaded region), the contributions cancel out almost
totally.

5.4. MOG versus DM

Considering the inspiration behind MOG, the interesting ques-
tion arises whether the effect of a dark component on the stellar
orbits is distinguishable from that of MOG. Heifel, et al. (2022)
showed that a DM profile demonstrates a characteristic feature
on the evolution of the argument of pericentre, mainly in the
range f € (5m/6,7n/6), and that the overall precession Awpy
also decreases. We might therefore relax M as a free variable
and impose Awpy = Awgg for a particular DM profile. Doing
so for the MOG case as well, by relaxing @ and M and imposing
Awnmoc = Awgg, would lead to a direct comparison between the
DM and MOG signature within an orbit.

We refer to four cases, presented in Fig. 6: (i) full MOG
(87 and FF), (i) ST contribution alone, (iii) GR plus an
extended mass (DM,) and (iv) GR only. All the relativistic effects
were taken into account up to 1PN. In the GR case, we selected
M = 4.261 x 10° M,, leading to the evolution of w(f) rep-
resented with a dashed black line (Fig. 6). Regarding MOG,
we first took the full theory (87 & FF) for @ = @, = 0.662
(Della Monica et al. 2021) and set M = 2.205 My, such that the
overall precession matched (blue line).

Regarding the extended mass, we considered the Plummer
profile (Plummer 1911),

r2 -5/2
p(r) =Po(1 + —2) ,
I,

0

(41
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Fig. 5. Effects on the evolution of orbital elements (top panel) and the deviation from GR (bottom panel). Each case is integrated independently.
The cases are (i) full MOG (solid blue line), (ii) fifth-force contribution alone (solid red line), iii) space-time contribution alone (solid yellow line),
and (iv) GR (dashed black line). Cases (ii) and (iii) are not physical in MOG, but are used for diagnostic purposes, as explained in Sect. 5.3. An
explanation of the labels can be found in Table 1. For each orbital element y“, the definitions of A y“ and du“ are given in Eqgs. (34) and (36),

respectively.

where pg is the density parameter, and and ry = 0.3” is the
length-scale parameter (Mouawad et al. 2005). Following the
most recent upper bounds on the extended mass (GRAVITY
Collaboration 2022), we chose the density parameter such that
the total mass up to a radial distance of 230mas was 3500 M,
corresponding roughly to lo. To match the orbital preces-
sion, we selected M = 5.43 x 10° Mo, leading to the red line
in Fig. 6. Finally, we isolated the S7 effect (yellow line),
and fixed @ = 0.758 x 1073 and M = 4.252 x 10° M,, such
that the slope at f = m and the overall precession matched.
All the other parameters were kept the same for all four
cases.

The full MOG theory, even for this high @ = 0.662 (which
indicates an increase of 66.2% in the gravitational strength),
is almost identical to GR for almost the whole orbit. On the
other hand, the DM case generates a characteristic feature around
the apocentre, which was extensively discussed in Hei3el, et al.
(2022). It is significant that the ST effect achieves the same
feature, although it deviates strongly far from the apocentre.
In MOG, it is impossible for a massive test particle to follow
a geodesic because of its FF charge grp ~ myp. However,
when we take the relation between MOG BH and the Reissner—
Nordstrom space-time (Sect. 3) into account, it is evident that an
electrically neutral test particle around a charged black hole in
GR follows geodesics on a space—time that produces exactly the
same feature. At very far distances compared to the BH scales,
the #F weakens exponentially because the mass of the vec-
tor field is non-zero, and the S7 effect therefore accounts for
the missing mass. Therefore, these feature similarities should be
expected.
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Fig. 6. Evolution of the argument of pericentre with true anomaly. The
full MOG theory is represented with a solid blue line, its ST~ effect
with the solid yellow line, the DM case with the solid red line, and the
GR case with the dashed black line. An explanation of the labels can be
found in Table 1.
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Fig. 7. Evolution of RV deviation for three values of @. The opaque lines (blue, red, and yellow, with spikes at the bottom) represent the RV absolute
difference between (i) MOG EoM with MOG RS and GR EoM with GR RS (blue), (ii) MOG EoM without RS and GR EoM without RS (red),
and (iii) GR EoM with MOG RS and GR EoM with GR RS (yellow). An explanation of the labels can be found in Table 2. Instead, the transparent
lines, namely, the progressive red and blue lines and the constant yellow line that connect the peaks of the respective opaque lines, represent the
evolution of the corresponding RV absolute difference peaks. The horizontal dashed black and grey lines represent the 1o~ and 30 precision of the

instrument, respectively.

Table 2. Orbits under investigation.

Orbit 1 Orbit 2

Label
EoM RS EoM RS
MOG MOG GR GR 8T &FF &RS
MOG - GR - ST & FF
GR MOG GR GR RS

Notes. Orbits compared in Fig. 7. Each orbit consists of the integrated
EoM, and, eventually, the gravitational RS is taken into account. The
second comparison (ST~ & ¥ F) is also presented in the bottom row of
Fig. 3, but on a logarithmic scale.

6. Impact of redshift MOG versus GR

In all the investigations until now, we only used the equation of
motion (EoM) up to 1PN (Eq. (25)). However, for real data, the
gravitational redshift (RS) has to be taken into account as well.
The spatial coordinates in Fig. 3 are not affected by this phe-
nomenon, unlike the radial velocity. Fig. 7 demonstrates three
different comparisons to help us understand whether the gravita-
tional redshift dominates the deviation of the local velocity due
to the EoM. The comparisons are summarized in Table 2, where
each of the two orbits (i.e. considering different configurations
for EoM and RS) are integrated separately and their resulting
RV is then subtracted.

Fig. 7 shows that although the deviation between the MOG
and GR EoM (i.e. ST and ¥ F) is progressive (red line), mean-
ing that it increases with each period, the deviation due to the RS
is constant with time. Initially, the RS has a stronger effect by
one order of magnitude (yellow line), but the progressive devi-
ation due to the EoM quickly kicks in and becomes dominant
after some periods. Hence, for a sufficiently high a value and
for a limited observation time, we have more opportunities to

observe a discrepancy due to the RS (e.g. @ = 0.662), while for
lower a values and for a long enough observation time, the EoM
eventually produces a stronger deviation (e.g. @ = 0.0662). For
very low « values, we can calculate how much observation time
is required in order for the total deviation (blue line) to reach the
instrument precision (dashed horizontal lines).

7. Summary and discussion

We have performed a detailed investigation of the first post-
Newtonian effects of MOG on stellar orbits around BHs and
compared the results with those predicted by GR. We found sim-
ilarities between MOG and GR with electromagnetism, and we
quantified MOG signatures on observables and orbital elements.

Namely, we confirmed the orbital precession (Aw) formula
for MOG presented by Della Monica et al. (2021, 2023) using
an alternative derivation (Eq. (35)). We further settled the
disagreement that arose with Turimov (2022), in Appendix. A.

We proved for the first time, to the best of our knowl-
edge, an exact equivalence between dynamics around MOG and
Reissner—Nordstrom BHs by proposing a fine-tuning (Egs. (15)
and (18)).

On the side of observable signatures, our analysis showed
that for low values of «, deviations from GR are minimal and
difficult to detect within current precision. However, for higher
values, the differences become significant, particularly in the
orbital precession and in the evolution of orbital elements such
as the semi-latus rectum and eccentricity. These effects manifest
prominently in the pericentre half of the orbit and become more
pronounced over multiple orbital periods.

By isolating the contributions of the MOG space-time
geometry (S7°) and fifth force (¥ %), we found that the two
components can partially cancel each other out, leading to
minimal deviations in the overall orbit. However, for high
values, the cancellation is incomplete, resulting in noticeable
differences from GR predictions. This behaviour highlights the
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non-linear nature of MOG and the complex interplay between its
components.

Additionally, we compared MOG to a DM scenario with an
extended mass distribution. Interestingly, we found that certain
MOG effects, particularly those related to space—time geome-
try, produce features similar to those seen by DM, such as the
characteristic behaviour of the argument of pericentre around the
apocentre. This suggests a potential degeneracy between MOG
and DM, which might complicate efforts to distinguish between
the two using current observational data.

Finally, we explored the effect of gravitational redshift (RS)
on radial velocity measurements. Our results indicate that while
the redshift effect dominates initially, deviations due to the MOG
EoM become significant over longer observation periods. This
implies that precise and extended monitoring of stellar orbits is
necessary to fully capture the MOG effect.

In conclusion, while MOG introduces subtle but potentially
detectable deviations from GR, especially for higher values of
a, it remains challenging to distinguish between MOG and
DM effects. Future observations, particularly those involving
long-term monitoring of stellar orbits and high-precision mea-
surements of radial velocity, will be crucial in determining the
validity of MOG as an alternative to dark matter and in refining
our understanding of gravity in the strong-field regime.
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Appendix A: Fifth force and electromagnetism

We delve into a detailed analysis of the choice of sign in
Eq. (11), due to the confusion arose in the comment papers
Turimov (2022) and Della Monica et al. (2023).

Lopez Armengol & Romero (2017) studied the STVG-Kerr
space time and invoked the resemblance of the vector potential
¢, around a black hole, where u4 = 0 with the electromagnetic
four potential A, of the Einstein-Maxwell theory (Misner et al.
1973). For a black hole with zero spin, the only non-zero covari-
ant component of the vector potential is always negative, that is,

Oy
==

$o = (A.D)
where Qg is the fifth force charge of the black hole and r the
Schwarzschild-like radial coordinate. Note that we now use nat-
ural units, since we only care about the direction of the extra
force. It is important that Lopez Armengol & Romero (2017) and
Misner et al. (1973) used the signature (-,+,+,+), from now on
called S_. This is of course in accordance with electromagnetism
in special relativity Srednicki (2007), since the four potential
around a point source of charge Q.,, is defined as

A* = (D, A), (A.2)
where ® = Q,,,/r, leading to
Ay = _LQen for S_, (A.3)

r

due to the metric with S_ signature.

If one chooses the (+,-,-,-) signature (namely S.), the def-
inition of the contravariant components of the four potential
remains the same as in Eq. (A.2) (Peskin & Schroeder 1995),
but now the covariant time component is given by
Ap = % for S,, (A4)
and the spatial components change sign. Note that in curved
space-time, the covariant time components of the four potential
have the same form with Eq. (A.3) or (A.4), depending on the
signature (see Misner et al. (1973)).

Going back to GR, it can be easily shown that in both cases,
that is, using either S_ or S, the physics is of course the same,
obeying to the following equation of motion (see Misner et al.
(1973); Mehdizadeh & Jalili (2016)):

o+ T UUP = Ly, (A.5)
m
where U* is the four velocity of a particle with mass m and
charge ¢.,,, moving in a space-time with Christoffel symbols Fﬁ 5
and in an electromagnetic field F,, = d,A, — d,A,. Finally, the
dot denotes derivative with respect to an affine parameter. For
a point charge source placed at the origin, the only non zero

components of the Faraday tensor are

for S_

for S, ’ (A.6)

+ r2
Fio=~Fo = 0,A0 = {_gemr—z
em

while the radial component of the inverse metric can be
expressed as

1 _ {+\PRN(}") for S_

“\-¥ra(r) for S, (A7)
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where Wgrn follows the Reissner—Nordstrom metric (Reissner
1916; Nordstrom 1918). Therefore, the right hand side of the
radial component of Eq. (A.5) is written as

em em\P
+61 0 (V)Uo

qﬂg“FwUO = 5
m m I

, (A.8)
considering S_ and S,. The only thing that defines the sign
of this expression outside the horizon is therefore the product
qemQem, Which is positive for like charges leading to repulsive
force, and negative for unlike charges leading to attracting force.

The % near a MOG BH has an equivalent picture if one
identifies

F, - By,
u - Dus
Qem i fo’ (A9)
Gem - arfs
Yrn(r) — Ymoa(r)-

However, now both charges are always positive (Moffat 2015),

and therefore, the 7 F is always repulsive, as desired.

We highlight that the aforementioned correspondence leads to
Ory

go = +—L
;

(A.10)

for the signature that we used (S, ), and that a different choice of
sign would require either a non-physical absorption of the minus
inside a charge, or to postulate a relative minus sign in the action
(22).

Retrospectively, it is evident that the claim of Turimov (2022)
about the inconsistency of the signature used in Della Mon-
ica et al. (2021), is correct. However, Turimov (2022) gave an
expression for the orbital precession using S, and a negative sign
in the vector field, leading to an attracting force as demonstrated
in this section, and as correctly pointed out in Della Monica et al.
(2023). Finally, the latter study seems to have postulated a dif-
ferent sign in the ¥, in order to make it repulsive, which of
course results in the correct equation of motion.

Appendix B: Derivation of the 1PN Lagrangian

The first term of Eq. (23) can be obtained using the method fol-
lowed by Gainutdinov (2020), where the line element is given by
(9) and (10). To comply with the notation in Gainutdinov (2020),
Y(r) is written as

2

W) =1-2(1 +a)‘;‘ +a(l +a)%, (B.1)

with u = GyM/c?*. One should now choose a proper coordinate
transformation to go to isotropic coordinates with radial element
p. Let the arbitrary transformation

2
r = pf(p), so that ‘P_l(p)(;l—;) = f2(p). (B.2)

For positive a, the differential equation obtained has the follow-
ing solution

2
f(p):1+(1+a)ﬂ+(1+a)ﬂ ’
4p?

and the line element is therefore written as

(B.3)

ds® = W(p)c*dr® — f*(p) (dp” + p*dQ?) =
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ds* = Y(x|)c*dr — F2(|x))dx>, (B.4)

where x denotes the spatial position vector in Cartesian-like
coordinates. Now, writing ¢y = -GyM/p = —c*u/|x| and
expanding W(]x|) and f?()x|) with an accuracy of O(c~%) and
O(c™), respectively, yields

en (X)) ey (IxD)

Y(x)=1+2(a+1) >+ (a+1)Ba+2) Tt o™,
C C
(B.52)
=12+ AP 4 o, (B.5b)

For simplicity, from now on ¢y (|x]) will be referred to as just ¢y,
implicitly having a dependence on [x|. The line element is now

written as

1ds ?.(2 )'(2 DN

——=1-— |14+ —= -3(a+ 1)=

cdt 2¢? 4¢? (@+1) c? }

(B.6)
+(a+ 1)92—2V [1 +Qa+ 1)%] +O(c™)

where the square root has been taken to an accuracy of O(c™9).
Now, one can identify the geometrical term of the action (23) as
—cds/dt, leading to

x* YN
1+E—3(a+1)c—2]

(B.7)
~mla + Doy [1 + Qa+ 1)%] + O™,

Finally, in the isotropic coordinates, the #F term of the action
(23) is written as

2

GyM
2027 = magy + ma(l + a)"o—’zv +0(c™). (B.8)
C

—mca
r(p)c?

The full Lagrangian, including the % (Moffat & Toth 2009),
can be now read off from the action in the Cartesian-like
coordinates, with the result given by Eq. (24).

Appendix C: Auxiliary

The transformation rules between the osculating orbital elements
and position and velocity in Cartesian coordinates, at any instant
of time, are given by:

r=0%r", %) and v =%, 07, 0%) (C.1)
where
X = r(cos Qcos(w + f) —costsin Qsin(w + f))
= r(sin Q cos(w + f) + costcos Qsin(w + f))

r? = rsincsin(w + f)

and
K =— p(cos Q(sin(w + f) + esinw)

= Cp(+ costsin Q(cos(w + f) + ecos w)
o= p(sin Qsin(w + f) + esinw)

= (= costcos Q(cos(w + f) + e cos w)

= Cpsini(cos(w + f) + ecosw),

with r = p/(1 + ecos f) and C, = 4/Gm/p . For their derivation
see, for instance, (Poisson & Will 2014, Sect. 3.2.5).
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