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ABSTRACT

We present a global linear analysis of a spectrally selective magnetic instability of mixed poloidal—toroidal field configurations within
radiative stellar interiors. This instability, previously investigated in cylindrical geometry in the context of fusion physics but largely
unexplored in astrophysical applications, arises when the Suydam stability criterion is violated. It occurs only within a narrow range of
wavevectors that satisfy k-B ~ 0, that is, for perturbations with wavevectors nearly perpendicular to the magnetic field. This instability
shares several dynamical properties with the classical Tayler (kink-type) instability of a pure toroidal field, most notably its partial
resilience to suppression by stable stratification. Unstable modes with sufficiently short radial wavelengths are essentially unaffected
by the stabilizing buoyancy and grow on nearly Alfvénic timescales. In contrast, large-scale modes are affected by stratification and
their growth rates o follow the scaling o o w3 /N?, where w, is the Alfvén frequency of the background axisymmetric toroidal
field B, and N is the Brunt-Viisild frequency. Unlike classical Tayler modes, the instability studied here persists in the presence
of a substantial poloidal magnetic field: increasing the axial field B, reduces the growth rate but does not completely suppress the
instability, following the scaling o o« wsBy/B,. Owing to its spectrally selective nature, the instability can develop with dominant
azimuthal wavenumbers m > 1, leading to a broader mode spectrum than that of the classical Tayler instability. This instability may

significantly influence the dynamics and transport processes in radiative stellar interiors, thereby contributing to stellar evolution.
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1. Introduction

The stability of magnetic fields in radiative stellar interiors is a
long-standing problem in astrophysics. Observations show that
a fraction of early-type stars, white dwarfs, and neutron stars
harbor large-scale surface fields that can have a fossil origin
(cf. Borraetal. 1982) or be the result of an unstable phase
(Arlt & Riidiger 2011). Asteroseismology has recently uncov-
ered evidence for strong internal fields buried deep within the
radiative cores of low-mass evolved stars. For instance, aster-
oseismic studies based on Kepler observations of red giants
reveal suppressed dipole oscillation modes that imply magnetic
fields of order 10° G in the core (Fuller et al. 2015; Stello et al.
2016). Additionally, asteroseismology has revealed asymmetric
splittings in the mixed modes frequency spectrum of low mass
evolved stars that can be attributed to the presence of strong
radial magnetic fields located deep inside the radiative region of
the core (Li et al. 2023). Magnetohydrodynamic (MHD) insta-
bilities can also induce angular momentum transport and mix-
ing, potentially contributing to explain the slow rotation of red
giant cores (see Aerts et al. 2019 for a review). Thus, under-
standing which field configurations can remain stable in a radia-
tive zone, and the dynamics of unstable configurations, can have
far-reaching implications for stellar evolution.

The stability of configurations containing a purely toroidal
field has been extensively studied in the literature. A wide
range of different instabilities have been identified, such as the
shear-driven magnetorotational instability (Riidiger et al. 2007,

* Corresponding author: giovanni.licciardello@inaf.it

for toroidal fields) and the magnetic buoyancy instability (Parker
1966). Although these instabilities can have an impact on many
astrophysical phenomena, in the context of the magnetism of
radiative stellar cores, where stable stratification is dominant, it
is generally accepted that the most prominent ones are those that
can develop through almost horizontal displacements (Spruit
1999).

Tayler (1973) demonstrated that an axisymmetric toroidal
field B4 can develop a nonaxisymmetric kink instability, which
grows on an Alfvén timescale and can occur for arbitrarily small
values of the field strength in the absence of diffusive effects.
This instability has later been identified in liquid metal exper-
iments (Rudiger et al. 2012; Seilmayer et al. 2012). Studies
following up on Tayler’s work showed that rotation and stable
stratification lower the growth rate but cannot suppress the insta-
bility entirely (Acheson & Gibbons 1978; Pitts & Tayler 1985;
Spruit 1999; Kitchatinov & Riidiger 2008; Bonanno & Urpin
2012; Skoutnev & Beloborodov 2024; Meduri et al. 2025). In
the limit of strong stratification where the Brunt-Viisilé fre-
quency dominates the toroidal Alfvén frequency, N > wa, both
global linear stability analyses and direct numerical simulations
show that the growth rate scales as o ~ w; /N* for perturba-
tions with large radial wavelengths, which can be small but still
nonzero, while small scale modes can continue to grow at the
adiabatic growth rate wa = By/(47mp)'/*R (Bonanno & Urpin
2012; Meduri et al. 2025).

Purely poloidal fields with field lines that close inside
or outside the star can also be unstable (Markey & Tayler
1973; Flowers & Ruderman 1977). Purely toroidal and purely
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poloidal fields are therefore inherently unstable in stellar inte-
riors. Mixed-field configurations are more likely to achieve sta-
bility, although analytic theory offers no simple general proof
of global stability. Prendergast (1956) found a stable analytical
mixed configuration in ideal MHD, while Duez & Mathis (2010)
generalized this solution. However, recent work shows that the
Prendergast solution can be destabilized by resistive effects, even
under strongly stable stratification (Kaufman et al. 2022).

Direct numerical simulations show that a random initial field
in a stably stratified star relaxes into a seemingly stable con-
figuration with comparable toroidal and poloidal components
(Braithwaite & Nordlund 2006). Such calculations provide valu-
able insight into the nonlinear evolution of candidate MHD equi-
libria. However, the absence of evident instabilities in the sim-
ulations does not necessarily imply stability, as it may result
either from the damping of small-scale unstable modes by by
explicit diffusivities much higher than those of real objects, or
from insufficient numerical resolution due to numerical diffu-
sivities. Our linear analysis aims at clarifying the stability con-
ditions of a class of mixed poloidal-toroidal configurations and
may guide future simulations.

Bonanno & Urpin (2011) showed that mixed configurations
can support modes with high azimuthal order m, which remain
unstable for any ratio of poloidal to toroidal field strength in the
absence of viscous and magnetic diffusion. These modes satisfy
local selection conditions and, due to their short azimuthal wave-
lengths, could be missed by numerical simulations. This type of
instability was already identified in the context of plasma physics
for a mixed axisymmetric magnetic configuration containing an
azimuthal component B, and an axial one B;. It occurs when the
condition known as the Suydam criterion, which is necessary for
stability,

2
ar g,ﬂ&i(ﬁ)] 50
ds 8 | By ds\sB;,

is violated (Suydam 1958). Here P is the local gas pressure and
s represents the cylindrical radial coordinate. As we shall see in
the following, the background field configuration chosen in the
present study violates this criterion everywhere in the integration
domain. The Suydam criterion neglects both stable stratification
and diffusive effects.

In this work, we investigate this instability in the presence
of stable stratification and all relevant diffusivities, both key
ingredients of radiative stellar interiors that have not been con-
sidered before. Using a radially global linear stability analy-
sis in spherical geometry, supported by local arguments and a
semi-analytical approach in cylindrical coordinates, we show
that simple mixed poloidal-toroidal equilibria can be subject to
a type of selective instability even under strong stable stratifica-
tion. Unlike the classical Tayler modes, which are dominated by
unstable perturbations with azimuthal wavenumber m = 1, this
instability can develop even for fields with a substantial poloidal
component and occur for any azimuthal wavenumber, provided
that the perturbation wavevector k satisfies k- B ~ 0, where B is
the magnetic field.

The rest of this paper is organized as follows. In Sect. 2 we
describe the basic state adopted for our global linear analysis
and the governing equations. Section 3 presents the results of
our linear stability analysis in a spherical geometry. First, we
discuss the diffusionless case with no gravity, then we introduce
stable stratification and thermal diffusion, and finally we incor-
porate viscosity and magnetic diffusivity. Sect. 4 focuses on the
region close to the axis, analyzing a complementary problem for-
mulated in cylindrical coordinates and we compare the results

ey
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obtained with the spherical case. Section 5 closes the paper with
a summary of the results and discussion.

2. Equilibrium model and governing equations

We study an MHD basic state describing a fluid of constant
density with a the background pressure P chosen to satisfy the
magneto-hydrostatic equilibrium

—E+g+L(VxB)xB=O. 2)
P 4rp

Here, P = p(r) + h(r, 6) is the sum of a spherically symmetric
component p(r), which balances gravity and depends only on the
spherical radius r, and a nonspherically symmetric contribution
needed to balance the Lorentz force A(r, 6), which also depends
on the colatitude 6. p is the constant density and ¢ is gravity
which, for a gas sphere of uniform density, increases linearly
with radius.

We study the stability of mixed magnetic field configurations
where both poloidal and toroidal components are present. We
linearize the MHD equations around the background state above
by separating the unknowns into a mean and a fluctuating com-
ponent, the latter denoted by a prime symbol.

We employ the Boussinesq approximation, neglecting all
density perturbations except the ones related to the stabilizing
buoyancy. The equation of state is dp/p = —adT /T, where
is the thermal expansion coefficient. By keeping only the linear
terms in the perturbed quantities, we obtain

ou’ 1 1
Y VP + —(VxB)XB
ot Ie) 47p
1 /
+ — (VxB)xB +2g+ W' 3)
4np P
OB’
o = V x W' x B)+nV*B’ 4)
T’
ot u - (V—-V)T = kVT’ 3)
V-u=0, V-B =0, (6)

where the kinematic viscosity v, magnetic diffusivity n, and ther-
mal conductivity k are constant. V,q is the adiabatic temperature
gradient.

We solve these equations following two different approaches.
In the first one, we carry out a stability analysis in spherical coor-
dinates (r, 6, ¢), global in the radial direction and local in the lat-
itudinal and azimuthal ones, including stable stratification and
all of the diffusive effects. The perturbed quantities are assumed
to be proportional to exp(ct — il — im¢). In this approximation,
the perturbations vary on small scales in the latitudinal direc-
tion compared to the background field gradients, i.e. kg > H, n
where kg = [/r and Hy = rd1n B/06.

Our second approach adopts cylindrical coordinates (s, ¢, 7)
and expands on Bonanno & Urpin (2011) by including stable
stratification along the vertical direction z and thermal diffusion.
The analysis is global in the cylindrical radius s and local in
the vertical and azimuthal directions, and the perturbations are
assumed to be proportional to exp(ot — ik,z — im¢). Since the
background state has cylindrical symmetry, there is no condition
between the background and perturbed quantities to be satisfied
as in the spherical case.
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3. Spherical coordinates

We first consider spherical coordinates (r,6,¢) and a mixed
poloidal-toroidal background magnetic field configuration of the
form

B = By(r,6)é4 + B, cos6é, — B;sinf ey, @)

which satisfies the magnetohydrostatic equilibrium in Eq. (2).
The toroidal field B, is axisymmetric,

By = Byo f(r,0),

where f is a function of order unity which we define below,
while B, is the (constant) axial field strength. We express the
perturbed quantities #” and B’ in terms of toroidal and poloidal
potentials as

u =Vx(VxWe,)+VxZe, (8)
B' =V x(Vx®e,)+Vx¥e, 9)

in order to reduce the number of unknowns and have solutions
that are divergence free by construction.

The equation of evolution of the poloidal field potential ® is
obtained from the radial component of Eq. (4), and the equations
for the toroidal flow potential Z and the toroidal field potential ¥
are obtained from the radial components of the curled Egs. (3)
and (4), respectively. Lastly, the radial component of Eq. (3)
curled twice gives the equation for the poloidal flow W.

The system comprises four coupled equations, whose coef-
ficients involve terms of various orders in the product /m. For
each equation, and for each derivative order, we retain only the
highest-order terms in /m appearing in the corresponding coef-
ficient. Therefore, we do not keep unnecessary terms under the
[ > 1 approximation, but we also do not filter out possible solu-
tions with m > 1. Under these assumptions, we obtain an equa-
tion of evolution for the poloidal flow potential

a*w a*w
O'kjW - O—kiﬁ = i dr —a
W 4ktydw
2 6
+2k_L d2 _TW—kLVW
1 PO mBy csc 6 — B, sin6 d>®
— —{k*B.cos—— + k! : —_—
477,0{ ST TR r dr?
+|k*B. cos6 + 2lmesco By cotf 4B, + cot@dB¢
Z N e— - — +r —
L0 r* ¢ d6 dr
(10)
dZB¢ d® 2B cosd+i(mBycsc - IB; sin9)¢)
"drae||ar ~ i r
imB, d*¥ cscl 6’ 2PB 942 GdB d¥
—_— - cos csc
rr dr? ¢ m’ do | dr
, 21B4 + mB; cos 6 , T’
—i lT‘I’} + gakl?,
the toroidal flow potential
KBZ=ky < -Kivz
+ Var
1 (im io K do
—{—B.sinf— — —=(B,c 9——— 11
477,0{ - ( »¢ do )dr (i

£ 4
<I>+k B, cost—

ikle+ 4B, + mB;
r2 ¢ rdr m dr

.k2
+ 8 (lBZ sin@ — mBy csc 9) ‘P},
r

the poloidal field potential
)

aw
D = kili cos o l—L(mqu csc — B, sin )W
mB, d’®
—5 2+ kin—= —kin®, (12)
the toroidal field potential
1y imB.d*W
oki¥ =- o
2 —m?csco dBs\dW
- —— " Bycotd - —2|— 13
r ( #e dé ) dr (13
ik? dB, ) dzZ
- =X By - r—=) + mB, B, cos—
2 [l( P rdr)+m W+ki cosedr
i 2 2
— —~(mBycscO — IB,sin0)Z + k> e —kiny,
,
and the temperature perturbations
k d(,dT’ N’T
T/ - _- = 2 _ 2 T/ _ 2
v r? dr(r dr ) wky agin kW, (14

where gj, is the acceleration of gravity calculated at the inner
boundary r = r;,. The perpendicular wavenumber k, is k> =
2/r* + m?/r* sin® 6 and the Brunt-Viiili frequency is defined by
a .
N = g (V = Vao)T - &r.
At both boundaries, the perturbations are imposed to be zero,
which yields
aw do
W=—=0, Z=0, &=—=0, ¥Y=0, T=0
dr dr
atr = rip and ¥ = roy.

To nondimensionalize the equations above, we scale time
in units of the inverse of the toroidal Alfvén frequency wysg =
B¢0/(47rp)”2rin, lengths in units of the inner radius ri,, and
magnetic field intensities in units of the background toroidal
field strength Bgy. The background temperature gradient is (V —
V.a)T = A(r)é, and the temperature perturbations are nondi-
mensionalized with A(ri,)ri,. In this scaling scheme, there are
five key dimensionless parameters. The first is the ratio of the
Brunt-Viisild frequency at the inner boundary, Ny = N(ry,), to
the Alfvén frequency wao,

No

0= —
WA0

(15)

and quantifies the strength of stable stratification. The second is
the ratio of the axial to the toroidal field

=5
The remaining parameters, measuring the relative importance of

diffusive effects, are: the ratio of the thermal diffusion rate «/ rizn
to the Alfvén frequency,

K

€=
2 b
rin wA0

the Lundquist number,

2
waor:
Lu = _1"’
n
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and the magnetic Prandtl number

Pm=—-
n

Nondimensional variables are denoted with a tilde hereafter and
the system of dimensionless equations is
ot~ o d2W — Pm d*W
TRAW -TR — = -k ——-
+ L ar Y Lu d
pop Em @WK Pmd W P g
Lu d 7 Lu dF Lu
- BPd  _, mfcscOd—luysind d>d
2 4
_kJ_/J()COSGW'FkJ_ 7 W

ZImCSCG(f df df

+ l}i,uo cosf + = cotf — y7) + Fcot—— (16)

dr
. d*f \|dd 7 210 cos 6 + i(mf csc 6 — lug sinH)(T)
"ardo)|ar " P
cscé df

imuo d*¥
ko - —(212f cos 0 + 2m? csc 9—)

ay
dr

Podar P do

= 2lf + 0~ oy~
- iki%‘l’ + 52]{1@]“"
oo~ =y Pmd?Z ., Pm L
TRRZ=k—— -kt —
+ Y Lu d? Tt Lu
im . Dk df\dd
+ ﬁ,u() Slngﬁ — 7(fCOt9 — E

dr

ik? L d¥y
- r—; @ + k2 g cos QE 17

d
l(f+F—Jj)+m,u0
dr

ik> . -
+7(lp0s1n6—mfcsc{9)‘l’,

. aw k> -
Ik ® = k2 pg cos HE - %(mfcsc@ — Lo sin )W
impo 5, oy 1 d*® 1
- Z+ki—— -k —, 18

2 YLud?  ‘Lu (18)
_imyodzﬁ/
T

Iy =
P —m?csco df\dw
il tg— —L |2

73 (fco de) d

ik>

d L dz
- = l(f—?d—J;)+m,u0 W+kinCOSHE (19)

ik R e 2 I
—%(mfcsce—luosiné’)z+k2 4

15 I
Lu

Y Lu d?

ri=-<£4 20
T (20)

. ed ~za'T’
72 d7

) LR - RRW,

where

N? = N’T/agA, to = B:/Byo.
The above equations, together with their boundary conditions,
define an eigenvalue problem that we solved numerically using
an eighth-order finite difference scheme for the radial deriva-
tives. The radial domain is 1 < 7 = r/rj, < 2. The eigenvalues
of the resulting finite matrix are evaluated numerically through
the software MATLAB, employing a Krylov-Schur algorithm
(Stewart 2001) to solve the eigensystem. Gravity varies linearly

g = g/gin,
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with radius, g = gin7/rin, and we employ a temperature gradient
dT/dr « 1/r*, which satisfies a purely conductive heat equation.
The background toroidal field varies spatially following

f(r,0) = s/rin = (rsin6)/ry,.

The mixed background field adopted here is not meant to
describe a realistic global fossil-field equilibrium across the star,
but rather to provide a minimal local representation of a regular
mixed-field geometry near the symmetry axis. Regularity near
the axis requires the toroidal component of an axisymmetric field
to vanish at most linearly with cylindrical radius, and a smooth
poloidal component is approximately uniform to leading order
over a sufficiently small region. Our approach is complementary
to direct numerical simulations that explore stable relaxed states.
Such simulations cannot exclude the presence of locally unstable
configurations at high azimuthal wavenumbers. A further moti-
vation for this choice of background field is that the instability is
found to grow preferentially near the axis.

For our background field configuration, By o s and B, =
const, the second term in Eq. (1) vanishes, so the Suydam sta-
bility condition reduces to dP/ds > 0. Since the inward toroidal
hoop stress implies dP/ds < 0 everywhere for magnetostatic bal-
ance, the present equilibrium configuration lies on the unstable
side of the Suydam criterion.

To enable comparison with previous work, we first consid-
ered a purely toroidal field (uo = 0), for which we recover the
linear results reported by Meduri et al. (2025). In the limit of
very short radial wavelengths, k. > ky, we also recover the fully
local dispersion relation of Skoutnev & Beloborodov (2024) as
expected. Introducing even a weak axial field changes the stabil-
ity properties substantially. The configuration becomes unstable
for all values of the azimuthal wavenumber m, but with vertical
wavenumbers satisfying

k-B =0,

as we shall see in the following.

In the remainder of this section we investigate the properties
of the instability first in the diffusionless limit and with no grav-
ity, demonstrating the spectrally selective nature of the instability
for yp = 0.1, 0.2, and 1. Then, we consider stable stratification
and vary ¢ from 0O to 1000, again for selected values of pg. For
each of these configurations, we focus first on the polar regions
and then on lower latitudes. We subsequently examine the effects
of viscosity and magnetic diffusivity, for a fixed Lundquist num-
ber of Lu = 10* and for no viscosity (Pm = 0) and a finite
viscosity of Pm = 1073, Finally, we incorporate all physical
effects and derive the instability boundaries exploring the ranges
10 < Lu < 10° and 0 < 6 < 1000.

2L

3.1. Diffusionless case with no gravity

We first consider the diffusionless case with no gravity (6 = 0)
and discuss the properties of the instability for three values of the
poloidal-to-toroidal field ratio, ug = 0.1, 0.2, and 1. We calculate
the unstable eigenmodes and the corresponding growth rates for
different azimuthal wavenumbers m, first at high latitudes and
then at the equator.

Close to the axis, where k, ~ k_, the selection condition (21)
reads

m
k,B.+ ——By ~ 0, 22
<t rsiné ¢ (22)
which, for our choice of the toroidal field profile, yields
b=k~ 2 (23)
Ho
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Fig. 1. Most unstable eigenmodes for the radial velocity perturbations
it in the unstratified case (6 = 0) at a colatitude of 8 = 10° for [ = 10
and various azimuthal wavenumbers m. The poloidal-to-toroidal field
ratio is o = 0.1 and py = 0.2 in the left and right panels, respectively.

The radial scale of the instability is then expected to decrease
with m and to increase with the magnetic field ratio. Figure 1
shows the most unstable radial velocity eigenmodes at a colati-
tude of 8 = 10° for up = 0.1 (left panels) and py = 0.2 (right
panels) for different azimuthal wavenumbers m as indicated in
the legend insets. The eigenmodes were computed for a latitu-
dinal wavenumber / = 10. Choosing a different value of / has
little impact on the results, as expected from the selection condi-
tion above, which is independent of this parameter. The growth
rates of all these eigenmodes are of the order of the toroidal
Alfvén frequency of the background field. For both values of the
field ratio o, the number of eigenmode’s nodes increases lin-
early with increasing m, as expected from Eq. (23). For a fixed
m, the eigenmode radial lengthscale increases when increasing
Mo from 0.1 to 0.2 as expected. A Fourier analysis of the eigen-
modes shows that the power spectrum is sharply peaked at the
radial wavenumber expected from the condition (23).

At lower latitudes, the properties of the instability also com-
ply well with predictions obtained from the selection condition
(21). At the equator (6 = 90°), this condition reads

!
~B.+ 2B, ~0, (24)
r r
which yields
mB, 7
i (25)

B, Ho

0.8

0.6

0.4
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N e - - - - =

50 100 150 200
l

o

250

Fig. 2. Nondimensional growth rate I' = 0-/wyo as a function of the lat-
itudinal wavenumber / at the equator for different azimuthal wavenum-
bers m. The other parameters are 6 = 0 and y = 0.1.

Figure 2 presents the nondimensional growth rates I' =
0 /wy at the equator as a function of the latitudinal wavenumber
[ in the case up = 0.1 and for different azimuthal wavenum-
bers (m = 1,2,4, and 10). The spectrally selective nature of
the instability is evident from the localization of the unstable
latitudinal wavenumbers [ in a range determined by Eq. (25),
where the eigenmodes grow at a rate of the order of the toroidal
Alfvén frequency wag. For m = 10 (dotted line), for example,
we find that the spectrum of unstable modes roughly ranges
between 100 and 200, with the selection condition above pre-
dicting 100 < / < 200, when using the domain range 1 < 7 < 2.

The structure of the spectrum for the azimuthal modes m = 1
and m = 2 shows two peaks (solid and dashed lines in Fig. 2),
similarly to what reported by Bonanno & Urpin (2011). As we
increase the azimuthal wavenumber, the two peaks tend to blend
into each other, leading to a flat spectrum. This is an effect
related to our choice of the basis functions. Increasing m leads
to unstable modes that correspond to higher [. Since ky = I/r,
both peaks of the instability can eventually fit in the integration
domain for high enough values of /, and we have dky ~ rizdr,
with dky being the physical width of the instability. The cor-
responding region of the integration domain that can be unsta-
ble, dr, or, equivalently, the separation in space between the two
peaks, decreases as we increase /.

Figure 3 presents the most unstable eigenmodes i, for differ-
ent azimuthal wavenumbers at the equator and for yy = 1. Each
eigenmode has a latitudinal wavenumber [/ satisfying the selec-
tion condition (25) for 7 = 1.5, that is for m = 10, 20, 40, 100,
and 200 we fixed / to 15, 30, 60, 150, and 300 respectively. For
this choice of / and p, the two-peaks structure is absent in the
spectrum and is instead incorporated in the eigenmodes, which
are localized around 7 = 1.5 as expected. Additionally, as we
increase m, the eigenmodes become progressively more peaked
around this radius for the reasons mentioned above.

3.2. Effect of stable stratification

To investigate how the instability is affected by the stabiliz-
ing buoyancy, we fixed € = 0.01 and varied the stratification

A313, page Sof 11
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r

Fig. 3. Eigenmodes at the equator for 6 = 0 and uy = 1. The azimuthal
wavenumbers m = 10, 20, 40, 100, and 200 are shown, with correspond-
ing latitudinal wavenumber / = 15,30, 60, 150, and 300 derived from
the selection condition (25) at 7 = 1.5.

parameter ¢ from 10 to 1000. Viscosity and magnetic diffusion
were neglected. In the following, we discuss the unstable eigen-
modes and the corresponding growth rates only for ¢y = 0.1 and
0.2, first in the polar region and subsequently at the equator, fol-
lowing the approach of the previous section. For these values of
Mo, we find that gravity tames the unstable modes in a way which
is similar to the one of the classical Tayler instability of a purely
toroidal field, as we shall see in the following.

Figure 4 shows the growth rate I' as a function of ¢ for a
latitudinal wavenumber / = 10 and various azimuthal modes m,
evaluated at a colatitude of # = 10°. The cases gy = 0.1 and
1o = 0.2 are presented in the top and bottom panels, respectively.
The unstable modes with azimuthal wavenumbers m > 100 have
small radial scales as a consequence of Eq. (23). These modes
therefore develop through almost horizontal displacements that
resist the stabilizing buoyancy and can grow at the adiabatic rate
for almost all values of § explored (green and cyan lines).

Lower azimuthal wavenumbers are associated with unsta-
ble modes with larger radial length scales that can be tamed by
gravity. An order of magnitude estimate for the minimum unsta-
ble radial wavenumber presenting adiabatic growth, k., can be
obtained by equating the timescale for the buoyancy response
ty = Kk‘,‘/ kiN2 to the timescale of adiabatic growth 1/0,q, where
0,4 is the growth rate in the absence of gravity, and of vis-
cous and resistive effects (Skoutnev & Beloborodov 2024). In
dimensionless form, this critical wavenumber is k, = k.ry, =
(k. 6)' 2/ 41";/[4, where T'yg = 044/ wao. For the moderate values
of the poloidal-to-toroidal field ratio uo considered here, [',g ~ 1.
However, as we shall see in Sect. 4, the adiabatic growth rate can
be small for a field configuration dominated by the poloidal com-
ponent.

Using the selection condition (23) with k, = k. provides a
critical value of the stratification parameter,
60 =2 2m? k4, (26)
beyond which the growth rate starts to become smaller than its
adiabatic value. The predicted values of ¢, are generally in good
agreement with those inferred from Fig. 4. For yy = 0.1 and
m = 50 (purple line in the top panel), for example, we obtain
o, =~ 90.

For 6 > 6., the radial wavenumber of the unstable modes
becomes significantly smaller than k., and buoyancy can tame
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Fig. 4. Nondimensional growth rate I' = o /wyo as a function of the
stratification parameter ¢ for / = 10 at colatitude 6 = 10° for two val-
ues of gy = 0.1 (top panel) and 0.2 (bottom panel), and for various
azimuthal wavenumbers m. The dashed black line indicates the scaling
o2,

the instability effectively. In this regime, we observed that the
growth rate scales as I' o« 62 (dashed lines in Fig. 4). This
scaling is also reported by Meduri et al. (2025) for the global,
radially large-scaled unstable modes of a purely toroidal field.
We remark here that, in contrast to the classical m = 1 Tayler
modes of a purely toroidal field, since 6. decreases with decreas-
ing m, the lowest azimuthal wavenumbers of the spectrally selec-
tive instability explored here are already influenced by buoyancy
even at weak stratification. As a result, the m = 1 mode is the
least dominant (blue lines in Fig. 4).

Finally, when increasing the toroidal-to-poloidal field ratio
Mo from 0.1 to 0.2, 6. decreases. Gravity therefore starts to tame
the instability at smaller values of ¢ for a fixed value of m, in
agreement with the behavior observed in Fig. 4.

At the equator (§ = 90°), the stabilizing buoyancy affects
radially large-scale eigenmodes in a manner similar to the polar
region. Figure 5 presents the growth rate of the most unstable
eigenmodes with azimuthal wavenumbers m = 1 and m = 5 at
the equator (dashed lines) and at 8 = 10° (solid lines), illustrating
that the scaling I' o« 62 for strong stratification is the same in
both regions. The increase of the equatorial growth rates with
increasing m is also less pronounced than at higher latitudes. In
the limit of strong stratification, which is generally relevant to
stellar interiors, the instability then grows first close to the axis.
Therefore, we focus only on this latter region when discussing
the effect of viscosity and resistivity in the next two sections.
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Fig. 5. Nondimensional growth rate I' = o/wyo as a function of the
stratification parameter ¢ for yo = 0.1. Dashed lines refer to the equa-
torial growth rates, while solid lines to the ones at a colatitude 6 = 10°.

3.3. Effect of resistivity and viscosity

In this section, we explore the effect of resistivity and viscos-
ity on the instability, focusing on the region near the axis and
neglecting stable stratification (6 = 0). We fixed the poloidal-to-
toroidal field ratio y to 0.1, the latitudinal wavenumber [ to 10
and the Lundquist number Lu to 10*. We first show the results
when viscosity is neglected (Pm = 0) and then consider a finite
viscosity with Pm = 1073,

For Pm = 0, we find that magnetic diffusion alone cannot
fully quench the instability. Instead, it only reduces the growth
rate once the characteristic wavenumber of the eigenmodes
approaches the resistive wavenumber 12,, = kyrin = (TpaLu)'/?,
which we obtained by equating the resistive timescale #,, =
(7k*)~! with the adiabatic growth timescale 1/0q. Figure 6 (top
panel) presents the growth rate I" as a function of the azimuthal
wavenumber m at a colatitude § = 10°. Modes with m < 10
grow essentially at the adiabatic rate since their characteristic
total wavenumbers, which we observed to be compatible with
those given by Eq. (23), are significantly smaller than the resis-
tive wavenumber, which is k, = 100 for g ~ 1.

Approximating the total non-dimensional wavenumber as

2 =~ I~<f + I}i and using the selection condition (23), we esti-
mated the critical azimuthal wavenumber beyond which resistive
effects become important by considering
ke + kg =K.
This equation leads to m ~ (1/u + 1/ sin*6)"'/>k, ~ 9 for
7 ~ 1 and 6 = 10°. Consistently, the top panel of Fig. 6 shows
that the growth rate starts to decrease significantly beyond this
value, as expected when resistive effects dominate. In this resis-
tive regime, we found that the growth rate scales as I' oc m™2
(orange line in Fig. 6).

We now include viscosity and consider the case Pm = 1073,
Including viscosity introduces an additional timescale into the
system, the viscous time #, = 1/ (vk?). In the low-Pm limit, unsta-
ble modes are fully suppressed beyond the diffusive wavenum-
ber 12377 ~ [yqLu/ VPm, obtained by setting the reduced growth

rate of the instability I' ~ T'yq Lu / k2 equal to the inverse of the
viscous timescale #,.

The bottom panel of Fig. 6 shows that modes with m < 10
grow approximately adiabatically, since, for these modes, the

Pm=20

10°

101

1072

102

10t
m

109

Fig. 6. Nondimensional growth rate I' = o /wyo as a function of the
azimuthal wavenumber m close to the axis (6§ = 10°) for [ = 10, ug =
0.1,6 = 0, and Lu = 10* The top and bottom panels present Pm = 0
and Pm = 1073, respectively. The orange line in the top panel shows the
power law T o« m~2 of the resistive regime. The vertical dashed line in
the bottom panel presents the diffusive azimuthal wavenumber (see the
main text for details).

wavenumber satisfies k < l~<,], as discussed in the purely resis-
tive case above. For I'yq4 ~ 1, the diffusive wavenumber is then
kyy ~ 560.

The azimuthal wavenumber associated with l~<y,, can be esti-
mated from
2~k + kg~ k. 27)
Estimating &, from the selection condition (23) and solving for
m, we obtained m =~ 50, shown as a vertical dashed line in the
figure, in very good agreement with the numerical results. In the
intermediate range of azimuthal wavenumbers corresponding to
the modes with f‘n <k < I~<V,,, we recovered the scaling I « m2,
as in the Pm = 0 case. The response of this spectrally selec-
tive instability to resistive and viscous effects described above
closely parallels the behavior reported for the classical Tayler
instability of purely toroidal fields (Skoutnev & Beloborodov
2024).

3.4. Combined effects of viscosity, resistivity, and
stratification

Under the combined influence of stable stratification, mag-
netic diffusivity, and viscosity, the behavior of the instability is
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Fig. 7. Instability diagram showing the Lundquist number Lu as a func-
tion of the stratification parameter 6. Numerical results are represented
by symbols, where crosses indicate stability while circles mark unsta-
ble modes color coded with their instability growth rates I'. The size
of the markers is proportional to the azimuthal wavenumbers m of the
most unstable eigenmode, which range between m = 1 and m ~ 25. The
solid blue line presents the stability condition Eq. (29) for I,y = 0.8.

determined by the relative strength of these effects. In this
section, we focus on the case g = 0.1, Pm = 1073, and € = 0.01.
We discuss the instability properties at a colatitude 8 = 10° and
for a fixed latitudinal wavenumber / = 10.

In order to grow at their adiabatic rate, unstable modes have
to satlsfy k> k.and k < kv,,, where — as discussed above — k,
is the minimum unstable radial wavenumber set by stratification
and k,; is the cutoff wavenumber set by viscous and resistive
dissipation. At high latitudes, k> ~ &2 + IE; and we can express

the second condition in terms of the radial wavenumber as
- Taa Lu
2 o cwEE
VPm (1 + p?)
When k. is larger or equal than the limit radial wavenumber in

the condition above, no unstable modes can grow. Stability then
occurs when these two limit wavenumbers are equal, that is

0 Tun o
Figze‘/z VPm (1 + p?)

We can remove the m dependence from Eq. (28) using the selec-
tion condition (23) with k, = k. to obtain

a
u

€ Lu 172

0= _
P2 (1 +42)

(29)

Figure 7 shows the instability diagram obtained exploring
numerically the parameter space (6, Lu). Crosses denote stable
eigenmodes and circles unstable ones, with colors coding the
eigenmode growth rate I' and sizes representing its azimuthal
wavenumber m. The solid blue line corresponds to the stabil-
ity condition given by Eq. (29) for I',¢ = 0.8. The numerical
results agree well with our theoretical prediction. We indeed
found no unstable modes below the predicted stability line (gray
shaded region). Weakly unstable eigenmodes close to the stabil-
ity line show low my,.x, while moving deeper into the unstable
region selects progressively higher m disturbances. This behav-
ior is consistent with the azimuthal modes’ selection arguments
presented above. We remind here that, in contrast to the Tayler
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instability of purely toroidal fields, the m = 1 mode is the dom-
inant mode only in a few weakly unstable cases close to the sta-
bility line.

4. Cylindrical coordinates

The linear analysis and results discussed in Sect. 3 were obtained
using a local approximation in the latitudinal direction. In this
section, we relax this assumption — which may lose accuracy
at high latitudes where the instability is most prominent — by
performing an analysis in cylindrical coordinates (s, ¢,z). We
compare the results with those obtained for moderate poloidal-
to-toroidal field ratios in the previous section and extend the
analysis to higher ratios, po > 1. The linear analysis is global in
the cylindrical radial direction s, and neglects viscosity and resis-
tivity. As in Sect. 3, the background magnetic field configuration
has a toroidal component increasing linearly with the cylindrical
radius,

B¢ = B¢0 8/ Sin,

where sj, is the inner cylindrical boundary radius, and a poloidal
component characterized by a constant axial field, B,. The grav-
itational acceleration is g = —giy, €,, where €, is the unit vector in
the vertical direction.

Following the approach of Bonanno & Urpin (2011), the sys-
tem of linearized MHD Equations (3)—(6) with v = 7 = 0 can be
reduced to two coupled ordinary differential equations for the
radial velocity perturbations, i, and the temperature perturba-
tions, 7, which read

e ft 4]
2w m? Mwa,
Sl -

k2(0' + a)A)u

sdB¢) 2mw}u,
Bl P T4

By ds | as?
4k w2 w? 2 dT’
Y ko1 - |2 (30)
Ao+ %) K2s?A) T ds
2imo({ m k,wawp T’
Xs \k.s4 02+a% 9T
1d m d
T+ —|=—(su) = —| —— '
v ik, sds( ) ( (k2 As% ds s
2iwgwp mo«o N[N T
- 2A l; Us = 2 . ) ) S
A(o? +w?y) k; s (o> + wy) a go

C[td{dT\ m
_stssds 52

where
wa; = k. B,/ \4rp,

WA = Wy, + Mwp,

r—@r}

wp = By/s+4np,
2

=l+—5 §2 k2
Here k, is the vertical wavenumber of the perturbations, which
are proportional to exp(ct — ik,z — im¢). The Brunt-Viisili fre-
quency N is defined by

@

N2 = Gin Tez “(V=V, T,
and the constant background temperature gradient is (V —
V.a)T = Aé,. We imposed «, = 0 and 7’ = 0 at both the cylin-
drical boundaries s;, and soy;.
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To nondimensionalize the equations above, we scaled time
in units of the inverse of the toroidal Alfvén frequency wag =
Byo/ (4mp)'/% i, lengths in units of the inner cylindrical radius
sin, and the magnetic field in units of the background toroidal
field amplitude By. The temperature perturbations were nondi-
mensionalized with A s;,. In this scaling scheme, the nondimen-
sional equations read

- kAT + @),

a1 i, i
“or?+ o)) =+ =
df[/l( +“’A)( as s)

_E %Z_m_zi_mlzd“to l_iﬂ _z_ma) ii
sA|\7 T )5 g fds] ag
422 12 - 2 dT’
"—A]iﬁ’qzikzl"(l—~m )525 : (32)
m(r2+w§) ) k2522 ds
+2inzl"(~ m k.oaf )6257”',
A5 \k, 24 T2+a
- 1({1d im m d
rT"‘FT__ St - —Q—\\ == < 5= Sit’
Tlzast §(ik§/l§2 PR
2id T M-
LI M 2T')}N2 (33)
SAT? +@%) k5@ + @%)

1d{.dT mzf/ 2
=¢el=—|5 - - .
§ds\ ds :

There are three dimensionless parameters that control the sys-
tem: the stratification parameter

the ratio of the thermal diffusion rate to the Alfvén frequency

K
e,
and the vertical to azimuthal field ratio

B,

0= 75"
H Bso

The cylindrical radial domain is 1 < § < 2, where § = s/si,.
To solve the eigenvalue problem above, we discretized the radial
derivatives in the above equations using an eight-order finite dif-
ference scheme and used the same eigenvalue solver as the one
of Sect. 3.

In this section, we cover a broader range of values for the
poloidal-to-toroidal field ratio yy than the one explored in the
spherical case, spanning values from 0.1 to 100. The following
sections discuss first the case with no gravity and then the effect
of stable stratification.

4.1. Unstratified case

We first consider the unstratified case (6 = 0) and explore the
instability for some fixed values of the azimuthal wavenumber
m, varying the field ratio g in the range 0.1-100.

Figure 8 shows the growth rate I' = 0/wag as a function of
the vertical wavenumber k. = k. ry, for three values of o = 0.1,
1, and 10 (top to bottom panels) and for the azimuthal wavenum-
bers m = 1, 10, and 100 (left to right panels). In all cases,
the spectrum shows a structure with two clear peaks around the
value of the vertical wavenumber obtained from the selection

o = 0.1
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Fig. 8. Nondimensional growth rate I' as a function of the vertical
wavenumber k. for gy = 0.1 (top panels), gy = 1 (middle panels),
o = 10 (bottom panels) and different values of the azimuthal wavenum-
ber m. The vertical dashed line in each panel marks the wavenumber &,
obtained from Eq. (23) (see the main text for details).

condition (23) (with k, = k;) and shown by the vertical dashed
lines in the figure. Table 1 reports the vertical wavenumbers
associated with the maximum growth rates for the case uo = 0.1.
They are very similar to those that were found close to the axis
for the analysis in spherical coordinates of the previous section
and that are also reported in the table. The spectral width of the
unstable band depends on the field ratio uy. Larger values of the
field ratio yield a narrower range of unstable vertical wavenum-
bers, whereas smaller values broaden the band and allow a wider
range of modes.

For yp < 1, the maximum growth rates are of the order of
the adiabatic rate wyo and tend to increase with the azimuthal
wavenumber. For 1y > 1, the growth rates become significantly
reduced for all values of m explored (see the bottom panels in
Fig. 8 for the case at gy = 10). All of the instability properties
described above are consistent with the results of the linear anal-
ysis presented in Bonanno & Urpin (2011) for our choice of the
toroidal field profile.

Figure 9 presents the growth rates of the eigenmodes asso-
ciated to the most unstable vertical wavenumber as a function
of o for different values of m. The growth rates systematically
decrease with o, and rapidly approach the scaling I' o /161
(dashed line) when the poloidal component dominates the back-
ground field configuration, yy > 1. Eigenmodes with higher
azimuthal order m systematically exhibit larger growth rates
across the entire range of y explored. For m > 100, however,
the growth rates approach saturation. That is, further increasing
the azimuthal wavenumber does not lead to appreciable changes
in the growth rate (cf. m = 100 and m = 1000 in Fig. 9). The
vanishing growth rate at large o should not be interpreted as
evidence that purely poloidal fields are stable in general, but sim-
ply reflects that the selective instability considered here ceases to
operate in the limit of a vanishing toroidal component. This does
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Fig. 9. Growth rate of the most unstable vertical wavenumbers as a func-
tion of on the poloidal-to-toroidal field ratio y, for different azimuthal
wavenumbers m. The dashed line shows the scaling T oc 5"

Table 1. Comparison between spherical and cylindrical wavenumbers.

m ]~€, |]~(z|
1 19 20
2 28 30
4 49 50
10 112 110

Notes. The second column shows the radial wavenumbers &, of the most
unstable eigenmodes for 1y = 0.1 and different values of the azimuthal
wavenumber m (first column) calculated close to the pole (6 = 10°)
and obtained through a Fourier analysis of the eigenmodes calculated
in Section 3. The third column lists the absolute values of the vertical
wavenumbers &, evaluated with the set of equations in cylindrical coor-
dinates.

not contradict the classical results of Markey & Tayler (1973)
and Flowers & Ruderman (1977) on the instability of purely
poloidal fields. Those studies consider different field geometries,
in which magnetic field lines possess neutral points either inside
or outside the radiative region, and therefore do not correspond
to the simple axial configuration explored here. In contrast, our
poloidal field is current-free everywhere.

4.2. Effect of stable stratification

We now discuss the effect of stable stratification, varying its
strength in the range 10 < ¢ < 10°, similarly to Sect. 3.2, and for
o = 0.1, 1, and 10. Figure 10 presents the results for the case at
Mo =1

Lower m modes, due to the condition (23), are character-
ized by larger vertical scales and can therefore be significantly
affected by stable stratification. Their growth rates follow the
approximate scaling I' oc 572, However, for any given stratifica-
tion strength, there are modes with sufficiently short radial wave-
lengths or, due to the spectrally selective nature of the instability,
sufficiently large m, growing with nearly Alfvénic rates. These
results closely parallel the calculations performed in spherical
coordinates at high latitudes in Sect. 3.2.

Figure 11 presents the growth rate I', for the azimuthal
wavenumber m = 100, as a function of 6 and gy = 0.1, 1,
and 10. For the weak field ratio of yuy = 0.1, the growth rate
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Fig. 10. Growth rate of the most unstable vertical wavenumbers as a
function of the stratification parameter ¢ for yy = 1 and different values
of m as indicated in the legend inset.
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Fig. 11. Nondimensional growth rate I of the most unstable vertical
wavenumbers as a function of the stratification parameter ¢ for m = 100
and different values of y. The dashed black line shows the scaling law
o672

remains essentially Alfvénic over the full range of § explored.
For up = 1, it decreases significantly, except at low ¢, while for
o = 10 the reduction is substantial for all stratification values.
As g increases, we expect, from Eq. (23), the radial wavenum-
ber of the unstable modes to decrease. Modes with small radial
wavenumbers are strongly dampened by the stabilizing buoy-
ancy and the critical §,. below which adiabatic growth is possi-
ble becomes smaller (cf. Eq. (26)). For 6 > 6., the growth rate
scales as I' oc 52 (dashed line in Fig. 11).

5. Summary and conclusions

In this work, we performed a radially global linear analy-
sis of a spectrally selective magnetic instability arising for
mixed poloidal-toroidal axisymmetric configurations. The back-
ground magnetic field satisfies the magnetohydrostatic equilib-
rium expected in radiative stellar interiors and consists of an
azimuthal component By increasing linearly with the cylindrical
radius s and a homogeneous axial component B,.

Our analysis relies on two complementary approaches.
First, we adopted spherical coordinates and a poloidal-toroidal
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decomposition for the perturbations, including stable stratifica-
tion and all diffusivities. We explored moderate values of the
poloidal-to-toroidal ratio uy = B./Bgy < 1, where By is the
azimuthal field strength at the inner boundary on the equator.
As the instability is found to be prominent at high latitudes, we
then performed a complementary analysis in cylindrical coordi-
nates, valid near the stellar axis and neglecting viscous and resis-
tive effects. This approach, similar to that of Bonanno & Urpin
(2011) but including gravity, allowed us to explore the regime
Ko > 1 where the poloidal field dominates.

Despite sharing several qualitative properties with the clas-
sical m = 1 Tayler instability of purely toroidal fields — namely
an Alfvénic growth rate for small y, partial resilience to stable
stratification, and sensitivity to magnetic diffusion — the insta-
bility explored here is fundamentally distinct. It is spectrally
selective, that is its unstable wavenumbers k satisfy the selec-
tion condition k - B =~ 0. For gy < 1 and strongly stable strat-
ification, growth rates of the order of the Alfvén frequency of
the background azimuthal field, wag, are reached for azimuthal
modes m > 1, which are associated with high radial wavenum-
bers by the selection condition. When the poloidal field domi-
nates, 4o > 1, the instability growth rate is reduced and scales as
o oc wa/po. We also find that, in contract to the classical Tayler
instability of purely toroidal fields, the growth rate o increases
with the azimuthal wavenumber m, but eventually saturates for
m > 100. Unstable modes with low radial wavenumbers (or low
m) are tamed by the stabilizing buoyancy, following the scaling
o o w3} /N?, where N is the Brunt-Viisilé frequency. Under the
combined effects of stable stratification, thermal diffusion, resis-
tivity, and viscosity, we estimated, using standard WKB assump-
tions, the marginal stability line below which the instability is
suppressed, 6° = Fid €Lu [/ Pm'? 1> (1 + p*). We found excel-
lent agreement between this estimate and our numerical results
obtained for o = 0.1, Pm = 1073, and € = 0.01.

We acknowledge that rotation is dynamically important in
radiative stellar interiors and is known to affect the classical
Tayler instability of toroidal fields (Pitts & Tayler 1985; Spruit
1999; Skoutnev & Beloborodov 2024). However, its impact on
the spectrally selective instability is beyond the scope of this
work and will be addressed in a future study including the Cori-
olis force in the linearized equations.

In conclusion, the global linear analysis presented here pro-
vides a comprehensive characterization of a spectrally selective
instability of mixed poloidal-toroidal magnetic field configura-
tions, exploring the strongly stably stratified regime relevant
to radiative stellar interiors and including all relevant diffu-
sive effects. Our results can provide guidance for future direct

numerical simulations and for stellar evolution models aiming to
parametrize the effect of magnetic fields on long timescales, as
this instability may contribute to the angular momentum trans-
port in radiative interiors.
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