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ABSTRACT

Context. Long secondary periods (LSPs) in luminous red giants remain the only major class of long-period stellar variability without
a secure physical origin. Competing hypotheses include binaries with dusty companions and oscillatory convective dipole modes.
Aims. We identified the physical and geometric conditions under which oscillatory convective dipole modes produce distinctive
harmonic signatures that contrast with those expected from binary systems, and applied this diagnostic to a filtered subset of the
OGLE-III LSP sample to identify examples consistent with oscillatory convective dipole modes.

Methods. We modelled the geometric flux modulation from oscillatory convective dipole modes and mapped the range of inclinations,
temperature amplitudes, and observing wavelengths for which harmonic features are observable. Using OGLE-III /-band light curves,
we required statistically significant power at both sequence D and its harmonic, keeping a filtered sample of 249 stars (2.1% of
the ridge-selected sample). We applied iterative Lomb-Scargle and weighted Fourier decomposition to isolate the fundamental and
harmonic components. The relative phase (A¢) between these distinguishes secondary maxima predicted by an inclined dipole from
secondary minima caused by eclipsing or ellipsoidal binary systems.

Results. The majority of high amplitude stars in the filtered subset show A¢ consistent with secondary minima produced by binary
systems. However, a small but statistically non-negligible subset exhibits A¢ consistent with secondary maxima that are difficult to
reconcile by eclipsing or ellipsoidal binaries, and instead this subset matches the geometric predictions for highly inclined, non-
rotating oscillatory convective dipole modes with temperature amplitudes consistent with published models.
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1. Introduction

Roughly one third of luminous red giants exhibit an enigmatic,
long-timescale variability, commonly referred to as the long sec-
ondary period (LSP), superimposed on their primary pulsations
and spanning several hundred to over one thousand days. Despite
extensive study, LSPs remain the only class of large-amplitude
stellar variability without a widely accepted physical explanation
(Takayama & Ita 2020; Pawlak 2021; Soszynski et al. 2021). In
the period-luminosity (PL) diagram of long-period variables
(LPVs), LSP stars define a distinct and well-populated ridge
(sequence D) (Wood et al. 1999). In contrast to other sequences,
which are now understood as radial or non-radial pulsation
modes (Wood et al. 2004; Trabucchi et al. 2019), Wood et al.
(2004) showed that adiabatic pulsations cannot account for
sequence D. Two observationally motivated hypotheses have
emerged:

— In the binary scenario the LSPs arise from a low-mass com-
panion with dust clouds that cause periodic obscuration (e.g.
Wood et al. 2004; Soszynski et al. 2021; Decin et al. 2025).

— In the oscillatory convective mode scenario the LSPs corre-
spond to dipole (¢ = 1) highly non-adiabatic g-modes (e.g.
Saio et al. 2015; Takayama & Ita 2020).

* Corresponding author:
benjamin.courtney-barrer@mq.edu.au

Recent studies have highlighted the presence of secondary min-
ima in LSP light curves, particularly at infrared wavelengths,
as compelling evidence of the binary scenario (Soszynski et al.
2021). If these systems host brown dwarf companions that have
accreted from a stellar wind, there is an additional challenge in
reconciling the required angular momentum with the progeni-
tor population of giant planets (Fulton et al. 2021). Most discus-
sions to date have focused on finding a universal mechanism, with
limited attention to the possibility of multiple LSP origins coex-
isting across the asymptotic giant (AGB) and red giant (RGB)
branch populations. In this work, we focus on a distinguishing
observational feature: the presence of harmonics in sequence
D stars. In binaries, these harmonics can arise from secondary
eclipses, producing a phase-locked secondary minimum in the
light curve as shown by Soszynski et al. (2021). However, no sim-
ilar mechanism has been previously proposed to explain such har-
monic structure under the oscillatory convective mode hypothe-
sis. We show here that oscillatory dipole modes can naturally pro-
duce strong harmonics through purely geometric effects linked to
viewing inclination. Crucially, these harmonics manifest not as
secondary minima, but as secondary maxima in the light curve,
yielding a distinctive phase offset between the fundamental and
its harmonic. This provides a new diagnostic capable of separat-
ing the binary and convective-mode scenarios. We identify and
analyse examples of such signatures in OGLE light curves.
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Fig. 1. Sequence D (red) in the PL diagram along with a sub-sequence at
close to the second harmonic of sequence D which we highlight in yel-
low and label sequence D1/2. This ridge largely overlaps with the clas-
sical sequence E associated with ellipsoidal binaries, but is highlighted
to illustrate the presence of harmonic structure in sequence D stars, and
to motivate the harmonic-filtered selection used in Section 3.1.

2. Harmonics on sequence D

Figure 1 shows the PL diagram of LPVs in the Large Magel-
lanic Cloud (LMC), based on the OGLE-III catalogue. The peri-
ods correspond to the dominant periodicity identified in each
light curve plotted against the Wesenheit index W;x = K —
0.686(J — K;). Among the known PL ridges, sequence D is
populated by stars exhibiting LSPs. A secondary ridge is also
visible at approximately half the period of sequence D, which
we refer to here as sequence D1/2. This ridge largely overlaps
with the high-amplitude regime of sequence E, commonly asso-
ciated with ellipsoidal binary systems (Soszynski et al. 2004;
Pawlak et al. 2014). However, detailed comparisons of pho-
tometric and radial-velocity behaviour have shown that the
sequence D variability itself is not caused by ellipsoidal mod-
ulation, and that stars on sequences D and E exhibit very distinct
observational properties (Nicholls et al. 2010). In the context of
this work, the designation D1/2 is therefore used to emphasise
the hypothesis that a subset of stars on this harmonic ridge may
not be ellipsoidal or eclipsing binaries, they may instead reflect
a harmonic structure arising from the same physical mecha-
nism responsible for the sequence D signal. The joint presence
of significant power on both sequence D and its harmonic is a
prerequisite for applying the harmonic phase diagnostic devel-
oped below, and it does not imply that sequence D1/2 repre-
sents an independent pulsation sequence or a reinterpretation of
sequence E.

To investigate the harmonic structure of these stars, we
reanalysed the OGLE /-band light curves using Lomb—Scargle
periodograms. This approach is robust to the irregular OGLE
cadence and reveals periodicities and harmonic content. For each
star, we normalise the time axis by the primary period (P;) and
stack the resulting power spectra. Figure A.1 shows the results
for stars with dominant periods on sequence D (left) and on D1/2
(right). Sequence D stars exhibit a strong second harmonic at
half the primary period, with a median amplitude reaching ~30%
of the fundamental.

Harmonics in the light curves of sequence D stars have
been previously interpreted as strong evidence of binarity
(Soszynski et al. 2021), where secondary minima are attributed
to eclipses by an orbiting companion. However, recent work
(Courtney-Barrer et al. 2026) demonstrated that oscillatory con-
vective dipole modes, modelled with a £ = 1, m = O spheri-
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Fig. 2. Example of an inclined vs face-on oscillatory convective dipole
causing a secondary maxima in the light curve, therefore producing a
harmonic signal.

cal harmonic temperature profile, including limb-darkening, can
produce a similar second harmonic in the light curves, but with
a secondary maxima rather than a minima. This occurs when
the dipole axis is edge-on relative to the observer so that both
hemispheres are partially visible. Instead of the usual minima
caused when the distant (non-observable) hemisphere is at a
peak, when edge-on, it becomes partially visible and causes a
secondary maxima in the observed flux. This creates harmonic
content at the dipole frequency. Details of the model implemen-
tation are outlined in Appendix B, which follow similar work-
ings by Takayama & Ita (2020).

2.1. Distinct signatures of binary versus oscillatory
convective mode harmonics

The fundamental difference between secondary maxima (an
inclined oscillatory convective mode), and secondary minima
(an eclipsing binary system) can be formally described in terms
of the phase difference between the fundamental (¢;) and its first
harmonic. We let a light curve be approximated as:

x(t) = A cos(wt + ¢1) + Az cosQCuwt + ¢), €))]
and define the relative phase on [—r,7] as
Ap = ¢y = 2¢1. 2

The waveform shape is governed by the amplitude ratio A;/A;
and the relative phase A¢. Appendix C shows qualitatively when
considering the light curve flux that:

A¢p ~ 0 = secondary maximum

3
“

This phase difference A¢ provides a robust, model-independent
diagnostic: A population of stars showing A¢ ~ =+ is consistent
with the binary scenario, while A¢ ~ 0 is naturally explained by
oscillatory dipole modes viewed at high inclination. We note that
A¢ ~ +m would only be consistent with an oscillatory dipole if
there is a more complex non-linear relationship between temper-
ature and brightness than the simple blackbody function used
here. In practice, A¢ is stable to OGLE sampling and noise
for the harmonic-selected sample (typical uncertainties of order
<10°). We note that performing this analysis on stellar magni-
tude, rather than flux reverses this phase condition. All measure-
ments in this work are based on normalised flux light curves (not
magnitudes).

A¢p ~ +m = secondary minimum.
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Fig. 3. Shaded regions indicate combinations of dipole amplitude, view-
ing inclination, and A peak / dobs Where harmonic features appear in syn-
thetic light curves.

2.2. Harmonic visibility across parameter space

To identify when thermal dipole modes produce observable har-
monics, we simulated light curves across a grid of different
dipole inclination angles (6qbs) temperature amplitudes (07 es)
and observed wavelength (dqs), scaled by the blackbody peak
ABB peak rom Wien’s law. A harmonic is deemed ‘observable’
when the secondary peak amplitude exceeds 5% of the primary,
which is measured directly in the time domain from peak spac-
ings and heights. This approach avoids false positives from sharp
asymmetric peaks that contaminate power spectral methods at
high App peak/Aobs Tatios. The specific threshold was chosen
because in OGLE light curves a 5% harmonic amplitude typi-
cally exceeds the photometric noise floor, even for faint LMC
giants. Figure 2 shows example light curves at high versus low
inclination. Figure 3 maps the parameter space where LSP har-
monics are expected to be observable. This observability funda-
mentally depends on the effective temperature of the star (param-
eterised as the wavelength App peak Of the blackbody’s peak from
Wien’s law), the observation wavelength (4qbs), the inclination
of the dipole and its amplitude 67 . Peak observability is found
around A peak/Aobs ~ 3, and no harmonic signature is found
for inclinations below 48 degrees. For a typical red giant with
Ter ~ 3500 K, the blackbody peak occurs near Apeax ~ 0.83 um,
implying increased sensitivity to temperature perturbations at
shorter visible wavelengths. While this suggests larger frac-
tional variations in the V-band compared to /, the OGLE V-band
light curves are more sparsely sampled, limiting their suitabil-
ity for harmonic phase analysis. The model also predicts phase-
dependent colour variations, with larger amplitudes at shorter
wavelengths leading to periodic differential colour changes. In
addition, the dipole mode is expected to produce radial velocity
variations through associated surface flows, including a radial
component (Saio et al. 2015; Takayama & Ita 2020). These pro-
vide additional diagnostics for future study.

2.3. Assumption of no rotation

In the simulations presented above, we assumed the thermal
dipole pattern remains fixed in the co-rotating frame of the star
and that stellar rotation is negligible over the timescale of the
LSP. This implies that the dipole oscillation maintains a constant
orientation relative to the observer, modulating the observed

flux purely through geometric projection and thermal contrast.
This assumption is justified if the stellar rotation period is much
longer than the LSP, which has been shown to often be the case in
the stellar envelope (Olivier & Wood 2003; Li et al. 2024). How-
ever, in more rapidly rotating stars, the dipole axis may precess
or sweep across the line of sight, modifying the harmonic con-
tent and introducing phase shifts in the light curve. We note that
the harmonic observability maps shown in Figure 3 reflect only
the static, non-rotating case. More discussion on this is presented
in Appendix F.

3. Observational examples
3.1. Harmonic filtering and sample selection

We began with the OGLE catalogue of LSP variables and identi-
fied stars whose two strongest periods (P1, P2) correspond to
sequence D and the D1/2 ridge. This produced two comple-
mentary cases: (1) one case where the period with the strongest
amplitude (P1) is on sequence D, and the period corresponding
to the second strongest amplitude (P2) is at roughly half of
P1 (i.e. on sequence D1/2), and (2) another where the period
with the strongest amplitude is on sequence D1/2 and the period
corresponding to the second strongest amplitude is at twice the
period (i.e. on sequence D). We considered a ~10% uncertainty
on the allowable ratio of P2/P1 roughly consistent with the full
width at half maximum found in the mean Lomb-Scargle Peri-
odograms (Figure A.l). Formally this gives us the following
criteria:

Py _[1 1
P |22 18]

P
(set2): Py € Dy, P—z €[1.8,22].
1

(setl): Py eD,

An [-band amplitude threshold (Iampl >0.05 mag) was also
applied to ensure samples have a reasonable signal-to-noise
ratio (SNR). For each selected star we analysed the OGLE I-
band light curve (converted to normalised flux). We fit each
OGLE light curve with a multi-sinusoid Fourier model using
an iterative frequency-selection procedure. Details are outlined
in Appendix D. Histograms of A¢ for each subset are shown in
Fig. 4.

3.2. Discussion: Harmonic phase differences and
morphology

Set 1 with the strongest period on sequence D has a distribu-
tion of A¢ that strongly peaks around 180 degrees, and contains
no samples with A¢ ~ 0, indicating secondary minima consis-
tent with a binary scenario in a circular orbit. However, when
considering set 2 (isolating samples with the strongest period
on sequence D1/2), we found a significantly different distribu-
tion that peaks below 180 degrees, and contains ~3% of sec-
ondary maxima with A¢ ~ 0. An example light curve with
A¢ ~ 0 showing the fitted Fourier model and isolated funda-
mental and harmonic components is shown in Figure 5. A sec-
ond example is shown in Appendix G, demonstrating that the
secondary-maximum morphology is not unique to a single star.
These examples are candidate oscillatory dipoles viewed at high
inclination, as predicted by the harmonic content. To verify that
secondary maxima in the harmonic-selected sample are physical,
we tested the robustness of the relative phase A¢ to photometric
noise and the irregular OGLE cadence. Monte Carlo injections
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Fig. 5. Folded /-band light curve of OGLE-LMC-LPV-64405 filtered
for the LSP signal and first harmonic. Grey points show cleaned OGLE
data repeated over two cycles. The black curve is the model fit exhibit-
ing a secondary maximum, consistent with an inclined dipole.

of synthetic binary-like light curves (A¢ = m) demonstrate that
noise-driven phase inversions of ~ 180° are negligible at the
SNR levels of our sample (Appendix E). We also considered
contamination from ellipsoidal variables (sequence E), which
overlap the harmonic ridge D1/2. These generally produce near-
symmetric light curves with little power in the first harmonic.
Such systems are typically filtered out by our harmonic-selection
criteria. In the minority of cases where ellipsoidal modulation
produces asymmetric light curves with detectable harmonic con-
tent, the resulting phase difference remains close to A¢ =~ m,
reinforcing the population of secondary minima rather than
mimicking the distinctive secondary maxima (A¢ =~ 0). Consid-
ering a ~3000 K primary observed in the OGLE /-band (0.8 um),
ABB peak/Aobs ~ 1.2. From Fig. 3, the probability that a randomly
oriented dipole exceeds the minimum inclination i,, for observ-
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ability is P(O) = cos i,,. For 6T ~ 100 K (Takayama & Ita 2020),
we estimated i,, ~ 88° (P =~ 0.03), and for 6T = 500K, i,, ~ 81°
(P ~ 0.15). When using a +£10° bin around A¢ = 0, set 2 contains
a fraction ~0.03, which is broadly consistent with the geomet-
ric expectation for 67 ~ 100 K, where harmonics occur only at
high inclinations. This comparison is qualitative, as the sample
is harmonic-selected and SNR-limited, whereas the inclination
estimate applies to the full sequence D population. The concen-
tration near A¢ ~ +180° further indicates that set 2 is a mixed
sample with a significant binary contribution.

We highlight the concern of Saioetal. (2015) that when
adopting a mixing length parameter that is consistent with mea-
sured effective temperatures of the red-giant sequences of the
LMC, the oscillatory convective modes predicted periods too
short by a factor of two, i.e. exactly where we see the sequence
D1/2. It is also here where we observed a broadly consistent
fraction of secondary maxima predicted simply by the dipole
geometry in inclined systems. However, the use of a single
mixing-length parameter to characterise convection throughout
the stellar envelope may be overly restrictive.

4. Conclusion

The relative phase (A¢) of light curve harmonics serves as a
powerful diagnostic to distinguish between LSP physical ori-
gins. While binary systems produce characteristic secondary
minima (A¢ =~ +180°), we have shown that inclined oscilla-
tory convective dipole modes naturally generate secondary max-
ima (A¢ = 0). Our analysis of the OGLE-III LMC catalogue
reveals that while binarity explains the majority of harmonic-
rich LSPs, a statistically non-negligible subset exhibits the
secondary-maximum morphology predicted by dipole models.
These findings suggest that LSPs represent a mixed population
driven by both binary companions and convective oscillations.
Future work must now focus on modelling observational selec-
tion effects to determine the true relative fraction of each mech-
anism across the red-giant population.
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Appendix A: Lomb-Scargle periodogram of
sequence D and D1/2

Figure A.1 shows period normalised Lomb-Scargle Peri-
odograms for the sequence D and D1/2 samples.
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Fig. A.1. Lomb-Scargle Periodograms for I-band light curves from the
OGLE-III LMC catalogue, with time series normalised to the classified
primary period, of sequence D (left) and sequence D1/2 (right) LMC
stars.

Appendix B: Oscillatory convective mode
modelling

B.1. Thermal dipole model

We model the star’s temperature field as an oscillatory dipole
(Takayama & Ita 2020), represented by a low-order spherical
harmonic:

Ylm (9’ ¢) iQavt+yr)

T =Teg+0TegRe| ——=—— ’
eff,local eff eff max Re(Ylm)

(B.1)

where T.q is the mean stellar effective temperature, 67 q is the
dipole amplitude, and ¢ is the phase. The spherical harmonic
Y/"(0, ¢) is normalised to unit peak amplitude and modulates the
local surface temperature over time (Takayama & Ita 2020).

B.2. Effective temperature estimates for LMC stars

To initialise realistic simulations, we estimate effective temper-
atures for LMC stars using V and K; photometry from OGLE,

corrected for extinction with Ay = 0.3 and Ag, = 0.114 X Ay
(Gordon et al. 2003):

(V=Ko = (V- Ky) - (Ay — Ag)). (B.2)

We then apply the empirical calibration from

Gonzalez Hernandez & Bonifacio (2009):
Octt = bo + b1 X + byX* + b3 X [Fe/H] + by [Fe/H] + bs [Fe/H]?,
(B.3)
~ 5040
Geff

with X = (V — Kj) and [Fe/H] = —0.19, typical of LMC giants
(Hocdé et al. 2023).

off ; (B.4)

B.3. Limb darkening

To account for disc-integrated flux effects, we include linear limb
darkening using coefficients from Claret & Bloemen (2011),
matched to Teq, logg ~ 0, and [Fe/H] = —0.4 typical of AGB
stars (Cole et al. 2005):

M0y - ),

0 (B.5)

where ¢t = cos6 is the angle to the line of sight and u is the
band-specific limb-darkening coefficient.

B.4. Projection and observables

The temperature-modulated, limb-darkened intensity map is
rotated into the observer’s frame via:

R = R;(¢obs)Ry(Oobs ), (B.6)
followed by projection onto the 2D plane:
(X, y) = (Sin By COS Proy, SIN Groy SIN Proy), (B.7)

and with the total observed flux computed over the visible hemi-
sphere (u > 0):

Fons(t) = f I(u, 1) dA. (B.8)
u>0

The resulting synthetic light curves include geometric modula-
tion, temperature asymmetry, and disc integration.

Appendix C: Harmonic phase relation for
secondary minima vs maxima

Beginning with the general waveform:

x(t) = Ay cos(wt) + Ap cosQCwt + Ag). (C.1)

The waveform shape is governed by the amplitude ratio A, /A,
and the relative phase A¢. To characterise the nature of the sec-

ondary extremum, consider the neighbourhood of ¢ = g + &,
where the fundamental alone has a minimum. Expanding to sec-
ond order, the derivatives are:

X' (f) = —Ajw sin(wr) — 24w sinQRwt + Ag),
X'(1) = —A;w? cos(wr) — 4Arw? cosQut + Ag).

(C2)
(C.3)
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Fig. B.1. Example waveforms showing the sum of a fundamental signal and its first harmonic for a fixed amplitude ratio of 0.5. The three panels
correspond to relative phase offsets of 0, 60, and 180°, illustrating how changes in the phase relationship between the two components produce
distinct waveform shapes-ranging from profiles with secondary maxima to asymmetric peaks and secondary minima.

Using approximations near ¢t = /w, we find:

. 2A; sin A¢g
w(A| — 4A; cos Ap)’

(C4)

The quantity &* represents the first-order shift in the location
of the extremum induced by the harmonic term. Evaluating the
curvature at t = m/w + &* ensures that the classification as a
minimum or maximum is performed at the true stationary point
of the combined waveform. The curvature at this stationary point
is:

x’/(g n g*) ~ w? (A) — 4A;5 cos Ag) . (C.5)

Therefore:

local minimum (secondary dip),
A; —4A5cosAp <0 = local maximum (secondary peak).

(C.6)

{Al —4Arc08Ad >0 =

Evaluating the signal directly at z = Z gives:

(Z) = —A; + Ay cos Ag. (C.7)

Thus, cos A¢ > 0 lifts the minima (tending towards a secondary
maximum), while cos A¢p < 0 deepens it (enhancing the mini-
mum). In qualitative terms:

(C.8)
(C.9)

A¢p =~ 0 = secondary maximum
A¢ ~ 1 = secondary minimum

Higher-order harmonics (n > 2) behave analogously, with ¢, —
n¢; controlling the location and type of additional extrema. A
subtle, but important point is considering when the light curve is
in units of magnitude (X,,), as in the OGLE catalogue, i.e.:

Xon(t) o« —log,o(x(1)) (C.10)
Accordingly the signs are reversed and we get:

A¢p ~ 0 = secondary minimum (C.11)
A¢ ~ 1 = secondary maximum (C.12)

L2, page 6 of 7

Appendix D: Fourier fitting of OGLE light curves

After selecting the highest peak (excluding a small neigh-
bourhood around previously selected frequencies), we refit all
selected components simultaneously using weighted linear least
squares with weights w; = 1/ 0'?, where o is the reported photo-
metric uncertainty of datum y;. We solve for an offset and sine-
cosine coefficient pairs at each frequency. A newly added fre-
quency is retained only if the Bayesian Information Criterion
(BIC) improves, adopting BIC = x? + kIn N, where y? is the
standard chi-square statistic, N is the number of data points used
in the fit and k = 1 + 2m for m fitted frequencies. The iteration
terminates once the BIC no longer decreases. For each accepted
component, the sine-cosine coefficients are converted to an
amplitude and phase under a cosine convention, allowing eval-
uation of the phase relation A¢ between a dominant frequency
and a near-harmonic counterpart.

Appendix E: Robustness of harmonic phase
measurements

To assess whether the secondary maxima identified in the
harmonic-selected subset of sequence D stars could arise from
noise-induced misclassification, we performed Monte Carlo
simulations of synthetic light curves with known harmonic struc-
ture. Each simulation consisted of a signal of the form described
in C.1 sampled either at the observed OGLE cadence or using
a simplified seasonal cadence designed to reproduce the sparse
and irregular sampling typical of the survey. Gaussian photo-
metric noise was added at levels matched to the SNR of the har-
monic component in the real sample. For each realisation, the
fundamental and first harmonic were fit at the known frequen-
cies using a linear least-squares model, and the relative phase
A¢ = ¢, — 2¢; was recovered. This procedure intentionally con-
ditions on the presence of significant power at both the funda-
mental and harmonic periods, mirroring the harmonic-selection
step applied to the OGLE-III data, and isolates the effect of
noise and cadence on the recovered phase alone. The simula-
tions therefore do not test the detectability of harmonic power
or the reliability of period identification, but specifically address
whether noise can cause a true secondary minimum (A¢ = 7) to
be misidentified as a secondary maximum (A¢ = 0).

Across 2 x 10* realisations, the recovered A¢ distribution
remains tightly clustered around the true value even with poor
cadence (down to tens of days per year), with no statistically



Courtney-Barrer, B., et al.: A&A, 709, L2 (2026)

Trial 1: P=800.0 d, A¢_true=180.00°, Ap_est=-178.21°

. L “ S o

¢ 2 & ?E
02 . 2 -
. . %

signal
o
°

§
¢

Cl
=== true model

e noisy samples
—06 ° . — best-fit

0 500 1000 1500 2000 2500 3000 3500
time [days]

4000

3500 4

3000 4

2500 4

count

2000 4

1500 4

1000 A

500 4

fl‘SO 71‘00 7‘50 lIJ T;D 160 l.‘;D
Recovered Ap [deg] (wrapped to +180)

Fig. E.1. Monte Carlo test of harmonic phase recovery for a syn-
thetic light curve with a true secondary minimum (A¢ = 180°). Top:
Example realisation showing the noiseless model (black dashed), noisy
sampled data with seasonal cadence (blue points), and the best-fitting
two-harmonic model recovered at the known fundamental and harmonic
frequencies (red). Bottom: Distribution of recovered relative phases
A¢ = ¢, —2¢, over 2 x 10* Monte Carlo realisations. The shaded region
indicates a +£10° window around A¢ = 0, corresponding to the sec-
ondary maxima regime. No significant population of noise-driven phase
flips from A¢ = 180° to A¢ ~ 0 is observed, demonstrating that such
misclassification is negligible at the signal-to-noise levels considered.

significant population of phase flips by ~ 180° at the SNR lev-
els of the observed sample. The recovered phase scatter is well
described by a width of order ~ 10°, supporting the use of a +10°
bins in the histograms of the main analysis. Example simulated
light curves and the corresponding A¢ distributions are shown in
Figure E.1.

Appendix F: Discussion on rotation

Our models assumption of non-rotation is generally justified
for our red-giant sample. However, there are certainly cases
where the LSP could be comparable to the rotation period, espe-
cially in binary systems. In practice this produces a scatter in
A¢, broadening the histogram and occasionally shifting indi-
vidual stars towards intermediate values. Asteroseismic analy-
sis using Kepler data by Ceillier et al. (2017) found that only
~2% of red giants with solar-like oscillations exhibit detectable
surface rotation periods. More recently, Lietal. (2024) con-
ducted a large survey of 2,495 RGB stars and measured core
and surface rotation using rotational splittings of mixed modes.
Of the detectable periods they reported periods mostly in the
200 - to few-thousand-day range, with core-to-envelope rota-
tion ratios peaking near 20 for RGB stars, indicating significant
differential rotation. In this context, the width of our A¢ dis-
tribution becomes an important diagnostic: stars near A¢ ~ 0°
likely represent dipoles in nearly non-rotating or slowly rotat-
ing envelopes. Stars with larger deviations may reflect modest
rotation-induced phase drifts and/or frequency chirps. Simple
geometric models could be included to characterise the harmonic
precession under a dipole hypothesis. There remains an impor-

0.96
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—— Model (LSP and harmonic component)
Cleaned OGLE data (LMC-LPV-29787)
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0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00

Phase

Fig. G.1. Folded OGLE I-band light curve of OGLE-LMC-LPV-29787.
An additional example where the fitted sequence D and harmonic com-
ponent shows a clear secondary maxima corresponding to A¢ ~ 0
(dipole mode).

tant uncertainty concerning the rotational coupling of the oscil-
latory convective dipole, and whether this large-scale convec-
tive asymmetry is anchored in the more rapidly rotating core,
the slowly rotating envelope, or a distinct intermediate shell.

Appendix G: Additional example of secondary
maxima

Figure G.1 shows a second example from the A¢ ~ 0 subset. The
folded OGLE I-band light curve exhibits a clear secondary max-
imum consistent with the inclined oscillatory convective dipole
interpretation described in the main text. This demonstrates that
the morphology shown in Figure 5 is not unique to a single
object.
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