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ABSTRACT

Context. The Gaia DR3 catalog significantly improves ground-based astrometric precision for natural satellites, largely because suffi-
cient reference stars with high-precision positions are typically available within an object’s field. These stars enable the determination
of a high-order plate model (e.g., a fourth-degree polynomial) that can fully absorb the geometric distortion (GD) in the CCD field.
However, accurate calibration is still challenging when a natural satellite moves into a small sparse star field (about 12x12 arcmin?)
containing only a dozen or so reference stars.

Aims. This study aims to improve natural satellite astrometry in sparse star fields without requiring the calibration observations that are
needed for currently well-established GD solutions. Additionally, our previously published observations of Neptune’s largest satellite,
Triton, from 2014 to 2016 show a significant positive systematic offset in right ascension, and the underlying reason will be clarified.
Methods. We present a Bayesian framework that models the GD effect using the CCD frames of the science object itself. This approach
is self-calibrating and does not require additional calibration observations of dense star fields. The model parameters and their distri-
butions are optimized using the Markov chain Monte Carlo algorithm, and the positional O—C (observed minus computed) values are
derived by sampling from these posterior distributions, rather than employing point estimates.

Results. The effectiveness of the proposed approach was evaluated using 985 CCD frames of Triton. The results demonstrate a sig-
nificant improvement in astrometric precision over the commonly used least-squares (LS) method, and show comparable or even better
performance relative to the well-established GD correction method, particularly in the absence of suitable calibration observations.
Additionally, we find that the systematic offsets in our previous work on Triton are due to differences in Earth’s precession-nutation

theory adopted by the Jet Propulsion Laboratory ephemeris for Triton and adopted by the NOVAS library for reference stars.
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1. Introduction

High-precision astrometry of natural satellites is essential for
refining their orbital models and tidal effects (Lainey et al. 2009),
as well as for future space exploration. In recent years, the Gaia
catalog releases (Gaia Collaboration 2023b) have revolution-
ized natural satellites’ ground-based astrometric measurements.
The latest Gaia Focused Product Release (FPR) data (Gaia
Collaboration 2023a) include observations of 31 planetary satel-
lites', achieving precision of a few milliarcseconds (mas) for
some bright satellites; see Table 3 in Emelyanov et al. (2023)
for a reference. However, the data coverage for individual nat-
ural satellites is limited due to Gaia’s scanning law and the
program object’s motion. Therefore, long-term, high-frequency
measurements from ground-based telescopes remain important.

Achieving approximately 10 mas precision for natural satel-
lites in ground-based astrometric measurements necessitates
accounting for several major systematic effects, including geo-
metric distortion (GD) of the Charge-Coupled Device (CCD)
field, differential color refraction (DCR), and atmospheric tur-
bulence. The DCR effect can be mitigated by observing near the
meridian (Ortiz et al. 2017) or by employing a long-wavelength

* Corresponding author: tpengqy@jnu. edu.cn

I https://www.cosmos.esa.int/web/gaia/fpr

pass-band filter such as Cousins-I (Lin et al. 2020; Fang et al.
2025). The turbulence can be effectively modeled using meth-
ods such as Gaussian process regression (Bernstein et al. 2017)
or refined precision premium (Zheng et al. 2025), potentially
improving precision to better than 10 mas. However, these meth-
ods require a large number of stars evenly distributed across the
CCD field. A sufficient number of reference stars also aids in
solving a high-order plate model (e.g., a fourth-order polyno-
mial) that can fully absorb the GD effect (Ofek 2019; Guo et al.
2022). When a natural satellite moves into a sparse star field, the
available number of reference stars (e.g., at least 15 stars for a
fourth-order polynomial) may be unsatisfactory. Consequently,
we are limited to adopting a first- or second-order plate model,
which yields a lower precision since even small CCD fields can
exhibit substantial GD effects (Peng & Fan 2010; Peng et al.
2012). In this study we focused on improving precision under
such conditions.

At present, the most successful solution is to first derive the
GD model using calibration observations of dense star fields
instead of the target’s field (Anderson & King 2003; Peng et al.
2012; Zheng et al. 2021), and then applying this derived model
to the target’s field. For some historical observations, how-
ever, calibration observations are usually unavailable. To address
this issue, Lin et al. (2024) propose a method for deriving an
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Table 1. Specifications of the telescopes and CCD detectors.

Telescope 0.8 m (Yaoan) 1 m (Kunming)
Approximate focal length 800 cm 1330 cm
Diameter of primary mirror 80 cm 100 cm

CCD field of view 119 x 119 711 x 71
Size of pixel 13.5 pum X 13.5 um ~ 13.5 pm X 13.5 um
Size of CCD array (pixels) 2048 x 2048 2048 x 2048

Approximate scale factor

0”348 pixel™!

0209 pixel™!

analytical GD model without the requirement of dedicated
calibration fields. They also demonstrate the overfitting problem
of a high-order plate model in sparse star fields where only a
dozen bright stars can be used. In contrast to Lin et al. (2024),
who adopted a deterministic approach, we investigated this prob-
lem from a Bayesian probabilistic perspective, which allowed us
to quantify uncertainty and estimate parameter distributions.

In this paper, we utilize observations of Neptune’s largest
moon, Triton, to evaluate the effectiveness of our proposed
Bayesian framework. Triton has a retrograde, inclined, and cir-
cular orbit, suggesting that it may have originally orbited the Sun
before being captured by Neptune (Nogueira et al. 2011). These
unusual features have motivated many scientists to develop
observing campaigns for Triton in recent years (Stone 2001;
Wang et al. 2017; Zhang et al. 2021; Yan et al. 2025). Such valu-
able observations can enhance our understanding of Neptune’s
orbit and the evolution of the Solar System.

Another important issue in reducing Triton’s observations
from 2014-2016, as reported in our previous work (Wang et al.
2017), is a mean O—C (observed minus computed) offset of
approximately 42 mas in right ascension (RA), which is sub-
stantial relative to the 12 mas dispersion. Since these previ-
ously published observations contributed to the development
of the DE440/DE441 ephemerides (see Table 5 in Park et al.
2021) and received attention by other works like Yuan et al.
(2025), we intend to re-reduce them. We find that this off-
set arises from a difference between Earth’s precession-nutation
theory? employed by the Jet Propulsion Laboratory (JPL) and
the Naval Observatory Vector Astrometry Software (NOVAS)
library (Bangert et al. 2011). This is discussed in Sect. 4.2. The
newly reduced topocentric astrometric positions of Triton will be
accessible on our website: https://astrometry. jnu.edu.
cn/download/list.htm.

The remainder of this paper is organized as follows: Sec-
tion 2 details the observations of Triton; Sect. 3 introduces the
proposed Bayesian framework; Sect. 4 provides the astrometric
results of Triton and some discussions; and Sect. 5 concludes the

paper.

2. Observations

We used two datasets of Triton observations. The first set (Setl)
comprises 755 CCD observations from 2014 to 2016 and is drawn
from our previous work (Wang et al. 2017), with details reported
therein. The second set (Set2) comprises 230 CCD observa-
tions obtained in 2024 using two ground-based telescopes: a
0.8 m azimuthal-mounted telescope at Yaoan Station, Purple

2 Prior to the publication of this paper, JPL Horizons used the
TIAU76/80 precession-nutation theory, and the equinox (RA origin) dif-
fers by about —53 mas from the IAU2006/00a of-date system employed
by NOVAS 3.1. For further details, please refer to https://ssd. jpl.
nasa.gov/horizons/manual .html
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Mountain Observatory (IAU code 049), and a 1 m equatorial-
mounted telescope at Yunnan Observatory (IAU code 286). The
specifications of both telescopes and their CCD detectors are
summarized in Table 1. All Set2 observations were captured
using the Cousins-I filter to mitigate the DCR effect. Table A.l
provides an overview of the observations, showing only a few
dozen stars in Triton’s field.

The raw CCD frames were initially corrected for bias and
flat fielding. Subsequently, a two-dimensional Gaussian function
was employed to determine the centroid of star images. Some
images of Triton were affected by Neptune’s halo and were pre-
processed using a symmetric subtraction procedure (Veiga &
Vieira Martins 1995; Xie et al. 2019; Fang et al. 2025).

3. Methods

In a sparse star field with only a dozen or so reference stars, we
are often limited to using a linear or second-order plate model,
which is not sufficient to accurately account for the GD of the
CCD field of view. On the other hand, solving a high-order plate
model with the minimum required number of stars (e.g., 15 or
slightly more for a fourth-order polynomial) risks overfitting,
as observed by Lin et al. (2024). The current most successful
practice is to derive the GD model from calibration observations
of dense star fields obtained at a different pointing and epoch
(assuming the GD model is stable) and apply it to the object’s
field; however, such observations may also be unavailable. In
this study we assumed that GD remains stable over short periods,
such as one or a few nights, and we aimed to combine all science
frames within an observing run in order to model the GD effect.
Since a star’s centroid can vary between CCD frames (e.g., due to
inaccuracies in the telescope’s pointing), changes in the position
distribution help ensure the stability of the solved GD model.
Before presenting the details of our method, we summarize the
characteristics of the traditional least squares (LS) method, the
classical geometric distortion correction (GDC) method:

— LS: solving a plate model separately for each CCD frame,
where the order of the plate model is determined by the
number of available stars (Ofek 2019). A second-degree
polynomial is applied for fewer than 15 stars, a third-degree
for 15 to 25 stars, and a fourth-degree for more than 25 stars.

— GDC + LS (linear): the GD model is derived from calibra-
tion observations using the method proposed by Peng et al.
(2012) and is applied to the object’s field of view. After
GDC for pixel coordinates of the reference stars and object,
a linear six-parameter plate model is adopted for reduction.
For simplicity, this approach is referred to as “GDC” in this
paper.

— Markov chain Monte Carlo (MCMC): the GD is modeled
separately for each observation night by combining all avail-
able science frames of an object acquired during that night.
For each CCD frame, the displacement, rotation, and scale
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factor are modeled using a six-parameter plate model, sep-
arately, and the GD model is shared across frames. The
degree of the GD model is consistent with that in LS,
and all parameters are jointly optimized using the MCMC
algorithm.

3.1. Observation model

The observation model defines how the celestial coordinates of

stars map to the CCD pixel plane. Assuming there is no GD in

the field, the i-th star with equatorial coordinates (a;, d;) can be

transformed into the pixel coordinates of the m-th exposure using

a linear function:

{Xi,m :am'§i+bm'77i+cm (1)
Yi,m = dm . fi +em 1N +fms

where (&;,7;) represent the standard coordinates of star i based
on the gnomonic projection. This linear six-parameter model
can also account for atmospheric refraction to some extent
(Anderson et al. 2006). Next, we model the GD effect using a
high-order polynomial:

Xi,m =Xim + 2 ApaLy(s - Xi,m)Ll(s ' Yt,m)

R k+I<n (2)
Yi,m =Yyt Z Bk,lLk(S : Xi,m)Ll(s : Yi,m)’

k+I<n

where Li(-) denotes the k-th order Legendre polynomial, A;; and
By are coefficients, and s is a fixed factor used to normalize
the input to range [—1, 1]. The Legendre polynomials are uti-
lized to ensure numerical stability. All science frames within an
observing run can be combined to determine the GD model.

3.2. Optimization and implementation

We constructed our observation model using a Bayesian
approach. Given a set of measurements D = {}A(i,m,f/i,m} and
source coordinates {a;,d;}, we estimated the parameters 6 =
[a@m, b, Cms -y Akts Byl in Egs. (1) and (2) by approximating the
posterior probability density function:

POID, a;, d;, ...) < P(D|6, a;, 6;, ... )P(O), 3)

where P(D|0, a;, J;, ...) represents the observation model defined
in Sect. 3.1 and P(0) denotes the prior distributions. For sim-
plicity, we assumed that the measurements for each star follow
independent normal distributions. For the six linear parame-
ters (accounting for the scale factor and orientation) in Eq. (1),
employing the results from the LS method as initial priors
is sufficiently robust; for the GD model, all parameters are
assumed to follow a normal distribution, N(0, 1). There are
several important practices to note:

— Once the MCMC sampling is complete, we obtain the
MCMC chain, from which we estimate the posterior distri-
bution of parameters. For each theoretical position (¢, 1), we
draw samples from the posterior via the MCMC chain (e.g.,
3000 samples) to get the corresponding (X, V) values, as
detailed in Egs. (1) and (2). Averaging these values yields
the final (Xm, f/m), which is subsequently used to determine
the O—C value.

— Each observed measurement is assigned an uncertainty level
(0;) following the empirical magnitude versus uncertainty
relationship described by Lin et al. (2020), establishing a
weighting scheme.

— The original O—C values are calculated in the pixel plane and
need to be projected into standard coordinates, for which a
linear six-parameter model is used.

The probabilistic programming was implemented using
PyMC?, employing the MCMC algorithm for sampling. Exper-
iments were conducted on a computer equipped with an Intel
Core 19-12900K (12th Gen, 3.20 GHz) and an RTX 3070 GPU.
Processing 15-30 CCD frames per night takes approximately
1-2 hours. Further processing can integrate observations from
multiple successive nights, although this increases the compu-
tational time. Figure 1 provides an example of the posterior
probability distribution of the parameters, as estimated from
observations from November 10, 2024. As shown, the parame-
ters are well estimated, and most parameter pairs exhibit a low
linear correlation.

4. Results and discussions

Using observations of Triton, we compared the proposed method
with the LS and GDC methods. We employed a weighted scheme
as described by Lin et al. (2020). For Setl, the GDC procedure
was the same as described in Wang et al. (2017). For Set2, the GD
model of the 0.8 m telescope was adopted from Guo et al. (2022),
and the GD model of the 1 m telescope was derived from cali-
bration observations obtained on February 22, 2025. Theoretical
positions of Triton were retrieved from the JPL ephemerides
(DE4414nep097_merged).

4.1. High-precision astrometric positions

We present the O—C residuals for the LS, GDC, and (our)
MCMC methods in Figs. 2 and 3. The mean O—C values
determined via these methods on different nights are broadly
consistent. However, the LS method yields a larger dispersion
and a higher incidence of outliers, which may reflect an insuf-
ficient distribution of reference stars within the CCD field and
potential overfitting. By contrast, the GDC and MCMC methods
yield smaller dispersions than LS in both RA and declination
(Dec). For Setl, the performance of GDC and our MCMC
method is comparable, while for Set2 our MCMC method per-
forms slightly better. This is because Setl benefits from more
calibration observations for deriving GD models on the same
date (see Table A.1). However, for Set2, the GD models are
derived from a different epoch, which may not be well suited
for the science frames.

Table 2 lists the statistics of Triton’s O—C residuals. In
Setl, our re-reduced results have a standard deviation closely
matching that of our previous work (Wang et al. 2017), i.e.,
values of approximately 12 mas in each direction. Differences
in mean O—C values are likely attributable to updates in the
JPL ephemeris and Wang et al. (2017)’s apparent-position-based
reduction, which is discussed in Sect. 4.2. In Set2, the standard
deviations of observations from the 1 m telescope are somewhat
larger than those in Setl, possibly owing to the brighter sky back-
ground in 2024 compared with 2014-2016 due to the fact that
the city had developed in the intervening period. Observations
from the 0.8 m telescope (Site: O49) show larger standard devi-
ations than those from the 1 m telescope (Site: 286), which may
be due to the smaller aperture size and shorter exposure time
(see Table A.1). Overall, our MCMC method outperforms LS
and GDC, with particularly large gains over LS.

3 https://github.com/pymc-devs/pymc
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Fig. 1. Example of the posterior probability distribution of parameters in the X-direction. The vertical and horizontal lines indicate a mean point
estimate, and the subscripts in A;; denote the exponent in the X and Y directions, respectively (see also Eq. (2)).

4.2. Theoretical positions for reduction

In our previous work (Wang et al. 2017), although the standard
deviation of the O—C residuals of Triton is small (approximately
12 mas in each direction), a significant positive systematic off-
set of about 42 mas in the RA direction is evident. Unlike our
previous workflows, in this study we used the topocentric astro-
metric position rather than the topocentric apparent position for
relative astrometry reduction. We speculate that the offset arises
from differences in the precession-nutation theories employed
by JPL (IAU76/80) and NOVAS 3.1 (IAU 2006 precession and
IAU 2000A nutation) when computing the apparent positions
(Kaplan et al. 1989).

Therefore, we re-reduced Triton’s Setl observations using
topocentric apparent positions and compared the results with
those derived from topocentric astrometric positions. Table 3
lists the statistic of Triton’s O—C residuals in Setl (2014-2016),
obtained using the GDC method. As can be seen, compared with
the astrometric-position-based results, the apparent-position-
based results show a significant positive offset away from the
center in the RA directions. The mean O—-C difference in RA
is about 52 mas, which is in agreement with the —53 mas
offset reported by JPL Horizons for the use of IAU76/80 in
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comparison with IAU 06/00a. Figure 4 illustrates this effect
clearly. These results indicate that the astrometric positions are
aligned with the JPL ephemeris for Triton and NOVAS for ref-
erence stars. If apparent positions are used, care must be taken
to ensure the Earth’s precession-nutation theories employed are
consistent.

4.3. Strengths and limitations

As demonstrated, our proposed Bayesian approach effectively
models the GD effect in the CCD field. While the classical
GDC method achieves comparable performance with suitable
calibration observations (see the results for Setl), our method
performs similarly or somewhat better when such observations
are unavailable (see the results for Set2). In other words, our
method is self-calibrating because it uses the science frames
themselves to model the GD effect, which can reduce biases
that can arise if the GD model is derived from observations at
a different epoch. In addition, our method estimates the poste-
rior probability distribution of parameters. Each positional O—C
value is obtained by drawing samples from these posteriors (see
Sect. 3.2 for details). In contrast to the traditional LS method,
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Table 2. Statistics of Triton’s O—C residuals from the three methods.

Data Frame (No.) Method (O —-C)inRA SD (arcsec) (O —C)inDec SD (arcsec)
Setl 755 LS -0.011 0.017 -0.011 0.016
(Site: 286) GDC —-0.011 0.010 -0.012 0.011
MCMC -0.011 0.010 -0.011 0.010
Set2 138 LS 0.015 0.042 0.008 0.038
(Site: 286) GDC 0.022 0.014 0.009 0.017
MCMC 0.016 0.009 0.005 0.013
Set2 92 LS 0.016 0.030 —0.001 0.032
(Site: O49) GDC 0.026 0.013 0.012 0.019
MCMC 0.018 0.013 -0.000 0.019
All Set2 230 LS 0.015 0.038 0.004 0.036
GDC 0.024 0.014 0.010 0.018
MCMC 0.017 0.011 0.003 0.016
Table 3. Statistics of Triton’s O—C residuals using different positions for reduction.

Position (O-C)inRA SD (arcsec) (O —-C)inDec SD (arcsec)

apparent 0.041 0.010 -0.012 0.011

astrometric -0.011 0.010 -0.012 0.011

T T T T l T T
0.10 = appraent 1 b
* astrometric, !
]
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Fig. 4. Triton’s O—C residuals in Set1 (2014-2016) using different posi-
tions for reduction.

which relies on point estimates, we can draw a large number of
samples from the parameter distribution to obtain more robust
estimates (see Figs. 2 and 3).

In this paper, we confine the discussion to a sparse star
field within a small CCD field (about 12x12 arcmin?). When
a large number of stars (e.g., greater than 100) are evenly dis-
tributed in the small CCD field, the traditional LS method can
effectively determine a high-order polynomial to absorb the GD
effect, and our proposed method may offer only marginal gains
in this scenario. On the other hand, our approach employs the
MCMC sampling algorithm and requires substantial computa-
tional resources and time. On our computer (see also Sect. 3.2),
it takes about 1-2 hours to process 15-30 CCD frames. Further
exploration of efficiency improvements and the development of
practical applications are worthwhile.
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5. Conclusion

In this paper, we introduce a Bayesian framework for sparse
star field astrometry and evaluate its effectiveness using a large
dataset of Triton observations. Overall, this approach is compa-
rable to the classical GDC method and significantly improves
precision relative to the traditional LS method. We also inves-
tigated the origin of a significant positive systematic offset in
RA for Triton’s observations from 2014 to 2016, as reported in
our previous work (Wang et al. 2017). We find that this off-
set arises from a difference in the Earth’s precession-nutation
theory used by JPL and that used by NOVAS when adopting
apparent-position-based reduction procedures.
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Appendix A: Observations of Triton

Table A.1 provides an overview of the observations of Triton.

Table A.1: Overview of the Triton observations.

Date Triton (No.) ExpTime (s) Calibration Observation No. Telescope Ref. Stars (No.)

Setl 755 I m
2014-10-16 28 30~120 No data available 30
2014-10-17 41 60 NGC 7092 29 30
2014-10-18 37 30~60 No data available 26
2015-11-03 21 30~90 No data available 25
2015-11-04 20 60 NGC 7092 31 28
2016-09-25 42 40~60 NGC 1664 49 41
2016-09-26 42 50 NGC 1664 49 38
2016-09-27 5 50 NGC 7209 46 15
2016-10-22 71 60 NGC 7209 48 39
2016-10-23 70 60 NGC 7209 48 40
2016-10-24 69 60 NGC 7209 49 44
2016-11-20 68 60 NGC 1664 49 45
2016-11-21 80 60 No data available 45
2016-11-22 86 60 No data available 47
2016-11-23 75 60 No data available 48

Set2 230 No data available
2024-09-25 15 90 I m 13
2024-10-29 25 60 0.8 m 35
2024-10-30 36 60 0.8 m 48
2024-10-31 31 60 0.8 m 43
2024-11-09 30 60 I m 35
2024-11-10 15 90 I m 31
2024-11-11 13 90 I m 13
2024-12-07 23 90 I m 20
2024-12-11 20 90 I m 17
2024-12-12 22 90 I m 15
2025-02-22 M 35 21 1 m
2025-02-22 M 67 22 lm

Notes. The first six columns indicate the observational dates (in UT), the number of CCD frames and exposure times (ExpTime) for Triton, the
calibration observations and their corresponding frame counts, and the telescope used. The last column lists the number of reference stars (Ref.
Stars) available in Triton’s field.
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