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ABSTRACT

Aims. We investigate whether viscous cold dark matter (vCDM) in a A-dominated Friedmann-Lemaitre-Robertson-Walker (FLRW)
universe can alleviate the Hubble tension, while satisfying thermodynamic constraints. Here, we examine both flat and curved geome-
tries.

Methods. We modeled a vCDM cosmology with a bulk viscosity ¢ = £y (Qyc/Qye0)”, Where m determines the viscosity evolution
and Q,. is the density parameter of vCDM. We explored two particular scenarios: (i) constant viscosity { = ¢y (m = 0) and (ii)
variable viscosity ¢ = {(Q,.) (m free). Using Bayesian inference, we constrained these models with the latest datasets: the Pantheon+
Type Ia supernova sample (with a SHOES calibration, PPS, and without, PP), Hubble parameter measurements, H(z), from cosmic
chronometers and baryon acoustic oscillations (BAO) as independent datasets, including DESI DR2, and a Gaussian prior on Hy from
the SHOES measurement, Hy = 73.04 + 1.04 kms™! Mpc™"' (R22 prior). We compared the models via Akaike, Bayesian, and deviance
information criteria (AIC, BIC, and DIC), and with Bayesian evidence.

Results. Our results indicate that the Hubble tension persists, although it shows partial alleviation (~1o tension) in all investigated
scenarios when local measurements are included. For the flat m = 0 case, the joint analysis yields Hy = 71.05*) km s~ Mpc™".
Curved models initially favor Qk, > 0 (at more than 207), but this preference shifts toward flatness once the PPS + R22 prior is
included. Notably, the current viscosity is constrained to ¢, ~ 10% Pa's in all scenarios, in agreement with the thermodynamic require-
ments. Although the model selection via BIC and Bayesian evidence favors ACDM, the AIC and DIC show mild support for viscous
models in some datasets.

Conclusions. Bulk viscous models moderately improve the fits, but they can neither resolve the Hubble tension nor outperform the
ACDM model. To achieve more robust constraints, future analyses should incorporate CMB observations, which are expected to

break parameter degeneracies involving m and ;.
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1. Introduction

The most widely accepted cosmological model that remains
consistent with observational data is the A cold dark matter
(ACDM) model of a spatially flat universe. This model pro-
poses that the cosmological constant A, assumed to represent
dark energy, drives the accelerated expansion of the Uni-
verse (Carroll et al. 1992; Riessetal. 1998; Perlmutter et al.
1999; Carroll 2001; Peebles & Ratra 2003; Frieman et al. 2008;
Weinberg et al. 2013; Planck Collaboration VI 2020), while cold
dark matter (CDM) behaves as a nonrelativistic, pressureless
perfect fluid. However, the ACDM model faces several signif-
icant issues (Weinberg 1989). For example, it cannot explain the
physical nature of CDM or A (Weinberg 1989; Padmanabhan
2003) and, additionally, it fails to solve the fine-tuning problem;
specifically, the question of why A is so small compared to the
vacuum energy predicted by quantum field theory (Zel’dovich
1968; Weinberg 1989; Padmanabhan 2003; Sanchez 2021). It
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also does not address the coincidence problem, which asks why
A does not become dynamically relevant until the late Universe
(Zlatev et al. 1999). Collectively, these unresolved issues are
known as the cosmological constant problem (Weinberg 1989).
With the increasing precision of cosmological observations,
several tensions related to key parameters have emerged; most
notably the so-called “Hubble tension”, which arises from the
inconsistency between the values of the Hubble constant Hj
derived from early Universe measurements and local (late-time)
observations. The Planck Collaboration, using observations of
the cosmic microwave background (CMB) within the ACDM
framework, reported Hy = (67.36 + 0.54)km s7! Mpc’1 at a
68% confidence level (CL). In contrast, the SHOES Collabo-
ration (Supernovae H, for the equation of state, EoS) found a
significantly higher value of Hy = (73.04 + 1.04)kms~! Mpc™!
at 68% CL, using the three-rung distance ladder method with
Cepheids (Riess et al. 2022). These results reveal a tension of
approximately 5o, which is unlikely to be due to systematic
errors and, thus, strongly suggests there is a need for new
physics beyond the ACDM model. A comprehensive review of
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proposals aimed at addressing the Hubble tension can be found
in Di Valentino et al. (2021), Moresco et al. (2022), Verde et al.
(2024), Perivolaropoulos (2024), Mortsell et al. (2022).

For these reasons, in recent decades, a wide variety of alter-
natives to the standard cosmological model have been proposed.
In most of these proposals, cosmic components are modeled as
perfect fluids. Among them, scalar field models with a dynami-
cal EoS have attracted significant attention. Quintessence mod-
els offer a dynamical alternative to A (e.g., Caldwell et al. 1998;
Di Valentino et al. 2019), while phantom (Caldwell 2002) and
k-essence models (Chiba 2002) extend the framework to EoS
parameters w < —1 or to noncanonical kinetic terms. Addition-
ally, various reviews of dark energy and modified gravity models
can be found in Copeland et al. (2006), Bamba et al. (2012).

Among the alternative approaches, a less conventional
one modifies the dark sector by introducing dissipative
terms into the energy-momentum tensor to generate accel-
erated expansion (Avelino & Nucamendi 2010; Cruz et al.
2017, 2023), while also attempting to alleviate current
cosmological tensions (Anandetal. 2017; Yangetal. 2019;
Ashoorioon & Davari 2023). These contributions include heat
flux (Bravo Medina et al. 2019), bulk viscous pressure, and shear
viscosity. The most extensively studied cosmological models
with viscous fluids incorporate bulk viscosity, as they remain
compatible with the cosmological principle. In contrast, shear
viscosity introduces tensor terms that explicitly violate isotropy.

Among the theories that describe viscous fluids, the first
to address bulk viscosity was Eckart’s theory (Eckart 1940).
Although this formalism suffers from well-known causality
issues, its mathematical simplicity has made it widely studied,
providing a fundamental first-order approximation for dissipa-
tive fluids. Israel and Stewart later proposed a causal second-
order theory (Israel 1976; Israel & Stewart 1979), introducing
relaxation time as a new parameter.

A bulk viscous fluid is characterized by two key thermody-
namic quantities: the energy density, p, and the effective pres-
sure, Pt = p + II, where p is the equilibrium pressure and
IT denotes the bulk viscous pressure. Within Eckart’s first-order
formalism, the viscous pressure takes the form IT = -7, where
£ is the bulk viscosity coefficient and ¢ = i, = 3H is the expan-
sion scalar, with H = a/a being the Hubble parameter. The
Israel-Stewart theory extends this description by introducing a
propagation equation for I that resolves the causality limitations
of Eckart’s approach.

Both the Eckart and Israel-Stewart theories can account
for the accelerated expansion of the Universe without a cos-
mological constant, provided that II < 0 (and, consequently,
¢ > 0) to satisfy the second law of thermodynamics (Weinberg
1972). However, analyses of dissipative inflation (Maartens
1995) reveal a fundamental limitation: models relying exclu-
sively on bulk viscosity to drive acceleration violate the
near-equilibrium condition [[1/p| < 1, which is required
to maintain the system close to local thermal equilibrium.
This violation implies that purely viscous mechanisms can-
not realistically drive cosmic acceleration without additional
components.

This motivates our inclusion of A, supported by obser-
vational evidence for its cosmological role (Riess et al. 1998;
Perlmutter et al. 1999; Bennett et al. 2013). Recent studies
(Cruz et al. 2018; Herrera-Zamorano et al. 2020; Cruz et al.
2022a,b) show that a positive A can preserve near-equilibrium
conditions in certain regimes, although this requires moving
beyond unified viscous dark matter models as complete descrip-
tions of late-time cosmology.
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Given that cosmic matter exhibits dissipation (Anand et al.
2018), here we analyze viscous cold dark matter (vCDM)
models within Eckart’s theory in the presence of A, fol-
lowing the background dynamics framework presented in
(Velten & Schwarz 2012; Velten et al. 2014). We denote these
models as AvCDM. We explore two particular scenarios: (i)
constant bulk viscosity ({ = {y, where {p is the present-day
value) and (ii) variable bulk viscosity (¢ = {(€y.)), where Q.
denotes the vCDM energy density parameter. We study both sce-
narios in flat and curved FLRW universes, where I1 modifies the
effective energy-momentum tensor. Therefore, this framework
extends the ACDM model by introducing dissipative effects in
the dark matter component.

This paper is organized as follows. In Section 2, we explain
the theoretical framework underpinning bulk viscous models.
We describe the methodology and datasets employed to con-
strain the cosmological parameters in Section 3. In Section 4, we
present and discuss the resulting constraints on various cosmo-
logical parameters, including their concordance with the bench-
mark ACDM model, evaluated using information criteria and
Bayesian inference. Finally, in Section 5, we summarize our
conclusions.

2. Background for bulk viscous models

A homogeneous and isotropic universe is described by the
FLRW metric, given by

d 2
L4 246 + 2 sin? 0d4? ),

ds? = =2df? + az(t) (1 (D

- Kr?

where (7, 8, ¢) are the comoving coordinates, a(?) is the scale fac-
tor at cosmic time, ¢, and K denotes the spatial curvature param-
eter. The values of K = —1,0, +1 correspond to an open, flat, and
closed universe, respectively.

We assume a universe containing a component that experi-
ences dissipative processes exclusively through bulk viscosity.
This introduces a nonadiabatic contribution (AT*") to the perfect
fluid energy-momentum tensor (Weinberg 1972). Therefore, the
total energy-momentum tensor for a bulk viscous fluid takes the
form of

TH = TH + AT*

2
= (o + Par) s’ + Per g, @
where 7+ is the energy-momentum tensor that describes a per-
fect fluid and the four-velocity satisfies the normalization condi-
tion u*u,, = —1. In the Eckart framework, bulk viscosity modifies
the equilibrium pressure p to an effective pressure,
Peg = p—3H{, 3)
where p = wp follows a barotropic EoS. The dimensionless
parameter w can be constant (e.g., w = 0 for CDM or w = —1
for A) or time-dependent, as in dynamical dark energy models
(see Caldwell et al. 1998; Chiba 2002).

When vCDM is the only viscous component in a universe
with noninteracting cosmic fluids, its energy-momentum conser-
vation (derived from V,T#" = 0) yields
Pve + 3I_Ipvc = 9§H2, (4)
where p,. and p,. = O are the energy density and pressure
of the vCDM component (abbreviated as ‘vc’ in equations),
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respectively. The corresponding Friedmann equations, including
spatial curvature and the cosmological constant, are

Ac?
3 b

,  8nG Kc?

=32 (pr+pb+pvc)_a_2+

5)
. 871G Kc?
2H +3H? = == (po+ po + puc = 3H) = —= + A, (6)

where G is Newton’s gravitational constant. The subscripts r and
b denote radiation and baryonic matter, respectively. Combining
the scale factor-redshift relation a(z) = (1 + z)~! with Eq. (5)
yields the normalized Hubble parameter E(z) = H(z)/Hy for our
AvCDM model, including spatial curvature, expressed as

E@2) = [Qu (1 +2)* + Que(2) + Quo(1 +2)°

)
1/2
F O+ 27 + ]

where Hy = 100 ~km g1 Mpc‘1 is the Hubble constant, while
h is the dimensionless Hubble parameter. The energy density
parameter of vCDM is defined as

Pvc Sﬂ'Gpvc(Z)
Qv 7)) = = 5 8
@ Perit,0 3H? ¢? ®)

and its present-day is Q,.(z = 0) = Q0. The remaining set, Qy,
o, Qko, and Qp = Qqe(z = 0) are defined as

Q. = 8nGpyw _ 8nGpyo
0= T b0 = S
0 0 )
8nGpxo 8nGpa
Qo= —553 Q=5
3HOL 3HOC

The sum of these present-day density parameters satisfies the
constraint,

Qr0+Qb0+cho +QK0+QA =1. (10)

For radiation, we use Qo =~ (1 +0.2271 Neg) Q,0, wWhere
Q0 = 2.469 - 107 h~2 (Komatsu et al. 2011) is the present-day
photon density parameter and Neg = 3.046 is the effective num-
ber of neutrino species according to the standard ACDM model
(Mangano et al. 2002, 2005).

We can rewrite Eq. (4) in terms of dimensionless quantities,
as in Velten & Schwarz (2012), Velten et al. (2014), and solve
it numerically by imposing the initial condition, Q,.(z = 0) =
Qyco. Introducing the notation ” = d/dz, we obtain

1+ Q =3Qe(@) + ¢ [0 (1 +2* + Quel2)

12
= 0’

1D

+Quo(1 +2)° + Qio(1 +2) + Qu |

where we have defined the dimensionless viscosity parameter,

241G {
B C2 H()

é/*

12)

We also derive the corresponding evolution equation for the
Hubble parameter,

2(1 +z)HH' - 3H* + {*H Hy

13
— Hy [Q0 (142" = Qo (1 +2)” =3Q4] = 0. (4

Each model is characterized by the bulk viscosity parameter
{, as defined in Eq. (12), and it is reduced to the standard ACDM

model when ¢ = 0. We then adopt a power law dependence of
viscosity on vCDM density,

Q. )’"
QVCO ’

(= §o( (14)

where m is the viscous exponent and ¢; denotes the present-
day bulk viscosity coefficient. Substituting the viscosity ansatz
Eq. (14) into Eq. (12), we obtain (Velten & Schwarz 2012):

ch
QVCO

" - 247G ¢
s th - 2.
) wi 4 2 ;

=0 ( 15)
Here, [ is the dimensionless bulk viscosity parameter. In SI
units, ¢ has dimensions of Pascal-seconds (Pas), while Hj is
expressed in inverse seconds (s™h.

In this work, we study bulk viscous models with A, consider-
ing both spatially flat and curved geometries, labeled as AvCDM
and AvCDM + Qx, respectively. Based on Eq. (15), we analyze
two cases: (i) a constant bulk viscosity with m = 0, represent-
ing the simplest scenario; and (ii) a variable bulk viscosity with
m treated as a free parameter. This defines four distinct bulk
viscous models: AvCDM (m = 0), AvCDM + Qg (m = 0),
AvCDM (m free), and AvCDM + Qg (m free). Additionally,
we analyze the Zo = 0 case (the benchmark ACDM model) in
Appendix B. The free parameters for each model are listed in
Table 1.

3. Methodology and dataset for observational
constraints

In this section, we focus on constraining the bulk viscous mod-
els using publicly available observational data. To achieve this,
we utilized recent datasets, including Hubble parameter mea-
surements from cosmic chronometers (CC) and baryon acous-
tic oscillations (BAOs), along with Type Ia supernovae (SNe
Ia) data. The subsections below describe each dataset and the
applied methodology.

3.1. Bayesian statistical procedure

Bayesian inference is a robust statistical technique for parame-
ter estimation and model comparison, widely employed in cos-
mology. Based on Bayes’ theorem, the posterior probability of
a model M with free parameters, ®, given a dataset, D, is
expressed as

DI, M)yn(@| M
PO|D,M = = '8(D|)A’T4()' )

where P(O| D, M) is the posterior distribution, L(D|®, M) is
the likelihood, 7(®| M) is the prior, and E(D|M) is the evidence
(also known as Bayesian evidence, marginal likelihood, or model
likelihood).

A Gaussian likelihood is related to y? statistic (usually called
chi-square) via the relation £ o e X2 where x* quantifies the
discrepancy between observed data and model predictions. The
best-fit parameters, corresponding to the maximum likelihood
estimate, can be obtained by minimizing the y? function.

(16)

3.1.1. Bayesian evidence

The evidence is a normalization constant in parameter estima-
tion, which is crucial for model comparison. It is obtained by
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Table 1. Free parameters and priors used in the MCMC analysis.

Model Parameter space Prior
m=o AVCDM © = {Ho, Quoh?*, Queoh®, M, £} 1(Queoh®); 1(Qamoh®): N(0.12, 0.01)
- AVCDM + Qg © = {Hy, Qko, Quoh?, Queoh®, M, Lo} 7(Quoh?): N(0.022, 0.01)
m free  A\VCDM © = {Ho, Qpoh®, Queoh®. M.m, Lo} n(o): U, 1)
AvCDM + QK 0= {HO’ QK09 Qbohza ch0h2, M, m, {0} ﬂ(m) (Ll(_zs 2)
5 =0 ACDM ® = {Ho, Quoh?, Qamoh?, M} n(Hp): U30,99)
0= ACDM + Qg © = {Hy, Qko, Quoh?, Qamoh?*, M} m(Qko): U(-0.4,0.4); m(M): U(-30,-5)

Notes. We list the prior ranges, using N'(u, o) to denote a Gaussian and U(a, b) to denote a uniform prior.

Table 2. Jeffreys scale for the Bayes factor (B;).

|InBy;|  Probability Strength of evidence
<1.0 <0.750 Inconclusive
1.0-2.5 0.750 Weak evidence
2.5-5.0 0.923 Moderate evidence
>5.0 0.993 Strong evidence

Notes. We use this scale used to quantify the strength of evidence when
comparing the reference model M, against an alternative model M;.
The right column lists the thresholds and their associated evidence lev-
els.

integrating the likelihood multiplied by the prior over the full
parameter space,

S(Z)IM)zfd@L(Z)I@,M)n(@IM). an

For two competing models, My and M,;, the relative poste-
rior probabilities (or posterior odds) determine which model is
favored by the data, D,

PM|D) _ EDIM)aMy) . 1(Mo)
PM D) EDIMyaM) " 7a(My)’

(18)

where By; = &y/&; is the Bayes factor, which quantifies the rel-
ative evidence for the models. Values of By; > 1 indicate an
increase in the support for M, over M;, while By; < 1 favors
M.

We adopted the Jeffreys scale, as suggested by Trotta (2008),
Heavens et al. (2017b), to interpret the strength of evidence, as
summarized in Table 2. When In By; > 1, this suggests a prefer-
ence for My; conversely, when In By; < —1, the data support the
alternative model, M;.

3.1.2. Information criteria for the model comparison

A natural question is how efficient these models are compared
to the standard ACDM model. To address this, we employed
the Akaike information criterion (AIC; Akaike 1974), Bayesian
information criterion (BIC; Schwarz 1978), and the deviance
information criterion (DIC; Spiegelhalter et al. 2002). The AIC
and BIC quantify the trade-off between goodness of fit and
model complexity by penalizing the inclusion of additional free
parameters. They are defined, respectively, as

AIC = y2. + 2k,
BIC = 2, +kInN,

19)
(20)
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Table 3. Interpretation based on the AIC criteria.

AAIC/ABIC/ADIC  Strength of evidence

0-2 Weak

2-6 Positive
6—-10 Strong

>10 Very strong

Notes. A value of AIC > 2 indicates preference for the bulk viscous
model, i, against ACDM.

where sznin is the minimum chi-square value obtained from the
best-fit parameters, k represents the number of free parameters,
and N is the total number of data points used in the fit. The BIC
penalizes additional parameters more strongly than the AIC, thus
favoring simpler models. In both cases, the preferred model is
the one that minimizes the corresponding information criterion.
The DIC combines concepts from Bayesian statistics and
information theory. Unlike the AIC and BIC, the DIC deter-
mines the complexity penalty from the posterior distribution. It
is defined as
DIC = D(®) + 2Cp = D(®) + Cp, (21)
where Cp = D(®) — D(0) is the Bayesian complexity, quanti-
fying the effective number of parameters. The overlines denote
posterior mean values, and D(®) is the Bayesian deviance. For
Gaussian likelihoods, the deviance is reduced to D(®) = )(2((9).
We can evaluate the relative strength of evidence for each
candidate model i by calculating the differences in information
criteria (AIC) relative to the benchmark ACDM model, defined
as

AIC = ICxcpm — IC,. (22)
With this definition, positive values of AIC indicate a preference
for model i over ACDM. We interpret the strength of evidence
according to the standard scale summarized in Table 3.

3.2. Observational datasets
3.2.1. Cosmic chronometers

The most direct way to constrain the cosmological parameters is
using H(z) data. We compiled a sample of 33 data points from
various sources (shown in Table A.1), measured in the redshift
range 0.07 < z < 1.965, where the total error per redshift is given
by Oror = [02 + a'fysl]” 2. These H(z) data points were obtained
using the CC method, which relies on comparing the differential

age evolution of galaxies at different redshifts, as proposed by
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Jimenez & Loeb (2002). The method estimates the Hubble rate
based on the relationship,

oL &

. 2
1+zdt 23)

This approach is independent of cosmological assumptions,
making it a valuable tool for testing different models by directly
measuring the expansion rate of the Universe.

By constructing the chi-square function, we effectively con-
strain the free parameters of the bulk viscous models. To perform
the MCMC analysis, the x? function for the CC method is given
by

33 thy., _ gyobs/,\\2
(H (zi,9) HCC(Z,)] ’ 24)

Xec®©) =)

P agicc

where Hy,(z;, ®) represents the theoretical value of the Hubble
parameter at redshift, z;, with the free model parameters, G,
shown in Table 1, Hgbcs(zi) denotes the corresponding observed
Hubble data values at z;, and o cc represents the observational
uncertainty associated with Hg'jcs(zi).

3.2.2. Hubble constant

We included the SHOES Collaboration value of the Hubble con-
stant, Hy = (73.04 + 1.04)kms~' Mpc~! (hereafter R22), from
Riess et al. (2022) as a Gaussian prior in our analysis.

3.2.3. Type la Supernovae

SNe Ia exhibit a well-known brightness, making them ideal stan-
dard candles for measuring cosmological distances. The theo-
retical distance modulus, y, at redshift z is given by Weinberg
(1972) and expressed as

u(z)=m—M = 5log, [—dL(Z)

+ 25,
1 Mpc

(25)

where m is the observed apparent magnitude, M is the abso-
lute magnitude, and d; = (c¢/Hp)Dy, is the luminosity distance
in megaparsecs (Mpc). The luminosity distance is related to
the angular diameter distance, dy4, via the Etherington distance-
duality relation d;(z) = (1 + z)>d4. Both distances can be
expressed in terms of the comoving angular diameter distance
Dy (z) as

D
h@D=(1+2Du@ and da) = M. (26)
(1+2)
Here,
c ©d7
D = —§ s ith = _— 27
M@ = 1S, with x fo — @7)
where
1
sinh | VQgo x), if Qgo>0,
Vo (V)
Sk(x) = §x, if Qgo=0, (28)
1
sin V|QK0|x . if QKO <0.
VIQkol ( )

In this study, we used both the Pantheon+ sample (PP)
(Scolnic et al. 2022; Brout et al. 2022) and Pantheon+ &SHOES
sample (PPS) (Broutetal. 2022). The PP sample comprises

1701 light curves from 1550 distinct SNe Ia measurements,
within the redshift range 0.001 < z < 2.26, providing appar-
ent magnitudes rather than distance moduli. We can compute the
x? function as

Xitp =AD" -C7' - AD, (29)

where D is the residual vector of dimension 1701, with compo-
nents AD; = pt;—pmode1 (zi» ®), quantifying the difference between
the observed and predicted distance moduli. The total covari-
ance matrix, C = Cgy + Cgys, combines the diagonal covari-
ance matrix of the statistical uncertainties Cg, for y;(z;) with the
covariance matrix of systematic uncertainties, Csys, for each SN
Ia light curve.

The PPS sample combines the original PP datasets with the
Cepheid host distance measurements from the SHOES Collab-
oration (Riess et al. 2022). This joint likelihood analysis helps
to constrain the degeneracy between the parameters M of SN Ia
and H,.

The inclusion of Cepheid host distances modifies the SN dis-
tance residuals as

Ap = i~ ,ul.cepheid, i € Cepheid hosts, (30)
" Wi — fmoder(zi, ), otherwise,
where y?ephem denotes the Cepheid-calibrated distance modulus

to the host galaxies. This modification leads to the following y?
function,

X]szs — AD/T . (CSN Ia + CCepheid)—l .AD’. (31)

where CCepheid = cCepheid  oCepheld . SHOES Cepheid host-

stat syst
distance covariance matrix.

The SNe Ia sample includes both heliocentric and CMB-
corrected redshifts. Therefore, the luminosity distance is com-
puted by incorporating these redshift corrections as

di(z,0) = (1 + zemB)(1 + Zhel) da(z, ©).

Taking into account possible contributions from spatial curva-
ture, we can numerically compute d4(z, ®) for each z; and param-
eter set O by solving the differential equation,
dr2.0) c

(1+20 (A+2H(Z0)

(Ho da(z, @))2]”2
C b

(32)

d"A(Z’ ®) = -

(33)
~[1 + Qo (1 +2)°

which follows an analogous formulation to that presented in
Fritis et al. (2024) for luminosity distance calculations.

3.2.4. Baryonic acoustic oscillations

Overall, BAOs provide a standard ruler originating from acous-
tic waves in the photon-baryon fluid of the early Universe. Their
characteristic scale corresponds to the sound horizon at the
baryon drag epoch, ry = ri(zq) (Eisenstein & Hu 1998), which
is constrained by CMB measurements. This scale is calculated
as

rq = i foo CS(Z) dZ
Hy J, E@@

where ¢s(z) is the speed of sound in the photon-baryon fluid.
In the ACDM framework, this epoch occurs at zg ~ 1060
(Planck Collaboration VI 2020).

(34)
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BAO measurements can be separated into directions trans- N = AVCDM (m = 0) with PPS
. : . : o [ \‘ mm \vCDM (m = 0) with Base 2
verse and radial to the line of sight. This leads to two pri m AvCODM (= 0) with Base 2 + O
mm AvCDM (m = 0) with Base 2 + CC + R22

mary observables, both normalized by the drag scale ry: the
transverse comoving distance, Dy(z)/rq, and the radial Hubble
distance, Dy(z)/rq, where Dy(z) = ¢/H(z). These two measure-
ments are often combined into the spherically averaged distance,
Dy(2) = [z Dy(z) Du()]'>.

For our analysis, we used BAO measurements from the Dark
Energy Spectroscopic Instrument Data Release 2 (DESI DR2),
which cover the redshift range 0.1 < z < 4.2 using multiple
tracers, as detailed in Table III of (Abdul Karim et al. 2025). The
dataset includes the bright galaxy sample (BGS; 0.1 < z < 0.4),
luminous red galaxies (LRGs; 0.4 < z < 1.1), emission-line
galaxies (ELGs; 1.1 < z < 1.6), quasars (QSO; 0.8 < z < 2.1),
and the Lyman-a forest (Lya; 1.77 < z < 4.16). We refer to this
entire dataset as “DESI”. Our sample consists of 13 data points
(listed in Table A.2). The y? function for the DESI data is then
constructed as

X 12)1351 = AQTC]_)IIESIAQ’

where Cpgg; is the covariance matrix corresponding to the DESI
data and AQ is the corresponding residual vector. Its components
are given by

Da(zi) )*’ B (Da(z,-, )

(35)

(36)

rd

th
) , ac{V,MH).
rd

AQiZ(

Additionally, we considered adopting direct constraints on
the expansion history using Hubble parameter measurements
derived from BAO. These were obtained by combining the radial
BAO scale with an appropriate value of ry. We used an inde-
pendent compilation of 30 uncorrelated BAO-based H(z) mea-
surements from various galaxy surveys (listed in Table A.2),
covering 0.24 < z < 2.36. The y? function for this BAO H(z)
dataset is defined as

) 2
) i (H‘h<z,-, 0) - H;*;;Ao(zi)]

X =
HBAO O'i HBAO

(37
i=1

where H"(z;, ®) is the theoretical value of the Hubble parame-
ter at redshift z;, for the free model parameters ® (see Table 1),
Hﬁ‘gAO(zi) represents the observed Hubble parameter values
derived from BAO measurements, and o; ggao denotes the asso-

ciated uncertainties.

3.2.5. Joint analysis
For joint observational constraints using the R22 prior, CC,
BAO, and SNe Ia datasets, the total )(JZOIN is given by

P 2 2 2 2
XjoiN = XBao T Xsnia T Xoc + Xr2oo (38)

where x3y,, represents either xpp OF Xppg: X540 denotes either
Xipao OF their sum x7i\ o + X5 e depending on the dataset com-
bination. We assume that measurements from different databases
are uncorrelated.

4. Results and analysis

In this section, we present the constraints on all the bulk vis-
cous models with a cosmological constant. To minimize the
x° function for each model, we performed a Bayesian analy-
sis using the affine-invariant MCMC sampler implemented in
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Fig. 1. Cosmological parameter constraints for a flat viscous universe
with a constant viscosity (m = 0). Top: PPS, Base 2, CC, and R22
datasets. Bottom: PPS + DESI, Base 3, CC, and R22 datasets. Contours
show 2D confidence regions (68% and 95% CL) and their 1D marginal-
ized posterior distributions.

the EMCEE! Python module (Foreman-Mackey et al. 2013). Our
MCMC configuration uses 60 walkers and 30000 steps per
walker. To ensure convergence, we discarded an initial burn-in
period corresponding to ten times the maximum autocorrelation
time across all parameters. For the likelihood computation, we
incorporated the DESI, PP, and PPS datasets from the public
version of CosmoSIS? (Zuntz et al. 2015). We derived parameter
constraints and generated confidence contours using the Chain-
Consumer package® (Hinton 2016). In this work, we adopted two
types of priors in our MCMC analysis: Gaussian priors N(u, o),
described by a normal distribution with a mean, i, and a standard
deviation, -, and uniform priors U(a, b), which follow a top-hat
function over the interval [a, b]. The specific priors for each free
parameter are summarized in Table 1.

! https://emcee.readthedocs.io/en/stable/
2 https://cosmosis.readthedocs.io/en/latest/
3 https://samreay.github.io/ChainConsumer/


https://emcee.readthedocs.io/en/stable/
https://cosmosis.readthedocs.io/en/latest/
https://samreay.github.io/ChainConsumer/

Villalobos, R. N, et al.: A&A, 708, A344 (2026)

We present the observational analysis using several cosmo-
logical datasets to constrain the model parameters and assess
their consistency with current observations. Our dataset includes
CC, BAO measurements (HBAO and DESI), SNe Ia (PP and
PPS), and the R22 prior. We defined three primary dataset com-
binations: Base 1 (HBAO + PP), Base 2 (HBAO + PPS), and
Base 3 (HBAO + PPS + DESI), whose joint chi-square func-
tions are xg..; = Xfao T Xpps Xaser = Xipao * Xpps: and
X%ases = )(IZ{B Ao T X12>Ps + X%ESI, respectively. We then extended
these combinations by including CC and the R22 prior, evaluat-
ing the joint constraints for Base 1 + CC + R22, Base 2 + CC +
R22, and Base 3 + CC + R22.

Figures 1-4 show the contour plots from our MCMC analy-
sis, including both the two-dimensional (2D) confidence regions
at the 68% and 95% CL and the 1D marginalized posterior distri-
butions for the free parameters of the models (see Table 1). Dif-
ferent dataset combinations are represented by different colors:
PPS (purple-gray), PPS + DESI (purple), Base 1 (dark magenta),
Base 1 + CC (green), and Base 1 + CC + R22 (sea blue). The
corresponding Base 2 and Base 3 combinations follow the same
color scheme. In Appendix C, Tables C.1 and C.2 summarize the
best-fit values and 68% CL uncertainties (10°) for the free param-
eters of both the AvCDM model and its extension AvCDM +
Qk.

4.1. m = 0 scenario

We first analyzed the simplest viscous scenario with m = 0, cor-
responding to a constant bulk viscosity. The resulting constraints
are summarized in Table C.1. Both the flat universe (Fig. 1) and
the curved universe (Fig. 2) cases exhibit strong positive correla-
tions between Hy and M (corr > 0.95) across all dataset combi-
nations, as well as a variable correlation with Qgg: negligible for
PPS alone (corr = 0.009), but moderately negative when includ-
ing additional constraints (corr ~ —0.5). In curved models, Hy
exhibits a weaker negative correlation with &y, while ¢ itself
correlates positively with Qg (e.g., corr = 0.33 for Base 2 + CC
+ R22, corr = 0.51 for PPS, and corr = 0.27 for PPS + DESI).
Our analysis of the flat universe scenario in Table C.1 shows

that Base 1 yields Hy = 67.94fgjgg kms~! Mpc~!, while Base

2 produces a higher estimate of Hy = 70.39%07> kms™' Mpc™!,
resulting in a tension of ~20. Notably, Base 3 provides an inter-
mediate constraint of Hy = 69.53 + 0.56kms™! Mpc‘l, which
reduces the tension with Base 1 to ~1.4¢0. This trend contin-
ues when the CC data is considered. Incorporating the R22 prior
reduces these discrepancies to 1.190 between the Base 1 + CC
+ R22 and Base 2 + CC + R22 combinations, and to just 0.29¢0
between the Base 1 + CC + R22 and Base 3 + CC + R22

datasets, yielding

Hy = 69.92*07 kms™ Mpc™'  (Base 1 + CC +R22),  (39a)
Hy =71.05"0%kms™' Mpc™  (Base 2+ CC +R22),  (39b)
Hy =70.17"08 kms™' Mpc™  (Base 3+CC +R22),  (39¢)

suggesting that both the inclusion of local R22 measurements
and DESI data help alleviate the tension between the datasets.
In the non-flat scenario, we observe systematically lower esti-
mates of Hy, specifically Hy = 66.1*7kms™' Mpc™' for Base
1 and Hy = (66.3 + 1.1)kms~! Mpc~! for Base 1 + CC. How-
ever, when we include R22 prior to the Base 2 + CC and Base

3 + CC datasets, the estimates increase to Hy = (71.06 +
0.70)kms™' Mpc™! and Hy = (70.28*0%0) km s™' Mpc™', respec-

tively. These values align with those in the flat geometry sce-
nario, with differences smaller than 0.20-.

We see that the datasets significantly influence the inferred
spatial curvature. Incorporating the R22 prior favors a flat uni-
verse, yielding
Qko = 0.049*09%  (Base 1 + CC + R22), (40)
which is compatible at 1o~ with a flat universe. Including the PPS
sample further sharpens these constraints, yielding
Qko = —0.002°03  (Base 2 + CC + R22), (41)
indicating only a 0.040" deviation from flatness. We further con-
firm this trend by considering the DESI data, which yield the
following results, all fully consistent with a flat universe:

Qko = 0.009 £0.032  (Base 3), (42a)
Qko = 0.009*0932  (Base 3 + CC), (42b)
Qko = —0.0147003%  (Base 3 + CC + R22). (42c)

Even with the inclusion of the R22 prior and DESI data, we
observe no significant deviation of ~0.50. In contrast, some
datasets without DESI favor Qg > 0 at more than 20, suggest-
ing a moderate preference toward an open universe. For exam-

ple, the PPS sample alone gives Qko = 0.198*0:097 (2.207), while

Base 1 yields Qgo = 0.181%)07% (2.5¢). This tension suggests
that local measurements impose stricter constraints on spatial
flatness, effectively breaking the geometric degeneracy.

In addition, the dimensionless viscosity coefficient Zo shows
good agreement with observational data (see Figs. 5 and 6). For
both the flat and non-flat scenarios, the present-day bulk viscos-
ity £o, computed via Eq. (15), is approximately
Zo ~ 10° Pas, (43)
in line with estimates from previous studies (Normann & Brevik
2017; Cruz et al. 2022b). This value is consistent with studies
that consider only the isotropic and homogeneous background,
which allows for relatively large bulk viscosities without sig-
nificantly altering the overall expansion history. In particular,
Velten & Schwarz (2012) found that viscous dark matter is per-
mitted to have a bulk viscosity up to {, ~ 107 Pas at the back-
ground level. However, including bulk viscosity effects on the
linear growth of dark matter perturbations leads to much tighter
constraints. The effective sound speed, defined as cgff = 6I1/6p,
introduces additional scale-dependent damping terms in the per-
turbation equations. These terms lead to a strong suppression
of small-scale structure formation, yielding constraints as strin-
gent as {y < 1073 Pas when both the linear and nonlinear per-
turbations are considered (Velten & Schwarz 2012; Velten et al.

2014).
Notably, using PPS data alone yields ¢y = (0.72%33}) x

10% Pass for the flat geometry, with the lower uncertainty bound
approaching zero viscosity ({o — 0). We observe the same
behavior when combining PPS with the DESI dataset, which

gives {p = (0.47f8:§3) x 10° Pas. In contrast, non-flat scenarios

produce significantly higher values: {y = (2.04*7:35) X 10° Pas

(PPS) and ¢y = (7.46*3%%) x 10° Pas (Base 1). When combin-
ing both SHOES calibration into PP (PPS) and the R22 prior, we
obtain ¢y = (3.16737) x 10° Pas in alignment with the results
from the flat-case analysis. This pattern suggests that local mea-
surements may indirectly constrain viscous effects in cosmic

expansion.
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Fig. 2. Cosmological parameter constraints for a non-flat viscous uni-

verse with constant viscosity (m = 0). Top panel: PPS, Base 2, CC,

and R22 datasets. Bottom panel: PPS + DESI, Base 3, CC, and R22

datasets. The contours show 2D confidence regions (68% and 95% CL)

and their 1D marginalized posterior distributions.

4.2. Free m scenario

We extend our analysis to the more general case, where m is
treated as a free parameter. Using the observational datasets Base
1, Base 2, and Base 3, combined with CC data and the R22 prior,
we constrained both the flat and non-flat scenarios. The results
are summarized in Table C.2 at the 68% CL. Additionally, we
present the parameter constraints in Fig. 3 (flat universe) and
Fig. 4 (curved universe), which display 2D confidence contours
at 68% and 95% CL, as well as the corresponding 1D marginal-
ized posterior distributions for the free parameters (see Table 1).

As in the m = 0 case, Table C.2 shows that the datasets
significantly affect the constraints on spatial curvature. The PPS
sample alone does not place tight limits on the curvature, yield-

ing Qo = 0.205%0:053 (1.9907). This is consistent within 1o~ with
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terior distributions.

(Brout et al. 2022), where Qg = 0.07’:8}‘3‘4. On the other hand,
Base 1 alone shows a mild preference for an open universe, with
(Qko = 0.21*313), corresponding to 1.620 deviation from flat-
ness. However, including the R22 prior restores consistency with

spatial flatness within 1o, yielding

Qo = 0.026*5987  (Base 1 + CC + R22). (44)

Further incorporating the PPS sample leads to significantly
tighter constraints,

Qo = 0.007*57°

Qo = 0.00879978

(Base 2),
(Base 2 + CC).

(45a)
(45b)

4 https://github.com/PantheonPlusSHOES/DataRelease
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This behavior persists with the inclusion of DESI data, yielding

Qko = 0.008*03]  (Base 3), (46a)
Qko = 0.010*703%  (Base 3 + CC), (46b)
Qko = —0.009 + 0.032 (Base 3 + CC + R22). (46¢)

Notably, when treating m as a free parameter in combination
with local measurements, we obtain the most stringent curvature
constraints, further supporting spatial flatness.

We find that the PPS yields estimates of H consistent with
SN calibrations using Cepheids (Brout et al. 2022; Riess et al.
2022) across all scenarios considered. Specifically, for both m =
0 and free m scenarios, using PPS alone, we obtain

Hy=73.1+1.1kms'Mpc™ (AvCDM), (47a)
Hy=733+12kms'Mpc™! (AvCDM + Q). (47b)

Notably, we see no significant shifts in H, values between
m = 0, free m, and Zo = 0 scenarios across all datasets (see
Tables C.1, C.2, and B.1).

Regarding the present-day bulk viscosity, computed from
Eq. (15), our results yield a consistent value of £, ~ 10°Pas
for both flat and non-flat geometries (analogous to the m = 0
case), in agreement with (Normann & Brevik 2017; Cruz et al.
2022b). In a flat universe, we find a shift toward higher val-

ues, ranging from ¢, = (0.513:2) x 10° (PPS + DESI) to

L = (1.17137) x 105Pas (Base 1 + CC), and up to {y =

(1.97?32) x 10%Pas for Base 2 + CC + R22. Including spa-
tial curvature as a free parameter leads to even higher values,

reaching {p = (8.03*380) x 10° Pas for Base 1, but decreasing

to ¢ = (1.30*273) x 10° Pas for Base 3 + CC + R22. We find
that all measured values of the bulk viscosity ({, > 0) are in full
agreement with the second law of thermodynamics. This pos-
itivity requirement, ¢y > O is essential to ensure non-negative
entropy production in an expanding universe (Weinberg 1972).

From Figs. 3 and 4, we observe a moderate negative corre-
lation between m and ¢ (e.g., corr = —0.43 for PPS alone and
corr = —0.52 for Base 2 + CC) as well as an anti-correlation
between m and Qg (corr ~ —0.2 for PPS alone and corr ~ —0.5
for the other datasets). In contrast, Zo and Qg exhibit a positive
correlation (corr ~ 0.5) across all datasets in the free m case.

Finally, the sign of m in Egs. (14) and (15) determines the
evolution of viscosity. Negative values (m < 0) indicate that vis-
cosity increases as density decreases, meaning it grows with cos-
mic expansion. In contrast, positive values (m > 0) correspond
to viscosity that was stronger in the early Universe and weakens
during expansion. The m = 0 case represents constant viscosity.
Our results (Table C.2) show that this behavior depends on the
dataset. For flat geometry, PPS alone strongly favors m < 0 (e.g.,
m = —1.11f(1):§g), while several combined datasets yield m > O,
although this trend may change when DESI data are included.
A non-flat universe amplifies this effect, driving m to more neg-
ative values (e.g., m = —1.27’:(1):%(2) for PPS alone) and yielding
m < —0.4 for Base 1 (+ CC), suggesting curvature-dependent
viscous behavior. However, including PPS and the R22 prior
shifts m to positive values. On the other hand, when we include
DESI data, the results consistently favor m < 0 in both flat and
non-flat scenarios, implying that bulk viscosity grows with cos-
mic expansion.

4.3. Model selection

In the previous sections, we analyzed the observational con-
straints of various bulk viscous models by computing their
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Fig. 4. Cosmological parameter constraints for a non-flat viscous uni-
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2D confidence regions (68% and 95% CL) and their 1D marginalized
posterior distributions.

respective Xinn values. To assess their efficiency relative to the
ACDM model, we evaluate the AIC, BIC, and DIC informa-
tion criteria as defined in Section 3 (Egs. (19)—(21)). To comple-
ment these criteria, we employ Bayesian evidence, which incor-
porates prior knowledge for more nuanced model comparisons.
In Table D.1, we present the AIC values relative to ACDM (see
Eq. (22)), along with the Bayesian evidence and the Bayes factor
for all viscous models.

4.3.1. Information criteria

From Table D.1, we see that both PPS alone and its combina-
tions with DESI data yield AAIC < 0 in the four scenarios. For
the m = 0 case, the flat scenario yields AAIC > 0O for the Base 1
and Base 2 combinations, whereas PPS and the datasets includ-
ing DESI provide AAIC < 0, indicating weak evidence for the
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ACDM model. Specifically, the viscous models show a positive
preference with the Base 1(+ CC) datasets. However, this prefer-
ence diminishes upon incorporating the PPS and R22 prior (e.g.,
AAIC =1.74 for Base 1 + CC + R22; AAIC =0.62 for Base 2 +
CC + R22), but Base 2 alone maintains positive evidence. The
AvCDM + Qg models show stronger evidence arguing against
ACDM for the Base 1 dataset and positive evidence for the
Base 1 + CC dataset. In contrast, the ACDM model becomes
weakly preferred when either PPS or R22 prior is included (e.g.,
AAIC = -0.90 for Base 1 + CC + R22; AAIC = -0.29 for
Base 2; AAIC = —0.82 for Base 3 and Base 3 + CC). For the
free m case, the AvCDM models favor the viscous scenario only
when using the Base 1 dataset and its combination with CC, with
AAIC = 6.53 and 6.63, respectively. However, this preference
weakens when the R22 prior is included (e.g., AAIC = 1.07 for
Base 1 + CC + R22) and vanishes when the PPS sample or DESI
data are incorporated, for which AAIC < 0, indicating a prefer-
ence for ACDM. In contrast, the AVCDM + Qg models yield
AAIC > 2 for the Base 1 and Base 2 combinations, whereas
including DEST again leads to AAIC < 0.

Regarding the BIC, all viscous scenarios yield ABIC < 0,
favoring the ACDM model (see Table D.1). The ABIC values
impose a strong penalty on viscous models in nearly all cases.
For m = 0, the AvCDM + Qg model yields ABIC < -11
when including the R22 prior and PPS, indicating very strong
evidence against this curved viscous model. Even without these
local measurements, we still find positive evidence against the
AvCDM + Qg models (e.g., ABIC =—-4.78 with Base 1). For
flat scenarios, the Base 2 + CC + R22 constraints provide pos-
itive evidence against AvCDM (ABIC = —4.83), whereas anal-
yses of these priors yield only weak evidence (ABIC =-0.84
for Base 1 and ABIC = -0.65 for Base 1 + CC). For the
free m case, the AvCDM + Qg model shows very strong evi-
dence against this curved viscous scenario across all datasets
(ABIC < —11); in particular, ABIC = —21.97 for PPS alone.
However, this evidence weakens when omitting the local mea-
surements (R22 prior and PPS sample), yielding only positive
evidence against the viscous models (ABIC = —4.25 for Base 1
and ABIC = —4.19 for Base 1 + CC).

The DIC analysis reveals distinct patterns across model con-
figurations. The four scenarios exhibit mixed support depending
on the dataset. The flat model with constant viscosity shows val-
ues ranging from AAIC = -0.6 (PPS) to AAIC=3.31 (Base
1+CC), indicating weak to positive evidence against ACDM.
In contrast, the curved models show stronger evidence against
ACDM, particularly for the Base 1 and Base 1 + CC datasets,
a pattern that persists when m is free. The inclusion of PPS
and R22 prior systematically reduces support for viscous mod-
els across all scenarios. Notably, the AvCDM + Qg model with
free m shows the strongest evidence against ACDM, reaching
ADIC = 15.53 for Base 2.

4.3.2. Bayes factor

To complement the information criteria, we also employed
Bayesian evidence, which provides more nuanced model com-
parisons by incorporating prior knowledge. While AIC and BIC
apply fixed penalties based on parameter counts, DIC refines
this by using the effective number of parameters constrained by
the data via posterior distributions, Bayesian evidence inherently
penalizes parameters that are unconstrained by data through
marginalization over the prior space.

We estimated the natural logarithm of the Bayesian evi-
dence for the bulk viscous models relative to ACDM using
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the MCEvidence code (Heavens et al. 2017a,b)’. By reusing
existing MCMC chains from parameter inference, we com-
puted Bayes factors for various model-dataset combinations.
We interpret the results using the Jeffreys scale (Jeffreys 1961;
Kass & Raftery 1995). Different conventions exist for classify-
ing the strength of evidence in the Jeffreys scale, but here we
follow the one proposed by Heavens et al. (2017b), as summa-
rized in Table 2.

Following the procedures in the literature (Heavens et al.
2017a,b), we computed In By,;, where 0 refers to the benchmark
ACDM model and i indexes each of the four bulk viscous mod-
els. The results for all model-dataset combinations are summa-
rized in Table D.1 and calculated as

In BQ,' =1In SACDM —In 8,’. (48)

From Table D.1, we find moderate evidence against both
AvCDM + Qg scenarios (for both m = 0 and free m cases), with
3 < InBy < 5 for most datasets. This evidence against mod-
els with curvature is particularly strong when we include DESI
data, with InBy; > 5 across all datasets. The most disfavored
case occurs for m = 0, under the Base 3 + CC + R22 dataset
(InBy; = 7.18). Conversely, the AvCDM models with m = 0
show only weak evidence across all datasets (e.g., In By; = 1.34
and In By; = 1.40 for Base 2 + CC + R22 and Base 2, respec-
tively), while models with free m are inconclusive.

4.4. Evolution of cosmological parameters

Figure 5 shows the evolution of the Hubble parameter as a func-
tion of the redshift given in Eq. (13). The model exhibits good
agreement with observational Hubble data (OHD; combined CC
+ BAO + R22 data) at low redshifts (z < 1.5). However, it shows
increasing tension with observations at higher redshifts.

The distance modulus for SNe Ia derived from our model
is given in Eq. (25). We compared these theoretical predictions
with the PPS sample, comprising 1701 light curves from 1550
distinct SNe Ia covering a broad redshift range (see Fig. 6). The
model shows good agreement with the observational data.

5. Conclusions

In this work, we carried out an observational analysis of four
bulk viscous cosmological models with a cosmological constant,
where the bulk viscosity coefficient evolves according to a power
law of ¢ = £p(Qyc/Qye0)™. We explored both constant viscos-
ity (m = 0) and variable viscosity (m free) scenarios in flat
and curved geometries. Using a Bayesian MCMC approach, we
constrained these models with Hubble parameter measurements,
H(z), from CC and an independent compilation of BAO mea-
surements, BAO data from DESI DR2, SNe Ia data (PP/PPS),
and the R22 prior. Our main conclusions are as follows.

The Hubble tension persists; however, it is partially alle-
viated across all investigated scenarios when local measure-
ments are included. For the flat universe cases, we found

Hy = 6794700 kms™' Mpc™ (Base 1, m = 0), Hy =
70.39*07> kms™' Mpc™! (Base 2, m = 0), and Hy = 69.53 =

0.56kms~! Mpc™! (Base 3, m = 0). When combining datasets
with the R22 prior, the tension reduces to approximately 1o,

yielding Hy = 69.92f8:;}‘ kms™' Mpc™! (Base 1 + CC + R22),

Hy = 71.05*38% kms™' Mpc™" (Base 2 + CC + R22), and H, =

5 The code is publicly available on https://github.com/
yabebalFantaye/MCEvidence
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Fig. 5. Evolution of Hubble function H(z) with redshift z. Comparison
between OHD (purple points with error bars; 0 < z < 2.36) and theoreti-
cal predictions. The solid red and green lines corresponds to the ACDM
and ACDM + Qg models, respectively. The dashed, dash-dotted, and
dotted lines correspond to the AvCDM and AvCDM + Qg models. The
parameters constrained by the Base 2 + CC + R22 dataset.
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Fig. 6. Comparison between the observed distance modulus from PPS
compilation (purple points with error bars) within the redshift range
0.001 < z < 2.26 and theoretical predictions. The solid red and green
line corresponds to the ACDM and ACDM + Qg models, respectively.
While the dashed, dash-dotted, and dotted lines represent different cases
of the AvCDM and AvCDM + Qg models. The parameters constrained
by the Base 2 + CC + R22 dataset.

70.17f8:‘5‘? kms! Mpc’1 (Base 3 + CC + R22). This reduction in
tension persists across all tested configurations: spatial geometry
(flat/curved), power-law bulk viscosity evolution (m = O/free m),
and null present-day bulk viscosity (, = 0) scenarios.

For the non-flat scenarios, the models initially favor nega-
tive curvature (corresponding to Qo > 0) at more than 20 sig-
nificance in some cases, suggesting a moderate preference for
an open universe. However, when the PPS sample and the R22
prior are included, the constraints shift toward spatial flatness
(Qko ~ 0), consistent within 1o This consistency with a flat
universe is also achieved, with even tighter uncertainties, when
DESI data is incorporated into any of the dataset combinations.

Our results indicate that the present-day bulk viscosity main-
tains a consistent value of £, ~ 10°Pas across all investigated
scenarios. This aligns with the known hierarchy of cosmological
constraints, where background expansion permits viscosities
several orders of magnitude larger than those allowed by the

suppression of small-scale structure formation, as discussed in
previous studies (Velten & Schwarz 2012; Velten et al. 2014).
Furthermore, the positive values of {, preferred by our data are
physically consistent, satisfying both the second law of thermo-
dynamics within the Eckart framework and remaining compat-
ible with cosmological observations. Specifically, values range

from {, = 047798 x 10°Pas (PPS + DESI, flat case) to
lo = 7.46322 x 10°Pas (Base 1, non-flat). On the other hand,

the viscosity evolution parameter m remains weakly constrained.
Using PPS alone favors negative values (m < 0), correspond-
ing to viscosity that increases as density decreases (i.e., growing
with cosmic expansion). This preference is also favored by the
inclusion of DESI data, which consistently favors m < 0 across
both flat and non-flat scenarios, suggesting that bulk viscosity
becomes more significant at later times. In contrast, joint analy-
ses without DESI tend to prefer m > 0, indicating that viscosity
was more dominant in the early Universe.

Model selection criteria present a nuanced picture. We found
that the AIC and DIC criteria favor viscous models in some
observational datasets (e.g., AAIC>4 and ADIC > 6 for Base
1(+CC)), while the BIC strongly prefers the benchmark ACDM
model, as it imposes a more severe penalty for additional param-
eters. We observed that Bayesian evidence calculations further
show moderate evidence against non-flat viscous scenarios (3 <
In By; < 5) for most datasets. This evidence against models with
curvature is particularly strong when we include DESI data, with
In By; > 5 across all datasets. These results suggest that although
bulk viscosity can moderately improve cosmological fits, it nei-
ther resolves the Hy tension nor outperforms ACDM when local
measurements are included.

Our analysis reveals large uncertainties in m and {, when
using H(z) data, SNe Ia samples, and the R22 prior, demonstrat-
ing that these datasets cannot definitively distinguish between
viscous scenarios. Consequently, the standard ACDM model
remains the most parsimonious description. Nevertheless, vis-
cous cosmologies still retain significant potential as physically
motivated alternative models meriting investigation. To achieve
more conclusive results, we aim to extend our investigation to
incorporate CMB observations.
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Appendix A: Observational data
A.1. H(z) data

Table A.1. 33 H(z) measurements used in this analysis, in units of km s~ Mpc~!, obtained with the differential age method and their associated
uncertainties.

z H(z)+ oy  References z H(z)+ oy  References z H@z)+ oy References
0.07 69.0+19.6 1 0.4 95+ 17 3 0.80 113.1+£25.8 9
0.09 T1+£12 2 0.4004 77.0+10.2 5 0.8754 12517 4
0.12 68.6 £26.2 1 0.4247 87.1x11.2 5 0.88 90 +40 3
0.17 83+8 3 0.4497 92.8+12.9 5 0.9 117 +23 7
0.1791 75+4 3 0.47 89 +50 6 1.037 154 +20 4
0.1993 755 4 0.4783 80.9+9.0 5 1.3 168 £ 17 3
0.20 72.9+29.6 1 0.48 97 +£62 7 1.363 160.0 +33.6 10
0.27 77+ 14 3 0.5929 104+13 4 1.43 177 £ 18 3
0.28 88.8 +£36.6 1 0.6797 92+8 4 1.53 140+ 14 3
0.3519 83+14 4 0.75 98.8+33.6 8 1.75 202 +40 3
0.3802 83.0+13.5 5 0.7812 105+12 4 1.965 186.5 +50.4 10

References. (1) Zhang et al. (2014); (2) Jimenez et al. (2003); (3)Simon et al. (2005); (4) (Moresco et al. 2012); (5) Moresco et al. (2016); (6)
Ratsimbazafy et al. (2017); (7) Stern et al. (2010); (8) Borghi et al. (2022); (9) Jiao et al. (2023); (10) (Moresco 2015).

Table A.2. 30 H(z) measurements in units kms~' Mpc~! derived from BAO analyses, including measurements from the galaxy distribution, the
BAO signal in the Ly« forest alone, and the Lya-Quasar cross-correlation.

z H(z) = oy References z H(z) = oy References z H(z) = oy References
0.24  79.69 +2.65 1 0.44 84.81+1.83 3 0.64 98.82 +2.98 3
03 81.7+6.22 2 048 87.79 +£2.03 3 073 973+7.0 6
0.31 78.18+4.74 3 0.51 904+19 5 0.8 104.0+4.4 8
0.34 83.80+3.36 1 0.52 9436 +2.64 3 1.0 118.0+ 5.6 8
0.35 82.7+84 4 0.56 93.34 +2.30 3 1.5 159 + 15 8
0.36  79.94 +3.38 3 0.57 96.8+34 7a 2.0 207 +29 8
0.38 81.5+1.9 5 0.57 929+7.8 7b 22 227+35 8
0.40 82.04 +2.034 3 0.59 98.48 +3.18 3 233 224+8 9
043 86.45+3.68 1 0.6 879=x6.1 6 234 222+7 10
044 82.6+7.8 6 0.61 973=x2.1 5 236 226+8 11

References. (1) Gaztaiaga et al. (2009); (2) Oka et al. (2014); (3) Wang et al. (2017); (4) Chuang & Wang (2013); (5) Alam et al. (2017); (6)
Blake et al. (2012); (7a) Anderson et al. (2014a); (7b) Anderson et al. (2014b); (8) Wang et al. (2018); (9) Bautista et al. (2017); (10) Delubac et al.
(2015); (11) Font-Ribera et al. (2014).

A.2. DESI data

Table A.3. BAO measurements from DESI DR2 used in this analysis, adapted from Table IV of Abdul Karim et al. (2025).

Notes. The tracers include: Bright Galaxy Sample (BGS), Luminous Red Galaxies (LRGs), Emission Line Galaxies (ELGs), Quasars (QSO), and

Tracer Zeff

Dy(2)/ra

Dy /rq

Dy/rq

BGS

0.295 7.942 +0.075

LRG1 0.510 - 13.588 £0.167 21.863 + 0.425
LRG2 0.706 - 17.351 £0.177  19.455 +0.330
LRG3+ELG1 0.934 - 21.576 £0.152  17.641 +0.193
ELG2 1.321 - 27.601 £0.318 14.176 + 0.221
QSO 1.484 - 30.512£0.760 12.817+0.516
Lya 2.330 - 38.988 £ 0.531 8.632+0.101

the Lyman-a forest (Lya).
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Appendix B: Case for £y = 0: ACDM model

We conduct a comparative MCMC analysis between the bulk
viscous models, AvCDM and AvCDM + Qk, considering both
constant (m = 0) and variable viscosity (m free). These mod-
els are evaluated against the Benchmark ACDM model (with
Zo = 0). For quantitative model selection, we compute AIC, BIC,
DIC, and In &; for all models. To ensure transparency, we present
the reference ACDM results (see Table B.1).

Figure B.1 shows the posterior distributions for the PPS
dataset (purple-gray), while Figure B.2 displays the results for
the PPS+DESI dataset (purple). Both figures include the confi-
dence regions from our MCMC runs for the other dataset com-
binations: Base 2, Base 2 + CC, and Base 2 + CC + R22 (dark
magenta, green, and sea blue, respectively), alongside their Base
3 counterparts (same color scheme). In all cases, the chains con-
verge rapidly, yielding nearly Gaussian uncertainties.

= ACDM with PPS

mm \CDM with Base 2

mm ACDM with Base 2 + CC

mm A\CDM with Base 2 + CC + R22

9,
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Quoh

o
RPN
%

7
&7
%

Qumoh?
2,4,49, &
G, Y

%

4

G,

17
5 0% % %,

M

N g o

= ACDM with PPS + DESI

m \CDM with Base 3

mmm ACDM with Base 3 + CC

mmm ACDM with Base 3 + CC + R22

)
o //
S )
o5
NJ s V.
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o7 /
N o
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ob

D AR A A S R L VL SR AN TN D Y D D
[SEENIROIRAR P F PRI, P DD
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Fig. B.1. Cosmological parameter constraints for ACDM model with
Zo = 0. Top panel: PPS, Base 2, CC, and R22 datasets. Bottom panel:
PPS+DESI, Base 3, CC, and R22 datasets. Contours show 2D confi-
dence regions (68% and 95% CL) and their 1D marginalized posterior
distributions.

Table B.1 summarizes the best-fit parameters along with
their 68% CL uncertainties. We adopt the priors listed in Table 1
for the £y = O case, applying Gaussian priors for Qgnoh’> and
Quoh?, and uniform priors for the remaining parameters (Hy and
M). We also report results for the curved ACDM + Qg extension
in Table B.1, where we assume a uniform prior for Qky.
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= ACDM + Qy with PPS
= ACDM + Qg with Base 2

= ACDM + Qg with Base 2 + CC

= ACDM + Qg with Base 2 + CC + R22

m ACDM + Qg with PPS + DESI

. ACDM + Qg with Base 3

mm ACDM + Qg with Base 3 + CC

mm ACDM + Qg with Base 3 + CC + R22

FF P>
N /\ N /\

N

M

Fig. B.2. Cosmological parameter constraints for ACDM + Qg model
with Zy = 0. Top panel: PPS, Base 2, CC, and R22 datasets. Bottom
panel: PPS+DESI, Base 3, CC, and R22 datasets. Contours show 2D
confidence regions (68% and 95% CL) and their 1D marginalized pos-
terior distributions.

We quantify the relative evidence against the benchmark
ACDM model by computing the following A values:

(B.1)
(B.2)

AIC = ICxcpm — ICAcDM+0k s
In B;; = InEpcpm — InExcom+y -

We find that the Base 1 and Base 1 + CC datasets show
strong evidence for spatial curvature in information criteria, with
AAIC > 6 and positive evidence in DIC (e.g., ADIC = 5.83 for
Base 1 + CC), though their BIC values demonstrate weaker sup-
port. Including R22 prior reverses this trend, resulting in neg-
ative AIC values (AAIC = -1.32 for Base 1 + CC + R22;
ABIC = -6.73; ADIC = —0.64). Across all datasets, Bayes fac-
tors consistently favor the flat ACDM model, reaching maximum
evidence for the Base 3+CC+R22 dataset (In By, = 4.87).

Appendix C: Summary of cosmological constraints

The cosmolggical constraints on the parameters: Hy, Qko, Quoh?,
Qu0h?, M, &y, and m are summarized in Tables C.1 and C.2.
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Appendix D: Model comparison summary

Table D.1. Comparison of viscous cosmological models with standard ACDM.

Datasets AIC; AAIC BIC; ABIC DIC; ADIC In&; In By;
AvCDM (m = 0)
PPS 146196 —-193 1489.02 -7.34 145941 -0.6 —-6.28 1.79
Base 1 1430.81 455 145776 —-0.84 1430.52 2.52 -5.95 1.33
Base 1 + CC 144577 476 147282 -0.65 144529 3.31 -5.98 1.26
Base 1 + CC+R22 1463.00 1.75 1490.05 -3.66 1461.14 1.71 -6.17 1.18
Base 2 1506.52  2.12 153155 -3.31 150240 1.98 -6.34 1.40
Base 2 + CC 1520.30 1.68 154755 =377 1517.84 1.99 -6.31 1.31
Base 2 + CC + R22 1526.14 0.62 155339 —-4.83 1522.84 1.62 -6.51 1.37
Base 3 1521.96 -0.82 1549.15 -6.26 1520.51 0.50 -8.29 2.06
Base 3 + CC 153691 -0.82 156420 —-6.28 153548 0.46 -8.26 1.95

Base 3+ CC +R22 1547.12 —195 157442 -7.42 154506 -0.02 -855 221
AVCDM + Qg (m = 0)

PPS 1463.72 -3.69 1496.20 -14.52 1459.62 -0.81 -8.77 4.28
Base 1 142936  6.00 1461.70 -4.78 1425.68 7.36 -8.87 4.25
Base 1 + CC 1445.17 536 1477.63 =546 144132 7.28 -8.93 421
Base 1 + CC + R22 1465.65 -090 1498.12 -11.73 1462.22 0.63 927 4.28
Base 2 1506.81 -0.29 153939 -11.15 1503.93 045 -9.29 435
Base 2 + CC 1522.80 —-0.82 1555.50 -11.72 1519.07 0.76 -920 420
Base2 + CC+R22 1527.16 -0.40 1559.87 -11.31 152437 0.09 -9.54 440
Base 3 1524.06 -2.92 1556.69 -13.80 152236 -135 -1334 7.1
Base 3 + CC 153891 -2.82 1571.66 -13.74 153729 -135 -13.36 7.05

Base 3+ CC + R22 1548.15 -298 158090 -13.90 1546.22 -1.18 -13.52 7.18
AvCDM (m free)

PPS 146378 =375 1496.26 —14.58 1459.43 -0.62 -5.01 0.52
Base 1 1428.83  6.53  1461.17 —-4.25 1426.09 6.95 -5.60 098
Base 1 + CC 144390 6.63 147636 —4.19 1440.63 7.97 =557 0.85
Base 1 + CC + R22 1463.68 1.07 1496.15 -9.76 1459.87 2.98 -5.48 049
Base 2 150543 1.09 1538.01 -9.77 1502.09 229 =552 058
Base 2 + CC 1521.09 0.89 1553.79 -10.01 1517.09 2.74 -5.60 0.60
Base2 + CC+R22 1527.76 -1.00 1560.46 -11.90 152325 1.21 -5.53  0.39
Base 3 1523.88 -2.74 1556.51 -13.62 1521.07 -0.06 -6.94 0.71
Base 3 + CC 1539.00 -291 1571.75 -13.83 153596 -1.85 -7.16 0.85

Base 3+ CC+R22 1549.17 -4.00 158193 -1493 154536 -032 -7.07 0.73
AvCDM + Qg (m free)

PPS 146576 -5.73 1503.65 -21.97 145941 -0.60 -749 3.00
Base 1 1430.83 453  1468.56 —11.64 142535 7.69 -7.74 3.12
Base 1 + CC 144598 455 1483.86 -11.69 144121 739 =772  3.00
Base 1 + CC+R22 1462.63 2.12 1500.51 -14.12 1460.85 2.00 -8.13 3.14
Base 2 1503.50 3.02  1541.52 -13.28 1488.85 1553 -8.23  3.29
Base 2 + CC 1518.71  3.27 1556.86 —-13.08 1518.12 1.71 -8.21 3.21
Base2 + CC+R22 152226 450 156042 -11.86 1526.61 -2.15 =831  3.17
Base 3 1525.75 —-4.61 1563.82 -2093 152281 -1.80 -11.78 5.55
Base 3 + CC 1540.52 -4.43 1578.72 -20.80 153779 -1.85 -11.94 5.63

Base 3+ CC+R22 154944 -427 1587.64 -20.64 154638 -134 -11.89 5.55

Notes. We use information criteria (DIC, BIC, and AIC), Bayesian evidence (In &), and Bayes factor (In By;). Here, AIC = ICxcpm — IC; and
In By; = InExcpm — In E;, where the index i denotes each proposed bulk viscous model. Values of AIC > 2 indicate a preference for bulk viscous
model, while In By; > 1 favors the ACDM model.
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Appendix E: Constraints on H, and Qx for both bulk viscous and standard models
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Fig. E.1. Whisker plot displaying the 68% marginalized confidence intervals for the Hubble constant Hy (kms~' Mpc™') and spatial curvature
parameter Q, derived from both viscous cold dark matter models with a cosmological constant (AvCDM and AvCDM+Qx with m = 0 and
free m) and the standard ACDM model, including its curved extension. The analysis includes different datasets: DESI, CC, BAO, PP and PPS
supernova samples. The red vertical dashed line indicates the Hy measurement from R22 (Riess et al. 2022)), while the blue vertical dashed line
marks the ACDM prediction for a flat universe (Qx = 0).
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