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ABSTRACT

Context. Starspots and their movements on stellar surfaces enable the mechanisms of stellar magnetic activity to be investigated.
Information on the spot distribution and differential rotation provide important constraints for the behaviour of stellar magnetic
dynamos.

Aims. We analyse the Kepler photometry of Kepler-411, a known exoplanet host, to determine the distribution and properties of star
spots on the stellar surface with two independent and complementary methods: modelling the photometric effect of the rotation of
spots on the stellar surface and mapping spots by transiting planets.

Methods. By constructing a spot model accounting for geometry, differential rotation, and spot evolution, we modelled the spots of
the stellar surface giving rise to the observed brightness variations. We also searched for evidence for occultations of starspots in
high-cadence photometry.

Results. Our spot models reproduce the observed photometric variations well and we are able to obtain information on the distribution
and movement of spots on the stellar surface. We do not obtain evidence for differential rotation — the rotational profile is consistent
with rigid-body rotation with a period of 10.52 + 0.34 days. We detect three occultations of spots by planet c. The positions of these
spots coincide well with the positions of larger spot structures identified by our modelling of the rotational modulation of the light

curve.
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1. Introduction

Young, active stars provide windows into the stellar interiors and
physics by demonstrating a range of observable activity-induced
phenomena such as starspots and active regions, their evolution,
flares, coronal mass ejections, and differential rotation. Observa-
tions of these phenomena can enable the mechanisms of stellar
magnetic dynamos as well as their diversity and evolution to be
assessed. Yet, although we can readily study the nearest star, the
Sun, obtaining information on the behaviour of other members
of the stellar population can be painstakingly difficult.

There are limited observational approaches for obtain-
ing information on stellar surface phenomena. For instance,
Zeeman-Doppler imaging provides the means of generating
rough brightness and magnetic field maps of inhomogeneous
surfaces of active stars (e.g. Willamo et al. 2022), that can be
interpreted as low-resolution spot maps of the stellar surfaces.
Although, the precision of the resulting maps might enable dif-
ferential rotation and spot evolution, and/or lifetime in some
cases, to be studied, although this has been very difficult in
practice. Instead, detections of exoplanets around spotted stars
can enable the spot structures to be mapped to gain informa-
tion on differential rotation on stellar surfaces given that plan-
etary occultations of spots are detected during the transits (e.g.
Silva-Valio 2008; Aratjo & Valio 2021a).

While photometry can readily reveal information on flar-
ing (e.g. Glinther et al. 2020; Ilin et al. 2021; Vida et al. 2021;
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Zeldes et al. 2021; Howard & MacGregor 2022), photometric
observations are also commonly applied to gain information on
stellar rotation and the presence of spots. This can be clearly
visible as periodic rotational modulation of the light curve
(e.g. Nielsen etal. 2013; Reinhold et al. 2013; Claytor et al.
2022, 2023). Obtaining information on spot distribution has
been attempted in such photometric data (Rodoné et al. 1986;
Harmon & Crews 2000; Jarvinen et al. 2008; Lanza et al. 2019;
Zhan et al. 2019; Ioannidis & Schmitt 2020; Breton et al. 2024),
but robustly determining spot distributions based on photometry
has been challenging. Details of the spot structure, distribution,
and evolution giving rise to such modulation are indeed diffi-
cult to reveal due to the ill-posed nature of the resulting inverse
problem of obtaining two-dimensional surface information from
a one-dimensional light curve (Luo et al. 2019; Basri & Shah
2020; Koen 2021; Luger et al. 2021a,b). This is particularly the
case in the presence of differential rotation and spot evolution
and movement (Basri & Shah 2020) that are both observed for
young stars (e.g. Aratjo & Valio 2021a; Basri et al. 2022).

We studied the star spots on the surface of a Kepler target
star Kepler-411 to infer information on its differential rotation
as well as spot distribution, evolution, and lifetimes (Xu et al.
2021). However, we have not attempted to create comprehen-
sive brightness maps of the stellar surface. Rather, we aimed to
identify the most prominent spots on the stellar surface such
that effects of spots on the light curve were well modelled
with a minimal number of spots. We first obtained informa-
tion on spots by modelling high-cadence Kepler photometry in
order to characterise planetary occultations of star spots during
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Table 1. Observational and physical parameters of the target star
Kepler-411.

Parameter Estimate Reference
Spectral type K2V Sun et al. (2019)

7 (mas) 6.531 £0.008 Gaia Collaboration (2021)
[Fe/H] 0.05+0.11 Morton et al. (2016)
R, (Rp) 0.820 = 0.018 Sun et al. (2019)

Ry (Rp) O.729t0:°16 Gaia Collaboration (2018)
R, (Rp) 0.731f§'8§§ Stassun et al. (2018)
Terr (K) 4833f§ Gaia Collaboration (2018)
Terr (K) 4837f}22 Stassun et al. (2018)
M, (Mp) 0.870 = 0.039 Sun et al. (2019)

M, M) 0.785%0: 93 Stassun et al. (2018)
P.ot (days) 10.40 = 0.03 Sun et al. (2019)

Prot (days) 10.52 +0.34 This work

i (deg) 83.7+03, Hirano et al. (2014)

i (deg) 89.79 £ 0.20 This work

Age (Myr) 212 + 31 Sun et al. (2019)

transit events. Then, we modelled low-cadence observations
around these occultation events in an attempt to obtain infor-
mation on the same spot structures based on two independent
approaches. These two approaches enable independent infor-
mation on the star spots to be obtained and cross-comparison
between the two approaches is possible. We also estimated the
differential rotation curve for Kepler-411 based on our results.

2. Kepler-411

The target star Kepler-411 (KOI 1781, KIC 11551692) is a spec-
tral type K2 V star with a parallax of 6.5313 + 0.0080 mas
(Gaia Collaboration 2021) implying a distance of 153.11 +
0.19pc. It is a young and active star with an estimated age of
212 = 31 Myr (Sun et al. 2019) according to gyrochronological
relations based on colour index and the star’s rotation. We have
summarised relevant astrophysical parameters in Table 1.

Kepler-411 is a host to a system of four planets that are
members of a nearly co-planar system with orbital inclinations
ranging from 87.4 + 0.1° to 89.43 + 0.02° (Wang et al. 2014;
Morton et al. 2016; Sun et al. 2019). Three out of these four
planets are transiting the star while the existence of the fourth
one has been inferred based on transit timing variations (TTVs).
A useful summary of the papers resulting in the detection of
this system is provided by Sun et al. (2019). In their work, the
TTVs were used to obtain information on the masses of the sys-
tem of planets. This enabled estimating that the bulk densities of
planets ¢ and d are consistent with massive cores and significant
fractions of volatiles whereas the innermost planet b has a high
density indicating probable rocky composition. We have tabu-
lated some parameters of the transiting planets relevant to the
current work in Table 2.

The planets have also been reported to occult as many as
198 star spots, allowing even constraining the stellar differential
rotation (Aradjo & Valio 2021a). Flares have also been reported
for the star. Aradjo & Valio (2021b) identified 65 flare events in
the out-of-transit Kepler light curve.

Although the inclination of the star’s axis of spin has not
been characterised directly with, for instance, observations of
the Rossiter-McLaughlin effect, the star has been reported to
rotate in an edge-on orientation based on rotational velocities.
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Hirano et al. (2014) reported a sini value of 0.994*0077 cor-

responding to an inclination of 83.7f?'63_ ,deg. We adopted the
stellar radius of 0.820 + 0.018 R, (Sun et al. 2019) in our com-
putations throughout the current work.

3. Transit mapping of spots

Information on stellar spot distribution can be inferred from the
photometric time-series by identifying planetary occultations of
large starspots during transit events. Such occultations have been
reported for Kepler-411 (Aratijo & Valio 2021a) and it is possi-
ble to obtain information on projected spot contrasts and diame-
ters as well as their temperatures and positions on the stellar disk
by studying them.

We modelled the spot occultations in the Kepler photome-
try of Kepler-411 by adopting the statistical models and detec-
tion techniques of Haris et al. (2024). This methodology is
also described here as applied. We obtained the Pre-search
Data Conditioning (PDC) Kepler observations of the target
from the Mikulski Archive for Space Telescopes by using the
lightkurve Python package (Lightkurve Collaboration 2018).
We restricted the analyses to observations taken with a 60s
cadence. In total, the data contained the signatures of 46 tran-
sit events of planet c. As we only considered transit events such
that they were at least by a factor of two deeper than the standard
deviation of the local light curve variations, there were only one
and two suitable transits to search for spot occultations of planets
b and d, respectively. We do not discuss these transits any further
as they showed no evidence for spot occultations.

Analyses of each transit event were conducted by choosing
subsets of data centered around transit mean times 7. such that
data taken at time ¢; € [f.— %TM, t.+ %TM] was selected. Here T4
denotes the transit duration or time between contact points one
and four. The rationale was to focus on data during transits but
avoid the computational cost of evaluating the likelihood values
for unnecessarily many points on both sides of the transit event.

Not all data subsets containing transit events of planet ¢ were
searched for signals of spot occultations. We neglected seven
subsets during which transits of planet b occurred nearly simulta-
neously making calibration and/or spot identification less robust.
Two of the subsets lacked data on either side of the transit event
compromising the reliability of the normalisation process. These
subsets were also removed because if the variations of the light
curve around a given transit exceed a certain threshold, a second
order polynomial may not produce a sufficiently good descrip-
tion of the out-of-transit parts. This could pose challenges for
de-trending the entire light curve, leading to unrealistic estimates
of transit depths and, consequently, the planetary properties. We
were thus left with 37 subsets containing transit events with
numbers of data ranging from 497 to 531.

The data subsets were normalised by choosing the points
outside the transits and by removing second-order polynomial
trends in the flux from each data subset, mostly due to rotational
modulation of the light curve. This enabled us to remove the
rotation-induced variations from the observations without dis-
turbing the transit signals too much. The resulting subsets were
then scaled according to the procedure of Morris et al. (2017) to
calibrate for differences caused by effects of rotational modula-
tion and changing stellar brightness (Haris et al. 2024). Assum-
ing co-planarity of the system, such that the star is seen (almost)
exactly edge-on, we then estimated constraints for the spot posi-
tions on the stellar surface based on their occultations by planets
(e.g. Silva-Valio 2008).
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Table 2. Selected parameters of the planets around Kerpler-411.

Planet b Planet ¢ Planet d Planet e
P (days) 3.005156 +0.000002 7.834435 +0.000002 58.02035 + 0.00056 31.509728 + 0.000085
b 0.574j8:8%§ 0.620j8:88; 0.7193t8:88%‘2‘ 1.688 + 0.006
R, (Rg) 2.401 £ 0.053 4.421 +0.062 3.319 £ 0.104 —
a (AU) 0.0375 + 0.0008 0.0739 +0.001 0.279 + 0.004 0.186 +0.003
i (deg) 87.4 +0.1 88.61 + 0.04 89.43 +0.02 88.04 + 0.02

Notes. The parameter estimates for orbital period P, impact parameter b, planetary radius R,,, semi-major axis and orbital inclination have been

taken from Sun et al. (2019).

3.1. Statistical modelling

In order to detect occultations of starspots during transits, we
compared two different models describing planetary transits with
and without effects of star spots. For a model without spots
we applied the transit model of Mandel & Agol (2002) with
quadratic limb darkening. This is the reference model without
spot occultations. The reference model was then compared to
a model containing a spot occultation event corresponding to a
temporary decrease in transit depth due to the planet transiting
an area with lower brightness. This was modelled as a fractional
decrease in transit depth of A in the interval [#,, o] and Gaus-
sian decreases in the effect outside this interval with a variance
of ofpot (Haris et al. 2024).

In addition to these astrophysical effects, both models were
assumed to have a Gaussian random variable ¢ with zero mean
and variance of 0'§ + o-f caused by stellar (0s) and instrumental
(o;) noise sources. This forward model can be written as

mi = fnm)[l - gspm(m] + e (1)

where fi; is the unaltered transit curve of Mandel & Agol (2002)
and

)2 .
hg exp{ - (’2”—’2)} if t; < tin
spot
gspot(ti) = hy if 6 <t <tow 2)
fito)” |
hy CXP{ - ﬁ} if ti > lout

For consistency, we analysed N data subsets containing tran-
sit events simultaneously in order to obtain information on the
transit shape. The mean transit times were also allowed to vary
from strict periodicity due to TTVs. To simplify the computa-
tional problem and enable faster posterior samplings, the orbital
period, semi-major axis, and stellar radius were fixed to their
published values from Sunetal. (2019) and the orbits were
assumed to be circular. We also set N = 10 at a time to reduce
the computational cost of the samplings. These simplifications
did not affect the results significantly (Haris et al. 2024). Thus,
the model contained four transit parameters (planetary radius,
inclination, and two limb darkening coefficients), the Gaussian
noise component, and one transit mean time parameter for each
transit. The spot occultation component of the model contained
additional four parameters for each transit: A, tin, fout, and ogpor.

The parameter posterior densities of the models were
sampled with the adaptive Metropolis (AM) algorithm of
Haario et al. (2001), which is an adaptive version of the
Metropolis-Hastings algorithm (Metropolis et al. 1953; Hastings
1970). In this algorithm, the proposal density adapts to the infor-
mation obtained from the sampling, and its shape approaches a
multivariate Gaussian approximation of the target distribution.

These samplings were performed such that the transit model
without spot occultations was modelled for N transit events. The
obtained maximum likelihood values of each data subset were
then used to compare models with and without spot occulta-
tions for each transit event. The priors were chosen uniform and
uninformative such that we simply set them equal to unity for
simplicity. Details on the procedure can be found in Haris et al.
(2024).

Several samplings were conducted for each model. Typi-
cally, four samplings were used to investigate chain properties
and calculate Gelman-Rubin statistics R in order to estimate
whether the chains demonstrated non-convergent behaviour
(Gelman & Rubin 1992). This statistics determines whether the
variances within each chain are sufficiently large with respect
to the variance between chains indicating that the different sam-
plings produce similar results. We required that this statistics was
below 1.05 for all models. We found that the samplings were
well-behaving such that the same solutions were identified con-
sistently enabling us to conclude that the solutions were robust
in terms of uniqueness.

We applied two different approaches to test the significance
of spot occultation detections. We applied likelihood-ratio tests
and Bayes factors calculated based on Bayesian information cri-
terion (BIC) estimates (Liddle 2007). The latter statistics have
been shown to yield robust results in related statistical prob-
lems in astrophysics (Feng et al. 2016). We interpreted the Bayes
factors in accordance with the Jeffrey’s scale of probabilities as
discussed in Kass & Raftery (1995). The (natural) logarithms of
Bayes factors in excess of 5.01 are considered to indicate very
strong evidence for a spot occultation whereas values in the inter-
vals of [1.10, 3.00] and [3.00, 5.01] are considered to represent
positive and strong evidence, respectively. Using the likelihood-
ratio test, a signal of a spot occultation can be stated to be signifi-
cant when inclusion of the four-parameter spot occultation event
in the model increases the logarithm of the maximum likelihood
value by 13.28 (18.47) — in such a case the null-hypothesis can
be rejected with a probability of 99% (99.9%). Out of these two
tests, Bayes factors based on BIC are more conservative in our
applications.

3.2. Detections of spot occultations

We obtained very strong evidence for spot occultations during
transit events 117 and 121 and strong evidence for a spot occulta-
tions during transit event 116. We have tabulated the significance
statistics of these detections in Table 3 and show our solutions in
Fig. 1. We have also tabulated our estimates for spot properties,
angular diameter, contrast, and temperature in Table 3 based on
the equations of Silva-Valio et al. (2010).

We accounted for the possibility that one or some of the
detected spot occultations could be chance events caused by
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Table 3. Model comparison statistics for candidate spot occultations.

Transit ALy Biyp te Bmin c T'spot
(BJD-2450000) (deg) =) (K)
116 17.99 236 5877.01 2.1?‘5‘ 0.32f§:§‘2‘ 4471f§§
117 21.66  9.00 5884.85 15.1 fj:g 0.20f0:8§ 4621%g
121 20.06 7.51 5916.18 2.9f?"7‘ 0.32’:8'0% 4471+

Notes. Statistics are presented in terms of logarithms of likelihood ratios AL, ¢ and logarithms of Bayes factors B o in favour of model with one
spot occultation M; and against a model without them M. The parameters reported here for each spot are the time of transit centre 7., the minimal

angular diameter 6, Spot contrast ¢, and temperature Ty
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Fig. 1. Identified occultations of spots by Kepler-411 ¢ during transit events 116, 117, and 121 and a flare event occurring during transit 164. The
yellow, red and orange curves denote the reference model, a model with a spot occultation, and a model with a flare event, respectively.

other astrophysical phenomena, small-scale brightness varia-
tions of the stellar surface or simply noise, and incorrectly inter-
preted as spot-induced effects. If this was indeed the case, such
spot-resembling “bumps” should also be seen elsewhere in the
Kepler light curve, outside the transit events. Therefore, we per-
formed searches for such bumps in another 36 subsets of the
Kepler data that were randomly selected but with the condition
that they did not include any transit events. We did not obtain any
evidence in favour of variations that could have been interpreted
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as spot occultations in any of these reference subsets had they
occurred during transit events. This suggests that our methods
are not very sensitive to false positives.

Yet, in one of the data subsets outside transits we observed
a flare event that was also visually determined to have a flare-
like morphology (see e.g. Howard & MacGregor 2022): a rapid
increase followed by a slower decay. This was also confirmed by
our model comparisons (Fig. 2). Applying a simple flare model
with a discontinuity at time # such that the flux jumps above the
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Fig. 2. Flare event occurring outside transit events modelled for refer-
ence with both a spot occultation model and a simple exponential flare
morphology model. The latter model was favoured by our significance
tests.

baseline, followed by an exponential decay, we could improve
the modelling of the event confirming that it indeed was better
explained as a flare.

During the transit event 164 there was a simultaneous flare-
event (Fig. 1). This event enabled us to see whether such an event
could be confused with a spot occultation when occurring dur-
ing a transit. Although our searches for spot occultation events
yielded a positive detection, the flare model was again a better
description of the variations.

3.3. Physical properties of spots from occultations

The occultations of spots by transiting planets can be used to
estimate spot properties such as size, contrast, and temperature.
The contrast of the spot can be defined as the ratio between inten-
sities of unspotted photosphere (I,) and spotted stellar surface
(Is) (Morris et al. 2017)
I
=1-= 3
c I, 3
For a spot larger than the planet’s disk, the contrast can be
approximated as ¢ = hy/d,, where h; is the amplitude parameter
in Eq. (2) and ¢, is the transit depth at the location of the spot
given an unspotted stellar surface. For smaller spots, the contrast
is
2
hs RP
=22, 4
c 6p( R, “4)

where R, denotes the radius of the spot. This is, during the transit
the star’s flux decreases by o, only to increase by hg during the

spot occultation. Both of these parameters are thus defined in
units of the unperturbed stellar flux.

Under assumptions of blackbody radiation, it is also possi-
ble to estimate spot temperatures (Silva-Valio et al. 2010). The
effective temperature of the spot T can be expressed as

o)1) 5

where « and & are the Boltzmann and Planck constants, respec-
tively, v is the frequency of the central wavelength of the observ-
ing instrument', f = 1—c is the spot intensity with respect to the
central stellar intensity, and T.g is the stellar effective tempera-
ture.

4. Rotational modulation mapping of spots

As the star rotates, spots come in and out of view, leaving a dis-
tinctive pattern of variability modulated at or around the stel-
lar rotation period. Simple geometric expressions for this mod-
ulation can be derived (Aigrain et al. 2012; Kipping 2012), and
it is possible to construct a model that describes the apparent
rotation-induced variability of the star’s brightness as a geomet-
ric consequence of k spots co-rotating on the stellar surface.

We applied such modelling to the Kepler-411 PDC obser-
vations taken with 1800 s cadence. The modelling was applied
to four subsets of the full Kepler light curve with a baseline
of 1470 days. First, we selected a subset of the data around the
two consecutive spot transits over transit numbers 116 and 117
at epochs 1044.016 and 1051.851 (BJD-2454833), respectively.
We then limited the analysis to data taken ten days before the
former transit and ten days after the latter one. This resulted in
a data subset with a baseline of 29 days, roughly three times the
rotation period of the star. We also selected three additional 29-
day subsets beginning 200 days before and after the epoch 1034,
and around the third spot occultation event during the transit
121 at epoch 1083.189 (BJD-2454833). The first two of these
additional subsets were selected to see how much the estimated
spot structure evolved over some twenty rotation periods of the
star. We label these subsets as S834, S1034, S1069 and S1234,
respectively, where the number denotes the starting epoch of
each set.

We modelled the spot-induced effects on the Kepler flux as a
superposition of the effects of several small spots. The rationale
of this choice is that any irregularities in spot structure, or con-
figuration of spot groups, can be approximated by several small
spots as long as their effects are supported by data. Ultimately
the whole stellar surface can be divided into a grid for which
each surface element can be modelled independently. Yet, such
modelling is well-known to correspond to an ill-posed statisti-
cal problem (Luo et al. 2019; Luger et al. 2021a,b), and we thus
attempt to minimise the number of spots while simultaneously
describing the data as well as possible.

4.1. Statistical modelling

The brightness variations caused by spots co-rotating on the stel-
lar surface can be modelled with a simple geometric model under
the assumption that the spots are sufficiently small with respect
to the star.

! The central wavelength of Kepler telescope is 640 nm.
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For the ith measurement m; we can write an expression for
the stellar flux as

k
m;=7y-— ij(tf) + ¢ri) + €, (6)
=

where the functions f;, j = 1,...,k, denote the effects of k spots
on the stellar flux with respect to a flux from an unspotted sur-
face y. We apply a moving average (MA) model to account for
intrinsic correlations in the data caused by, for instance, astro-
physical noise. In Eq. (6) the parameter ¢, such that [¢| < 1 to
ensure stationarity, is a free parameter of the MA component and
r; denotes the residual of the data point m; at time #;. Finally, ¢;
denotes a Gaussian random variable that has a zero mean and a
variance of 0';2 + 0% such that o is a free parameter. We note that
the interpretation of parameter y is that of the flux coming from
the unspotted stellar surface.

The effects of spots are assumed to be independent for each
spot such that the function f; accounts for the projection of
the jth spot on the stellar surface (Aigrain et al. 2012; Kipping
2012). For a spot at a latitude ;, with a phase w;, and apparent
rotation period P; around the star, the distance of the spot from
the centre of the stellar disk is

@)

cos 0(t;) = cosisiny; + sinicosy; cos (% + a)j),

J
where i is the stellar inclination. Accounting for limb darkening
with a linear model, the observed flux is
Fitt) = Aj[(1 = epye) + a1, ®)
where A; represents the magnitude of the dimming caused by
the jth spot due to its temperature and size and we resort to the
standard notation such that 1; = cos 6;. We can then define A; =
yA} where A’, is a unitless number representing the fractional
dimming caused by the jth spot if it were at the centre of the
stellar disk. The limb darkening parameter € is a free parameter
of the model.

Spots evolve on a time-scale of one rotation period of the
star (Ioannidis & Schmitt 2020), which is sometimes accounted
for in models of photometric data (Kipping 2012; Basri & Shah
2020). We model the spot evolution by adopting a time-
dependent amplitude A ; defined as’

(ti=tjin)* .
A] eXp { - 20_—]2} if
A if
AJ exp{ _ (tiz_fgoul)_} if

J.out

1 <ljin

Aty = tiin < B < Fjout &)

5 > Ljout

According to this envelope model, spot-induced effects on the
stellar flux are constant between ¢;;, and #;,; and outside those
limits they appear and disappear in a Gaussian manner on time-
scales of o i, and o oy, Tespectively, for all spots j = 1,...,k.
The four numbers are also free parameters of the model, result-
ing in a total of eight free parameters for each spot.

Assuming that the stellar axis of spin is approximately nor-
mal to the plane of the planetary system simplifies the expres-
sions above, but we do not make such a general assumption.
Instead, we compare models where the star is seen edge-on with
a model such that inclination is a free parameter, as it is possible

2 Coincidentally, this is essentially the same functional form as is used
for the shape of the spot occultations in Eq. (2).
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to obtain information on stellar inclination from precision pho-
tometry (Walkowicz et al. 2013). This corresponds to a standard
comparison of two nested models. Yet, when searching for solu-
tions, we resort to simplifying the model by fixing the inclination
to edge-on orientation. This is justified by the fact that the star is
surrounded by a system of planets seen approximately edge-on,
and a significant spin-orbit misalignment would be very difficult
to explain.

We set uniform priors for the parameters, with a notable
exception. The period parameter should only be allowed to have
a range of values available around some a priori expected value
corresponding to the overall stellar rotation period. We thus set
constraints for the allowed differential rotation of the star. We
choose a prior n(P;) = N(up, o-%,) such that yp = 10.5days and
op = 2.0days, respectively. The former is based on our estima-
tion of the star’s rotation period and the latter on a maximum
rotational shear for such stars. This choice is made in accor-
dance with the results of Reinhold et al. (2013), where the max-
imum rotational shear for similar stars was estimated to be some
0.2 rad/day corresponding to variations in period of about 2 days.
We thus choose the standard deviation of our prior to equal to
maximal variability making it sufficiently conservative.

As for spot occultations, we applied Bayes factors and likeli-
hood ratios to determine significances. For likelihood ratio tests,
the model with one less signal and eight less parameters as a
null-hypothesis can be rejected with 99% (99.9%) when the log-
arithm of the ratio is in excess of 20.09 (26.12). The only excep-
tion is the model with k = 1 because it has nine more free param-
eters than the model with k = 0. This is because the limb darken-
ing parameter plays no role without signals. The corresponding
99% (99.9%) threshold is thus 21.67 (27.88).

4.2. Identification of solutions

We searched for solutions in the parameter space with the AM
posterior sampling algorithm of Haario et al. (2001). But iden-
tification of solutions in the multidimensional parameter space
remains a challenge, and although solution methods such as pos-
terior samplings would ultimately enable identifying the global
solution, given finite samples this is not guaranteed. We there-
fore keep this limitation in mind while interpreting the results
but attempt to minimise the chances of identifying local solu-
tions rather than global ones.

Because we set a prior for the period parameter, our mod-
elling does not suffer from high multimodality of the poste-
rior probability density in the period space as harmonics of the
rotation period are ruled out a priori. This removes one major
obstacle in the search for solutions. We also assume that incli-
nation of the star is consistent with edge-on orientation while
searching for solutions and allow the parameter to be a free
parameter of the model when an optimal spot solution has been
identified.

Our general algorithm for searching for solutions works as
follows. Given that a solution for a model M; with k spot sig-
nals has been identified, we search for solutions for model M,
by first duplicating one of the signals in the model M. Given
that the jth signal, for some j = 1,...,k, has parameters 6,
we set Oy, = 6; with one exception. The signal amplitude A;
(Eq. (8)) is replaced with A;/a and we set Ay, = A;(1 — a) for
some a € (0, 1). In this manner, we choose an initial state for the
posterior samplings that matches the likelihood identified for the
solution of model M. If the model M; is an attempt to model
the superposition of many spots with only k of them, at least one
of the spot signals is a compromise between the simple model
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Fig. 3. Each row of panels contains Kepler-411 data (red dots) and MAP solutions (black curves), model residuals, and estimated spot maps
for epochs 1044.016 and 1051.851 corresponding to the mean times of transits 116 and 117. The rows from top to bottom are for models with
k=1,...,5. The blue vertical dashed lines denote the surface visible at those epochs. The greyscale denotes a range of spot sizes and contrasts as
estimated based on the effect of the corresponding spot on the flux. The red circles and the corresponding uncertainty intervals denote MAP spot
positions and standard errors. The reference time is 7y = 1034.0 days. Only absolute values of latitude are known and all spots are placed on the

same hemisphere.

and the actual spotted surface of the star. Such a choice for an
initial state enables reasonably rapid searches for solutions for
model My, ;. In practice, we tested all signals j = 1,...,k and
different values of a for each. Typically, we selected values of a
ranging from 0.1 to 0.5 to enable searching for solutions where
the superposition of one signal was caused by two spots with
similar amplitude parameters and two spots with amplitudes dif-
fering by almost an order of magnitude.

When identifying solutions, we also tested whether the inde-
pendent chains indeed yielded consistent solutions in the mul-
tidimensional parameter space. We calculated Gelman-Rubin
statistics for testing whether there were differences in vari-
ances within and between chains. As in the previous section, we
required that the Gelman-Rubin statistics R was below 1.05 for
our samplings.

4.3. Solutions for S1034

We present in detail the analysis of the subset containing the
two spot occultation events during transits 116 and 117, subset
S1034. The maximum a posteriori (MAP) solutions of this set
are presented in Fig. 3 for k = 1,...,5. As can be seen, the two-
spot model already represents the observations rather well, and
captures a majority of the flux variations. Yet, by adding more
spots into the model improves the modelling very significantly
forup to k = 5 (Table 4). Identifying solutions uniquely for k < 3
was rather trivial, and thus we discuss only solutions for k > 3
in more detail.

For k = 3, our samplings identified a division of the polar
spot in the model with k = 2 into two nearby spot structures.
Using the signal phase as a proxy for investigating the nature
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Table 4. Model comparison statistics for models with k spot signals.

k n Bk Lk Bk Lk Bk Lk Bk Lk
S834 S834 S1034 S$1034 S1069 S1069 S1234 S1234
I 12 62229 65480 276.03  308.64 1287.76 1319.98 969.90 1002.35
2 20 135392 1382.82 1387.37 141635 709.10  737.75 1312.02 1340.86
3 28 30771  336.61 48490 513.88  649.79 67844  592.67  621.51
4 36 187.62 21653 34754 37652  211.85 24049 11630 145.14
5 44 12196  150.86 44.41 73.39 —-10.53 18.11 117.42  146.26
6 52 10.21 39.12 —-15.55 13.43 -1.90 26.94

Notes. The statistics correspond to the likelihood ratios of models with £ and k — 1 spots L, and logarithms of Bayes factors By, in favour of model
M and against model M;_;. Number n represents the number of free parameters in the model.

e v

T L

100

N N

Fig. 4. Markov chains of the phase parameters of the signals identifying the solutions for models with k = 3,4, 5 (left to right) for the data subset

S1034. The different colours denote independent samplings.

of the solutions we demonstrate how our samplings consistently
identified the same solutions in Fig. 3. The improvements in the
model goodness statistics (Table 4) were very significant for up
to k = 5. In Fig. 4 it can be seen that the phase parameters (w)
demonstrate clear and consistent bifurcations for k = 3 as the
chains identify solutions.

Similarly, our samplings consistently identified a significant
solution for the model with k = 4. This solution corresponds to
an emerging spot that appeared fully over the last rotation cycle
of the star. As a polar spot we interpret this result as an indication
of reconfiguration of the polar spot structure, for which only non-
axisymmetric features are observable with our approach. Such a
change would be interpreted by our model as the appearance of
a spot out of nowhere when, in reality, it only resulted from non-
axisymmetric changes in existing spot structure.

Adding another spot to the model also resulted in a signif-
icant identification of a spot (Table 4). For k = 5, the pair of
near-polar spots gave way for a solution with two smaller evolv-
ing spots at high latitudes and a third one at mid latitudes (Fig. 3)
and around the same longitudes. Again, we were able to identify
the same solution with several samplings (Fig. 4), and could not
identify any other solutions with comparable significance.

Allowing the stellar inclination to be a free parameter of the
interval [0,7/2] and obtaining a solution for k = 5 based on
samplings such that their initial state corresponded to the solu-
tion presented in Fig. 3, we were able to estimate the inclination
angle. Our estimate for the inclination is 1.5671 + 0.0034 rad,
which is consistent with /2 and allowing the inclination to be
a free parameter of the model did not improve the model in a
statistically significant manner. We note that we are not fully
confident that the inclination could really be determined this
precisely. However, when searching for solutions by fixing the
inclination to 7/2 and letting it vary freely only after the opti-
mal number of spots had been identified, probably plays a role
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in narrowing down its posterior probability density. It is a safe
assumption to make for the current target that probably has an
edge-on orientation given that it has a system of transiting plan-
ets supported by measurements of v sini (Xu et al. 2021).

We note that not all samplings enabled the solutions pre-
sented in Fig. 3 to be identified. We rejected, depending on k,
some 10-50% of Markov chains that did not succeed in iden-
tifying solutions with comparable statistics of goodness given
fixed chain lengths. These chains only identified local solutions
that are unlikely to represent the underlying spot structure of the
target star.

Our solutions for subsets S834, S1069, and S1234 are pre-
sented in Appendix A and spot parameters are tabulated in
Table 5. Although we identified a statistically significant solu-
tion containing six spots for S834, we were unable to replicate
the result with several samplings as there appeared to be several
almost equally probable local solutions. Thus, we rely on the
solution with k = 5.

4.4. Stability of latitude estimates

Obtaining latitude information from a photometric time-series
seems challenging, especially, as the star is probably seen edge-
on. However, the shapes of the spot-induced decreases in the
flux indeed have different shapes for different latitudes. This is
because limb darkening plays a larger role closer to the polar
regions, effectively flattening the resulting light curves. It should
therefore be expected that the latitude is the better constrained
the closer the spots are to the polar regions. However, the whole
light curve provides the constraints, and such considerations may
be overtly simplistic in practice.

We subjected our solutions to sensitivity tests with respect
to latitude. The modelled spot-induced effects are very similar
for smaller spots at low latitudes and larger spots at high lati-
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Fig. 5. Estimated latitudes (black circles) of the five spots identified in
the data subset S1034. The red dots show where high posterior proba-
bilities (above 1% of the global maximum) were first identified by five
samplings for which spots were randomly truncated to positions near
the equator or the pole.

tudes. We therefore truncated the identified solutions such that
all spots were shifted to latitudes near the poles (equator) while
simultaneously increasing (decreasing) their amplitudes. These
truncated parameters were then used as initial states of poste-
rior samplings to see whether there were corresponding high-
probability areas in the parameter space indicating that latitudes
could not be constrained as well, as implied in Fig. 3.

According to our results, the latitudes are rather well con-
strained for all spots. We demonstrate this in Fig. 5 where we
show our solution together with results from the truncation tests
for the data subset S1034. The samplings with truncated ini-
tial states enabled us to confirm that the latitudes of all spots
were reliably constrained, although the latitudinal uncertainties
of some spots were rather large.

5. Results

We have presented our approach for spot occultation modelling
in Section 3 and rotational modulation modelling in Section 4.
In all, we have detected three spot occultations by planet ¢
in high-cadence data and were able to determine the positions
of the respective spots on the stellar surface. We have also
been able to obtain information on spot patterns on the stel-
lar surface based on modelling of the rotational modulation
in lower-cadence observations. Yet, given an edge-on orien-
tation of the star, we cannot determine on which hemisphere
the spots are and the planetary transits take place. With this
caveat in mind, we present some further results based on our
analyses.

5.1. Spot estimates

We cannot be absolutely certain that our solutions based on mod-
elling of rotational modulation indeed are global and represent
the physical reality of the stellar surface. Although such certainty
is not even achievable in practice, we believe we have probed the
parameter space carefully enough such that our solutions prob-
ably are global solutions. We have tabulated the parameters of
the identified spots in Table 5 for all four data subsets. In this
table, we have also denoted whether the spots are increasing,
decreasing, or approximately constant in terms of the behaviour

of their envelope curve over the data baseline. If the envelope
curve does not change more than 20% over the data subset base-
line we denote the spot as “constant”, although actual constancy
is strictly not the case for any of the spots.

We observed a total of six increasing spots whereas three
spots were found to be decreasing in terms of their enve-
lope curves over the data baselines. The time-scale of such
spot appearance and disappearance, as determined by param-
eters i, and o jou, respectively, varies from 5.02 + 0.11 to
24.84 + 0.35 days for appearing spots and from 8.89 + 0.23 to
11.87 + 0.32 days for the disappearing ones, respectively. This
demonstrates that the stellar spot structure evolves significantly
over a timescale of one rotation period of the star and spots
can seem to appear from nowhere or disappear without a trace
over a single rotation cycle. Although some spots remain virtu-
ally unchanged over roughly three rotation periods of the star, it
seems clear that such modelling of spots is not possible without
accounting for their evolution.

The effective sizes of the starspots range, in terms of param-
eter A’, from 7.0%,3 to 178.6*31% parts per thousand (Table 5).
For geometric reasons, the largest spots are found at high lati-
tudes whereas the smallest spots can only be seen at or around
the stellar equator. That latitudes can be constrained at all is
dependent on whether there are spots at nearby longitudes and
on limb darkening, which ensures that the shapes of the spot-
induced curves are flattened near polar regions. Due to this flat-
tening, there is a higher latitudinal resolution near poles than
near equator (Table 5, Fig. 7). We note that the instrumental
noise floor of the observations was 0.063 parts per thousand for
all analysed data sets and the excess noise was approximately
three times greater with a typical estimate of 0.19 parts per thou-
sand. This demonstrates that the excess noise probably contains
signatures of weak spots and noise from other astrophysical phe-
nomena of the stellar surface.

The ability to identify spot occultations during transit events
and estimation of properties of spots contributing to the rota-
tional modulation provide independent information on the spot
patterns of the stellar surface. It is therefore possible to perform
cross-comparisons between the two. For this purpose, we have
plotted the estimated starspots based on these two methods in
Fig. 6.

We note that we also considered a second order limb darken-
ing model in an attempt to obtain more reliable results. How-
ever, it did not significantly improve the modelling. We sus-
pect this to be the case because the rotational modulation caused
by starspots is the dominating source of variability in the data.
Because the variations caused by additional small spots cannot
be distinguished, they also make the more accurate limb darken-
ing models redundant.

We have also plotted the two-dimensional projections of pos-
terior probability densities in the Appendix A. In Fig. A.4 we
show an example of the correlations between the parameters of
a given spot. The amplitude parameter A and spot latitude i are
clearly correlated in a nonlinear way, but otherwise the corre-
lations are at most modest and/or linear and thus well-handled
with the AM algorithm. We also show examples of correla-
tions between parameters of two spots (Fig. A.5) and some spot
parameters and stellar parameters such as inclination and limb
darkening (Figs. A.6 and A.7).

5.2. Differential rotation

Based on our results regarding estimated spot latitudes and
their respective independent angular velocities, we can study the
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Table 5. Selected spot parameters.

Data Spot P A’ 7 w Status
(days) (1073) (rad) (rad)
$834 1 10.99670%7  105.87823  1.17310188 46921009 p
819 1496 20358 ALl
$834 2 106327a0  SLOTSS 077406 1788%a0 1
S834 3 104817007 24,0726 0.274*115 2.501+00: C
S834 4 1L174T0 771930 gog73E sl ¢
+0:193 933 048 +0.986
$834 5 106207015 41727 07371040 60631006 1
S1034 1 105840078 ysoried  gogp 435308l p
S1034 2 104587018 17867302 143000 3607000
S1034 3 10.679*0%%6 82 9+78 1 23p+0Ie0 5 1001008 ¢
S1034 4 10.660705% 573736 gt 4g30: 03 g
S1034 5 10.669°0030 32275 (oggri 331008
S1060 1 10584008 1407 o504 s8R ¢
SI069 2 103617000 90,0763 gl g g75:0000 ¢
S1069 3 10.308*09T1  110.9%29 13807000 ) 16070095 1
S1069 4 9.919*00% 137.4%%32 1.361*838? 27477005 C
06755 +13.4 w091 70033
S1234 1 10.677700% 7,013 058410517 56117002 ¢
S1234 2 9.885ﬁ8-8§5ﬁ 10.932 0.431f81§j‘§ 08217088 p
S1234 3 11 154+g-0536 56071244 081 1+§35§1 2 800+§3§§§ C
T, 458 Ot 07 “OVV_q,
S1234 4 102757001 1044754 1.0411029 253410000 ]
S1234 5 10275080 1065730 1.0g97i1h 39057000
. —=0.020 U921 . =0.701 . -0.022

Notes. The status of the spot is denoted as increasing (I), constant (C) or decreasing (D), indicating at which phase of the envelope the spot is
found. The status is considered “constant” if there are no changes in excess of 20% in the spot amplitude over the data baseline. The longitudes
are defined with respect to ¢, of each data subset and are thus not comparable for different subsets.

differential rotation of the target star. We have collected the
parameters of the estimated spots for all four data subsets — a
total of 19 spots — and investigated the relationship between spot
latitude and angular velocity.

We modelled the differential rotation with a simple sinu-
soidal model (e.g. Wohl et al. 2010; Lamb 2017) such that

n

QW) = ) aisin’y,

i=0

(10)

where a( denotes the equatorial angular velocity and only even
powers of sine are allowed to achieve a symmetry with respect to
equator. We modelled the angular velocity as a function of lati-
tude such that we assumed Gaussian white noise with a variance
of a’i2 +02, where o; represent the uncertainties in the parameters
of the ith spot and o, is a free parameter. We compared models
for n < 3 and found that n = 0 corresponded to the preferred
model. There was no evidence for any change in the angular
velocity as a function of latitude, and it thus seems appropriate to
conclude that differential rotation appears to be below our detec-
tion threshold. An illustration of our results from this modelling
is shown in Fig. 7 for a model with n = 2, visually demonstrat-
ing that there is no evidence for differential rotation. There are
differences in the angular velocities experienced by individual
spots but these velocities seem to have similar distributions for
both high and low latitudes (Fig. 7), and for many of them the
uncertainties are rather large.

We obtain an angular velocity of 0.597 + 0.019 rad/day that
translates to an average rotation period of 10.52 + 0.34 days. We
note that the individual periods were far more precisely con-
strained by the data than the prior probability density.
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6. Conclusions and discussion

We obtained evidence for three separate spot occultations in the
full Kepler high-cadence data. Two rather clear occultations by
planet c at epochs of 1051.851 and 1083.189 (transit events 117
and 121, respectively) satisfied our detection thresholds for very
strong evidence. Another spot transit at epoch 1044.016, cor-
responding to transit event 116, was also found to have strong
evidence in favour of it (Fig. 1).

The spot occultation events during transits 116, 117, and
121 correspond to spots with minimal angular diameters of
2.1*34deg, 15.1737 deg, and 2.9*77 deg, respectively, on the
surface of the star. Based on our modelling, and assuming
circular spots, we estimate the spot contrasts to be 0.32+0:04

-0.02?
0.20t8:8§, and 0.32f8:8§, respectively. It is then also possible
to estimate the spot temperatures based on the considerations

of Silva-Valio etal. (2010). We obtain values of 4471*ZK,

4621*3° K, and 4471*35 K for the spots detected during transit
events 116, 117, and 121, respectively. These values are also tab-
ulated in Table 3. Adopting the stellar effective temperature of
4833*32 K (Gaia Collaboration 2018) indicates that the spots are
some 210-360 K cooler than the unspotted photosphere. We note
that the occultations detected during transits 117 and 121 could
correspond to the same spot given their separation by 31.3 days
that is roughly three times the star’s rotation period.

The obtained spot sizes and temperatures can be contrasted
with observed spots on the solar surface. The largest spot group
observed for the Sun was of diameter 9.0 deg (Aulanier et al.
2012) and is comparable to the size of the spots detected by
transit mapping method for Kepler-411. Temperatures of Sun
spots are typically between 3000-4500 K, which indicates that
the spots on Kepler-411 would roughly correspond to some of
the hottest spots on the solar surface.
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Fig. 6. Comparison of estimated spot patterns on the surface of Kepler-
411 based on spot occultation results (red) and rotational modulation
results (blue) for transit events 116, 117, and 121 (top to bottom). The
different shades of blue (from dark to light) denote a range of spot sizes
and their contrasts from 1.0 to 0.1 with intervals of 0.1.

Flares could, given their diverse nature, yield false posi-
tive detections that might be interpreted as spot occultations if
they occurred during transits. However, because flares follow
distinct asymmetric morphologies (Howard & MacGregor 2022)
they can typically be differentiated from more symmetric spot
occultation events. This was found to be the case for Kepler-411
flares, that did not yield any false positives in our tests. We also
searched for features resembling spot occultation events outside
the transits in the data. However, we did not detect any candi-

60

Latitude (deg)
40

20

30 35
Angular velocity (deg/days)

Fig. 7. Estimated differential rotation curve (n = 2) for Kepler-411
based on spot latitudes and angular velocities from the modelling of
rotational modulation. The red circles denote each spot, the black curve
represents the maximum-likelihood model curve and the shaded blue
areas denote one, two, and three-o uncertainty intervals.

dates for such astrophysical false positives as we could not find
any events that could have been interpreted as spot occultation
events had they appeared during transits in our analyses. This
suggests that the three detected spot occultation events are prob-
ably genuine signatures of starspots.

There is no one-to-one match between the spot properties
observed by modelling spot-induced photometric modulation
and transit mapping. This is rather unsurprising as spots are the
most likely not circular, homogeneous features but asymmetric,
complex, and dynamical entities as is the case for large sunspots
(e.g. Aulanier et al. 2012). All the spots identified with transit
mapping are close to the modelled spots based on the photo-
metric modulation. However, we cannot distinguish between the
two hemispheres with either detection method, and it is not guar-
anteed that the planetary orbital plane coincides with the plane
defined by the stellar rotation axis. This means that the planet
paths highlighted in Fig. 6 are not necessarily horizontal, but can
also cross the stellar equator.

We could not replicate the detections of nearly two hundred
spots as claimed by Aratjo & Valio (2021a) and Aradjo & Valio
(2023). This is probably due to the fact that our detection thresh-
olds based on Bayes factors are rather conservative. The far
greater number of spot candidates detected by Aratijo & Valio
(2021a) can be explained by the fact that they seem not to have
accounted for excess noise caused by the stellar surface but
accepted all variations in excess of 3 — ¢ as spot signatures.

In an attempt to visualise these differences, we present our
modelling for the Kepler epoch 1083.189 corresponding to the
transit event 121 in Fig. 1. This transit is the same as shown in
Fig. 1 of Aratijo & Valio (2021a) that they interpreted to show
evidence for the occultation of a group of three small spots. In
our analysis, we indeed obtained evidence for a spot. However,
we could not identify any additional spot signatures during this
transit event with our methods. When the white noise model suf-
fices to explain the vast majority of the spot candidates identi-
fied by Aradjo & Valio (2021a), there is no need to postulate a
multitude of spots on the stellar surface, although their existence
cannot be ruled out either. We estimate that these qualitative dif-
ferences in the results regarding spot detections are mostly due
to the selected detection criteria. However, some of these dif-
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ferences are also caused by the fact that we accounted for the
statistical excess noise in the data and treated it as a free param-
eter og in our analyses. However, the instrumental noise was
still the dominant source and excess noise was less than 20%
of instrumental noise during transit events 116, 117, and 121,
respectively.

We have presented a detailed analysis of the modelling
results regarding rotational modulation of the light curve for data
subset S1034 in Section 4.3. The results for the other subsets
have been summarised in Table 4 and Appendix A. These results
indicate that the differential rotation curve is indistinguishable
from a flat one corresponding to a rigid-body rotation (Fig. 7).

A curious feature of the detected spot occultations is the fact
that they were identified only at three out of six successive tran-
sit events but not during any other transits outside this space
of approximately 40 days. This suggests that the star may have
undergone an active phase with a larger number of spots on its
surface during that period of time. However, we could not con-
firm this hypothesis based on rotational modulation modelling.
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