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ABSTRACT

Recent observational studies of red giant stars have estimated the visibility of their mixed oscillation modes, which is a proxy of the
average energy of these modes. Among other things, they demonstrated that although the damping rate of the oscillations in the core
of many red giants appears to be negligible, other red giants exhibit high core damping rates that are sometimes consistent with the
infinite value limit. Up until now, it has not been possible to link the mixed mode visibilities to core damping rates in a quantitative
way. In this study, we use the progressive wave picture to derive an analytical function expressing the approximate resonance pattern
of red giants up to a proportionality factor. This function can model the influence of the damping on the oscillations, as well as take
into account other effects such as mode asymmetries. In particular, this expression can be used to obtain a quantitative estimate for
the visibility of mixed modes and to predict the detectability of mixed mode and multiplet signatures under different core damping
rates. Here, we conduct a parameter study to investigate how the damping processes affect these aspects. We find that the visibility
approaches the value expected for an infinite core damping rate already at finite values. Furthermore, we find that both the mixed mode
and the multiplet signatures disappear at finite core damping rates. This implies that the observational characteristics of red giants with
finite core damping rates can appear as if their core damping rate were infinite, providing an explanation for the observed populations.
Moreover, we have used our method to quantitatively estimate the core damping rates of red giants with unusually low mixed mode
amplitudes from their observed visibilities. The analytical function describing the power spectrum developed in the present work is a
flexible tool with many possible applications, which will be further explored in future studies.

Key words. asteroseismology – methods: analytical – stars: evolution – stars: interiors – stars: oscillations

1. Introduction

Solar-like oscillators are stars with a convective outer layer
whose eigenmodes are intrinsically damped. Nevertheless, the
turbulent motion of the convection near the star’s surface can
excite waves to observable amplitudes. On the main sequence,
the oscillation modes detectable in solar-like oscillators are pres-
sure modes. As the stars evolve into red giants, the density
difference between the envelope and the core increases and even-
tually becomes so large that the multipolar oscillations take on
a mixed character. This means that they behave like a pres-
sure mode (“p-mode”) in the outer layers and like a gravity
mode (“g-mode”) in the core of the star (for a review; see
Hekker & Christensen-Dalsgaard 2017). The regions in which
the p- and g-modes propagate are called “cavities” and are sepa-
rated by a thin layer in which the oscillations become evanes-
cent, known as the “evanescent zone”. The mixed character
of the mode is a consequence of part of the mode energy
tunneling through the evanescent zone, enabling interaction
between the two regions. Since mixed modes are sensitive
to the internal structure of the star, they have been success-
fully exploited to infer information about, for example, the
core rotation rate (e.g., Beck et al. 2012; Mosser et al. 2012b;
Deheuvels et al. 2012; Gehan et al. 2018; Deheuvels et al. 2020;
Li et al. 2024), the internal magnetic field (e.g., Li et al. 2022,
2023; Deheuvels et al. 2023; Hatt et al. 2024), as well as the
presence or absence of a convective core (e.g., Bedding et al.
2011; Mosser et al. 2011; Vrard et al. 2016).
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Mixed modes are usually described in an asymptotic frame-
work, in which it is assumed that the wavelength of the oscilla-
tions is much smaller than the typical length scale of the vari-
ation in the stellar structure (Shibahashi 1979; Tassoul 1980;
Unno et al. 1989). Within this framework, a resonance condi-
tion can be constructed by matching the solutions for standing
waves in the p-mode cavity with those in the g-mode cavity.
Takata (2016b) shows that the resonance condition can also be
obtained by considering the oscillations as progressive waves
that are reflected and transmitted at the boundaries of the oscilla-
tion cavities. This approach is powerful because the energy loss
caused by damping processes in the star can be described by par-
tial reflection at the innermost and outermost boundaries. Takata
(2016b) uses this picture to derive an updated version of the res-
onance condition for mixed modes that takes into account the
damping of the oscillations. The progressive wave picture is also
adopted by Pinçon & Takata (2022), who generalize it to an arbi-
trary number of resonant cavities under the assumption of fully
reflective boundary conditions (i.e., no damping). Their frame-
work can be used to describe scenarios in which, for example,
the inner g-mode cavity is divided into two parts by an inter-
mediate convection zone. Furthermore, it allows the treatment
of high-amplitude glitches that essentially divide a given cavity
into two parts (Pinçon 2018).

There are two main types of damping processes that are
expected to occur in every red giant star. The first is caused by
the interaction of oscillations with convection in the upper region
of the p-mode cavity, where the oscillation periods are compa-
rable to the timescales of the most energetic convective eddies,
so that the oscillations exert a feedback effect on the turbulence
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(e.g., Dupret et al. 2009; Grosjean et al. 2014). The second is
radiative damping in the g-mode cavity, which is due to heat
loss caused by fluctuations in the temperature gradient gener-
ated by the oscillations in the radiative core (e.g., Dziembowski
1977; Van Hoolst et al. 1998; Dziembowski et al. 2001). The
radial modes are pure p-modes and are therefore only affected
by the damping process in the p-mode cavity. Mixed modes are
affected by the damping processes in both cavities, and their sen-
sitivity to the individual processes depends on their mode inertia.
While the damping rate corresponding to interaction with con-
vection is expected to remain of the same order of magnitude
during the evolution of red giant stars (e.g., Vrard et al. 2018),
radiative damping should be negligible for the observable modes
on the early red-giant branch, and increases strongly as the star
evolves (e.g., Hekker & Christensen-Dalsgaard 2017). However,
observations of red giant stars have revealed a subgroup of stars
with normal radial mode amplitudes but such low multipole
mode amplitudes that the efficiency of the damping processes
in their cores must be orders of magnitude higher than expected
for radiative damping (e.g., Mosser et al. 2012a; Stello et al.
2016a,b; García et al. 2014; Coppée et al. 2024). In this con-
text, Fuller et al. (2015) suggest that such substantial energy
losses could be caused by the interaction of the oscillations
with a strong internal magnetic field, although the exact nature
of this process is still the subject of intensive research (e.g.,
Lecoanet et al. 2017; Loi 2020; Rui & Fuller 2023; Müller et al.
2025; David et al. 2025). Apart from these damping processes,
which are all linear in nature, Weinberg & Arras (2019) and
Weinberg et al. (2021) investigated the impact of nonlinear inter-
actions of the oscillation modes in RGB stars. Weinberg et al.
(2021) find that gravity-dominated mixed modes can be very sus-
ceptible to nonlinear damping on the late RGB. However, nonlin-
ear damping does not seem to be able to explain the occurrence
of stars with low multipole mode amplitudes in the early RGB,
suggesting that it is not the dominant reason for the occurrence
of these stars. Here, we focus on linear damping processes, and
neglect nonlinear effects.

Adequate modeling of the feedback of these damping pro-
cesses onto the oscillations is important for understanding how
the energy loss affects the observable properties of the stellar
oscillations. One example of a quantity affected by these damp-
ing processes is the multipole mode visibility, which is a proxy
of the ratio between the average energy of the multipole modes
of a given spherical degree and the radial modes (Mosser et al.
2012a). Another example is the presence or apparent absence of
modes of mixed character in the power spectral density (PSD) of
stars with unusually low multipole mode visibility. On one hand,
there are stars with low multipole mode visibilities for which no
mixed modes have been detected within the observational uncer-
tainties (e.g., Stello et al. 2016a,b). On the other hand, there are
stars with low multipole mode visibilities that show clear signs
of mixed modes (Mosser et al. 2017; Arentoft et al. 2017). This
raises the question of what properties the damping processes
in the g-mode cavity must have so that the mixed modes are
resolved and detectable in observations. Frameworks for esti-
mating the visibility and the height of damped mixed modes are
currently only available within the limits of zero or infinitely
large damping rates in the g-mode cavity (e.g., Shibahashi 1979;
Takata 2016b; Mosser et al. 2017). So far, it has therefore not
been possible to link these observations with nonzero finite esti-
mates for the damping rate in the g-mode cavity.

In this work, we used the progressive wave picture discussed
by Takata (2016b) and Pinçon & Takata (2022) to derive an ana-
lytic expression for the theoretical resonance pattern of solar-like

oscillators and the amplitudes of their oscillation modes up to a
factor of proportionality. For this purpose, we have introduced
an incident wave that drives the oscillations. In particular, we
used the analogies of the waves in solar-like oscillators with light
waves propagating in a Fabry-Pérot interferometer to derive an
expression for the intrinsic resonances (e.g., Ismail et al. 2016),
which is proportional to the observable PSD of a star. By inte-
grating this expression over the oscillation frequency, we were
able to calculate theoretical visibilities for damping processes of
arbitrary efficiency, which we investigated over a large parame-
ter space. In addition, we investigated how a damping processes
in the g-mode cavity affects the detectability of mixed mode
signatures in the PSD of red giant stars. We also studied the
detectability of mixed mode multiplets that can, for example, be
caused by the rotation of the stellar core (e.g., Beck et al. 2012).
Finally, we used our formalism to provide quantitative estimates
for the mode damping rates due to the damping processes occur-
ring in the p- and g-mode cavities of the red giants in the sam-
ple of Mosser et al. (2017). These stars have dipole modes with
low visibility but a distinct mixed character, which allowed us
to relate their observed visibility to estimates of their damping
rates in the g-mode cavity using our formalism.

This article is structured as follows. In Sect. 2, we introduce
the progressive wave picture. In Sect. 3, we discuss configura-
tions with one and two cavities. In Sect. 4, we derive the analyti-
cal function for the theoretical power spectrum of the star and the
visibility of multiple modes. In Sect. 5, we present our results.
Finally, we conclude by summarizing and briefly discussing our
findings in Sect. 6.

2. Progressive wave picture

In this study, we build on the theoretical framework developed by
Takata (2016b) and Pinçon & Takata (2022) to infer the observ-
able PSD of a solar-like oscillator up to a factor of proportion-
ality. We adopt a slightly modified version of the notation of
Pinçon & Takata (2022), which we present in this section.

2.1. Wave function

As shown by Shibahashi (1979), the radial part of the wave equa-
tion can be expressed within the asymptotic (WKBJ) and Cowl-
ing (Cowling 1941) approximations in the following form:

d2Ψ

dr2 + k2
r Ψ = 0. (1)

In this expression, Ψ is the wave function and the squared local
radial wave number is given by

k2
r =

ω2

c2
s

(
N2

ω2 − 1
) S 2

`

ω2 − 1
 , (2)

where ω is the angular frequency, N is the Brunt–Väisälä fre-
quency, S ` is the Lamb frequency corresponding to oscillations
of the spherical degree `, and cs is the adiabatic sound speed.
The waves resonate in the regions of the star where k2

r > 0, while
they become evanescent if k2

r < 0. Inspection of Eq. (2) reveals
that there are two kinds of asymptotic propagative solutions: p-
modes (where ω2 > N2, S 2

` ) and g-modes (where ω2 < N2, S 2
` ).

The regions of the star in which the waves propagate are the res-
onant cavities.
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We assume that the solution of the radial part of the wave
equation is a planar wave, which is given by

ψ(r; r̄) = eiφ(r;r̄), (3)

where i is the imaginary unit, r is the radial coordinate and r̄ is a
reference radius in the corresponding cavity at which the phase is
measured1. The quantity φ is a complex phase, which we assume
changes on a length scale comparable to k−1

r . We can then write
the asymptotic solution of the radial part of the wave equation in
a cavity as a superposition of planar waves

Ψ(r, t) ≈
(
apro ψ(r; r̄) + areg ψ

?(r; r̄)
)

e−iωt, (4)

where the ? symbol indicates complex conjugation and apro
(areg) is the complex amplitude of the progressive (regressive)
wave. Time is denoted by t. The wave functions ψ and ψ? are lin-
early independent and constitute a basis for the solutions of the
radial part of the wave equation (e.g., Pinçon & Takata 2022).
Using Eq. (1), the phase φ can be expanded and substituted,
which yields (e.g., Gough 2007)

ψ(r; r̄) ≈
1
√

kr
eiϕ(r;r̄) (5)

with

ϕ(r; r̄) =

∫ r

r̄
kr dr′. (6)

In the last equation, the independent variable is the upper limit
of the integral.

Since progressive and regressive waves propagate in differ-
ent directions, Ψ can also be expressed as

Ψ(r, t) =
(
a←± ψ

←
± (r) + a→± ψ

→
± (r)

)
e−iωt, (7)

where a denotes the amplitude and the arrows indicate the direc-
tion of propagation (i.e., of the group velocity). In this expres-
sion, the subscript + (−) refers to the fact that the reference radius
(r̄) is set equal to the upper (lower) boundary of the cavity under
consideration. Therefore, either + or − must be selected and used
consistently for all parameters. The definition of ψ→± and ψ←± dif-
fers for p- and g-modes, since the phase and group velocities of
pressure (gravity) waves have the same (opposite) direction. For
p-modes, the wave functions read

ψ→p,±(r) ≡ ψ(r; rp,±), ψ←p,±(r) ≡ ψ?(r; rp,±). (8)

Here, rp,+ (rp,−) denotes the radius of the upper (lower) boundary
of the p-mode cavity. The wave function for g-mode oscillations
are given by

ψ→g,±(r) ≡ ψ?(r; rg,±), ψ←g,±(r) ≡ ψ(r; rg,±), (9)

where, rg,+ (rg,−) denotes the radius of the upper (lower) bound-
ary of the g-mode cavity.

1 In practice, we always place r̄ at the upper or lower boundary of the
cavity under consideration.

2.2. Reflection and transmission

The boundaries of the cavities are characterized by a reflec-
tion coefficient (R) and a transmission coefficient (T ). In gen-
eral, one has to distinguish the cases where the boundary is
being approached from below (subscript +) and from above (sub-
script −). However, using basic wave principles of time-reversal
symmetry, linear superposition, and energy conservation, Takata
(2016b) shows that |R| = |R±| and |T | = |T±|. Thus, we will
neglect the subscript when referring to the modulus of a reflec-
tion or transmission coefficient. In particular, the energy conser-
vation implies that (Takata 2016b)

|R|2 + |T |2 = 1 (10)

must be fulfilled for each boundary.
The reflection of a wave at a boundary introduces the phase

shift δ. If the wave approaches the boundary from below, the
reflection coefficient at the upper boundary of the cavity can be
expressed as (Takata 2016b)

R+ =
a←+
a→+

= |R| eiδ = ei(δ+i2µ). (11)

Here, we have introduced the amplitude modification factor

µ = −
1
2

ln(|R|), (12)

which vanishes in the fully reflective case (i.e., if |R| = 1)2. If the
wave approaches the boundary from above, the reflection coef-
ficient at the lower boundary of the cavity can be expressed as
(Takata 2016b)

R− =
a→−
a←−

= |R| ei(π−δ) = ei(π−δ+i2µ) (13)

For simplicity, we assume that there is no phase lag induced by
the transmission of the wave.

2.3. Amplitude conversion factors

The wave function must be independent of the choice of the ref-
erence radius of the phase (r̄). This allows us to obtain ampli-
tude conversion factors that measure the phase shift that the wave
acquires as it traverses the cavity once by comparing Ψ(r, t) with
r̄ = r− with a function that describes the same wave with r̄ = r+

in the same cavity. The conversion factors read (Pinçon & Takata
2022)

a→− = e−iΘ a→+ , (14)

a←− = eiΘ a←+ (15)

where

Θ = ±

∫ r+

r−
kr dr. (16)

In this equation, r+ (r−) is the upper (lower) boundary of the cor-
responding cavity. The plus (minus) sign in front of the integral
must be used for p-modes (g-modes) due to the differing orien-
tation of the group velocity.

2 Takata (2016b) defines µ as a complex quantity that depends on R
rather than |R|. In the definition used in this work, the complex phase of
R is contained in δ, making µ a real parameter.
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𝑎→

𝑅b 𝑅t

- +

𝑎exci𝑎trans

𝑎RT𝑎ref

𝑎←

𝑎back

Fig. 1. Sketch of the single-cavity system. The curly bracket indicates
interference.

Equation (16) can be calculated explicitly for p- and g-modes
using Eq. (2). For p-modes, we make the common assumption
ω2 � N2, S 2

` . Therefore, we obtain

Θp ≈
π ν

∆ν
, (17)

where we identified the integral of the inverse adiabatic sound
speed over the radius with the large frequency separation ∆ν
(e.g., Equation (7) of Hekker & Christensen-Dalsgaard 2017)3.
For the g-modes, we assume ω2 � N2, S 2

` , which leads to

Θg ≈ −
π

∆Π` ν
. (18)

In this expression, ∆Π` denotes the asymptotic period spacing
of the modes of the spherical degree ` (e.g., Equations (11) and
(12) of Hekker & Christensen-Dalsgaard 2017).

3. Systems with one and two cavities

3.1. One cavity

As a first step, we consider a system consisting of a single cavity
confined by an upper boundary at the top (subscript t) and a lower
boundary at the bottom of the cavity (subscript b). The setup is
shown in Fig. 1. The oscillations are excited by a wave with the
amplitude aexci coming from an external source, which enters the
system through the upper boundary. The oscillations are damped
by the parts of the waves that are transmitted through the upper
and lower boundaries and thus escape from the system. These
correspond to the amplitudes aback and atrans. Furthermore, we
assume that the system has reached a steady state.

3.1.1. Resonance condition

The amplitude of the downward-traveling wave at the upper
boundary (a←+ ) and the amplitude of the excitation (aexci) are
related to each other by the following expression:

a←+ = aexci + aRT = aexci + Rb,− Rt,+ ei2Θ a←+ . (19)

The subscript RT corresponds to the amplitude of the part of the
wave that has completed a round trip in the cavity, which is used

3 The large frequency separation (∆ν) is technically defined as the inte-
gral of the inverse adiabatic sound speed from the center of the star
(r = 0) to its surface (r = R∗), which roughly corresponds to the inte-
gral over the p-mode cavity.

to substitute it on the right side of the above equation. The above
expression can be used to derive the internal resonance enhance-
ment factor (A1), which constitutes an Airy distribution and mea-
sures the response of the system to the excitation (Ismail et al.
2016). It is given by

A1 =
|a←+ |

2

|aexci|
2 =

∣∣∣∣1 − ei2
(
Θ+ π

2−
δb
2 +

δt
2 +i(µb+µt)

)∣∣∣∣−2
. (20)

From a theoretical point of view, resonant oscillation modes
are strictly speaking idealized standing waves that only require
an initial kick that took place in an infinitely distant past to oscil-
late. This means that they do not need a continuous energy sup-
ply, which corresponds to aexci = 0, causing the internal reso-
nance enhancement factor to diverge at the eigenfrequencies of
the resonant modes. Enforcing this, we obtain two separable res-
onance conditions for the real and imaginary parts of Θ:

Θ< − πε = nπ, (21)
Θ= + µb + µt = 0. (22)

Here, n is an integer, and the phase shift ε is given by

ε ≡ −
1
2

+
δb

2π
−
δt

2π
. (23)

The subscript < (=) indicates the real (imaginary) part through-
out this paper. According to Eqs. (21) and (22), the eigenfrequen-
cies of the oscillation modes become complex when |Rt| < 1,
|Rb| < 1, or both, thereby compensating for the loss of energy.

Although treating stellar oscillations as modes is a use-
ful mathematical framework, idealized modes do not require a
source of excitation. In solar-like oscillators however, the energy
loss of the waves is compensated for by stochastic excitation in
the convective envelope, which provides a driving mechanism
for the oscillations. Therefore, the oscillations in the star can also
be understood as a wave with a real frequency that is excited
and damped by incident and outgoing waves of the same real
frequency, rather than considering idealized modes with com-
plex eigenfrequencies. We discuss this interpretation further in
Sect. 4.

3.1.2. Physical meaning of the amplitude modification factor

The amount of damping of a wave is commonly quantified using
a damping rate, denoted by η. The time dependence of the wave
then becomes e−iωt−ηt, where η is a real number. This additional
time-dependent factor influences the modulus of the amplitude
as the wave propagates (i.e., |ã| = |a||e−η·t |). In that sense, η has
a similar effect on the amplitudes as the amplitude modification
factor (µ). To compare these two parameters, we now assume
η , 0 and fully reflective boundary conditions (i.e., µb = µt = 0).

The time required for the wave to travel back and forth
through the cavity (i.e., the round-trip time) is twice as long as
the crossing time, which is defined as

tcross = ±

∫ r+

r−

dr
c
, (24)

Here, c is the propagation speed of the wave packet (i.e., the
group velocity) and the plus (minus) sign is appropriate for the p-
modes (g-modes). Accordingly, we obtain the following ampli-
tude moduli:

|ã←+ | = |a
←
+ |, |ãexci| = |aexci|, |ãRT| =

∣∣∣aRT e−η·2tcross
∣∣∣ . (25)
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Using these amplitude moduli, the internal resonance enhance-
ment factor can be written as

Ã1 =
|ã←+ |

2

|ãexci|
2 =

∣∣∣1 − ei2(Θ−πε+iη·tcross)
∣∣∣−2

, (26)

which is very similar to Eq. (20).
Comparison of A1 in Eq. (20) and Ã1 implies that the energy

loss through the boundaries with no intrinsic damping rate can
be described as the energy loss of a wave with a nonzero intrinsic
damping rate under fully reflective boundary conditions if4

µb + µt = η · tcross ≡ (ηb + ηt) · tcross. (27)

Therefore, we identify the amplitude modification factor (µ) as
the product of the damping rate of its corresponding damping
process and the crossing time of the considered cavity.

3.1.3. Pressure and gravity modes

Now let us return to the theoretical picture shown in Fig. 1 and
apply it to the p- and g-modes, respectively. First, we consider
p-modes and assume that the energy loss occurs at the upper
boundary. Therefore, we set µb = 0 and µt = µp. Using Eq.
(22), the remaining amplitude modification factor can then be
expressed as (see also Takata 2016b)

µp = −
π ν=
∆ν

=
ηp

2 ∆ν
= ηp · tp,cross, (28)

where ηp is the damping rate corresponding to the energy loss
in the p-mode cavity and tp,cross is the crossing time of the p-
mode cavity. If, on the other hand, we allow µb to be greater
than zero, the situation is equivalent to an arrangement with
two cavities, in which any contribution that enters the second
cavity is lost. This special scenario has been thoroughly dis-
cussed in the literature (e.g., Osaki 1977; Dziembowski 1977;
Shibahashi 1979; Fuller et al. 2015; Takata 2016b). In this case,
µb thus measures the amount of interaction between the p-mode
cavity and the second cavity. We summarize the interrelations
between the parameters describing the efficiency of the damping
processes and the underlying assumptions in Appendix A.

Following a similar argument for the g-modes, we now
assume that the energy loss occurs at the lower boundary, as
one would expect for the g-mode cavity in a red giant star (e.g.,
Takata 2016b). Therefore, we set µb = µg and µt = 0. This
yields

µg = −
π ν=

∆Π` |ν|2
=

ηg

2 ∆Π` |ν|2
= ηg · tg,cross. (29)

Here, ηg is the damping rate corresponding to the energy loss in
the g-mode cavity and tg,cross is the crossing time of the g-mode
cavity.

3.2. Two cavities

Next, we consider a system consisting of two cavities coupled
by the leakage of energy through a shared intermediate bound-
ary (the evanescent zone, or “EZ” for short; subscript q). The
arrangement is shown in Fig. 2. In particular, we assume that the
upper cavity is a p-mode cavity (subscript p) and the lower cavity

4 The left side of Eq. (27) refers to the case with energy loss due to
partial reflection at the boundaries, while the middle and right sides refer
to fully reflective boundary conditions and a intrinsic nonzero damping
rate.

- +

𝑎exci𝑎trans

-+

𝑎back

𝑅𝑞 𝑅p𝑅g

𝑎p
←

𝑎p
→

𝑎p,RT𝑎p,ref

𝑎g
←

𝑎g
→

𝑎g,RT𝑎g,ref

𝑎p,coup

𝑎g,coup

Fig. 2. Sketch of the two-cavity system. Curly brackets indicate inter-
ference.

is a g-mode cavity (subscript g). Excitation occurs at the upper
boundary of the p-mode cavity, and energy losses can occur both
at the upper boundary of the p-mode cavity and at the lower
boundary of the g-mode cavity. This system is reminiscent of
the mixed mode oscillations that occur in red giant stars (see
also Takata 2016b).

3.2.1. Infinite reflections in the gravity mode cavity

Similar to the single-cavity system, our goal is to find an expres-
sion for the internal resonance enhancement factor. Therefore,
we must first derive an expression for the amplitude a→p,− as a
function of a←p,−, which now contains an additional contribution
from the energy leaking from the g- into the p-mode cavity. Tak-
ing into account the contributions caused by the infinite num-
ber of reflections in the g-mode cavity, the outward-propagating
wave in the p-mode cavity can be written as

a→p,− = ap,ref + ap,coup =

reflection at lower boundary
of p−mode cavity︷︸︸︷

Rq,− a←p,−

+ |Tq|︸︷︷︸
transm.
through

EZ

Rg,− ei2Θg︸     ︷︷     ︸
reflection at

lower boundary
of g−mode cavity

∞∑
k

(
Rq,+ Rg,− ei2Θg

)k

︸                    ︷︷                    ︸
infinite number of back and forth

reflections in g−mode cavity

|Tq|︸︷︷︸
transm.

back
through

EZ

a←p,−.

(30)

It can be shown that, after some manipulations, this equation can
be expressed as a single exponential function (for a more detailed
derivation, see Section 3.1. of Pinçon & Takata 2022)

a→p,− = ei2
(
π
2−

δq
2 +Φg

)
a←p,−, (31)

where we defined

Φg ≡ arctan
(
q cot

(
−Θg −

π

2
− πεg − iµg

))
(32)

and

εg ≡
δq

2π
−
δg

2π
. (33)

In addition, we introduced the coupling strength (see Shibahashi
1979; Tassoul 1980; Unno et al. 1989; Takata 2016a), which is
given by (Takata 2016b)

q =
1 − |Rq|

1 + |Rq|
. (34)
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The coupling strength is a proxy for the modulus of the reflection
coefficient of a boundary, just like the amplitude modification
factor (µ).

3.2.2. Resonance condition

Using Eq. (31), we can express the amplitude of the downward-
traveling wave in the p-mode cavity as a function of the ampli-
tude of the excitation (aexci):

a←p,+ = aexci + ap,RT = aexci + Rp,+ ei2Θp ei2
(
π
2−

δq
2 +Φg

)
a←p,+. (35)

Analogously to the arrangement with one cavity, we define the
internal resonance enhancement factor of the two-cavity system
as

A2 =
|a←p,+|

2

|aexci|
2 =

∣∣∣∣1 − ei2(Θp−πεp+iµp+Φg)
∣∣∣∣−2

. (36)

The phase shift in the p-mode cavity is defined as

εp ≡ −
1
2

+
δq

2π
−
δp

2π
. (37)

Comparison of A1 and A2 reveals that the amplitude modification
factor of the lower boundary (µb) in the single-cavity system has
been replaced by the term −iΦg, which accounts for the inter-
action with the g-mode cavity. Note that, contrary to µb, Φg is
generally complex.

Similar to the single-cavity case, the resonance condition can
be obtained as the condition under which A2 diverges, which
yields

Θp − πεp + iµp + Φg = nπ, (38)

where n is an integer. This expression can be rewritten in a more
recognizable form:

cot
(
−Θg − πεg − iµg

)
tan

(
Θp − πεp + iµp

)
= q. (39)

Equation (39) is equivalent to the resonance condition derived by
Takata (2016b) in the case of leakage of mode energy through
the outer boundaries. The minus sign in front of Θg is due to
the orientation of the group velocity in the g-mode cavity (see
Eq. (16)). The eigenfrequencies of the resonant modes are given
by the roots of Eq. (39), which are complex except for totally
reflective boundary conditions.

4. Synthetic power spectrum

The PSD of a star is an important observational constraint.
Intrinsically damped oscillation modes appear in the PSD as
Lorentz functions to a good approximation, provided that the
frequency resolution is good enough (i.e., much smaller that the
linewidth of the modes). To compare theoretical predictions with
observations, it can thus be insightful to generate synthetic PSDs
for a preselected set of stellar parameters or for a numerical
stellar model. Usually, this is done by finding the eigenfrequen-
cies of the oscillation modes using the resonance condition and
subsequently using these frequencies as inputs for the Lorentz
functions. The total PSD is then calculated as the sum of the
Lorentzians of all oscillation modes (see cyan dotted lines in
Figs. 3 and 4).

While this approach works well for a single-cavity system
and for a two-cavity system with totally reflective boundary con-
ditions, it can be quite involved for an arrangement with two
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Fig. 3. Normalized power spectrum as a function of frequency for the set
of stellar parameters A (see Table 1) with |Rt| = 0.95 for different values
of |Rb| in a single-cavity system. Colored solid lines show p calculated
using Eq. (43). Cyan dotted lines show the normalized power spectrum
a sum of Lorentzians whose positions and widths were calculated using
the resonance condition. The frequency resolution is selected so that all
peaks are resolved. In the bottom row, we show the residual of each p
and its corresponding sum of the Lorentzian functions.
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Fig. 4. Same as Fig. 3 but calculated with Eq. (44) for different values of
|Rg| in a two-cavity system. Lorentzians are only shown for |Rg| = 1 (i.e.,
no damping in the g-mode cavity) and 0 (i.e., complete loss of energy
in the g-mode cavity), since the peak height is unconstrained otherwise
(see main text). The case |Rg| = 0 is identical to the case |Rb| = 0.778 in
Fig. 3.

cavities and energy loss at the boundaries. On one hand, this is
because it can be challenging to reliably find all the roots of a
discontinuous function in a vertical band of the complex plane
(e.g., Goldstein & Townsend 2020). On the other hand, there is
currently no expression for determining the relative peak height
of a mixed mode experiencing damping in the g-mode cavity,
unless the corresponding damping rate ηg is zero or infinite.

4.1. Normalized power spectrum

To mitigate both of the aforementioned difficulties, we pro-
pose an alternative way of calculating synthetic PSDs. In this
section, we compare the amplitudes of the oscillations in the
p-mode cavity with that of the excitation, so that aexci must
be greater than zero (except when |Rp| = 1). This is necessary
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because the amplitudes in the p-mode cavity depend on aexci. In
particular, this means that we do not consider idealized oscilla-
tion modes with complex eigenfrequencies as done in Sect. 2, but
rather waves with real frequencies that are driven and damped
by incident and outgoing waves of the same real frequency. We
thus assume that ν lies on the real axis. Because of that, we have
omitted the subscripts + and − in the modulus of the amplitudes.
Nevertheless, we will continue to use the term “mode” because it
is standard in the literature and the waves can formally be under-
stood as modes with complex frequencies.

For waves with real frequencies, the power spectrum is
approximately proportional to the sum of the squared modulus of
the amplitude of the downward- and upward-traveling waves in
the p-mode cavity scaled by a frequency-dependent factor (Cω)
(see Appendix B for a justification):

P ∝ Cω

(
|a←p |

2 + |a→p |
2
)
. (40)

The exact values of the amplitudes a←p and a→p are functions
of the amplitude of the excitation (aexci), which is unknown, so
that P cannot be determined. Therefore, we normalize the power
spectrum based on the signal that would be observable if only the
downward-traveling wave corresponding to the excitation were
present. In short, we normalize based on the power spectrum that
would occur if there were no boundaries in the star, which can
be expressed as

Pexci ∝ Cω |a←exci|
2. (41)

We introduce the normalized power spectrum as

p ≡
1
Hp

P
Pexci

=
1
Hp

|a←p |
2 + |a→p |

2

|aexci|
2 . (42)

In this expression, Hp is the height of the peaks that only expe-
rience energy loss at the upper boundary of the p-mode cav-
ity (see Eq. (45)). Since we divide by Hp, the height of the
peaks that only experience energy loss at the upper boundary of
the p-mode cavity is equal to one. Waves that experience addi-
tional damping appear with a height of less than one. In other
words, the frequency-dependence of the excitation is canceled
out by the factor 1/Pexci, while the frequency-dependence of the
damping in the p-mode cavity is eliminated by 1/Hp. Never-
theless, p retains a frequency-dependence due to the differing
interference patterns of waves with different ν. In this work, we
limit ourselves to constant values of the reflection coefficients,
such that 1/Hp becomes a normalization constant. Since Eq.
(42) describes the observable power spectrum up to a function
that depends on the frequency dependence of the excitation and
damping at the upper boundary of the p-mode cavity, it can be
used to compare the relative heights of the peaks of waves that
are subject to different amounts of damping at the lower bound-
ary of the p-mode cavity in the single-cavity system or in the
g-mode cavity in the two-cavity system.

In a single-cavity system, the normalized power spectrum
can be written as a function of A1:

p =
(
1 + |Rb|

2
) A1

Ht
. (43)

Here, Ht denotes the peak height of the peaks of waves that do
not lose energy at the lower boundary of the cavity, which is a
function of |Rt| (see below). In the two-cavity system described
in Sect. 3.2, the normalized power spectrum is given by

p =
(
1 + e−4(Φg)=

) A2

Hp
, (44)

where e−2(Φg)= takes the role of an effective reflection coefficient
that accounts for the energy transmitted back from the g- to the
p-mode cavity.

The peak heightHp can be calculated by assuming construc-
tive interference of the waves in the p-mode cavity and that the
waves only experience energy losses at the uppermost boundary
of the system. It is given by

Hp =
2(

1 − |Rp|
)2 . (45)

The peak heightHt, which is important for the arrangement with
one cavity (see Eq. (43)), can also be estimated using Eq. (45),
by replacing the subscript p with t.

We verify this approach by comparing the normalized power
spectrum to a sum of Lorentz functions in Figs. 3 and 4 for an
arrangement with one and two cavities, respectively. In the sys-
tem with one cavity (Fig. 3), the two approaches agree perfectly
in all cases. In the system with two cavities, the two approaches
only agree when Rg = 0. If |Rg| = 1, we observe in Fig. 4
that both the position and the width of the Lorentzians agree
very well with the profile calculated using Eq. (44). However,
the peaks calculated with Eq. (44) are asymmetrical, resulting in
small discrepancies from the sum of the Lorentzians, which are
symmetrical by definition. The cause of this asymmetry is dis-
cussed in Appendix C. In summary, we argue that these asym-
metries should also occur in the PSDs of real stars. They thus
take into account effects that are neglected when using a sum
of Lorentz functions. In any case, the deviations between our
approach and the sum of Lorentzians are small (see Fig. 4) and
irrelevant in the context of this work.

4.2. Relative power spectrum

As discussed in the previous section, the power spectrum (P) is
described by the normalized power spectrum (p) up to a func-
tion that depends on the frequency-dependence of the excitation
and damping in the p-mode cavity. Therefore, we can write the
power spectrum as

P(ν) = f (ν) · p(ν), (46)

where f is a smooth function of ν that represents the influence of
the excitation and damping in the p-mode cavity. Self-consistent
consideration of these effects would go beyond the scope of this
work, as it can be quite involved and requires numerical stellar
models (e.g., Houdek et al. 1999; Dupret et al. 2009). For clarity,
we explicitly mention the frequency-dependence of the parame-
ters in this and the following subsection (i.e., Sect. 4.3).

Instead of modeling the excitation and damping processes
in detail, we use the fact that the power spectrum (P) follows
a bell-shaped curve in the PSDs of solar-like oscillators. It is
widely accepted that this curve can roughly be approximated by
a Gaussian function with its center at the frequency of maxi-
mum oscillation power νmax (e.g., Mosser et al. 2012a). We thus
assume that f is proportional to a Gaussian function G with with
height equal to unity and standard deviation σenv. We then define
the relative power spectrum as the product of p and the Gaussian
function:

P(ν) ≡ G(ν) · p(ν). (47)

The standard deviation (σenv) can be estimated using the empir-
ical scaling-relation of Mosser et al. (2012a), which depends on
the stellar mass (M∗) and ∆ν (see Table 1). The relative power
spectrum (P) is approximately proportional to the regular power
spectrum (P).
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4.3. Visibility

The visibility (V2
` ) is a proxy of the ratio between the average

energy of the multipole modes of a given spherical degree (`)
and the radial modes. This can provide insights into the excita-
tion and damping processes that take place in a star. The visi-
bility can be calculated directly from a PSD as the ratio of the
integrated power spectrum of the multipole modes to that of the
radial modes over the range of observable frequencies, which
typically ranges from νleft = νmax − 3 ∆ν to νright = νmax + 3 ∆ν:

V2
` =

∫ νright

νleft
P`(ν) dν∫ νright

νleft
P`=0(ν) dν

. (48)

Using the proportionality of P and the relative power spectrum
(P) introduced in the previous section, we can express the visi-
bility as

V2
` ≈

∫ νright

νleft
P`(ν) dν∫ νright

νleft
P`=0(ν) dν

. (49)

Our framework is therefore suitable for calculating theoretical
visibilities, as the proportionality constant connecting P to P is
eliminated in the fraction. In this theoretical study, we neglect the
additional `-dependent scaling factor affecting the observed vis-
ibility measurements, which is caused by geometric effects such
as limb darkening and bolometric correction (e.g., Ballot et al.
2011).

4.4. A resolution criterion

As shown in Fig. 4, the number of recognizable peaks decreases
with decreasing |Rg|. This is particularly relevant for red giant
stars, as there are examples with a low multipole mode visibil-
ity where mixed modes do not appear to be present in observa-
tions (e.g., Stello et al. 2016b), and others that show clear signs
of mixed modes (Mosser et al. 2017; Arentoft et al. 2017). We
therefore investigate what conditions the damping processes in
the g-mode cavity must satisfy in order for the mixed modes to
be resolved and detectable in observations.

In optics, the Taylor criterion states that two peaks are
resolved if they intersect at half their maximum height or below.
Inspired by this, we first identify all local maxima and minima of
the relative power spectrum (P). Every maximum is surrounded
by two minima. If the value of P at a local maximum is greater
than or equal to the values of P at the neighboring minima mul-
tiplied by 2, we consider the peak to be resolved. Otherwise, it
is unresolved. We show an example of this procedure in Fig. 5.
In the rest of this work, we distinguish between two cases. If at
least two peaks per pressure radial order are resolved according
to our criterion, we assume that the mixed modes are theoreti-
cally detectable. If this is not the case, we assume that there is
no observable signature of the mixed modes, which corresponds
to the lower panel of Fig. 5.

Since we do not take into account any of the complica-
tions that might arise during observations, such as residuals from
the background correction, stochastic excitation, and noise, our
detection criterion can be considered a best-case scenario. This
means that even though we might expect to detect mixed modes
according to our resolution criterion, they may be obscured in
observations. Conversely, however, we can make the solid pre-
diction that we do not expect any signs of mixed modes in obser-
vations if there are no resolved peaks according to our resolution
criterion.

0.0
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Fig. 5. Relative power spectrum as a function of frequency for the set of
stellar parameters B with |Rp| = 0.95 and different values of |Rg|. Gray
vertical lines indicate the location of the local minima, green circles
(red crosses) indicate the location of the resolved (unresolved) modes.
The resolution criterion is described in Sect. 4.4. When the unresolved
modes no longer corresponded to local maxima on the selected fre-
quency grid, we used the resonance condition to determine their posi-
tion.

5. Results

In this section, we introduce some initial applications of the rel-
ative power spectrum (P). In Sect. 5.1, we prepare the presen-
tation of our results. In Sect. 5.2, we perform a parameter study
on visibility to understand how it behaves at finite damping rates
in the g-mode cavity. In Sect. 5.3, we investigate the detectabil-
ity of the mixed mode and the multiplet signature for the same
parameter space, and in Sect. 5.4, we apply our method to data
from observations to infer the damping rate in the g-mode cavity
of real red giant stars. Note that in Appendix A, we summarize
all parameters we use to describe the damping of the waves and
their interrelations.

5.1. Setup

While the concepts discussed in the previous sections are quite
general, we make a number of simplifying assumptions here in
order to limit the scope of this work. First, as mentioned above,
we assume that all reflection coefficients (i.e., Rp, Rq, and Rg) are
constant and do not change with frequency. This assumption will
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Table 1. Sets of stellar parameters used in this study.

Model A B C

evolution early RGB late RGB CHeB
νmax / µHz 200 50 35
∆ν / µHz 16 5.5 4.2
∆Π`=1 / s 85 65 310
q 0.125 0.04 0.2
σenv / µHz 22.6 7.8 5.9

Notes. RGB stands for “red-giant branch star” and CHeB for “core-
helium-burning star”. The selection of parameters is based on a numer-
ical stellar evolutionary track with a mass of 1.25 M� and an approxi-
mate solar metallicity calculated with MESA (Paxton et al. 2011). The
values of q and ∆Π`=1 correspond to the dipole modes.

be relaxed in a future study. Furthermore, for most of this work,
we assume that εp = εg = 0, which physically corresponds to
the Cowling approximation and the additional assumption that
the boundaries of the cavities in a two-cavity system are far
apart (i.e., the weak coupling approximation; Pinçon et al. 2019;
Pinçon & Takata 2022). We examine the influence of εp and εg
on the visibilities and the detectability of the mixed modes in
Appendix E.

In our calculation of Θp in Eq. (17), we neglected the `-
dependence of kr because we assumed that ω2 � N2, S 2

`
applies throughout the p-mode cavity. However, this assump-
tion only holds deep inside the p-mode cavity and is not appro-
priate near the boundaries. To better reconcile Θp with the
observed universal pattern of acoustic modes, we follow pre-
vious studies (e.g., Mosser et al. 2012c; Deheuvels et al. 2015;
Mosser et al. 2015) and introduce an additional term π`/2 into
Eq. (17), so that Θp is instead given by (see also Equation (53)
of Hekker & Christensen-Dalsgaard 2017)

Θp = π

(
ν

∆ν
+
`

2

)
. (50)

This additional contribution shifts the frequency of the p-modes,
while their periodicity remains unchanged.

In addition to mixed mode singlets, which exhibit a sin-
gle peak in the PSD per mixed mode, we also investigate the
detectability of mixed mode multiplets, which exhibit multiple
peaks per mixed mode. In this work, we assume that the physical
process responsible for the splitting of the mixed mode into mul-
tiplets only operates in the g-mode cavity. Therefore, we intro-
duce a frequency shift (δν) to the phase Θg:

Θg = −
π

∆Π` (ν + m δν)
. (51)

Here, m is the azimuthal order, which is an integer bounded
by −` ≤ m ≤ `. In red giant stars, symmetric frequency shifts
similar to the one described in Eq. (51) can be induced by, for
example, rotation (e.g., Beck et al. 2012; Mosser et al. 2012a;
Deheuvels et al. 2012). If δν , 0, we calculate P of a given
` separately for all values of m. We then sum the correspond-
ing P of each m to obtain the total relative power spectrum of
this spherical degree. In this procedure, we take into account
the m-dependent scaling factors of the power spectrum (e.g.,
Gizon & Solanki 2003). These scaling factors depend on the
inclination angle i of the star. Unless specified otherwise, we use
i = 0◦ (i.e., mixed mode singlets).

Finally, when showing our results, we use three sets of stellar
parameters that roughly represent different stages in the evolu-
tion of a red giant star with a mass of 1.25 M� and an approxi-
mate solar metallicity. The values corresponding to each set are
listed in Table 1. In this study, we restrict ourselves to the radial
(` = 0) and dipole (` = 1) modes. Since q and ∆Π` depend on `,
their estimates in Table 1 refer to the dipole modes5. All changes
to the default parameters specified in Table 1 are indicated in the
figure captions.

5.2. Parameter study on the visibility

For red giant stars, whose oscillations are reminiscent of the two-
cavity system discussed above, it has been argued that the visibil-
ity of the multipole modes should be always equal to one if there
is no energy loss in the g-mode cavity (Mosser et al. 2017). This
corresponds to |Rg| = 1. In the other extreme case, Rg = 0, in
which all energy entering the g-mode cavity is lost, the visibility
is given by the ratio of the damping rate of a radial mode to that
of a multipole mode (Takata 2016b; Mosser et al. 2017):

V2
` = −

ηp

2πν=
=

(
1 − ln

(
1 −

4q
(1 + q)2

)
∆ν

2ηp

)−1

. (52)

This expression can be derived by substituting ν= in Eq. (52)
using Eq. (22), since this scenario is equivalent to a single cav-
ity with energy losses on both sides (see also Appendix A). If
0 < |Rg| < 1, there is currently no such expression for the visi-
bility in the literature. We therefore use the method described in
Sect. 4 to estimate the visibility of the dipole modes for different
values of |Rp|, |Rg|, and ∆Π`=1. The results for our three sets of
stellar parameters are shown in Fig. 6. In Appendix E, we also
investigate different values for q, εp, and εg.

A general trend that can be observed in all panels of Fig. 6
is that the visibility decreases with decreasing |Rg|. This is to be
expected, since smaller values of |Rg| mean that more oscillation
energy is lost in the g-mode cavity, hence reducing the observ-
able average energy of the mixed modes in the p-mode cavity.
In fact, V2

`=1 ≈ 1 when |Rg| = 1. As |Rg| decreases, the visibility
approaches the value predicted by Eq. (52), seamlessly connect-
ing the two extremes. This is illustrated in more detail in Fig.
7.

Interestingly, the visibility is not exactly equal to one in most
cases where there is no damping in the g-mode cavity. This dif-
fers from an analytical argument by Mosser et al. (2017) and is
a consequence of the fact that the simplifying assumptions they
made in the reasoning in their Section 2.2 are not always entirely
valid. We discuss this in more detail in Appendix D. Neverthe-
less, the deviations are so small that, for most practical purposes,
the assumption that the visibility is equal to one when there is no
damping in the g-mode cavity is justified.

Another trend that is clearly visible in Fig. 6 is that the visi-
bility is generally lower for larger values of |Rp| when |Rg| < 1.
This corresponds to the behavior predicted by Eq. (52). The
physical reason for this is that the visibility is the ratio of the
integrated power spectrum of the multipole modes to that of
the radial modes. While the multipole modes are damped in
both the p- and g-mode cavities, the radial modes are only
affected by the damping in the p-mode cavity. For large val-
ues of |Rp|, the radial modes lose only a small amount of
energy, making the visibility more sensitive to the energy loss
of the multipole modes in the g-mode cavity. For smaller val-
ues of |Rp|, the radial modes are more strongly damped and

5 For the radial modes, we use q = 0 and ∆Π`=0 = ∞.
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Fig. 6. Dipole mode visibility as a function of period spacing and the modulus of the reflection coefficient of the lower boundary of the g-mode
cavity. Rows correspond to different sets of stellar parameters (see Table 1), columns correspond to different values of the reflection coefficient of
the upper boundary of the p-mode cavity. White contour lines mark bands with equal visibility (see labels). Cyan dotted lines mark the nominal
period spacing of the corresponding set of stellar parameters. Cyan dots indicate the parameter sets that are further examined in Fig. F.1.

their integrated power spectrum is lower, which increases the
visibilities.

Furthermore, the visibilities corresponding to the set of stel-
lar parameters B are generally higher than those of sets A and C.
This is consistent with Eq. (52). The main reason for this differ-
ence is that set B has a much lower coupling strength (q) than the
other sets. Since q measures the interaction between the p- and g-
mode cavities, a smaller value of q means that less energy enters
the g-mode cavity (see Eq. (34)). Thus, the multipole modes are
less affected by energy loss in the g-mode cavity, while the radial
modes remain unaffected, which increases visibility. The influ-
ence of q on visibility is examined in more detail in Appendix E.

The visibilities shown in Fig. 6 increase and decrease alter-
nately with varying ∆Π`=1. This is reflected in Fig. 6 in the form

of vertical ridges, which lead to an apparent oscillatory behavior
of the contour lines. The width of these ridges decreases with
increasing number of mixed modes in a pressure radial order
(i.e., with increasing number of modes with the same integer n
in Eq. (38)). Therefore, the ridges become smaller and eventually
disappear at smaller values of ∆Π`=1 and νmax. To investigate this
more closely, we consider the power spectrum of the parameters
corresponding to the cyan dots in Fig. 6 further in Appendix F. In
short, the visibility of mixed modes is higher when the frequency
of the nominal p-modes is close to that of a nominal g-mode.

It is also interesting to note that Eq. (52) does not necessar-
ily give the minimum value of the visibility for 0 ≤ |Rg| ≤ 1.
Due to the ridges mentioned in the previous paragraph, it is pos-
sible that the frequencies of the nominal p- and g-modes are so
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Fig. 7. Dipole mode visibility as a function of the modulus of the reflec-
tion coefficient of the lower boundary of the g-mode cavity for our three
sets of stellar parameters. For each set, we show the visibility for the
three nominal values of the period spacing of the parameters sets (col-
ors) and the modulus of the reflection coefficient of the upper boundary
of the p-mode cavity (line styles). The gray horizontal lines correspond
to the visibility of the dipole mode when Rg = 0 (Eq. (52)). Small devi-
ations from the value predicted by Eq. (52) can be induced by the multi-
plication of the normalized power spectrum with the Gaussian envelope
(see Sect. 4.2). For an explanation why the visibility is not always equal
to one when |Rg| = 1, see Appendix D.

far apart from each other that the visibility is even lower than
if no energy were returning from the g-mode cavity. The differ-
ence is usually only a few percent and is therefore probably too
small to be detected in observations. In fact, Fig. 7 shows that
V2
`=1 generally resembles the value predicted by Eq. (52) within

a few percent for a range of |Rg| that depends on the choice of
the other parameters. We can therefore conclude that in obser-
vations, the visibility is no longer distinguishable from the value
given by Eq. (52) once |Rg| has become smaller than a threshold
value that depends on the parameters of the star under consider-
ation. The uncertainty of q also contributes to this, as it can only
be constrained in observations if a sufficient number of mixed
modes can be identified in the PSD.

Finally, we point out that although we focus on dipole modes
in this study, the general trends in visibility discussed here also
apply to multipole modes with a higher spherical degree. How-
ever, the values for period separation and coupling strength must
be adjusted accordingly. This will be addressed in a future study.

5.3. Detectability of the mixed modes

Since the lifetime of the oscillation modes is directly related to
the linewidth of their corresponding peaks in the PSD, the mixed
modes become broader as |Rp| and |Rg| decrease. Moreover, the
additional energy loss reduces their peak height. This means that
with sufficiently efficient damping, the signature of the mixed
mode becomes smudged, as the individual peaks broaden so
much that only low-amplitude clumps remain around the fre-
quency of the nominal p-modes. It is likely that this case cannot
be distinguished from pure p-mode oscillations in observations
and thus mimics the case Rg = 0.

Similarly, the individual peaks of mixed mode multiplets
become broader as they lose more of their energy, eventually
causing the split signature of the multiplets to disappear. Since
the multiplet signature is crucial for asteroseismic techniques
used to measure both rotational and magnetic perturbations to
the restoring forces of the wave (e.g., Beck et al. 2012; Li et al.
2022), these techniques can no longer be used when the damping
in the g-mode cavity suppresses the presence of the multiplets
in observations. For simplicity, we restrict ourselves to symmet-
ric dipole mode multiplets and investigate the detectability of
the split peak for a frequency shift of δν = 0.1 µHz. This is
roughly reminiscent of the signature induced by a rotating core
in red giant stars. Since the number of peaks of a multiplet visi-
ble in the PSD depends on the inclination angle i of the star, we
investigated the detectability of the multiplets for three different
inclination angles (i = 0◦, 45◦, and 90◦; corresponding to mixed
mode singlets, triplets, and doublets, respectively).

In Fig. 8, we show the detectability of mixed modes accord-
ing to the resolution criterion discussed in Sect. 4.4 for the same
parameter space as shown in Fig. 6. We also show the detectabil-
ity of the split nature of the multiplets. To do this, we use
the same resolution criterion as for the signature of the mixed
modes. However, instead of finding at least two resolved modes
in a frequency range of one pressure radial order, we look for
the presence of two or more peaks in a range of width 2δν cen-
tered around each peak in the PSD corresponding to the singlets
(i.e., i = 0◦). In other words, we look for additional peaks in a
frequency range around each unsplit peak. If we find at least two
peaks in the range around one or more unsplit peaks, we consider
the multiplets to be theoretically detectable. However, this also
means that we detect false positives when the frequency sepa-
ration between the mixed modes approaches δν. We determined
the parameter range in which the mixed modes and multiplets
become ambiguous by searching for multiplets in the relative
power spectrum corresponding to an inclination angle of i = 0◦
(in which only mixed mode singlets are present) and marked it
in gray in Fig. 8. The gray area appears vertically because ∆Π`=1
must lie below a certain threshold such that the number of the
mixed modes is high enough for this to be the case.

Although Fig. 8 shows a variety of trends that are difficult
to summarize in a few sentences, there are three general trends
that can be recognized in each panel. The first trend is that, for
a given inclination angle (i), the multiplet signature always dis-
appears before or simultaneously with the mixed mode signa-
ture. The reason for this is that the criterion for detecting multi-
plets is more stringent than that for detecting mixed modes, since
multiplets require at least two detectable peaks in a frequency
range of a width 2δν, whereas we consider a width of ∆ν for the
detectability of mixed modes.

The second global trend is that, for both the multiplet and
mixed mode signatures, the parameter space in which they are
detectable is smallest for the triplets and largest for the singlets,
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Fig. 8. Detectability of the dipole modes as a function of period spacing and the modulus of the reflection coefficient of the lower boundary of the
g-mode cavity for a frequency shift of δν = 0.1 µHz. Rows correspond to different sets of stellar parameters, columns correspond to different values
of the reflection coefficient of the upper boundary of the p-mode cavity. White areas indicate regions where both the mixed mode and multipole
signatures can be detected for all tested inclination angles. Hatched areas indicate combinations for which mixed modes cannot be detected.
Lightly colored areas indicate combinations of parameters for which the multiplet signature cannot be detected. Gray areas indicate regions where
the average frequency separation of the mixed modes becomes comparable to δν. Other colors correspond to different inclination angles of the
star. Black areas usually overlap with purple areas, and purple areas usually overlap with orange areas. Cyan dotted lines mark the nominal period
spacing of the corresponding set of stellar parameters. Cyan dots indicate the sets of parameters that are further investigated in Fig. F.2, green dots
mark the parameter sets shown in Fig. F.3, and magenta dots mark the sets shown in Fig. F.4.

while that for the doublets lies in between. The reason for this
is quite illustrative. The greater the number of peaks in a multi-
plet, the smaller their individual maximum height, since the total
amplitude of a multiplet remains constant as a function of i. As
mentioned earlier, the more energy is lost in the g-mode cavity,
the broader the mode peaks become. Both the higher number
of peaks and their lower height contribute to the smudging of
the peaks with decreasing |Rg|, as they become wider and thus
reduce the detectability of the individual peaks.

The third global trend is that the dependence of the region in
which the multipole modes are not detectable when i = 0◦ (i.e.,
singlets) becomes flatter from set A to B to C. The reason for this
lies in the different number of mixed modes corresponding to the
sets. Since νmax decreases from set A to C, the number of mixed
modes increases. For the value of νmax corresponding to set C,
even at ∆Π`=1 = 400 s there are so many mixed modes that their

exact number is no longer relevant for our detectability criterion
of the mixed modes at i = 0◦. They clump at approximately
the same value of |Rg|, causing the threshold value of the range
in which the mixed mode singlets are no longer detectable to
appear as an almost horizontal line in lower row of Fig. 8.

We discuss a selection of additional, more specific trends in
Appendix F using the colored dot families in Fig. 8. Overall,
we conclude that energy loss in the core can conceal both the
mixed mode and the multiplet signature in the PSD if the damp-
ing in the g-mode cavity is sufficiently efficient. In particular,
it is therefore possible that stars with a reflection coefficient of
|Rg| > 0 appear as if |Rg| were exactly 0, with no mixed modes
present. The exact threshold value of |Rg| at which the signa-
tures disappear depends strongly on stellar parameters such as
|Rp|, ∆ν, ∆Π`=1, and i, as well as on q, εp and εg (see Appendix
E). The detectability of these features must therefore be
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Fig. 9. Pie chart showing the detectability of mixed mode (m. m.) and
multiplet signatures according to our resolution criterion for 71 red
giant stars using the observationally constrained stellar parameters from
Mosser et al. (2017). The detectability depends on the inclination angle
i. “Always detectable” means that the feature is resolved for all tested
values of radial mode linewidth (i.e., 0.7 Γ0, Γ0, and 1.3 Γ0). “Detectable
within the uncertainties” means that the feature is resolved for at least
one value of a tested radial mode linewidth. “No δν observed” corre-
sponds to the 10 stars for which Mosser et al. (2017) did not measure a
frequency shift.

assessed on a case-by-case basis if robust quantitative results are
required.

5.4. Application to the sample of Mosser et al. (2017)

In their observational study, Mosser et al. (2017) identified
71 red giant stars with a low dipole mode visibility that show
clear signs of dipolar mixed modes. For these stars, the authors
measured the dipole mode visibility (V2

`=1) and other stellar
parameters such as νmax, ∆ν, ∆Π`=1, q, and M∗. In addition, they
measured the average radial mode linewidth (Γ0) with an uncer-
tainty of 30%, which is related to the damping rate in the p-mode
cavity via ηp = πΓ0 (e.g., Samadi et al. 2015). The damping rate,
in turn, is related to µp due to Eq. (28) (see also Appendix A). For
61 of these stars, Mosser et al. (2017) were also able to constrain
the rotation-induced frequency shift (δν). In fact, they measured
all the input parameters required for our approach to calculating
the synthetic PSD (excluding the phase shifts εp and εg), with the
exception of µg.

However, since Mosser et al. (2017) provided an estimate
for V2

`=1
6, we were able to constrain |Rg| (and thus µg) as fol-

lows. We generated estimates of the dipole mode visibility for

6 Note that in observed PSDs, it is not feasible to completely sepa-
rate the contribution of the peaks corresponding to different spherical
degrees, as we are doing here. It is therefore possible that the spread of
the gravity-dominated dipole modes away from the location of the nom-
inal p-mode leads to them being neglected in the calculation of dipole
mode visibility, thus introducing a bias (see Mosser et al. 2012a). Tak-
ing this circumstance into account in our theoretical estimates would go
beyond the scope of this work and will be addressed in a future study.
Nonetheless, this should not strongly affect the results presented here,
since the gravity-dominated modes are the first to disappear from the
PSD when energy losses occur in the g-mode cavity (see Figs. 4 and 5).
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Fig. 10. Modulus of the reflection coefficient at the lower boundary of
the g-mode cavity (upper panel) and damping rate in the g-mode cavity
at the frequency νmax (lower panel) as a function of frequency of max-
imum oscillation power for the sample of red giants of Mosser et al.
(2017). The same quantities are shown for the upper boundary of the p-
mode cavity in transparent blue. The colors of the solid symbols corre-
spond to the lower pie chart in Fig. 9 (i.e., to the detectability of the mul-
tiplet signature). Errors correspond to the uncertainties in the observed
radial mode linewidth (see main text).

100 realizations of the synthetic PSD for each star of their sam-
ple. To compute these realizations, we used the same value for
M∗, νmax, ∆ν, ∆Π`=1, q, µp and δν as given by Mosser et al.
(2017), but varied the value of |Rg| on a uniform grid from 0 to
1. This gave us a different estimate of V2

`=1 for each value of |Rg|,
and we subsequently selected the value of |Rg| for which V2

`=1
most closely matched the observed value given by Mosser et al.
(2017). Since V2

`=1 does not always change monotonically with
|Rg|, we have ensured that the observed value of V2

`=1 can be
unambiguously assigned to a value of |Rg| for each of the 71
stars. We then repeated the same process twice for different val-
ues of Γ0, namely 0.7 Γ0 and 1.3 Γ0, in order to quantify the
uncertainty of our estimate of |Rg|. The uncertainties can be esti-
mated in this way, since we tested that V2

`=1 does change mono-
tonically with the linewidth (Γ) when 0.7 Γ0 ≤ Γ ≤ 1.3 Γ0. We
assumed here that the uncertainty of the observed value of the
average radial mode linewidth outweighs the uncertainties of the
other stellar parameters, so that these can be neglected. With the
newly obtained values of |Rg|, we generated synthetic PSDs for
all 71 stars in the sample of Mosser et al. (2017). In particular,
this means that we were able to apply our resolution criterion to
both the mixed mode signatures and the multiplet signatures and
compare our predictions of the detectability of the modes with
the observations. We investigated the detectability of the multi-
plets using the observed value of δν for the inclination angles
i = 45◦ and 90◦. For the detectability of the mixed modes, we
also considered i = 0◦.
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Using the reflection coefficients |Rp| and |Rg|, we determined
the damping rates in the p- and g-mode cavities (i.e., ηp and ηg).
Unlike in Sect. 3.1.3, where we considered idealized oscillation
modes with complex eigenfrequencies, we assumed here that ν
is real. Therefore, we used Eqs. (24) and (27) to derive the cor-
responding expressions for ηp and ηg instead of using Eqs. (28)
and (29). For the p-mode cavity, we recovered Eq. (28). For the
g-mode cavity, we replaced |ν|2 with ν2 in Eq. (29), where ν is a
real number. In summary, we used

ηp = 2 ∆ν µp and ηg = 2 ∆Π` ν
2 µg (53)

to calculate the damping rates (see also Appendix A). We also
computed the uncertainties of the damping rates from the uncer-
tainties of µp and µg.

The results of this analysis are shown in Figs. 9 and 10. Over-
all, we find excellent agreement between our predictions for the
detectability of the mixed mode and multiplet signatures and the
observations of Mosser et al. (2017). Looking at Fig. 9, we find
that mixed modes are detectable for all tested parameter com-
binations for 68 of the 71 stars. For the remaining three stars,
this is only possible if i = 0◦ or 90◦. However, the detection of
the mixed mode signature is still possible even if i = 45◦ for
values of Γ0 within the observational uncertainties. Overall, our
detection criterion for the mixed mode signature seems to work
as expected.

A similar picture emerges for the detectability of the reported
frequency shifts. Of the 61 stars for which δν was measured,
the multiplets of about half are detectable for all tested param-
eter combinations. For about a quarter, they are detectable for
all tested parameter combinations when i = 90◦, while this is
only possible for some values of Γ0 within the observed uncer-
tainties when i = 45◦. For four stars, the multiplets are theoreti-
cally only detectable when i = 90◦ and only for some values of
Γ0 within the observed uncertainties. Nevertheless, the detection
of these frequency shifts is still possible under the right con-
ditions according to our resolution criterion. We therefore con-
clude from Fig. 9 that there is not a single star for which the
observed values of Mosser et al. (2017) contradict our theoreti-
cal predictions. This is an encouraging result that supports the
applicability of the method presented in this work.

In Fig. 10, we show our estimates for |Rg| and ηg at ν = νmax
together with the same quantities for the damping in the p-mode
cavity. From that figure, we can deduce that the damping in the g-
mode cavity appears to become less effective as the star evolves
(i.e., as νmax decreases). In particular, the damping in the g-mode
cavity tends to be stronger than in the p-mode cavity on the early
red-giant branch, while it appears to be significantly weaker on
the late red-giant branch and in the core-helium-burning stage.
In this context, it is important to note that the sample from
Mosser et al. (2017) is not representative of either the entire pop-
ulation of red giant stars or stars with unusually low multipole
mode amplitudes, as only stars for which dipolar mixed modes
could be identified were considered. In other words, the sam-
ple is strongly biased, as it consists only of red giant stars with
a strong damping process in the g-mode cavity, which is how-
ever not efficient enough to suppress the mixed signature of the
multipole modes. Therefore, the damping rates shown in Fig. 10
are not representative of the evolution of the damping rate of red
giant stars.

From Fig. 8, we would expect the threshold value of |Rg| at
which the mixed mode signature disappears to change little dur-
ing evolution when a realistic estimate of ∆Π`=1 is considered.
The expected value of ∆Π`=1 for a given set of stellar parameters
is shown in Fig. 8 by the cyan dotted lines. This means that we

would expect the mixed mode signature to be observable up to
approximately the same value of |Rg| throughout the entire evo-
lution shown in Fig. 10. One possible reason for the trend in Fig.
10 could be that the mixed mode signature required to determine
the stellar parameters becomes increasingly difficult to fit. This
is due to the larger number of mixed modes at lower νmax and
the weaker coupling strength on the late red-giant branch, which
makes the dipolar modes appear less mixed. Furthermore, obser-
vational effects, such as residuals from background correction,
stochastic excitation, and noise, which are not taken into account
in our theoretical approach, could play a role. In a future study,
we will investigate the detectability of mixed modes and mul-
tiplet signatures along the evolution of the star using numerical
stellar models. This could provide further insight into the trends
visible in Fig. 10.

6. Conclusions

In this study, we have adopted the progressive wave picture dis-
cussed by Takata (2016b) and Pinçon & Takata (2022) to derive
an analytical function that expresses the theoretical resonance
pattern of solar-like oscillators and the amplitudes of their modes
up to a proportionality factor. When applied to red giant stars,
this function can model the effect of damping on the oscillations
in both the p- and g-mode cavities, as well as the asymmetries
of the mixed modes resulting from the interaction between the
two cavities. Furthermore, it is possible to obtain an estimate for
the visibility of the mixed modes, which is of interest due to the
discovery of a subgroup of red giant stars with unusually low
amplitudes (Mosser et al. 2012a). The method presented in this
study requires only a handful of input stellar parameters, which
can be constrained either by observations or by numerical stel-
lar models, and links arbitrary values of the theoretical damping
rates in both cavities to the visibility, which can be constrained
by observations.

First, we conducted a parameter study on visibility. We found
that as energy loss in the g-mode cavity increases, the visibility
steadily transitions between the two limits discussed in the liter-
ature from approximately one (for |Rg| = 1; see Appendix D) to
the value predicted by Eq. (52) (for Rg = 0), which corresponds
to complete energy loss in the g-mode cavity. In the latter case,
visibility depends only on the coupling strength and damping in
the p-mode cavity. When |Rg| > 0, we find that, in addition to
these two quantities, the visibility also depends on the period
spacing and the phase shift induced onto the wave in the two
cavities (i.e., εp and εg; see Appendix E). Furthermore, we find
that as energy loss in the g-mode cavity increases, the visibil-
ity can approach the value predicted by Eq. (52) quite rapidly.
This means that the visibility of a red giant star with a strong
damping mechanism in its core may be indistinguishable from
that of a star in which all the energy entering the g-mode cavity
is completely lost.

Apart from visibility, we find that a damping mechanism
operating in the g-mode cavity affects the detectability of the
mixed character of the multipole modes, as well as the multiplet
signature induced by, for example, the rotation of the stellar core.
While it is to be expected that these signatures disappear when
all the energy entering the g-mode cavity is lost, our work shows
that this can also happen when part of the energy returns from the
g- to the p-mode cavity. The detection threshold depends on the
individual stellar parameters and the inclination angle of the star,
which affects the number of peaks observable for each mixed
mode multiplet. As a rule of thumb, both the mixed mode and
multiplet signatures are easier to detect the smaller the number
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of modes in a multiplet. In general, however, we recommend
comparing the theoretical estimates and observations for each
star individually, as the detection threshold for these signatures
is sensitive to the parameters of a given star.

Finally, we applied our theoretical framework to each star in
the sample of red giant stars presented by Mosser et al. (2017),
which consists of stars with a low dipole mode visibility but
which nevertheless exhibit mixed mode signatures in the dipole
modes. For most of these stars, the authors were even able
to measure the rotation-induced frequency shift based on the
observed multiplet signature of the modes. We find that our
detection criterion for both the mixed mode and the multiplet sig-
natures agrees excellently with the observations of Mosser et al.
(2017). Furthermore, we were able to constrain the modulus of
the reflection coefficient of the lower boundary of the g-mode
cavity and the corresponding damping rate from the observed
dipole mode visibilities of these stars. This demonstrates the
potential of the method presented here, which links theoretical
damping rates with observable visibilities.

Considering the results presented in this work, we can inter-
pret the characteristics of the observed population of red giants
with low multipole mode visibility of which some are con-
sistent with complete energy dissipation in the g-mode cav-
ity, while others are not (e.g., Mosser et al. 2012a; Stello et al.
2016a,b; Mosser et al. 2017). In each of these stars, a strong
damping process operates in the core, reducing the amplitudes
of their multipole modes (e.g., García et al. 2014; Fuller et al.
2015; Cantiello et al. 2016; Coppée et al. 2024). If we assume
that the corresponding damping rate is finite, a small fraction of
the mode energy can escape and interact with the p-mode cavity.
This would mean that the multipole modes with low amplitudes
are intrinsically mixed. However, depending on the individual
properties of the stars and the strength of the damping rate in
the g-mode cavity, the signature of the mixed modes may not
be detectable in observations, so that some of these stars appear
in observations to experience a complete loss of mode energy
in the core regions. Although we cannot claim with certainty
that red giant stars with low multipole mode visibility exhibit
finite damping rates in their cores, the theoretical framework pre-
sented here provides a coherent and simple explanation for the
presence or absence of the mixed mode signature in subsamples
of these stars. In-depth theoretical studies are needed to assess
whether damping mechanisms that inherently exhibit these prop-
erties exist or whether additional effects need to be taken into
account. Steps in this direction have been taken based on the
assumption that a strong internal magnetic field dampens the
oscillations, for example by Fuller et al. (2015), Lecoanet et al.
(2017), Rui & Fuller (2023), and David et al. (2025). Following
on from the present work, we will next investigate the visibil-
ity and detectability of the mixed mode and multiplet signature
along the evolution of red giant stars, testing the damping rates
corresponding to the various damping mechanisms proposed in
the literature (e.g., Dziembowski et al. 2001; Dupret et al. 2009;
Fuller et al. 2015; Müller et al. 2025).

Data availability

The Appendices E and F containing eight additional figures are
available at https://zenodo.org/records/18390529.
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Appendix A: Parameters describing mode damping

In this work, as well as in the literature in general, various param-
eters are used to describe the efficiency of the damping pro-
cesses that influence the oscillations of stars. In addition, the
treatment of damping processes is complicated by the fact that
some relationships between these parameters only apply under
certain assumptions for the system containing the waves. For the
reader’s convenience, we summarize the interrelations between
these parameters and the underlying assumptions in this section.

A.1. One cavity

In an arrangement with a single cavity in which the
waves are damped at either the upper or lower bound-
ary, but not at both boundaries, the following relationship
applies between the parameters describing the damping (e.g.,
Hekker & Christensen-Dalsgaard 2017, and Eqs. (12), (22), and
(27)):

η = −2πν= =
µ

tcross
= −

ln(|R|)
2tcross

= πΓ = τ−1. (A.1)

In this expression, we have used several parameters already
defined in this paper, such as the damping rate (η), the imagi-
nary part of the cyclic eigenfrequency (ν=), the amplitude mod-
ification factor (µ), the crossing time of the cavity (tcross), the
reflection coefficient (R), and the mode linewidth (Γ). We have
also included the mode lifetime (τ), which is defined here as the
e-folding time of the wave amplitude.

Next, we consider a system with a cavity in which energy
losses occur at both the upper and lower boundaries (subscripts
t and b; see Sect. 3.1). Equation (22) shows that the damping
rate of the wave now depends on both damping processes. The
other parameters describing the wave can be calculated from the
interrelations between the parameters, so that the equivalent to
Eq. (A.1) is given by

η = −2πν= =
µb + µt

tcross
= −

ln(|Rb|) + ln(|Rt|)
2tcross

= πΓ = τ−1. (A.2)

Apart from these parameters, which describe the damping of the
oscillation globally, we can use Eq. (27) to assign a local damp-
ing rate to each of the two damping processes individually:

ηt =
µt

tcross
= −

ln(|Rt|)
2tcross

, (A.3)

ηb =
µb

tcross
= −

ln(|Rb|)
2tcross

. (A.4)

The global damping rate of the wave is given by the sum of
the local damping rates corresponding to the individual damping
processes (i.e., η = ηt + ηb). In this work, we use the imaginary
part of the frequency (ν=), the linewidth (Γ), and the mode life-
time (τ) exclusively to denote the global damping of the wave.

A.2. Two cavities

In a two-cavity arrangement, where energy losses can occur at
both the upper and lower boundaries (subscripts p and g; see Sect.
3.2), estimating the global parameters that describe the damping
of the wave is more complex than in a single-cavity system. This
is because the resonance condition (Eq. (39)) cannot be split into
a single equation describing the real and imaginary parts of the
frequency. Nevertheless, Eq. (39) clearly shows that the global

parameters describing the damping of the wave are influenced
by both damping processes.

The local damping rates can be defined in a manner similar
to that for the single-cavity system:

ηp =
µp

tp,cross
= −

ln(|Rp|)
2tp,cross

, (A.5)

ηg =
µg

tg,cross
= −

ln(|Rg|)
2tg,cross

. (A.6)

The only conceptual difference to the single-cavity system is that
we now have to take into account the different crossing times of
the two cavities. Crucially, however, the global damping rate of
the wave (η) cannot be calculated as the sum of the local damp-
ing rates ηp and ηg in the two-cavity system. This is because η
also depends on the sensitivity of the oscillations to the two cav-
ities, which differs from one mixed mode to another.

In the limiting case without damping (i.e., |Rp| = |Rg| = 1),
the sensitivity of a given mixed mode to the g-mode cavity can
be estimated as a parameter ζ (Eq. (D.4), Goupil et al. 2013;
Deheuvels et al. 2015). Using this parameter, the global damp-
ing rate of the wave can be approximated as (e.g., Grosjean et al.
2014; Hekker & Christensen-Dalsgaard 2017)

η ≈ (1 − ζ) ηp + ζ ηg. (A.7)

In fact, this expression can be derived from Eq. (39) using a first-
order perturbation approach, where it is assumed that the energy
loss due to the damping processes is small (i.e., µp, µg � 1; see
section 4.1 of Takata 2016b). However, Eq. (39) should be used
instead of Eq. (A.7) if the assumption that the efficiency of the
damping processes is low is not justified.

Appendix B: Power spectral density of waves with
real frequencies

B.1. Derivation

The PSD (P(ω)) of a temporal signal (S (t)) is given by

P(ω) = lim
T→∞

1
T

∣∣∣Ŝ (ω)
∣∣∣2 ∝ lim

T→∞

1
T

∣∣∣∣∣∣
∫ T /2

−T /2
S (t)eiωt dt

∣∣∣∣∣∣
2

. (B.1)

Here, we set the signal to the wave function in Eq. (7) evaluated
at the photometric radius (Rphot), which is closely related to the
radial component of the observable displacement field. In the p-
mode cavity, it can be expressed as follows:

Ψω0 (Rphot, t) =
1√
kr,ω0

(
a→ω0

eiϕω0 + a←ω0
e−iϕω0

)
e−iω0t. (B.2)

We assume that the frequency of the wave (ω0) is real and the
subscript ω0 indicates dependence on the frequency of the wave.
In the following, we denote Ψω0 (t) ≡ Ψω0 (Rphot, t). As a first step,
we calculate the Fourier transform of the exponential function
that contains the dependence on time:∫ T /2

−T /2
e−i(ω0−ω)t dt ∝

sin
(
T

2 (ω − ω0)
)

ω − ω0
. (B.3)

The squared modulus of the Fourier-transformed wave function
is then given by

∣∣∣Ψ̂ω0 (ω)
∣∣∣2 ∝ 1

kr,ω0

sin2
(
T

2 (ω − ω0)
)

(ω − ω0)2

·
[
|a→ω0
|2 + |a←ω0

|2 + 2
(
a→ω0

(a←ω0
)?ei2ϕω0

)
<

]
. (B.4)
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Fig. B.1. Same as Fig. 3 but now including the cross term in Eq. (B.12).

After multiplying by 1/T and taking the limit as T → ∞, the
PSD of a wave with the frequency ω0 reads

Pω0 (ω) ∝
δ(ω − ω0)

kr,ω0

[
|a→ω0
|2 + |a←ω0

|2 + 2
(
a→ω0

(a←ω0
)?ei2ϕω0

)
<

]
,

(B.5)

where δ(ω − ω0) denotes the Dirac delta distribution localized
at ω = ω0. In this step, we used the following identity (e.g.,
equation (5.290) of Sakurai & Napolitano 2020):

lim
T→∞

sin2
(
T

2 (ω − ω0)
)

T (ω − ω0)2 ∝ δ(ω − ω0). (B.6)

To obtain the complete PSD, which contains the contribution of
all waves with different frequencies, we integrate the PSD of a
single wave over all real frequencies ω0, which yields

P(ω) ∝
1

kr,ω

[
|a→ω |

2 + |a←ω |
2 + 2

(
a→ω (a←ω )?ei2ϕω

)
<

]
, (B.7)

where the subscript ω indicates dependence on the frequency ω.
Equation (B.7) contains a cross term of the amplitudes. In the

following subsection (Appendix B.2), we show that this cross
term is a source of asymmetry for the peaks in the PSD, but
leaves the general resonance pattern unchanged. In particular,
neglecting the cross term has no significant effect on the pre-
dicted visibilities and brings the corresponding power spectrum
closer to a sum of Lorentzian functions (see Figs. 3 and 4), which
is commonly used to calculate synthetic PSDs and, by design,
only features symmetric peaks. For these reasons, we neglect
the cross term in the rest of this study, which means that our
expression for the complete PSD is reduced to

P(ω) ∝ Cω

(
|a→ω |

2 + |a←ω |
2
)
, (B.8)

where Cω is a factor that depends on ω.

B.2. Impact of the cross term

In this section, we briefly discuss the influence of the cross
term of the amplitudes derived in the previous subsection. If we
express the amplitudes of the upward- and downward-traveling
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Fig. B.2. Same as Fig. 4 but now including the cross term in Eq. (B.13).

waves as a→ω = |a→ω |e
iα→ω and a←ω = |a←ω |e

iα←ω , we can rewrite the
complete PSD as

P(ω) ∝
1

kr,ω

[
|a→ω |

2 + |a←ω |
2

+ 2 |a→ω ||a
←
ω | cos

(
α→ω − α

←
ω + 2ϕω

)]
. (B.9)

This means that the cross term depends on the relationship
between the phases of the upward- and downward-traveling
waves and on ϕω.

In Eqs. (43) and (44), we define the normalized power spec-
trum (p) corresponding to a configuration with one and two cav-
ities using the expression of the PSD as defined in Eq. (B.8) (i.e.,
without the cross term). If we include the cross term, the normal-
ized power spectrum instead becomes

pct =
A1

Ht

[
1 + |Rb|

2 − 2|Rb| cos
(
−δb + 2ϕω,−

)]
, (B.10)

in the single-cavity system and using Eq. (31)

pct =
A2

Hp

[
1 + e−4(Φg)=

− 2 e−2(Φg)= cos
(
−δq + 2(Φg)< + 2ϕω,−

)]
, (B.11)

in the two-cavity system. The subscript ct stands for "cross term"
and the subscript − of ϕω,− indicates that we have chosen the
reference radius of the phase as the lower boundary of the p-
mode cavity (i.e., r̄ = r− or rp,− in the single- and two-cavity
configuration, respectively). Next, we assume that the photomet-
ric radius is close to the upper boundary of the p-mode cavity,
which means that Rphot ≈ r+ or rp,+. Because of this, the phase
ϕω,− can be identified with Θ or Θp (see Eq. 16). Furthermore,
we set the phase shifts to δb ≈ π/2 and δq ≈ π/2, where we
have used the weak coupling approximation for the latter (see
Pinçon & Takata 2022), so that the normalized power spectrum
including the phase term can be written as

pct ≈
[
1 + |Rb|

2 − 2 |Rb| sin (2Θ)
] A1

Ht
, (B.12)

in the single-cavity system and

pct ≈
[
1 + e−4(Φg)= − 2 e−2(Φg)= sin

(
2
[
(Φg)< + Θp

])] A2

Hp
(B.13)

in the two-cavity system.
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The resulting power spectrum (pct) can be explicitly calcu-
lated for a given set of input values. In Figs. B.1 and B.2, we
show pct for the same parameters as the normalized power spec-
tra shown in Figs. 3 and 4. Figures B.1 and B.2 demonstrate that
the inclusion of the cross terms does not affect the general res-
onance pattern, but acts as a source of asymmetry for the peaks
(see Appendix C). Therefore, neglecting the cross term has no
significant impact on the analysis conducted in this study.

Appendix C: Asymmetric peaks

Solar p-modes are known to be asymmetrical (e.g.,
Nigam & Kosovichev 1998; Chaplin & Appourchaux 1999).
There are thought to be two reasons for this asymmetry
(Basu & Chaplin 2017). The first contribution to this asymmetry
arises from the excitation mechanism of the modes. On one
hand, it is because the energy injected into the individual modes
is not independent of that supplied to the other modes. On the
other hand, the asymmetry is the result of the correlation of the
excitation with the background noise in the PSD. However, the
mode excitation is not correlated in our simplified theoretical
framework, which means that this cannot be the source of the
asymmetry of the mixed modes computed here.

The second contribution is the interference of waves that
traveled through the star along different paths before interfer-
ing. The difference in path results in a phase shift between the
waves, which is responsible for the asymmetry. To examine
the second contribution within a simple mathematical model,
Basu & Chaplin (2017) propose the following scenario. Con-
sider an arrangement with one cavity as presented in Sect.
3, where the excitation does not occur at the upper bound-
ary (rp,+) but at a different radius (rexci) in the cavity (i.e.,
rp,− < rexci < rp,+). Instead of only a downward-propagating
wave caused by the excitation, we now assume that we have
an upward- and downward-traveling wave with the same ampli-
tude. The upward-traveling wave is eventually reflected at the
upper boundary of the cavity and itself becomes a downward-
traveling wave. By traveling from rexci to rp,+ and back, it has
then acquired the phase shift 2ϕexci compared to the wave that
originally traveled downward, where ϕexci is given by

ϕexci ≡ ϕ(rexci; rp,+) =

∫ rexci

rp,+

kr dr. (C.1)

To simplify this expression, we assume that the cavity is a p-
mode cavity and make the assumption ω2 � N2, S 2

` . The local
radial wave number can then be approximated as

kr ≈
ω

cs
, (C.2)

such that the phase shift can be written as

ϕexci ≈ ω

∫ rexci

rp,+

1
cs

dr ≡ ω
∆t
2
, (C.3)

where we introduced the separation in time of the two
downward-traveling waves (∆t). The internal resonance
enhancement factor of a system with such a phase shift
(subscript ps) is given by

A1,ps =
|a←+ + a←+,ps|

2

2|aexci|
2 =

1
2

∣∣∣∣1 + ei2(
δp
2 +ω ∆t

2 +iµp)
∣∣∣∣2 A1. (C.4)

The scaling factor in this expression is equivalent to that in
equation (5.53) of Basu & Chaplin (2017) if the phase shift and

the energy loss due to the reflection at the upper boundary are
neglected (i.e., δp = µp = 0). This can be seen by expressing the
squared absolute value of the exponential function as a cosine
function, such that

A1,ps = (1 + cos(ω∆t)) A1, (C.5)

where we assumed that ω is real, which is in line with our dis-
cussion in Sect. 4. The factor with the cosine function indeed
induces asymmetries on the peaks of A1 when ∆t is chosen
appropriately. This indicates that the asymmetries of the mixed
modes might also be the result of a frequency-dependent phase
shift between two waves that interfere with each other.

In the case of mixed modes in the two-cavity configuration,
this phase shift is not induced during the excitation of the waves,
but rather during the reflection at the lower boundary of the
p-mode cavity. Figure 2 shows that the part of the downward-
traveling wave, which is reflected at the lower boundary (i.e.,
ap,ref), interferes with the part that tunnels back from the g- into
the p-mode cavity (i.e., ap,coup). In the g-mode cavity, the wave
undergoes an infinite number of reflections, while a fraction of
its energy leaks back into the p-mode cavity with each round trip.
For this reason, ap,coup has accumulated a phase shift relative to
ap,ref , and we obtain a scenario comparable to that discussed for
the p-modes. However, the partial phase shift is now introduced
at the lower boundary of the p-mode cavity. This means that we
cannot express the influence of the phase shift as an additional
factor to the internal resonance enhancement factor A1, as in Eq.
(C.5), but must replace A1 with a function that takes the phase
shift into account internally (such as A2).

We conclude that the asymmetric peaks of the mixed modes
are caused by the phase shift accumulated by the part of the wave
transmitted through the evanescent zone and back, compared to
the part directly reflected at it. It is therefore an important feature
of the oscillations, which is also expected to occur in the PSD of
real stars, although it is probably not resolvable. In that sense, the
approach to estimating the power spectrum presented in Sect.
4 contains more information than a sum of symmetric Lorentz
functions, which explains the skewness of the peaks in Fig. 4.

Note that in Appendix B, we discuss another cause of asym-
metry of the peaks in the power spectrum, which is neglected in
the rest of this study. This other type of asymmetry even occurs
in the power spectrum of the single-cavity configuration (see
Fig. B.1) and can be expressed as an additional factor to the
internal resonance enhancement factor, similar to Eq. (C.5) (see
Eqs. (B.12) and (B.13)).

Appendix D: Variation in the visibility without core
damping

Mosser et al. (2017) argue that the total visibility of the mixed
modes of a given spherical degree (`) in one pressure radial order
should be equal to one if no damping process operates in the g-
mode cavity (i.e., if |Rg| = 1). However, when calculating the
visibility according to the method presented in Sect. 4, we find
that although the visibility is indeed close to one, the exact value
depends on the stellar parameters and varies by a few percent. An
example of the variation of the visibility with the period spacing
(∆Π`=1) is shown in Fig. D.1. While the variation in the visibility
corresponds to how well the nominal p- and g-mode frequencies
align in the observable frequency range when |Rg| < 1 (see Sect.
5.2 and Appendix F, this does not appear to be the decisive factor
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Fig. D.1. Relative variation of the dipole mode visibility as a function
of period spacing for the set of stellar parameters A with |Rp| = 0.95.
Colors indicate different values of |Rg| ranging from 0.51 to 1. The vari-
able 〈V2

` 〉 denotes the average of the visibility over all tested values of
∆Π`=1 for each value of |Rg|.

when |Rg| = 1. In particular, for larger values of ∆Π`=1, Fig. D.1
clearly shows that the qualitative changes in the visibility with
∆Π`=1 when |Rg| = 1 do not align with those that can be observed
for |Rg| < 1. To understand why this is the case, we examine the
extent to which the assumptions made by Mosser et al. (2017)
are fulfilled in our computations.

D.1. Underlying assumption

If no energy loss occurs in the g-mode cavity, the visibility
can be expressed as (Dupret et al. 2009; Benomar et al. 2014;
Grosjean et al. 2014; Mosser et al. 2017)

V2
` =

∑
nmix

(1 − ζ), (D.1)

where nmix is the number of mixed modes of the spherical degree
` in one pressure radial order and

∑
nmix

denotes the sum over
these mixed modes. The parameter ζ is a function describing
the sensitivity of a given mixed mode to the properties of the
g-mode cavity (Goupil et al. 2013; Deheuvels et al. 2015). The
main assumption made by Mosser et al. (2017) is that the sum
of ζ over all mixed modes in one pressure radial order is equal
to the number of nominal g-modes in the same radial order. This
can be expressed as (see also Mosser et al. 2015)∑
nmix

ζ ≈ nmix − 1. (D.2)

To verify the validity of this assumption in our calculations, we
rewrite it into a parameter v that quantifies the extent to which it
is violated:

v ≡ nmix − 1 −
∑
nmix

ζ ≈ 0. (D.3)

If v is equal to zero, the assumption is valid. If v is not equal to
zero, the assumption does strictly speaking not hold.

D.2. Testing the assumption

Next, we tested the effect of the aforementioned assumption on
the dipole mode visibility using the parameters from the set A in
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Fig. D.2. Dipole mode visibility of the central pressure radial order (i.e.,
192 to 208 µHz) calculated using the normalized power spectrum p for
the set of stellar parameters A. The modulus of the reflection coefficients
of the outer boundaries are set to |Rp| = 0.95 and |Rg| = 1. Colors indi-
cate the period spacing. The values on the horizontal axis correspond to
deviations from assumption made by Mosser et al. (2017) measured by
v (Eq. (D.3)).

Table 1 in a scenario similar to that considered by Mosser et al.
(2017). Therefore, we only considered one pressure radial order.
We selected the central one, which ranges from 192 to 208 µHz
and is bounded by two radial modes. The position of one of the
nominal dipolar p-modes lies exactly in the middle of this fre-
quency range, at 200 µHz. In addition, we neglected the influ-
ence of the Gaussian function on the power spectrum described
in Sect. 4.2, which means that we essentially used the normal-
ized power spectrum (p) instead of the relative power spectrum
(P) to calculate the visibility for this section only.

To evaluate Eq. (D.3), we first constrained nmix and ζ. We
determined the number of mixed modes (nmix) by counting the
local maxima of the normalized power spectrum (p) for ` = 1
in the frequency range under consideration. The parameter ζ is
analytically given by (Goupil et al. 2013; Deheuvels et al. 2015)

ζ =

(
1 +

ν2 ∆Π`

∆ν

sin(2Θg)
sin(2Θp)

)−1

. (D.4)

Equation (D.4) has been derived under the assumption that there
is no damping whatsoever (i.e., |Rp| = |Rg| = 1). Both in our
computations and in reality this is never truly the case because
the waves are always damped at the upper region of the p-mode
cavity. However, Eq. (D.4) still holds approximately when the
energy losses of the wave are small, which is why we used it
to evaluate ζ for each mixed mode in the frequency range under
consideration. To estimate the phases Θp and Θg, we used Eqs.
(50) and (51) with δν = 0. The frequencies ν of the mixed modes
were determined as the frequencies of the local maxima of p.

In Fig. D.2, we show that the variation of the dipole mode
visibility changes depending on how well the assumption made
by Mosser et al. (2017) is satisfied. We can see clearly that when
the assumption is true, which means that v is equal to zero, the
visibility is consistent with one. The deviations of the visibility
from unity do indeed correlate with larger deviations of v from
zero, demonstrating that the variation in the visibility without
damping in the g-mode cavity is caused by the fact that the sim-
plifying assumption of Mosser et al. (2017) is not always truly
valid. The behavior of the visibility shown in Fig. D.2 is rep-
resentative for different pressure radial orders and other choices
for the stellar parameters.
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Considering the results shown in Fig. D.2, it seems likely that
the deviations of the visibility from one in the case that |Rg| = 1
shown in Figs. 7 and D.1 are also mainly caused by violations of
this assumption. However, three additional aspects must be taken
into account in the calculations presented in this article, which
we will not discuss in detail here as they would go beyond the
scope of this work. First, the frequency range considered in this
work spans six pressure radial orders instead of just one. Second,
the boundaries of the frequency range do not always coincide
with the location of the two radial modes, as this depends on the
individual values of νmax and ∆ν. Third, the Gaussian envelope
influences the amplitudes of both the mixed and radial modes
and therefore also contributes to the variation of the visibility. It
appears that these three factors slightly lower the fluctuations in
the visibility when |Rg| = 1. While the visibility varies by up to
6% in Fig. D.2, the deviation from unity is much smaller in Fig.
D.1. This suggests that the assumption that the visibility is equal
to one when there is no damping in the g-mode cavity is most
likely justified for practical purposes.
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