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ABSTRACT

We explore the symmetry energy effect on the bulk properties of static neutron stars and rotating millisecond pulsars (MSPs). The
unified equations of state (EOSs) are constructed self-consistently within the relativistic mean-field framework from the inner crust
to the outer core. To investigate the impact of a unified EOS, which uses the same nuclear interaction for both the crust and core,
we compared the results of MSPs with those obtained using non-unified EOSs. These non-unified EOSs match the crust and core
EOSs, which have different slopes of symmetry energy. For a given rotational period, we examined how symmetry energy influences
the maximum mass, equatorial radius, and deformation from sphericity in MSPs. Our findings indicate that a softer EOS is favored
by a higher Keplerian frequency, which corresponds to a smaller L for unified EOSs, but a larger L for the crust in matching EOSs.
However, under the slow rotation approximation, there is no significant effect from the symmetry energy slope on the bulk properties

of 2 M, MSPs. In contrast, clear differences are observed for those around and below 1.4 M.
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1. Introduction

A millisecond pulsar (MSP) is a neutron star (NS) with a rota-
tional period less than about 10 milliseconds (ms), exhibiting
significantly faster spin rates than ordinary pulsars. Millisec-
ond pulsars are generally older than standard pulsars. They have
formed through a prolonged period of accretion from a com-
panion star, which spins them up to periods less than about 10
ms (Nagase 1989). This mass transfer process causes the NS
to spin faster and leads to a reduction in its magnetic field. A
significant proportion of MSPs are observed in binary star sys-
tems (Bhattacharyya & Roy 2022). Their masses typically range
from 1 to 2 My (My = 1.989 x 10% g is the mass of the
Sun), while their radii generally fall within the range of 10 to
14 km. Recently, a large population of MSPs has been discov-
ered in globular clusters (GCs) (Pan et al. 2021; Ridolfi et al.
2021; DeCesar et al. 2015; Wang et al. 2020), which have been
shown to undergo a process of accretion acceleration. The first
MSP, PSR B1937+21, was discovered in 1982 (Backer et al.
1982), with a period of 1.558 ms (642 Hz), once known as
the second fastest-spinning pulsar. Currently, PSR J1748-2446ad
is recognized as the fastest-spinning pulsar known, with a fre-
quency of 716 Hz (1.397 ms) (Hessels et al. 2006). M14A is a
black widow pulsar with a rotational period of approximately
1.98 ms (Pan et al. 2021). It is the second fastest-spinning black
widow pulsar in GCs, after the one found in GC Terzan 5
(1.67 ms) (Ransom et al. 2005). Another remarkable MSP is the
black widow pulsar PSR J0952-0607, which is not only the sec-
ond fastest-spinning pulsar now, with a period of 1.41 ms (707
Hz), but it may also be the heaviest NS ever known, with a mass
of 2.35 +£ 0.17 M, (Bassa et al. 2017; Romani et al. 2022).

* Corresponding authors: bao_shishao@163. com,
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FAST (Five-hundred-meter Aperture Spherical radio Tele-
scope) is the most sensitive single-antenna radio telescope in
the world today (Li et al. 2018). It has identified a lot of new
pulsars since its commissioning, including MSPs (Han 2025).
Specific work includes the Galactic Plane Pulsar Snapshot
(GPPS) survey, which discovered 201 pulsars, of which 40 are
MSPs (Han et al. 2021). More than 30 GC pulsars were dis-
covered between 2017 and 2021 (Pan et al. 2020; Wang et al.
2020). PSR J1717+4307A was the first pulsar discovered in
the GC Messier 92 (M92), with a spin period of 3.16 ms
(316.5 Hz) (Pan et al. 2020). PSR J1853-0842A, found through
high-sensitivity searches using FAST, has a period of 2.15 ms
and is part of a black widow system (Yan et al. 2021). Motivated
by these findings, in this work we study the effects of nuclear
symmetry energy and its slope on the bulk properties of MSPs.

The reasonable range of symmetry energy and its slope
have been widely discussed (Tews et al. 2017; Holt & Kaiser
2017; Reed et al. 2021; Essick et al. 2021; Tagami et al. 2022),
incorporating both nuclear experimental constraints and astro-
physical observations. However, this remains an open problem,
particularly since the PREX II results (Reed et al. 2021) do not
overlap with those from other constraints. It is well known
that the nuclear symmetry energy and its slope have signifi-
cant effects on the global properties of NSs (Cavagnoli et al.
2011; Baldo & Burgio 2016; Margueron et al. 2018; Wu & Shen
2019; Hu et al. 2020; Wuetal. 2021; Wang et al. 2024), but
most studies on this topic focus on static NSs. Cavagnoli et al.
(2011) demonstrated that for NSs with masses exceeding
1 Mg, the radius exhibits a linear relationship with the sym-
metry energy slope. Utilizing a Bayesian statistical approach,
Margueron et al. (2018) found that symmetry energy slope and
curvature play an important role in determining the radius of
NSs. Tsaloukidis et al. (2019) examined the effects of symmetry
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energy on the transition density and r-mode instability of a rotat-
ing NS. Lietal. (2020) investigated how the isoscalar skew-
ness coefficient and the symmetry energy slope influence the
masses of rapidly rotating NSs. Lopes (2024) studied how the
symmetry energy slope of the core EOS affect the properties
of static and slowly rotating NSs using non-unified EOSs with
a fixed crust segment. In most calculations of NS properties, a
non-unified EOS is employed, i.e., the core EOS is matched to
a crust EOS obtained from different models (Read et al. 2009;
Koliogiannis & Moustakidis 2021; Lopes 2024). However, it
should be more advantageous to calculate the structures of static
NSs and MSPs using a unified EOS, whereby both the core and
crust EOS are based on the same theoretical framework. The
interior of a NS has three qualitatively different domains: the
outer crust, the inner crust, and the core, separated by phase
transition boundaries, namely the neutron drip density (inter-
face between the outer crust and the inner crust) and the crust-
core interface. The outer crust is mainly determined by masses
of neutron-rich nuclei (Baym et al. 1971; Haensel et al. 2007,
Fortin et al. 2016), and its properties are described in this work
by the EOS of Baym et al. 1971 (Baym et al. 1971), referred
to as BPS. The inner crust has to be studied using phenomeno-
logical models due to the presence of inhomogeneous nuclear
matter. The unified EOS is obtained from the same Lagrangian
to describe the neutron drip density, the inner crust, and the core.
The use of a unified EOS allows for a self-consistent treatment
of the core-crust transition. It has been reported that the EOS of
the crust significantly impacts NS properties (Fortin et al. 2016;
Jietal. 2019; Suleiman et al. 2021; Huang et al. 2024). In this
work, we compare the results using unified EOSs with those
using non-unified EOSs, and explore the effects of the sym-
metry energy and its slope using the parameter family TM1
introduced in Bao et al. (2014), in which the self-consistent
Thomas-Fermi approximation has been employed to calculate
the inner crust structure. A similar calculation using the fam-
ily IUFSU (Bao et al. 2014) was also performed to check the
symmetry energy dependence of our results. The original TM1
and IUFSU parameter sets describe the properties of finite
nuclei and the saturation properties of nuclear matter very
well (Sugahara & Toki 1994; Fattoyev et al. 2010). The TM1
and IUFSU families predict similar ground-state properties of
finite nuclei, whereas they affect the interface densities between
the crust and core and the crust composition due to their differ-
ent symmetry energy slopes. The unified EOS utilizes a consis-
tent model for both the crust and core, while for the non-unified
EOS, we adopt the same TM e or original IUFSU EOS for the
core (Shen et al. 2020; Fattoyev et al. 2010), but the crust fea-
tures different symmetry energy slopes within the same parame-
ter family.

The NS/MSP observations are crucial for understanding
symmetry energy and its slope, especially the NS radius. The
mass measurement of MSP J1614+2230 (P = 3.15 ms) indicates
amass of M = 1.97 + 0.04 M, (Demorest et al. 2010), with an
updated result of M = 1.908 + 0.016 My (Arzoumanian et al.
2018). This finding raised the observational limit of NS
mass to approximately 2 My. In 2013, PSR J0348+0432
(P = 39.12 ms) was reported to have a mass of M =
2.01 + 0.04 M, (Antoniadis et al. 2013). Later, in 2019, PSR
J0740+6620 with a spin period of about 2.88 ms was found
to have a mass of M = 2.08 + 0.07 M, (Cromartie et al.
2020; Fonseca et al. 2021), which is recognized as the most
massive MSP measured precisely through pulse timing obser-
vations and detailed assessments of general relativistic effects.
The Neutron Star Interior Composition Explorer (NICER) has
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enabled simultaneous measurements of mass and radius. For
PSR J0740+6620, the measurements yield a mass of M =
2.08 + 0.07 My, and a radius of R = 13.7’:%:2 km (Miller et al.
2021). An alternatively result is a mass of 20728822 M
with a radius of 12.39*}3% km (Riley etal. 2021). For PSR
J0030+0451, its spin period is known to be 4.87 ms, and its mass

—0.98
was determined to be M = 1.44*013 M, with a radius of R =

13.02*]24 km (Miller et al. 2019), or alternatively, 1.34*013 M,

with a radius of 12.71*-2¢ km (Miller et al. 2019; Riley et al.
2019).

To infer the radii of NSs, NICER observes the X-ray
pulse profiles emitted by hot spots on the surfaces of rotating
NSs (Raaijmakers et al. 2019). A critical ingredient in the pulse
profile model is the oblate shape of the star. The shape eccen-
tricity introduced by rotation could impact the X-ray light curve
from rotating pulsars (Morsink et al. 2007). To reduce the num-
ber of parameters used to describe the shape and multipoles of
rotating NSs, Baubock et al. (2013) established a universal rela-
tion between the eccentricity and the compactness. Gao et al.
(2023) proposed a universal relation that connects the eccentric-
ity to the radius and moment of inertia of rotating NSs. In this
work, we also discuss the dependence of the eccentricity and
moment of inertia of MSPs on the symmetry energy slope, L,
and the spin period, P.

This paper is organized as follows. Section 2 provides a brief
description of the relativistic mean-field (RMF) model and the
unified EOSs, while the non-unified connection of the crust and
core EOSs is also introduced. Additionally, the Hartle-Thorne
slow-rotation approximation is reviewed briefly. In Section 3,
we present our main results regarding the effects of symmetry
energy on the properties of rotating MSPs. Finally, Section 4 is
devoted to the conclusions.

2. Models

We employed the RMF model to construct the EOSs. In this
framework, nucleons interact through the exchange of mesons,
including scalar o, vector w, and isovector p mesons. The model
also includes nonlinear terms for the o- and w mesons, as well as
an additional w — p coupling term (Bao et al. 2014; Shen et al.
2020). The Lagrangian density of NS matter is written as

Lrvr = Z i {%5‘1 - (My + gs0)

i=p,n
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~Yu [gww” + ?pTaP " }d’l
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where W and R are the antisymmetric field tensors corre-
sponding to w* and p®, respectively.

In order to explore the influence of symmetry energy on
rotating MSPs, we provide a brief description of the symmetry
energy, Egyn, and its slope, L. The symmetry energy of nuclear
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Table 1. Parameter sets of the RMF models.

Model My My my, my, 9o 9o 9p g2 (fm™h) 93 3 Ay
™I 938.000 511.198 783.000 770.000 10.0289 12.6139 92644  7.2325  0.6183 713075 0
[UFSU  939.000 491500 782.500 763.000  9.9713  13.0321 135900  8.4929  0.4877 1442195 0.046

Notes. The masses are given in mega-electronvolts. The original TM1 parameters were taken from Sugahara & Toki (1994), and IUFSU from

Fattoyev et al. (2010).

Table 2. Nuclear matter saturation properties.

Model po (fm™3)  E, K Eym L
TM1 0.145  —-163 281 369 111
IUFSU 0155 -164 231 313 472

Notes. All quantities are given in mega-electronvolts, except for the sat-
uration density, pg.

Table 3. TM1 family for different slopes, L.

L (MeV) 40 60 80 111

9o 13.9714 112610 10.1484 9.2644
Ay 0.0429  0.0248  0.0128  0.0000
Egm(po) MeV) 3138 3328 3485  36.89

Notes. All sets have a fixed symmetry energy, Egn(0sx = 0.11 fm™3 )=
28.05 MeV (Bao et al. 2014). The last line shows the symmetry energy,
Eqm(po), at saturation density. The original TM1 model has L =
111 MeV.

Table 4. IUFSU family for different slopes, L.

L (MeV) 47.2 60 80 100

dp 13.5900 11.1893 9.7537 9.0558
Ay 0.0460  0.0305 0.0153 0.0051
Egym(po) MeV)  31.30 32.89 3488  36.53

Notes. Same as Table 3, but for the IUFSU series. All sets have a fixed
symmetry energy, Egm(pix = 0.11 fm’3) = 26.78 MeV (Bao et al.
2014). The original IUFSU model has L = 47.2 MeV.

matter is defined as

1 & e(pp, 5)/ps

2 a8 |

Esym(pB) = )
where pp is the baryon number density, and ¢ is the isospin asym-
metry defined as 6 = (0, —p,)/(pn+pp), With p, and p, being the
neutron and proton number densities, respectively. &(op, 6)/pp
is the energy per baryon. Under the RMF framework, the sym-
metry energy expression can be derived from Bao et al. (2014),
Hu et al. (2020)

Kz 908

+ .
6 ’M]*vz + k}zr 8(mf) + ZAngjgf)wz)

kr is the Fermi momentum of symmetric nuclear matter and
M}, = My + g0 is the effective nucleon mass, with My being
the free nucleon mass. The symmetry energy slope is given as

3 O0Eym
L =3p, 3 , “4)
OB

Esym(pB) = 3

where pg is the saturation density. We used a series of EOSs
based on the TM1/IUFSU parameter set, which exhibit differ-
ent Egyp, and L at the saturation density, while keeping the same
values for the other saturation properties. These EOSs feature a
uniform symmetry energy at a subsaturation density of 0.11 fm™3
(Eqm(0.11 fm™) = 28.05 MeV (TM1), Egm(0.11 fm™) =
26.78 MeV (IUFSU)) (Bao et al. 2014). Therefore, the symme-
try energy coeflicient at saturation density pg, Esym(po), is also
affected by the change in the symmetry energy slope. Through
this approach, we can focus on the effect of a single variable
among the saturation parameters, the symmetry energy slope,
L. In Table 1, we present the mass and coupling constants of
the nucleon and mesons in the original TM1 and IUFSU model.
Table 2 lists the saturation properties, while Tables 3 and 4 list
the corresponding coupling constants for generated models. It is
shown that the parameters in this TM1 series yield different sym-
metry energies at pg, while a smaller L corresponds to a smaller
Eym(po). The configuration with a symmetry energy slope of L =
40 MeV is commonly referred to as TM1e, which is more com-
patible with the GW170817 constraint compared to other val-
ues of L (Jietal. 2019). The detailed EOS table obtained with
TMle can be found in Shen et al. (2020). In this work, we uti-
lize unified EOSs in which both the core and crust EOSs share
the same value of symmetry energy slope, L. To investigate the
effects of unified EOSs, we also compare with the results using
non-unified EOSs that match the crust with different L values
and maintain the same core EOS by using TMIe.

For nonrotating NSs, the equations of the hydrostatic equi-
librium are the Tolman-Oppenheimer-Volkof (TOV) equations,
which read

dp(r)  —-GM(r)e(r) p(r) 4np(r)r’ 2GM(r)1!

dr r2c? [1 * %][l * M(r)c? ][ e ]
dM(r) 2@

ar =4nr R (&)

where p(r) and &(r) represent the pressure and total energy den-
sity (including the rest-mass energy) at radius r, respectively.
M(r) denotes the mass enclosed within a radius, r. In the fol-
lowing, we adopt the units G = ¢ = 1.

The rotation of massive NSs would distort the space-
time metric, and produces the frame-dragging effect, which
leads to an increase in the static mass. Since the observed
MSPs have periods on the order of milliseconds rather
than sub-milliseconds, we adopted the slow-rotation Hartle-
Thorne approximation, where the spin is expanded to quadratic
order (Hartle & Thorne 1968; Berti et al. 2005; Ordaz 2019;
Lopes 2024). The parameter w, = w,(r) = d¢/dt represents
the angular velocity acquired by a free-falling observer due to
the dragging of the inertial frame. The perturbed Schwarzschield
metric for a slowly rotating star is written as

ds®> = —*(1 + 2h(r, 0))dr
2m(r, 6) [
r—2M(r)

+ 1+

-1
B 2M(r)] 0

r
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+ r2(1 + 2k(r, 0))[d#* + sin® 6(d¢p — w,dr)?], (6)
in which the metric function, ¢, fulfills the equation

dp  M(r)+ 47rr3p(r)

dr ~ r(r-2M(r) @

h(r, ), m(r,8), and k(r, d) can be considered to be the perturba-
tion terms. Expanding them up to the second order, one obtains:

h(r,0) = ho(r) + hy(r)P>(cos 6),
m(r, 8) = mo(r) + my(r)P>(cos ),
k(r,0) = ko(r) + ko(r)P,(cos 9), ®)

in which P,(cos(60) is the Legendre polynominal. The monopole
pressure perturbation, pj, and the quadrupole pressure perturba-
tion, pz, are defined in

p =&+ p)lpy + p3Pa(cos(@)] ©)

Ap denotes the pressure change induced by rotation at a fixed
point in the frame corotating with the star. The corresponding
perturbed energy density, Ag, and perturbed number density, An,
reads

Ag = (g + p)[p; + p>P2(cos(0)](de/dp),

An = (g + p)[py + p>P2(cos(6)](dn/dp). (10)

The perturbative terms, my, Py, and metric functions,
vy = hy + ko, hy, were obtained by applying Einstein’s field
equations:
dmg 1 7 4(dw,) 1 ,dj?
= 4qr-— - 11
o S (8+p)p° o\ ) T e an
dpy _ _mo(l +8rr’p) pi(e + p)dnr?
dr — (r—2M(@))? (r = 2M(r))
42 ) 32-2
i rj (dw,) +li<r]w, )’ (12)
12 (r = 2M(r)) 3dr\r—2M(r)
dv, de 1 dga)[ 1 3dj 1, 4(dw,)]
— =-2h
dr 2(dr) ( Tl T3 e e e
(13)
dh, ) r dey\~! M(r)
e
dr ar )T o\ Par) [TET ) 2
B 4y, ( d<p)"
r(r = 2M(r))
1 -1 S \2
e o) P
6Ldr r—2M(r)\ dr dr
de 1 de\ ™1 5(d*\ _,
A )
3[dr r—2M(r)( ar) 1" Var ) (19

with the boundary conditions: my(0) = p;(0) = h2(0) = v2(0) =
0.

At the first order in spin, we could extract the angular
momentum. The angular velocity of the star relative to the local

inertial frame, &, = Q — w,, satisfies the equation (Hartle 1967)

+ -2, =0, (15)

1 d(4 dw,)
rdr

7+ dr

A132, page 4 of 13

with

1/2
2Mr(r) . (16)

j= i =ei -

The angular momentum (J) of a spherical symmetrical star with
radius R is given by

7= 1R4(da7,)
6 \dr

At the second order in spin, the rotation causes the NSs to
become ellipsoids. The eccentricity is defined as

()
R/’

where R,,, and R,, are the polar and equator radii, respectively.
Thus, e = 0 refers to the spherical limit and 0 < e < 1 corre-
sponds to oblate sphere for rotating NSs. In the Hartle-Thorne

approach, the polar and equatorial radii are obtained from the
nonrotating star radius, R,

Rpo = R+ £o(R) + £2(R),

1
Reg = R+ &o(R) - Efz(R),

a7

r=R

(18)

in which & and &, are referred to the spherical and quadrupole
stretching functions,

-1

&0 =—pyle+ p)((;—lz) ,

‘ dp\~!
&=-rie+p(3) - (19)
The quadrupole pressure perturbation, p3, is given by
1
Py =—hy — grze_z""airz. (20)

3. Results

In Fig. 1, the pressures of pure neutron matter (PNM) and
symmetric nuclear matter (SNM) are plotted applying, respec-
tively, the TM1 and IUFSU parameter families. The family TM1
parameter sets with L = 40,60, 80, 111 MeV are applied, while
the ITUFSU family adopt L = 47.2,60,80,110 MeV. The ab
initio calculations (Hebeler et al. 2013) and experimental con-
straints obtained from collective flow data in heavy-ion colli-
sions (Danielewicz et al. 2002) are included in colored areas.
The PNM constraint favors smaller values of L at higher den-
sities (og > 0.06 fm™3), but at lower densities, smaller L in turn
leads to higher pressure. In the right panel of SNM, the pressure,
p, is independent of the symmetry energy slope, L. The SNM
constraint area prefers the softer IUFSU family, while the TM1
result lies very close to the edge of the constraint. Both the TM1
and IUFSU parameter families are adjusted based on the prop-
erties of finite nuclei and fulfill the saturation property ranges.
These parameter sets can help to understand the effect of sym-
metry energy on the properties of rotating NSs, though some of
them exceed the constraint area.

In Fig. 2(a), the mass radius relations for different TM1
EOSs are displayed (these results can also be found in Ji et al.
2019; Huet al. 2020). These results were obtained by using
the unified EOSs with L = 40,60,80,111 MeV and the
non-unified ones with a core L = 40 MeV matched to
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Fig. 1. Pressure as a function of baryon density, pp, for PNM and SNM. The unit of L is mega-electronvolts. Ab initio results from Hebeler et al.
(2013) for PNM and the experimental flow constraint from Danielewicz et al. (2002) for SNM are shown.

25 71— 1 1 ]
[ _PSR J0740+6620 ]
20F - 24 z
[ Y PSR J1614-2230 |
L AVARE ]
15 PSR J0030+0451f\\ R
s r crust + core /( P ]
= : L=111 + 40 /5 i 1
= 1.0 - -- L=80+40 ' ]
[ —-—--L=60 + 40 .
F —— L=40 + 40 1

0.5 F---L=60+60

[ —-—--L=80 + 80
IRl I b e s e T ey 3y

00 " N X 1 " " " 1 1 X N 1 1 " " 1

18
0.10 ]
0.05 .
n\: ]
0P 0.00 .
< ]
-0.05 F ]
-0.10 ]

0.5 1.0

)
N
(3]

1.5
MM

25 L L L N ]
[ PSR J0740+6620 ]
20k IO IIIIY, =
i "-\_\ PSR J1614-2230 ]
N ] N\ ]
015 PSR J0030+0451 Y ]
§ [ crust + core i ]
=S 10 f——L=110+47.2 Jilt ]
T hk---1=80+47.2 "! | \-\ 1
[——-L=60+47.2 [/1|' IUFSU ]
05— L=47.2+472 :'.\ 3
’ :———L=60+60 SN ~. ]
[ —-—--1.=80 + 80 =% e T
0.0 I R R S B
8 10 12 14 16 18
R (km)
010 pr——+——+1—+—+——+——1—+—+————
N IUFSU ]
0.05 | el .
@b T T
o 000 | ]
< ]
-0.05 _
-0.10 .
0.5 1.0 15 2.0
M/M

Fig. 2. Mass-radius relations for different symmetry energy slopes, L (upper panel). Uncertainties on the radius due to the use of EOSs with different
L (lower panel). The unit of L is mega-electronvolts. Results from unified (L (crust)=L (core)) and non-unified EOSs (L (crust) # L (core)) are

shown.

crusts with L = 60,80,111 MeV. The constraints from
recent observations are also shown, including those from PSR
J0740+6620 (Riley et al. 2021), PSR J0030+0451 (Riley et al.
2019), PSR J1614-2230 (Arzoumanian et al. 2018), and PSR
J0348+0432 (Antoniadis et al. 2013). We find that in the case
of the maximum-mass NS, symmetry energy effects are nearly
negligible, except for the original TM1 model, which has L =
111 MeV. However, the results with L = 111 MeV exceed
the constraint derived from PSR J0030+0451, and therefore the
unified EOS with L = 111 MeV is not included in the follow-

ing discussion. Other EOSs in Fig. 2 (a) lead to very similar
maximum masses: approximately Mp,x ~ 2.125 M, for uni-
fied EOS with L = 40 MeV and all the non-unified EOSs, and
Max =~ 2.120 Mg, for the unified EOSs with L = 60 and 80
MeV. On the other hand, significant differences can be observed
in the radius, especially for NSs with smaller masses. It is shown
that the differences between these EOSs increase as the mass of
NSs decreases. For the unified EOSs, a smaller slope, L, corre-
sponds to a smaller radius. In contrast, for the non-unified EOSs
with the same core EOS (L = 40 MeV) but different crusts, a
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Fig. 3. Kepler frequency as a function of the NSs static mass for different EOSs. The horizontal lines correspond to the periods of 1 ms, 2 ms, and
5 ms, and the fastest observed MSP frequency of 716 Hz. The vertical line indicates the canonical mass of 1.4 M.

larger L for the crust EOS corresponds to a smaller radius. This
behavior is discussed in Ji et al. (2019), where it is pointed out
that a larger L for the crust corresponds to a softer EOS. For
a unified EOS, if it has a stiff core, the crust is softer. This L-
driven crust EOS stiffness effect on the NS radius is consistent
with the results in Fortin et al. (2016), Suleiman et al. (2021),
in which the crust EOS differences stem from the glue-density
choice. In Fig. 2 (b), we performed a similar calculation using
the family IUFSU parameter sets to assess the model depen-
dence. The original IUFSU parameter gives L = 47.2 MeV.
Whether the symmetry energy slope, L, is varied within unified
or non-unified schemes, the maximum mass of static NSs and
the corresponding radius are almost unchanged. The L depen-
dence of the radius is consistent with that found for the TM1
parameter sets. Fig. 2 (c) and (d) show the relative radius differ-
ences with respect to the unified EOS L = 40 MeV for family
TMI1 parameter sets and unified EOS L = 47.2 MeV for family
IUFSU parameter sets. A different L results in almost the same
maximum mass and a less than 2% difference in radius for the
maximum-mass NSs. Even for the 1.4 Mg NSs, the radius rela-
tive difference is less than 5%.

We now concentrate our study on the bulk properties of
rotating MSPs. We implemented numerical codes to solve the
mass-radius relation equations by fixing the period, P, with var-
ious EOSs, in order to study the effects of the symmetry energy
slope, L, on rotating MSPs. In Fig. 3, we present the rela-
tionship between the Kepler frequency (mass-shedding limit),
fx = %, and the static mass (gravitational mass of nonro-
tating NS) of NSs, using an empirical formula for relativis-
tic stars (Haensel & Zdunik 1989; Friedman et al. 1989; Lopes
2024),

M
QKZX E

Under the Newtonian limit, the value of y is 1, while under
the effect of general relativity, it satisfies the condition y <
1 (Paschalidis & Stergioulas 2017). Haensel et al. (2009) dis-
cussed the value of the parameter y, whose error holds within a
few percent for rotating NSs. In this figure, y = 0.67 is used, fol-
lowing Paschalidis & Stergioulas (2017). For a canonical 1.4 M
NS, the period corresponding to the limit frequency will not
exceed 1 ms, except for the unified L = 80 MeV result in the
right panel, and remain safe at f = 716 Hz. For NSs with static

2y
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masses of around ~2 M, the period can be less than 1 ms while
still remaining stable; this is suitable for both TM1 and IUFSU
families. A softer EOS, characterized by a smaller slope for uni-
fied EOSs or a larger crust slope for non-unified EOSs, results
in a larger Kepler frequency. For static mass of M > 0.5 M,
MSPs can be stable with a period of P = 2 ms. However, to
achieve P = 1 ms, the stable MSP must have a static mass of
M > 1.6 M for L = 80 MeV (unified, TM1) and M > 1.5 M,
for L = 40 MeV (unified, TM1). For the non-unified EOS with
L = 111 + 40 MeV (crust+core, TM1), the stable static mass
lower limit for MSPs is M > 1.4 M, to achieve P = 1 ms. Com-
paratively, family IUFSU could support a higher frequency limit
with the same static mass and L. This indicates that the mini-
mum stable mass for MSPs decreases with decreasing L or softer
EOSs for unified EOSs. From this figure, we can conclude that
softer EOSs correspond to a smaller minimum stable static mass
for the same period, P. With varying L, the curves exhibit no
intersection points for M > 0.15 M, which differs from the find-
ings in Lopes (2024). However, the above relationship between
EOS stiffness and minimum stable static mass for the same P
remains consistent with Lopes (2024).

To examine the effects of symmetry energy and its slope on
the bulk properties of MSPs, we solved the TOV equations and
the equations in Hartle’s formalism. For a given period, a sta-
ble mass-radius curve extends from the minimum mass at which
mass-shedding instability occurs to the maximum mass. Beyond
this maximum mass, MSPs become unstable with respect to axi-
symmetric perturbations (Bejger et al. 2007). In Fig. 4, we dis-
play the equatorial radius as a function of the gravitational mass
for MSPs with fixed period P = 1 ~ 5 ms (left panels) and the
MSP mass as a function of the central density, p. (right pan-
els), using unified TM1 EOSs. In the right panel, the region of
high densities beyond the maximum mass point is unstable. As
is shown in Appendix A, the results of P = 1 ms are beyond
the slow rotation limit. However, they can still be considered
as a first estimate of the trend with the rotational period, and
the actual effect is expected to be more significant. The purple
crosses mark the rotational mass (gravitational mass of rotating
NS) at the Kepler limit. The results for static NSs are also shown
for comparison. Different values of the slope in unified EOSs,
L = 40, 60, 80 MeV, are presented in the upper, middle, and
lower panels, respectively. With the same period, P, and rota-
tional mass, the effect of the symmetry energy slope, L, on the
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Fig. 4. Rotational mass-equatorial radius relations and central-density dependence. Left panels show rotational mass-equatorial radius sequences
for unified TM1 EOSs with varying symmetry energy slope, L, and spin period, P. Right panels give the rotational mass, M, as a function of
central density, p.. The purple crosses mark the rotational mass at the Kepler limit.

equatorial radius, R,,, is similar to that on the static NS radius.
The EOSs with larger L result in a slightly larger R,,. This effect
decreases with increasing rotational mass. Fig. 5 is the same as
Fig. 4, but it uses non-unified TM1 EOSs, which share the same
core with L = 40 MeV and different crusts with L = 111, 80, 60
MeV in the upper, middle, and lower panels. Since there are only

differences in the crust that correspond to the sub-saturation den-
sity range, the effect of L on the M,y — R,, relation (with same
P) is mainly reflected in low-mass MSPs, specifically those with
Mot < 0.5 M, which could be stable with P > 2 ms. Both Fig. 4
and Fig. 5 indicate that the rotational mass-central density rela-
tions (Mo — p.) show no clear L dependence for M. = 1 M.
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Fig. 5. Same as Fig. 4, but using non-unified TM1 EOSs with a different crust.

It is shown that, as the spin period decreases, the curves shift
toward a higher mass and larger radius. The results indicate that
with faster rotation, the change in the mass with respect to the
nonrotating configuration also grows faster. The relevant quanti-
ties (AM, AR) are summarized in Table B.1 and Table B.2. The
rotation effect leads to an increase in both the maximum mass
(Mnax) and the equatorial radius at the maximum mass, Rey(max)
while lowering the central density, p.. The radius of a 1.4 Mg
star, denoted as R(j4), is significantly influenced by the rota-
tion effect. For a unified EOS with L = 40 MeV, the equato-
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rial radius of the canonical 1.4 M star increases from 13.157
km to 13.605 km at a period of P = 2 ms (note that P = 1
ms exceeds the Kepler limit). In the case of a 2 M,, star, the
equatorial radius increases from 12.704 km to 13.017 km for
P = 2 ms. The change in maximum mass, AM, for different L
cases shows little variation. The rotation lowers the central den-
sity of maximum mass MSPs, p.max), but the effect is minimal
until P < 2 ms.

In Fig. 6, we show the relationship between the eccentric-
ity, e, of the MSP and the gravitational mass under varying L
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Fig. 6. Eccentricity, e, as a function of the gravitational mass of the MSPs for the family TM1 parameter set. Panels (a), (b), and (c) represent
results from unified EOS with L = 40, 60, 80 MeV, respectively, while panel (d) shows a comparison of different EOSs.

and period, P. Panels (a), (b), and (c) show results for differ-
ent periods with a given L = 40,60,80 MeV. Panel (d) pro-
vides a comparison for different EOSs with the same periods,
P = 1,2,5 ms. As a measurement of the oblate shape of the
star deformation, e = 0 indicates the sphere shape (P = 0). It
can be observed that the eccentricity, e, increases as the rota-
tional period, P, decreases for a given mass, and a heavier MSP
exhibits a smaller e, indicating less deformation. This trend holds
for all masses, but it should be noted that configurations beyond
the purple cross-marks exceed the Kepler limit. In particular, for
P = 1 ms, the Kepler limit is reached even for canonical NSs.
As was mentioned in Fig. 2, the EOSs we used have nearly indis-
tinguishable maximum masses, and there is very little difference
among these EOSs on e for MSP with growing mass, especially
for those greater than 1.5 M, (heavier than 2 M, for P = 1 ms).
For low-mass MSPs, the curves in Fig. 6 are clearly separated
with a given P, revealing the enhanced crustal influence on the
induced eccentricity. For MSPs with masses less than 1.0 M, a
trend emerges that softer EOSs (lower L for unified EOSs, and
larger L for the crust) lead to smaller e. When P = 2 ms and
M,ox = 1.0 My, the unified EOS with L = 40 MeV results in
e = 0.38, while the one with L = 80 MeV yields e = 0.40.
In Table B.1 and Table B.2, we summarize the eccentricities of
1.4 Mg and 2.0 Mg nonrotating NSs and MSPs (e; 4 and e;).
Overall, both e; 4 and e slightly increase as the EOS stiffness

grows (from top to bottom in Tables B.1 and B.2) with a fixed P.
For example, compared to the results for e; o with unified L = 80
MeV, those with L = 40 MeV and L = 60 MeV show slightly
smaller values of e, for the same period, P, with differences of
around 1%.

Fig. 7 depicts the results of moment of inertia I = § as a
function of the rotational mass. Similarly to Fig. 6, panel (a)
shows results for different periods with a given L = 40 MeV.
Since the I results for P = 3,4 ms are too close to those for P =
5 ms, panel (b) provides a comparison of different EOSs with the
same periods, P = 5 ms. The moment of inertia, /, depends on
both the mass and the square of the radius. At a fixed rotational
mass, M., a smaller period, P (faster spin), reduces the central
density (see Figs. 4 and 5), making the star more dilute; because
J increases sub-linearly with Q, the moment of inertia I = J/Q
decreases (panel (a)). This also explains why the L effect on [/ is
weakened at P = 5 ms (same trend for P = 4 ~ 1 ms): the shifts
in mass and radius produced by rotation are larger than those
arising from varying the symmetry energy slope, L. A softer EOS
leads to a smaller I mainly due to a smaller radius. These results
are consistent with the mass-radius relations discussed above.
The constraint /; 4 = 1.51*33% x 10% g cm? (Landry et al. 2020)
was derived from measurements of pulsar masses, gravitational
wave event GW170817 and GW190425, and X-ray data from
NICER.

J
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4. Conclusions

In this work, we have studied the effect of symmetry energy
on the bulk properties of MSPs. We utilized the TM1 parame-
ter set family within the RMF framework for our analysis. The
EOSs with a different symmetry energy slope, L, lead to varia-
tions in the macroscopic properties of MSPs, such as the maxi-
mum mass, central density, Kepler frequency, equatorial radius,
eccentricity, and moment of inertia. The IUFSU family exhibits
a similar trend to that of the TM1 family on the L dependence.
Within the models explored in this work, a soft EOS correspond-
ing to smaller L for a unified EOS or larger L for the crust is
favored by the recent observations of NS radius. Additionally,
such softer EOSs yield slightly higher Kepler-limit frequencies.

Both the eccentricity, e, and the equatorial radius, Req, are
sensitive to the symmetry energy slope, L, and the pulsar period,
P, but are not directly coupled to each other. They can be
treated as independent observables. Measuring P and compact-
ness (from gravitational wave event) allows one to infer e via the
universal relation. Together with observed R4, the two quanti-
ties could provide complementary constraints on L. Moreover,
the effects of symmetry energy and its slope are particularly
pronounced for less massive NSs. Future measurements of low-
mass MSPs may help us constrain the symmetry energy slope
more effectively.

With large-scale surveys such as FAST, radio telescopes are
discovering an increasing number of pulsars. Measurements of
period, mass, and eccentricity could potentially provide further
constraints on the symmetry energy slope.
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Appendix A: Comparison with RNS

In appendix A, we compare rotational mass-radius results
obtained with the slow rotation approximation to those computed
with the RNS code! (Stergioulas & Friedman 1995; Stergioulas
2003) in Fig. A.1. The results are obtained using unified TM1
parameter sets with L = 40, 60,80 MeV. The rotational mass-
equatorial radius curves obtained using the slow rotation approx-
imation (dash lines) are slightly lower than those from the RNS
code (solid lines) with the same period P. The differences are
minimal for P = 5 ms, distinguishable for P = 2 ms (Q =
3141.6 rad/s), and more pronounced when P = 1 ms. Compar-
atively, with larger gravitational masses, the differences become
smaller, especially for the maximum rotational mass MSPs.
These differences arise because the rotational-energy contribu-
tion to the gravitational mass is only approximate calculated in
the Hartle-Thorne treatment. And the gap between approxima-
tion and RNS results becomes more pronounced with rapid rota-
tion. This difference manifests primarily in the equatorial radius
(and hence in the eccentricity and moment of inertia). Although
such differences exist, the slow-rotation approximation has still
proven useful for obtaining a quick estimate of rotational effects.
In Fig. 4, purple crosses mark the Kepler limit; compared with
those in Fig. A.1 (crosses between solid and Kepler lines), they
share nearly the same rotational mass but exhibit a clear equato-
rial radius offset.

Appendix B: Properties of rotating MSPs

The following two tables list the properties of nonrotating NSs
and rotating MSPs for the TM1 EOSs.

' https://github.com/cgca/rns
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Fig. A.1. The rotational mass-equatorial radius relations derived from
RNS code and Hartle-Thorne approximation (H&T).
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Table B.1. Properties of nonrotating NSs and rotating MSPs for the TM1 family.

L P Mmax AM Req(max) AR Pc(max) Req(l.4) €14 Il 4 Req(Z.O) €20
(MeV)  (ms) | (Mg) (%) (km) (%) (fm™)  (km) () (0¥ gem?)  (km) €))
40 1 2.2441 5.57 12545 6.02 0.8294 - - - 14.096  0.4901
40 2 2.1542  1.35 12.001 1.42 0.8907 13.605 0.3184 1.6010 13.017 0.2372
40 3 2.1383 0.60 11.909 0.64 0.8990 13.351 0.2128 1.6544 12.841 0.1568
40 5 2.1301 0.21 11.876 0.36 0.8990 13.226 0.1278 1.6818 12.753  0.0937
40 static | 2.1256 0 11.833 0 0.9094 13.157 0 - 12.704 0
60 1 2.2408 5.59 12.647 6.88 0.8199 - - - 14.269  0.4987
60 2 2.1492 1.35 12.081 1.67 0.8805 13.850 0.3270 1.6176 13.104 0.2401
60 3 2.1330 0.60 11.960 0.65 0.8990 13.569 0.2183 1.6738 12918 0.1586
60 5 2.1248 0.21 11926 0.36 0.8990 13433 0.1310 1.7024 12.824  0.0947
60 static | 2.1202 0 11.883 0 0.9094 13.358 0 - 12.772 0
80 1 2.2432 579 127788 6.69 0.8105 - - - 14.269  0.4987
80 2 2.1500 1.39 12.166 1.50 0.8805 14.181 0.3381 1.6580 13.270  0.2452
80 3 2.1335 0.61 12.068 0.68 0.8907 13.864 0.2256 1.7169 13.068 0.1619
80 5 21252 0.22  12.006 0.17 0.8990 13.710 0.1354 1.7468 12.968 0.0966
80 static | 2.1205 0 11.986 0 0.8990 13.626 0 - 12.912 0

All configurations are computed within the Kepler limit, including the maximum rotational mass M., the corresponding equatorial radius R.y(max)
and central number density p.(max). AM (AR) refers to the change in the maximum mass (equatorial radius) with respect to the nonrotating
configuration. The equatorial radius and the eccentricity of 1.4 M, 2 M, MSPs are also shown.

Table B.2. Same as Table B.1, but using non-unified TM1 EOS with different crust.

L (CI'llSt+COI'€) P Mmax AM Req(max) AR Pc(max) Req(1.4) €14 11.4 Req(Z.O) €20
(MeV) (ms) | Mo) (%) (km) (%) (fm™)  (km) () (10¥gem?)  (km) (1
111+40 1 2.2439 528 12472 6.39 0.8199 - - - 13.898 0.4812
111+40 2 2.1550 1.39 11911 1.60 0.8805 13.253 0.3076 1.5925 12.850 0.2321
111+40 3 2.1385 0.62 11.797 0.63 09011 13.035 0.2053 1.6500 12.684 0.1534
111+40 5 2.1301 0.22 11.766 0.37 0.9011 12929 0.1232 1.6792 12.601 0.0916
111+40 static | 2.1254 0 11.723 0 09115 12.871 0 - 12.550 0
80+40 1 2.2480 5.77 12458 6.10 0.8218 - - - 13.900 0.4834
80+40 2 2.1549 139 11931 1.61 0.8805 13.314 0.3096 1.5931 12.879  0.2331
80+40 3 2.1385 0.62 11.817 0.64 09011 13.090 0.2066 1.6502 12712 0.1540
80+40 5 2.1301 0.22 11785 0.37 0.9011 12981 0.1240 1.6794 12.628 0.0920
80+40 static | 2.1254 0 11.742 0 09115 12.920 0 - 12.568 0
60+40 1 2.2480 5.76 12490 6.16 0.8218 - - - 13.955 0.4860
60+40 2 2.1550 1.39 11956 1.62 0.8805 13.387 0.3120 1.5931 12916 0.2342
60+40 3 2.1385 0.61 11.840 0.64 09011 13.157 0.2083 1.6503 12.746  0.1548
60+40 5 2.1301 0.22 11.808 0.37 0.9011 13.044 0.1250 1.6796 12.661 0.0924
60+40 static | 2.1255 0 11.765 0 09115 12.980 0 - 12.599 0
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