A&A, 705, A237 (2026)
https://doi.org/10.1051/0004-6361/202558038
© The Authors 2026

tronomy
Astrophysics

Constraining the outer boundary condition for the
Babcock-Leighton dynamo models

Yukun Luo!?®, Jie Jiang!?*®, Binghang Li'>®, Zebin Zhang?*®, and Ruihui Wang'?

S

Received 9 November 2025 / Accepted 8 December 2025

School of Space and Earth Sciences, Beihang University, Beijing, People’s Republic of China

Key Laboratory of Space Environment Monitoring and Information Processing of MIIT, Beijing, People’s Republic of China
Institute of Frontier and Interdisciplinary Science, Shandong University, Shandong, People’s Republic of China

Institute of Space Sciences, Shandong University, Shandong, People’s Republic of China

ABSTRACT

Context. The evolution of the Sun’s large-scale surface magnetic field is well captured by surface flux transport models, which can
therefore provide a natural constraint on the outer boundary condition (BC) of Babcock—Leighton (BL) dynamo models.
Aims. For the first time, we propose a zero radial diffusion BC for BL dynamo models, enabling their surface field evolution to align

consistently with surface flux transport simulations.

Methods. We derived a zero radial diffusion BC from the magnetohydrodynamic induction equation and evaluated its effects in
comparison with two alternatives: (i) a radial outer BC and (ii) a radial outer BC combined with strong near-surface radial pumping.
The comparison was made both for the evolution of a single bipolar magnetic region and within a full BL dynamo model.

Results. The zero radial diffusion outer BC effectively suppresses radial diffusion across the surface, ensuring consistency between
the evolution of the bipolar magnetic region in the BL dynamo and the surface flux transport model. With this outer BC, the full
BL dynamo model successfully reproduces the fundamental properties of the solar cycle. In addition, the model naturally produces a
surface magnetic field that is not purely radial, in closer agreement with solar observations.

Conclusions. The physically motivated zero radial diffusion BC paves the way for deeper insight into the solar and stellar cycles.
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1. Introduction

Boundary conditions (BCs) are essential for solving partial
differential equations within a bounded domain. They ensure
problems are mathematically well posed and guide the selec-
tion of physically relevant solutions. In the context of solar
and stellar dynamo equations, BCs play a crucial role in shap-
ing the behavior of large-scale magnetic fields. For instance,
Schubert & Zhang (2001) and Jiang & Wang (2006) suggested
that imposing electrically conducting BCs at the core—shell inter-
face facilitates the emergence of an oscillatory solution in a?
dynamo. Choudhuri (1984) showed that changing the outer BC
for the azimuthal field (B,) from By = 0 to dB4/dr = 0 affects
the cycle period of the solar dynamo. Kipyli et al. (2010) found
that for a given shear and rotation rate, the growth rate of the
magnetic field is higher if a vertical field is adopted for the outer
BC. Long-term observations and recent advances in our under-
standing of the solar surface magnetic field offer an opportunity
to explore improvements to the outer BCs in solar dynamo mod-
els.

Over the past decade, direct observations have increasingly
supported the Babcock—Leighton (BL) solar dynamo (Babcock
1961; Leighton 1969). The essence of this class of model is that
the poloidal field is generated through the emergence of active
regions (ARs) and their subsequent evolution across the solar
surface. A key feature of the BL solar dynamo is that it is obser-
vationally guided (Cameron & Schiissler 2023). In the recently
developed distributed-shear BL dynamo models, in which the
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toroidal field is generated in the bulk of the convection zone
by the latitudinal shear (Zhang & Jiang 2022), the surface mag-
netic field plays a central role in modulating the cycle period
and contributes to the time- and latitude-dependent regenera-
tion of the toroidal field, thereby producing the butterfly dia-
gram (Jiang & Zhang 2025). It is therefore natural to incorporate
advances in our understanding of the solar surface magnetic field
into the formulation of the outer BCs for the BL solar dynamo
model.

Surface flux transport (SFT) models have been highly suc-
cessful in advancing our understanding of the evolution of the
solar surface magnetic field. The high-latitude radial compo-
nent of the magnetic field (B,) is determined solely by processes
that transport flux poleward across the surface from the activ-
ity belt at lower latitudes, behaving as passively advected corks.
Leighton (1964) drew the analogy between the motion of mag-
netic flux elements due to the supergranulation over the surface
and the motion of molecules in a gas, and wrote the transport
equation as

OB,
ot

where the horizontal field (u;) corresponds to the differen-
tial rotation and the meridional flow at the solar surface,
and V2 is the Laplacian operator on the surface of a sphere.
Knobloch & Rosner (1981) and DeVore et al. (1984) demon-
strated that the turbulent diffusivity, n,, appears as a result of
the ensemble averaging procedure, thereby providing a physical
basis for its use in modeling the large-scale field. Wang et al.

=-V-(mB,) +n,ViB,, )
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(1989) successfully applied the model to examine the polar
field evolution of cycle 21. Since then, this model has been
extensively employed to explore the temporal evolution of the
solar surface magnetic field. Comprehensive discussions of the
development and applications of this modeling framework are
provided in the reviews by Jiang et al. (2014) and Yeates et al.
(2023). Most recently, Luo et al. (2025) demonstrated that the
simulated spectra based on the model generally agree with obser-
vations for spherical harmonic degrees (/) < 60.

When applying an SFT model to multiple solar cycles
of varying strength, Schrijver et al. (2002) and Baumann et al.
(2006) found that the polar fields systematically drift, as well
as an absence of polar field reversals. They argued that this dis-
agreement with observations reflects a conceptual deficiency in
the original SFT model, and proposed that a radial diffusion term
for B, should be included in Eq. (1) to remove the long-term
memory of the surface flux. This raises the important question
of whether radial magnetic flux indeed diffuses across the sur-
face.

In the past decade, significant progress has been made in rec-
ognizing the cycle dependence of sunspot emergence. In partic-
ular, the cycle-averaged tilt angles are anticorrelated with the
cycle strength (Dasi-Espuig et al. 2010; Jiao et al. 2021), and
the cycle-averaged latitude is correlated with the cycle strength
(Lietal. 2003; Solanki et al. 2008; Jiang et al. 2011). These
dependences act as effective nonlinear mechanisms for mod-
ulating the polar field generation and, consequently, the solar
cycle, and are referred to as tilt quenching and latitude quench-
ing (Jiang 2020; Petrovay 2020; Karak 2020), respectively. By
incorporating the cycle dependence of sunspot emergence into
the source of an SFT model, Cameron et al. (2010) reproduced
the polar field reversal over multiple solar cycles without the
radial diffusion. Recently, Yeates et al. (2025) considered realis-
tic AR configurations and successfully reproduced the evolution
of polar fields across multiple solar cycles in line with obser-
vations without radial diffusion. Together, these studies suggest
that additional radial diffusion across the surface is not required
in the SFT process. Accordingly, for the BL-type dynamo mod-
els, the BCs should likewise be formulated to prevent the radial
diffusion of the radial component of the magnetic field across the
surface, ensuring consistency between the surface field evolution
in BL dynamos and in SFT models.

Cameron et al. (2012) made the first attempts to use the evo-
lution of the SFT model to constrain near-surface properties of
the BL dynamo. They suggest that a strong enough near-surface
downward pumping with a vertical outer BC is required to repro-
duce surface field evolution from BL dynamo models in agree-
ment with that from SFT models. Applying the constraint to BL
dynamo models has led to progress in understanding both the
solar and stellar cycle (e.g., Jiang et al. 2013; Karak & Cameron
2016; Karak & Miesch 2017; Hazraetal. 2019; Zhang et al.
2022). Theoretically, near-surface radial pumping could arise
from inhomogeneous turbulence or from a positive diffusiv-
ity gradient (Zeldovich 1957; Ridler 1968; Petrovay 1994).
However, direct numerical simulations so far have primarily
shown a downward transport of the large-scale magnetic field
near the base of the convection zone (e.g., Tobias et al. 1998;
Ossendrijver et al. 2002; Képyld 2025). Moreover, the combina-
tion of strong near-surface pumping and a vertical BC results in
the presence of only the radial magnetic field component above
0.95 RO and in weak torsional oscillations (Zhong et al. 2024),
both of which are inconsistent with observations. Furthermore,
Whitbread et al. (2019) compared the evolution of surface mag-
netic fields simulated from 3D BL dynamo and SFT models.
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Their results suggest that the disconnect between emerged ARs
and the toroidal fields in the convection zone would be required
for the consistency between dynamo models and the surface
magnetic fields. The typical 2D BL dynamo naturally satisfies
the requirement of disconnection, enabling us to focus on the
role of the outer BC.

The objective of this paper is to propose a new constraint
on the outer BCs for the BL dynamo, motivated by SFT model-
ing, which requires that no radial diffusion of the radial magnetic
field component occurs across the solar surface. This constraint
provides a physically consistent link between the SFT and BL
dynamo frameworks and offers a step toward more realistic mod-
eling of the solar cycle.

In Sect. 2 we derive the zero radial diffusion BC for the BL
dynamo. In Sect. 3 we present the numerical results by applying
the zero radial diffusion BC to the distributed-shear BL dynamo
model. Finally, Sect. 4 provides a summary of the results and a
discussion of their implications.

2. Derivation of the zero radial diffusion BC for the
BL dynamo

The evolution of large-scale magnetic fields in the Sun is gov-
erned by the magnetohydrodynamic induction equation, and the
radial parts near the surface are expressed as

0B

a—tr:er-Vx(uXB—anB), 2)

where u is the velocity of flow field and 7 represents the turbu-
lent diffusivity. We assumed that 7 varies only with radius and is
independent of horizontal position. Specifically, the first term of
Eq. (2) can be written as follows:

e.-Vx(uxB)=V-(uBy) - V- (uB,), 3

where the subscripts 7 and & correspond to the radial and hor-
izontal direction, respectively. The term V - (u;B,) represents
the horizontal advection for B,, and V - (u,.B}) is related to
the emergence of sunspot, the source term in the SFT model
(Yeates & Muioz-Jaramillo 2013; Jiang et al. 2014; Yeates et al.
2023).

The last term of Eq. (2) represents the diffusion process, and
it can be expanded as follows:

n ﬁBr) n_ 9B
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n_ 9. 0By
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The first two terms on the right-hand side of Eq. (4) represent
the horizontal diffusion, as shown in the 2D SFT model. Con-
sidering the axisymmetric assumption in our BL. dynamo model,
the last term involving the longitudinal gradient vanishes. The
remaining third term represents an additional radial diffusion

term (Schrijver et al. 2002; Baumann et al. 2006). This term is
rewritten as
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where A is magnetic vector potential in the ¢ direction, and the
axisymmetric large-scale magnetic field B(r, 6, ) is expressed in
spherical coordinates as

B(r,0,1) = By(r.0, ey + V X [A(1, 0, 1)e, | (6)

In the BL-type model, if we adopt the assumption that there
is no radial diffusion across the solar surface to be consistent
with the original SFT models satisfying Eq. (1), Eq. (5) must
vanish at the surface. This requirement corresponds to imposing
the zero radial diffusion outer BC. DeVore et al. (1984) derived
Eq. (1) from the ideal magnetohydrodynamic induction equation
by decomposing the magnetic and velocity field into ensemble-
averaged and fluctuating components, and by assuming that the
large-scale magnetic field is predominantly radial so that hori-
zontal field components are negligible (By = 0 and B, = 0). In
contrast, in our derivation of the zero radial diffusion outer BC,
the radial field component naturally decouples from the horizon-
tal components when the term V-(u,B},) is neglected. This term is
typically associated with flux emergence source in SFT models.
As a consequence of this treatment, the latitudinal field compo-
nent By is permitted to exist at the solar surface, rather than being
implicitly suppressed by the assumption of a purely radial field.

We note that Eq. (5) equal to zero is a general form
that makes no diffusion across the surface for poloidal fields,
and a reduction form has been applied in dynamo models.
Cameron et al. (2012) incorporate radial pumping in addition to
the radial outer BC in the BL dynamo model as follows,

1
By = ——ﬁ(rA) =0,7 = Re. @)
ror

They obtain a surface evolution of the poloidal field that is con-
sistent with that produced by SFT models. Radial pumping refers
to the strong downward transport of magnetic flux near the solar
surface, which tends to align the magnetic field predominantly in
the radial direction. As a result, one obtains By = 0 and % =0
in the near-surface layer. The depth to which the relation By = 0
holds depends on the penetration depth of the pumping. The
near-surface pumping, along with the radial BC (Eq. (7)), makes
the following equation approximately valid:

( BBO)
Bg +r—
or r=R,

Then, Eq. (8) at the surface is

o0 |MM\P T g,

Therefore, the radial BC combined with radial pumping can be
regarded as a specific realization of the zero radial diffusion BC,
obtained by setting both terms By and % equal to zero.
The general formulation of the zero radial diffusion BC for
the axisymmetric dynamo is
62
Ey (rA)

=0. 8)

=0. ©)

r=Ro

=0. (10)

r=Rg

Theoretically, the zero radial diffusion outer BC in an axisym-
metric BL dynamo model could completely prevent magnetic
diffusion across the surface, provided that the meridional flow
does not subduct the poloidal field beneath the polar surface
layers. Under this condition, the evolution of the surface radial
field is expected to be consistent with that obtained from SFT
models, after spatial averaging in the azimuthal direction. In the
next section we verify this expectation through numerical simu-
lations.

3. Numerical results

This section aims to evaluate whether the new BC can reli-
ably suppress the radial diffusion of the radial component of
the magnetic field across the surface, thereby ensuring consis-
tency between the surface field evolution in BL dynamos and
that in SFT models. We first briefly overview the 2D distributed-
shear BL dynamo in Sect. 3.1. We next examine a simple case by
comparing the time evolution of a single bipolar magnetic region
(BMR) under different setups of the outer BC in Sect. 3.2. We
further examine the effects of different numerical implementa-
tions of the BC in Sect. 3.3. The results of a full 2D distributed-
shear BL dynamo model with the zero radial diffusion BC are
presented in Sect. 3.4.

3.1. Overview of the 2D BL dynamo

The dynamo equations we solved to find the toroidal field (By)
and the poloidal field represented by the magnetic vector poten-
tial (A) are

A 1 , |
E+;(UP~V)(SA)=7](V —?)A+SBL, (1
OBy . 1 [0(u,rBy) . O0(upBy)
ot r or 06
1 1 dn 8(rBy)
_ 2 _ . -

where the profiles of the meridional flow u,, angular velocity
Q, turbulent diffusivity 1, and BL-type source term Spp will
be specified in the following subsections and s = rsinf. For
the bottom boundary, we imposed a perfect conductor condi-
tion, corresponding to A = 0, d(rBy)/0r = 0 at r = 0.65 R,
(Zhang & Jiang 2022).

For the outer BC, we considered three cases for compari-
son. Case 1 applies the newly proposed constraint for the vec-
tor potential A, Eq. (10), with B, = 0 at r = R,. Case 2 fol-
lows Cameron et al. (2012), imposing a vertical magnetic field,
ie., 0(rA)/0r = 0, By = 0 at r = Ry, along with strong near-
surface radial pumping ¥ = 25ms™' as in their formulation.
Case 3 adopts the same outer BC as Case 2 but omits the near-
surface pumping, thereby permitting radial diffusion of the radial
magnetic field across the surface. The potential-field outer BC is
another commonly adopted form in dynamo modeling. However,
since Cameron et al. (2012) demonstrated that it fails to repro-
duce results consistent with SFT modeling, we did not consider
this case here.

The dynamo equations are numerically solved with the
Crank-Nicolson scheme combined with an approximate factor-
ization technique (van der Houwen & Sommeijer 2001) devel-
oped at Beihang University. The code is second-order accurate
in both space and time. For the default case, the computational
grid was set to 129 points in both the radial and latitudinal direc-
tions. The scheme for dealing with the outer BC will be further
addressed in the following subsections.

3.2. Surface evolution of a single bipolar magnetic region in
dynamo models

In this section we examine the evolution of a single BMR in the
dynamo models under the three setups of the outer BC presented
in the previous section. The initial field distributions of A and
B, follow Egs. (9) and (10) of Cameron et al. (2012), represent-
ing an isolated BMR centered at approximately 15° latitude. The
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Fig. 1. Temporal evolution of an initial BMR on the solar surface
obtained from dynamo simulations under the three outer BC settings:
(a) zero radial diffusion outer BC (Case 1); (b) radial outer BC along
with strong near-surface radial pumping (Case 2); and (c) radial bound-
ary without near-surface radial pumping (Case 3).

meridional flow () and turbulent diffusivity (1) profiles are the
same as those in Sect. 2.1 of Cameron et al. (2012), ensuring
direct comparability. The angular velocity (£2) and radial pump-
ing profiles are set as those in Zhang & Jiang (2022), which
would not affect the results. The source term in the evolution
equation of the poloidal field (Spr) is not considered, which
allows us to assess whether the dynamo-based BMR evolution
aligns with that from SFT models (cf. Fig. 2 of Cameron et al.
2012).

Within the framework of the SFT model (Fig. 2 of
Cameron et al. 2012), the evolution of the isolated BMR
involves a small fraction of the leading-polarity flux (modulated
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Fig. 2. Comparison of the latitudinal distribution of the surface radial
field (B,) from dynamo simulations with three different outer BC set-
tings. Shown are snapshots at t = 0.5yr (black), t = 1.5yr (blue),
t = 6yr (red), and + = 10yr (green). Solid, dashed, and dot-dashed

curves correspond to Cases 1, 2, and 3 of the outer BC, respectively.

by the tilt angle) being transported to the southern pole, while the
equivalent amount of following-polarity flux is advected to the
northern pole. In the absence of additional flux emergence and
owing to the balance between the poleward meridional flow and
the equatorward diffusion, the resulting polar field can remain
stable for millennia. Accordingly, the temporal evolution of the
BMR in dynamo simulations is expected to produce this behav-
ior, provided that radial diffusion across the surface is effectively
suppressed.

Figures la—1c compare the temporal evolution of the BMR
in dynamo models under the outer BCs of Cases 1-3. Figures la
and 1b, corresponding to Cases 1 and 2, present similar behav-
iors, consistent with that from the SFT model described above.
In contrast, Case 3 (Fig. 1c), which lacks near-surface pumping
under the vertical BC, shows the two polarities transported to the
same pole. The ensuing cancelation between the two polarities
leads to a rapid decay of the polar field. This implies a substan-
tial reduction in dynamo efficiency and results in dynamo behav-
ior that differs markedly from Cases 1 and 2. The potential-field
outer BC included in the dynamo produces a similar behavior to
that of Case 3, as presented in Cameron et al. (2012).

Figure 2 presents a quantitative comparison of the latitudi-
nal distribution of B, at four time snapshots, i.e., t = 0.5yr,
1.5yr, 6.0yr, and 10.0yr. For all four times, Cases 1 and 2
exhibit nearly identical B, evolution, whereas Case 3 progres-
sively diverges from their evolution with time. At ¢t = 0.5yr,
magnetic flux remains concentrated in both polarities for all
cases. At t = 1.5yr, corresponding to the upper panel of Fig. 3
in Cameron et al. (2012), a small fraction of leading-polarity
flux is transported to the southern hemisphere in Cases 1 and
2. At t = 6.0yr, corresponding to the lower panel of Fig. 3 in
Cameron et al. (2012), equal-magnitude polar fields have been
established for Cases 1 and 2, while flux of both polarities is
concentrated within one hemisphere, resulting in weaker total
unsigned flux due to cancelation. At ¢ = 10.0 yr, the polar fields
remain nearly unchanged from ¢+ = 6.0yr, with northern and
southern polar fields of 3.07 G and —3.04 G, respectively. In con-
trast, the magnetic flux in Case 3 is almost completely canceled.
These results clearly imply that BL dynamo models employing
typical outer BCs, for example, vertical or potential-field BCs,
tend to produce decaying solutions.

In summary, the newly proposed zero radial diffusion BC and
the vertical BC with strong near-surface pumping both suppress
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Table 1. Change rates of the polar field strength over 10 years for var-
ious grid resolutions and discretization accuracies of the second-order
derivative BC.

Grid resolutions ~ O(Ax?) O(AX) O(Ax")
129 +0.3% +0.039% +0.034%
259 +0.061% -0.015% -0.021%

radial diffusion in BL dynamo simulations, which leads to the
same time evolution of a single BMR. However, residual diffu-
sion remains unavoidable due to numerical effects, especially a
second-order derivative is involved in the zero radial diffusion
BC. Hence, we examine how numerical schemes for implement-
ing the second-order derivative BC affect the evolution of an ini-
tial global poloidal field in the next subsection.

3.3. Influence of numerical schemes on the evolution of an
initial global poloidal field

We used the magnetic field distribution at the end of the 10-
year BMR evolution as the initial condition for the BL dynamo
with the zero radial diffusion BC, which involves a second-order
derivative. As in the previous subsection, no poloidal source term
is included, and all other model parameters remain unchanged.
In the absence of radial diffusion, the large-scale poloidal field
is expected to remain stable for millennia because of the effect
of the meridional flow. Near the equator, the poleward merid-
ional flow inhibits cross-equatorial cancelation of the opposite
radial flux, while in the polar regions, the balance between
the poleward advection and the equatorward diffusion main-
tains the polar field (DeVore et al. 1984). To assess the influ-
ence of numerical schemes on suppressing radial diffusion, we
applied the backward-difference scheme with varying orders of
accuracy (second, third, and fourth) and two grid resolutions
(129*129 and 259*259 in the radial and latitudinal directions).
These tests enabled us to quantify how discretization errors
and grid resolution affect the long-term stability of the poloidal
field.

Table 1 summarizes the ten-year change rates of the polar
field strength at nearly 89° latitude for various grid resolutions
and discretization orders of the second-order derivative BC. For
a resolution of 129 x 129 and second-order discretization accu-
racy, the radial magnetic field strength varies by approximately
only 0.3% after ten years, so it is sufficient to conclude that the
assumption of negligible radial diffusion is satisfied. Increas-
ing the discretization order of the BC from second to third
and fourth significantly reduces the change rate by nearly an
order of magnitude. Higher spatial resolution further mitigates
the numerical errors. At a 259 x 259 resolution, the change
rate decreases nearly an order of magnitude to 0.061% with a
second-order scheme, and to about 0.021% with a fourth-order
scheme. Furthermore, the quantitative rates of change depend on
the surface diffusivity and meridional flow speed. These results
demonstrate that higher-order discretization and finer grid res-
olutions are effective in improving the numerical accuracy of
the second-order derivative BC, thereby suppressing the radial
diffusion.

Considering both accuracy and computational efficiency, we
suggest that a 129 x 129 grid resolution combined with fourth-
order discretization is an optimal numerical scheme for imple-
menting the zero radial diffusion BC in dynamo simulations.

3.4. The distributed-shear BL dynamo with the zero radial
diffusion BC

Zhang & Jiang (2022) developed the distributed-shear BL
dynamo, which differs from the flux transport BL dynamo
(Choudhuri et al. 1995; Dikpati & Charbonneau 1999; Chatterjee
et al. 2004), as it does not rely on the subsurface meridional
flow for flux transport (Jiang & Zhang 2025). The setup of the
outer BC corresponds to Case 2 presented in Sect. 3.2, ensuring
that the surface radial magnetic field evolves consistently with
SFT models. Consequently, the poloidal field is dominated by
large-scale components, primarily spherical harmonics / = 1, 3,
and 5 (Luo et al. 2024). In the bulk of the convection zone, the
poloidal field is primarily latitudinal, enabling the generation
of the toroidal field by the latitudinal shear. Hence, it is termed
the distributed-shear model. Unlike flux transport dynamos, the
distributed-shear model relies critically on the surface magnetic
field. The surface polar field, shaped by the surface flux source
and transport process, dominates the cycle period. Moreover,
the evolving surface field is a factor contributing to the time-
and latitude-dependent regeneration of the toroidal field that
gives rise to the characteristic of the solar butterfly diagram.

In Sect. 3.2 we demonstrate that applying the zero radial
diffusion BC to the BL model effectively captures the evo-
lution of a BMR. In this subsection we apply the same BC
to the BL dynamo model of Zhang & Jiang (2022) to assess
the resulting differences. Because we argue that the nonlinear
mechanisms in the BL dynamo primarily arise from tilt-angle
quenching (Dasi-Espuig et al. 2010; Jiao et al. 2021) and latitu-
dinal quenching (Jiang 2020; Petrovay 2020; Karak 2020), we
did not include the nonlinear algebraic quenching term in the
source term Spr used by Zhang & Jiang (2022). Instead, we
investigated the critical solution of a linear dynamo model. The
parameter @y was set to its critical value a., which is deter-
mined as the value at which the growth rate of the dynamo solu-
tion approaches zero. We adopted ncz = 2.32 x 10! cm? 57!
and kept other parameters identical to those in the reference
model of Zhang & Jiang (2022). The resulting critical value is
@, =235ms™!.

Figure 3a shows the time-latitude diagram of the subsur-
face toroidal flux density calculated by integrating the toroidal
field over the range of 0.7-1.0 R, (see Eq. (8) of Zhang & Jiang
2022). Overall, the latitudinal migration pattern agrees with
Fig. 4a of Zhang & Jiang (2022), which corresponds to the outer
BC of Case 2. In each cycle, the antisymmetric toroidal field
starts from about +55° latitudes along with a residual branch
from the previous cycle near the equator. As the cycle pro-
gresses, the toroidal field presents both a poleward migration
with a duration of about 11 years and an equatorward migra-
tion lasting about 18 years, consistent with the extended solar
cycle (Wilson et al. 1988; McIntosh et al. 2014). The two-branch
pattern differs from the results of flux transport dynamo (FTD)
models, which typically produce concentrated flux above +70°
latitudes due to strong radial shear in the polar tachocline. The
poleward and equatorward branches of the toroidal field gener-
ated within the bulk of the convection zone in our model also
provide a natural explanation for the observed torsional oscilla-
tion, driven by the Lorentz force associated with the cyclic mag-
netic field (Zhong et al. 2024).

A minor difference between our Fig. 3a and Fig. 4a of
Zhang & Jiang (2022) is that the maximum mean flux density in
this result is approximately a factor of two lower. Nevertheless,
this amplitude remains within the reasonable range estimated for
the solar toroidal flux generation rate by Cameron & Schiissler
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Fig. 3. Dynamo solution with the zero radial diffusion outer BC. (a) Temporal evolution of subsurface flux density of the toroidal field. (b) Temporal
evolution of the surface radial fields. Cycle minimum (#;,) and cycle maximum (#;,) are indicated by the vertical dashed and dotted lines,

respectively.

(2015). The discrepancy originates from the distinct magnetic
transport mechanisms near the surface. In Zhang & Jiang (2022),
strong downward pumping above 0.95 Ry rapidly transports
the latitudinal field By into deeper layers, where the latitudi-
nal shear increases with depth (see Fig. 1d of Zhang & Jiang
2022), thereby enhancing toroidal-field generation. In contrast,
under the Case 1 outer BC adopted here, By is advected
downward gradually by the turbulent diffusion 7, resulting in
the weaker toroidal-field amplification. Consequently, the peak
toroidal field strength in our model is about 150 G, compared
to about 450 G under the Case 2 BC adopted by Zhang & Jiang
(2022). This value is also two orders of magnitude lower than the
field strengths of buoyant magnetic loops in global convective-
dynamo simulations (Nelson et al. 2013, 2014). We emphasize
that our result represents an azimuthally averaged toroidal field
and does not account for the intermittent concentration of mag-
netic flux tubes as a result of the turbulent convection.

Figure 3b shows the time-latitude diagram of the radial field
B, at the solar surface. Overall, the result is consistent with
Fig. 4b of Zhang & Jiang (2022) and with the observed magnetic
butterfly diagram (Wang et al. 2025; Luo et al. 2025) in terms of
the latitudinal migration pattern, the phase relation between the
polar field and the activity cycle, and the polar field amplitude.
Compared with observations, the absence of poleward surges in
our model is likely due to the omission of ring doublets used to
model individual AR emergence (Mufoz-Jaramillo et al. 2010).

The top panels of Fig. 4 illustrate the evolution of the
poloidal field over a simulated solar cycle. The surface mag-
netic field is not strictly radial: near the poles, the radial compo-
nent dominates, whereas at lower latitudes the latitudinal com-
ponent becomes significant. This behavior contrasts with the
Case 2 outer BC adopted by Zhang & Jiang (2022), where the
surface field is enforced to be purely radial (see the top panel of
their Fig. 6). Observations support that the polar field is nearly
radial (Sun et al. 2021), and in the activity belts, the radial com-
ponent typically dominates in regions of strong magnetic field,
such as sunspots. Moreover, the field shown here is longitudi-
nally averaged, corresponding to the magnetic butterfly diagram,
where the mean radial field is only a few gauss. Meanwhile, a
non-negligible large-scale latitudinal component By is detected
(Solanki et al. 2006). These observations explain the dominant
latitudinal component at lower latitudes. Therefore, allowing a
finite surface By yields a more realistic representation of the
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large-scale solar surface field and can be regarded as an advan-
tage of the current BC relative to Case 2.

The low panels of Fig. 4 show the corresponding evolution
of the toroidal field. The large-scale By component generates
a toroidal field within the bulk of the convection zone through
the latitudinal differential rotation, consistent with the frame-
work of the distributed-shear BL dynamo. For each cycle, the
toroidal field originates near +55° latitudes, and subsequently
migrates both equatorward and poleward, driven by the lati-
tudinal dependence of the latitudinal differential rotation. This
behavior contrasts with that of FTD models. In addition to the
strength of the poloidal field, turbulent diffusion plays a key role
in the cyclic regeneration of the toroidal field by enabling flux
cancelation between successive cycles for the rising phase and
across the equator for the decline phase (Cameron & Schiissler
2016). These characteristics are generally consistent with those
obtained using the Case 2 outer BC, except that the toroidal field
here is slightly weaker, owing to the reduced strength of the cor-
responding poloidal field.

4. Discussion and conclusions

In this paper we have introduced a new outer BC, a zero radial
diffusion BC, for the BL dynamo to ensure that the surface
field evolution is consistent with observations. We have veri-
fied the effectiveness of this boundary treatment using both an
individual BMR case and a full dynamo simulation. The BC
is approximately equivalent to adopting a vertical-field condi-
tion combined with near-surface radial pumping, as proposed
by Cameron et al. (2012), but offers two key advantages. First,
the need to introduce radial pumping as an additional physical
process is eliminated, in line with the spirit of Occam’s razor.
Second, it naturally produces a surface magnetic field that is not
purely radial, which is more consistent with solar observations.
Our preliminary analysis further indicates that the new outer BC
enables a more realistic reproduction of the surface distribution
and temporal evolution of torsional oscillations, outperforming
the Case 2 outer BC evaluated in Zhong et al. (2024).

With the surface field correctly maintained, the large-
scale poloidal field dominates near the surface, leading to
the generation of a toroidal field primarily in the bulk of
the convection zone through latitudinal differential rotation,
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Fig. 4. Snapshots of the poloidal field (first row) and toroidal field (second row) over a dynamo cycle for the distributed-shear BL dynamo with
the zero radial diffusion outer BC. Solid (dashed) contours in the top panels correspond to clockwise (counterclockwise) poloidal field lines.

which is in the same scenario of distributed-shear BL dynamo
(Zhang & Jiang 2022; Jiang & Zhang 2025) and the original BL
dynamo (Babcock 1961; Leighton 1969). The realistically repro-
duced surface magnetic field also significantly enhances the
dynamo efficiency by suppressing radial diffusion, in contrast to
the widely used vertical-field outer BC and the potential-field
matching BC. Our results highlight that the surface magnetic
field produced by the emergence and evolution of ARs is a fun-
damental element of the BL dynamo loop. Yet, most previous
BL dynamo models, such as the FTD models, do not incorporate
realistic constraints on the surface boundary, resulting in surface
field evolution inconsistent with observations and, consequently,
altered dynamo behavior in the convection zone.

The outer BC matching a potential field outside the photo-
sphere has been widely adopted in previous dynamo models.
However, it is well recognized that the solar photosphere and
corona exhibit non-potential magnetic structures (e.g., Gary et al.
1987; Seehafer 1990; Pevtsov et al. 1997). To quantify the non-
potential and helical properties of the coronal magnetic field,
Pipin (2025) incorporated the harmonic magnetic field as the outer
BC, originally proposed by Bonanno (2016), into dynamo simu-
lations. They argue that the non-potential and helical nature of
the coronal magnetic field originates directly from the dynamo
region (e.g., Képylda et al. 2010; Warnecke et al. 2011). Simi-
larly, weak horizontal surface fields are also permitted in the
model of van Ballegooijen & Mackay (2007), who reproduced
the observed spreading of AR magnetic flux across the solar sur-
face by coupling magnetic field evolution in the convection zone
with that in the corona. An alternative interpretation attributes
these non-potential and helical properties to surface processes,
including differential rotation, meridional flow, supergranular dif-
fusion, and the emergence of twisted ARs (e.g., Yeates 2014;
Yeates & Bhowmik 2022). The hemispheric pattern of filaments
(van Ballegooijen et al. 1998; Yeates et al. 2007) has been suc-

cessfully reproduced by coupling SFT models to coronal evolu-
tion models, in which the photospheric and coronal fields coe-
volve self-consistently. Our axisymmetric BL. dynamo simula-
tions reproduce the behavior of reduced 1D SFT models, where
the large-scale radial field is spatially averaged in the azimuthal
direction. We therefore anticipate that, when the zero radial-
diffusion outer BC is implemented in a 3D kinematic distributed-
shear BL dynamo, its surface magnetic evolution will be consis-
tent with full SFT simulations. Consequently, the non-potential
and helical coronal magnetic structures may also be reproduced
in future extensions of our work.

In addition, we note that the zero radial diffusion BC we
introduce involves a second-order radial derivative. The Cauchy
problem for the second-order partial differential equations in
Egs. (11) and (12) is typically posed with Dirichlet, Neumann, or
Robin BCs. There is no general existence theorem guaranteeing a
well-posed solution when a second-derivative Neumann-type BC
is imposed. Nevertheless, higher-order BCs, including second-
order ones, have been widely used in practice when physically
motivated. A common example arises in wave-equation prob-
lems, where such conditions have been successfully implemented
(Engquist & Majda 1977; Bamberger et al. 1990; Poinsot & Lele
1992). These physically grounded boundary treatments robustly
capture the essential dynamics of the system.
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