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ABSTRACT

Context. The ring and gap structures found in observed protoplanetary disks are often attributed to embedded gap-opening planets
and typically modeled with simplified thermodynamics and in the 2D, thin disk approximation. At the same time, both analytical and
numerical studies have shown that radiative cooling and meridional processes play key roles in planet—disk interaction, though their
computational cost and modeling complexity have limited their exploration.

Aims. We investigate the differences between 2D and 3D models of gap-opening planets while also comparing different thermodynamical
frameworks ranging from locally isothermal to radiative hydrodynamics. We also compare simplified cooling recipes to fully radiative
models in an effort to motivate the inclusion of radiative effects in future modeling even in a parametrized manner.

Methods. We performed high-resolution hydrodynamical simulations in both 2D and 3D, and then compared the angular momentum
deposition by planetary spirals between the two sets of models to assess gap-opening efficiency. We repeated the comparisons with
different thermodynamical treatments: locally isothermal, adiabatic, local 8 cooling, and fully radiative including radiative diffusion.
Results. We find that 2D models are able to capture the essential physics of gap opening with remarkable accuracy, even when including
full radiation transport in both cases. Simple cooling prescriptions can capture the trends found in fully radiative models, albeit while
also slightly overestimating gap-opening efficiency near the planet. Inherently 3D effects, such as vertical flows that cannot be captured
in 2D, can explain the differences between the two approaches, but they do not impact gap opening significantly.

Conclusions. Our findings encourage the use of models that include radiative processes in the study of planet—disk interaction, even
with the simplified yet physically motivated cooling prescriptions that we provide in lieu of full radiation transport. This is particularly
important in the context of substructure-inducing planets in the disk regions where instruments such as ALMA are sensitive (210 au).
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1. Introduction

Several recent observational efforts have demonstrated that sub-
structure in the form of rings and gaps in continuum emission
is ubiquitous in disks around ~Myr-old young stellar objects
(e.g., ALMA Partnership 2015; Andrews et al. 2018; Teague et al.
2025). While several different mechanisms have been proposed to
explain such substructure, young exoplanets present a particularly
attractive scenario, as the planet formation process likely begins
quite early in these systems (Birnstiel 2024; Kleine et al. 2020),
and many of the observed features are well reproduced with mod-
els of planet—disk interaction (e.g., Zhang et al. 2018; Bae et al.
2019; Toci et al. 2020).

With the number of confirmed observed planets during the
disk phase standing at about three (Keppler et al. 2018; Haffert
et al. 2019; van Capelleveen et al. 2025), theoretical modeling
is by and large the main avenue to study planet—disk interac-
tion. A young planet interacts gravitationally with its surrounding
disk, driving spiral density waves that propagate through the disk
(Goldreich & Tremaine 1979; Rafikov 2002a; Ogilvie & Lubow
2002). As they travel, these density waves evolve due to non-
linear effects, eventually turning into shocks, delivering angular

* Corresponding author: a.ziampras@lmu.de

momentum to the disk and carving gaps around the planet’s orbit
(Goodman & Rafikov 2001; Rafikov 2002b).

Models of gap-opening planets have increased in sophistica-
tion over the years, highlighting the effects of radiative cooling
(Miranda & Rafikov 2020a,b; Ziampras et al. 2020b, 2023b), dust
dynamics (Weber et al. 2019; Bi et al. 2021, 2023), and even the
dependence of cooling on the local dust content (Binkert et al.
2023; Krapp et al. 2024; Ziampras et al. 2025b). In particular, it
has been shown that planet-driven gap opening is highly sensitive
to the cooling timescale (Miranda & Rafikov 2020a; Zhang &
Zhu 2020; Zhang et al. 2024) as well as radiative diffusion across
the planetary spiral shocks (Miranda & Rafikov 2020b; Ziampras
et al. 2023b). Combined with the complicated opacity models in
the literature (Semenov et al. 2003; Birnstiel et al. 2018; Woitke
et al. 2016), surveying a wide parameter space while maintaining
accuracy when attempting to model an observed system with a
substructure-forming planet can be a lost cause.

While the aforementioned models are of key importance to
understanding planet—disk interaction, they are also both sensitive
to several — often poorly constrained — physical parameters (e.g.,
gas density, dust composition, dust-to-gas ratio) and computation-
ally expensive, such that sweeping the parameter space with 3D
models is unfeasible. To that end, vertically integrated, 2D models
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are quite attractive, as their lower computational cost enables the
execution of large parameter studies at high resolution.

Of course, the question remains whether such 2D models
can accurately capture the physics of gap opening in the first
place. The flow around a gap-opening planet is inherently three
dimensional, featuring zonal flows and meridional circulation
(Morbidelli et al. 2014; Fung & Chiang 2016; Bi et al. 2021;
Wafflard-Fernandez & Lesur 2023). At the same time, while
extensive work has been carried out to verify that planet—disk
interaction can be mapped from 3D to 2D (e.g., Miiller et al. 2012;
Fung & Chiang 2016; Lega et al. 2021; Hammer & Lin 2023;
Zier & Springel 2023; Brown & Ogilvie 2024; Cordwell et al.
2025), radiative processes complicate this picture, as they are
very sensitive to the optical depth and cooling timescale, both of
which are strong functions of z (e.g., Bae et al. 2021; Ziampras
et al. 2024a). As such, a comparison of 2D to 3D models while
including radiation hydrodynamics is necessary to determine
whether and under what conditions the 2D, vertically integrated
cooling prescriptions can be reconciled with fully 3D models.

In this work, we perform 2D and 3D radiation hydrody-
namical simulations of planet—disk interaction, comparing the
gap-opening efficiency of the two frameworks for the same physi-
cal parameters. We re-used some of the 2D models in Ziampras
et al. (2023b) but re-analyzed them with a more appropriate
method following Cordwell & Rafikov (2024) and supplement
them with fully 3D simulations, which we analyzed following
Cordwell et al. (2025). Our goals are to both determine whether
2D models can accurately capture the gap-opening efficiency
of 3D models, and to identify cooling prescriptions that can
approximate the behavior of fully radiative models with good
accuracy.

The paper structure is as follows: in Sect. 2 we detail our
physical and numerical frameworks in both 2D and 3D, and we
define effective cooling timescales that we found to be useful in
approximating the behavior of fully radiative models. We also
define our simulation metrics, which we used to compare the two
frameworks. In Sect. 3 we present our results, where we compare
the gap-opening efficiency of 2D and 3D models. We then discuss
the implications of our findings in Sect. 4, and conclude in Sect. 5.

2. Physics and numerics

In this section we describe our physical framework and numer-
ical approach. While both are largely similar to Ziampras et al.
(2023b) and Ziampras et al. (2024a) for 2D and 3D respectively,
we reiterate their description here for clarity and to facilitate the
derivation of equivalent cooling timescales between 2D and 3D
in Sect. 2.3.

2.1. Three-dimensional framework

We consider an inviscid disk of gas with volume density p, inter-
nal energy density e and velocity field u around a star with
mass M, = 1 Mg and luminosity L, = 1 Lg. The gas has a mean
molecular weight u = 2.353 and an adiabatic index y = 7/5. The
inviscid Navier—Stokes equations read as (e.g., Tassoul 1978)

P

a—/;+u-Vp=—pV-u, (1a)
1

V= —Lvp_vo, (1b)

ot o
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Here, the pressure is given by the perfect gas equation of state
with P = (y — 1)e. Through the latter we can define the isothermal
sound speed ¢; = +/P/p, the temperature T = uc?/R, the pres-
sure scale height H = ¢,/Qg, and the aspect ratio 7 = H/R, with

Qx = +GM, /R3 being the Keplerian angular speed at cylindri-
cal distance R from the star. The perfect gas and gravitational
constants are R and G, respectively. Finally, ® = ®, + @, is the
gravitational potential of the star and planet with mass M, and
radial location R, given by ®, = —~GM, /r and

d>e

~GM,/d,
p = (2)

~Sh (L 2L 2], d<e

e |é

in order to avoid singularities, following Klahr & Kley (2006).
Here, € = 0.5Ry = 0.5R,{/M,/3M,, and d = r — R, is the dis-
tance between a point at position r and the planet. This choice
of smoothing length €, while larger than that used in Cordwell
et al. (2025), is still small enough to not affect the flow in our
region of interest. We accounted for the indirect acceleration
arising from the star—planet system orbiting their mutual center
of mass.

In Eq. (1c), Q represents additional source terms that can
affect the thermal energy evolution. We defined four different
thermodynamical treatments similar to Ziampras et al. (2023b):

— Locally isothermal: Eq. (1c) is ignored altogether, and a tem-
perature profile Ty(r) is prescribed such that P = RoTy/u.
This is the most simplistic approach within our framework,
effectively translating to immediate thermal relaxation.

— Adiabatic: Eq. (Ic) is evolved with Q = 0. This approach
captures adiabatic compression while conserving entropy
(except at shock fronts), but assumes no thermal relaxation.

— Local cooling: thermal relaxation is parametrized with a
cooling timescale .0 = ﬁQil, such that in Eq. (1c)

e—e) on = R
T uy -1

0 = Orelax = _fﬁ pTo = cypTo, (3)

9
Tcool

with fz being a prefactor that differs from unity for
temperature-dependent S (Dullemond et al. 2022; Ziampras
et al. 2023b).

— Fully radiative: the disk cools by interacting with the local
radiation field E,,4 in the flux-limited diffusion approximation
(FLD, Levermore & Pomraning 1981). Here, E.,4 is dynami-
cally evolved and added to the set of equations in Eq. (1) with

OE,, A
Td | V. F=—Qua. F=-""VE,, )
ot KRPO

and the matter—radiation field coupling is given by defining
in Eq. (Ic)

QO = QOrag = —KppC (aRT4 - Erad) . )

In this context, kg and «p are the Rosseland and Planck mean
opacities, c is the speed of light, ag is the radiation constant,
and A is a flux limiter following Kley (1989) that captures the
transition between the optically thick diffusion limit (1 —
1/3) and the optically thin, free-streaming limit (F — cE;.q).
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This is the most realistic approach within our framework,
capturing both the thermal relaxation of e through Q;,q and
the radiative diffusion of E.,q through Eq. (4). To prevent the
disk from cooling indefinitely, we prescribed E.,q = arTo (R)*
at the surfaces and radial ends of the disk as in Ziampras et al.
(2024a), assuming that the disk is heated by reprocessed
starlight from the disk surfaces.

2.2. Two-dimensional framework

Similar to the set of equations in Eq. (1) and by defining the
surface density X = f_ O; pdz and vertically integrated pressure

Psp = X2, (assuming 7 is independent of z) the inviscid Navier—
Stokes equations in the thin disk approximation read

)3

= VS = -3V

r +u u, (6a)
ou 1

T +(u-Vu = —EVPzD - Vo, (6b)
§+u Ve =—yeV-u+ Q. (6¢)

In the above equations the thermal energy density has been rede-
fined as e = Pop/(y — 1). To capture the vertical structure of the
disk, the gravitational potential of the planet is also replaced by a
Plummer potential with

GM,
V2 &

following Miiller et al. (2012). While Cordwell et al. (2025)
showed that the newer potential form of Brown & Ogilvie (2024)
functions more optimally than the traditional Plummer potential,
the main purpose of this paper is to explore the role of disk ther-
modynamics rather than the planetary potential on gap opening.
As we seek to identify how well the overall morphology, rather
than quantitative details, of gap opening can be represented in
2D simulations, the Plummer approximation is an appropriate
choice.

While Q.1,x maintains its form as in Eq. (3) within the local
cooling approach (with X instead of p), the radiative cooling term
Ora in Eq. (4) is now split among a vertical, surface cooling
component Qg¢, an in-plane radiative diffusion term Qp;q, and
an irradiation heating term Q. The two cooling terms can be
written as

(I)p = — €= 06 Hp, (7)

V3ol 1

TRP = EKR,PZ
(®)

for surface cooling following the effective optical depth model of
Hubeny (1990), and

4

(TSBT 3TR

Osurf = =2 s Teff = —5— + + s
Teff 8 4 47p

1 X
V2r H
for in-plane radiative diffusion, where we further assume that
Eaq = arT* at the disk midplane (one-temperature approxima-
tion). In the above, osp is the Stefan—Boltzmann constant and p;q

is the volume density at the disk midplane, obtained assuming
vertical hydrostatic equilibrium.

3
Omid = V27HYV - (M 9)

VT) » Pmid =
KRPmid
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Finally, we included the prescription of irradiation heating by
Menou & Goodman (2004) to balance surface losses via Eq. (8):

dlog H h
irr = - -1, 10
Q 4 R2( )(dlogR )Teﬁ‘ (19)
dlogH _ . _
with Togk = 9/7 and a disk albedo £ = 1/2.

2.3. Effective cooling timescales

One of the goals of this work is to identify cooling timescale
prescriptions that can approximate the behavior of fully radiative
models with good accuracy, capturing radiative effects through
local thermal relaxation (Eq. (3)) rather than solving for the full
radiative diffusion problem (Eqs. (4) and (5)). Following previous
work (Flock et al. 2017; Ziampras et al. 2024a) we define the
cooling timescale within the 3D framework as

% H2 + l?ad
n kR 3

where 77 and /.54 are the radiative diffusion coefficient and photon
mean free path, respectively. This recipe captures cooling in both
the optically thick, diffusion-limited regime (with the assumption
that the diffusion length scale is ~H) and in the optically thin
regime where the cooling rate is proportional to the emissivity
kp. We note that the factor «p/«g is a correction to the formulas
provided by the aforementioned studies that arises when relaxing
the assumption that kg = kp = «. A heuristic derivation of Eq. (11)
is provided in Appendix B.

In the 2D framework, the above formula is still relevant as it
represents cooling via diffusion through the disk plane (defining
all parameters at the midplane), effectively capturing the effects of
Omig in Eq. (9). To further include the effects of surface cooling,
assuming that heat is removed locally along the z direction, we
can write the two components of surface and in-plane cooling as

_ 16O'SBT3

B 3KRp2Cv

B = (1n)

s g = —,
Kpp

e

| qurf |

The two can then be combined such that cooling is always limited
by the fastest of the two channels (e.g., Miranda & Rafikov 2020b)
to yield an effective cooling timescale:

Bmia =pP@=0),  Pour= (12)

_ -l
B = [Bria + B (13)
Similar to Ziampras et al. (2023b), Eq. (13) can be algebraically
rearranged to express 2P as

1 e
f +1 |qurf|

with f — 7 and f — 4 in the optically thick and thin limits
(t = o and T — 0, respectively) if TR = 7p = 7.

We note that Eqs. (11) and (13) can be used to both estimate
the cooling timescale in radiative models and compute a relax-
ation rate Qrelax When using a local cooling approach. In the latter
case, Dullemond et al. (2022) showed that the prefactor in Eq. (3)
takes the form fz = 1/(4 £ b) in the optically thick (+) and thin
(-) limits, where 7. o« T*" for temperature-dependent opacities
(see Eq. (8)). Nevertheless, in the range 7 ~ 0.1-10, where 7¢g
is rather flat due to the constant term V3/4 in Eq. (8), this sim-
plifies to fz ~ 1/4 (Ziampras et al. 2023b). We use this value of
Jp for our models with local cooling. In Sect. 3, we will show

167 TpTegr

2D - , 14
'8 6TRTP+7T ( )

f + lﬁsurf
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that models using this local cooling approach with our analytic
formulas in Egs. (11) and (13) perform very well when compared
to their fully radiative counterparts in the context of planet-driven

gap opening.

2.4. Numerical setups

We use the numerical (magneto)hydrodynamics finite-volume
code PLUTO (Mignone et al. 2007) in 3D spherical {r, 8, ¢} or 2D
cylindrical {R, ¢} polar geometry, depending on framework. We
use the flux-limited diffusion radiation transport modules detailed
in Ziampras et al. (2024a) and Ziampras et al. (2020a) for our 3D
and 2D runs, respectively'. The models are run in a frame coro-

tating with the planet’s orbital speed €, = A/G(M, + Mp)/Rf,
and make use of the FARGO transport algorithm (Masset 2000)
implemented in PLUTO by Mignone et al. (2012) to both minimize
numerical diffusion and alleviate the strict timestep limitation of
the rapidly rotating inner radial boundary. Finally, we employ a
third-order weighted essentially non-oscillatory reconstruction
scheme (WENO, Yamaleev & Carpenter 2009) and third-order
Runge—Kutta timestepping, the slope limiter by Van Leer (1974),
and the HLLC Riemann solver (Toro et al. 1994).

Our numerical grid spans R or r € [0.4,2.5] R, with loga-
rithmic radial spacing, covers the full ¢ € [0,27] in azimuth,
and, in our 3D models, extends between 6 € [7/2 — 0.15,7/2] in
the polar direction. For our choice of temperature profile with
h = 0.05(R/R,)"* (see text below), this translates t0 Zmax = 3H
at R = R,,. Our boundaries are periodic in ¢, symmetric about the
midplane, and we impose wave-damping regions for R < 0.5 R,,,
R > 2.1 R, following de Val-Borro et al. (2006) with a damping
timescale of 0.1 local orbits.

After carrying out a resolution study (see Appendix A), we
choose a grid resolution of Ng X Ng = 1200 x 4096 and N, X
Ng x Ng = 600 x 48 x 2048 cells for our 2D and 3D models,
which translates to 32 and 16 cells per scale height, respectively.
This choice does not sacrifice quality for performance, however.
Rather, it shows that our 3D models converged within 95% for
half the effective resolution compared to our 2D runs with respect
to our metrics of choice.

Similar to Ziampras et al. (2023b), we aim to build a set of
models where 7, X, and 8 are constant within our simulation
domain (for 3D models, we seek to satisfy this at the midplane).
This is achieved by setting kg = kp = k = const., Xy = X(t = 0) =
const,and To =T(t=0) =T, (R/Rp)‘l/z. For a solar-type star,
thermal equilibrium between Qg+ and Qj, in Egs. (8) and (10)
translates to 7, = 21 K at R, = 30 au, or i, = 0.05. We then use
an iterative approach to compute x and X to achieve different
values of B?°, or °P at the disk midplane while maintaining
an optical depth 7 = %KE = 10. In sections where we compare
our findings as a function of the cooling timescale, we use 5°°
as a reference value for the disk cooling time, regardless of the
equation of state. This is done because it represents the total
cooling timescale in our 2D runs, whereas in 3D the effective
cooling timescale might be much shorter than 3P (z = 0) due to
the entire column from the midplane to the vertical boundary
contributing to cooling.

We note that the actual values of k and £, however unrealis-
tic, are completely arbitrary. The goal is to establish numerical
experiments where 7 and S are (initially) constant throughout the
disk midplane in order to measure the dissipation of planet-driven

! For FLD, we use the PetSc library (Balay et al. 2018) in 3D, and a
simple successive over-relaxation technique in 2D.
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spirals as a function of the cooling timescale while maintaining a
marginally optically thick disk (tyig = 10). While this is trivial
for models with local cooling, where the value of 8 can be simply
prescribed, running equivalent radiative models requires defining
our initial conditions in this way such that 8 evaluates to its target
value through Eq. (11) or (13) in 3D and 2D, respectively.
Finally, we chose a planet mass of M, = 3.75 X 10°5M, =
12.5 Mg. For our choice of parameters, we defined the thermal
mass following (Goodman & Rafikov 2001) as My, = §h3 M, ~

28 M, such that M, = 0.42 My,?. This places the planet in a
quasi-nonlinear regime, where it is expected to carve a gap due to
the lack of viscous diffusion, but its spiral wakes will not steepen
into shocks before traveling a radial distance of (Goodman &
Rafikov 2001)

v+ 1 M, 205
X 0.93Hp( - Mth) 1)
away from the planet. This allows us to measure differences in
gap opening between isothermal, adiabatic, and radiative mod-
els, as no angular momentum should be deposited in the region
IR — Ryl < xg, in the absence of radiative damping (Rafikov
2002a). The planet is ramped to its full mass during its first
orbit in the simulation following the formula in de Val-Borro et al.
(2006). This ensures that the spiral patterns have been established
throughout the computational domain and have reached a steady
state within a few (~5) planetary orbits.

2.5. Simulation metrics

As previous studies have already shown, the gap-opening pro-
cess is a sensitive function of the cooling timescale. To quantify
this effect, we focused on the planet’s primary gap, even though
multiple gaps can in principle be opened in inviscid disks (e.g.,
Zhang et al. 2018). We therefore need a metric to measure the
efficiency with which the planet removes material from its local
orbit. Rather than computing an “angular momentum budget” as
in Ziampras et al. (2023b), who integrated the total spiral angular
momentum flux F; throughout the disk, we instead computed
the angular momentum deposition function dF p/0R following
Cordwell & Rafikov (2024). This can be defined as
OF dep oT oF 7

R ~ OR OR’

(16)

where the angular momentum flux F; and gravitational torque
density 07 /OR are given in the 2D framework by

F;(R) = R 9§ Yourdugdp, Ou, = u, — (i), (17a)
oT oD,

— =R(pI—2d 17b
3R 56 9 ®, (17b)

and in the 3D framework computed after first integrating along z
(Cordwell et al. 2025):

F,(R) = R? 56 [ f N p6MR6u¢dz] do,

2 We note that this definition of the thermal mass is slightly different
from that of My, = h*M, in, for example, Cordwell et al. (2025).

(18a)
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oT

R (18b)

R 56 f T lg

Pap |9
In the above equations, (u,) denotes density-weighted azimuthal
averages such that

1
(uy) = ?p §MXPd¢3

with p being the azimuthally averaged density (p and p are
replaced with £ and £ in 2D). After computing dFgep /IR, we
can then reconstruct the azimuthally averaged perturbed density
AZ/Z, as a function of time by computing the surface density
evolution rate % /dt using 0F ¢ep /OR, following Egs. (C1)~(C12)

in Appendix C of Cordwell & Rafikov (2024)*:

19)

(20)

Here, X is the initial surface density profile. We note that this
approach assumes that the gap-opening process operates in its
linear regime, where dX/0t is constant in time. This is a very
accurate approximation for gap depths less than 20% (Cordwell
& Rafikov 2024), a condition met by the circumstances considered
in this paper. As we are interested in the inviscid regime of gap
opening we are unable to make direct comparisons to standard
viscous steady state models such as in Kanagawa et al. (2015),
Zhang et al. (2018), or Duffell (2020).
In all figures shown below, dF 4, /OR is normalized to

F M\
ﬂ=( p) hy T,RIQ! (21)

Rp M* | S o
where Fj is the characteristic one-sided torque due to the planet
(Goldreich & Tremaine 1980).

For our analysis in the following sections, we will focus on
the angular momentum deposition due to spiral shocks rather
than dynamics within the planet’s corotating region. The latter
should not contribute to spiral-driven gap opening in the absence
of radiative damping. However, dynamical processes such as

the vertical shear instability (VSI, Nelson et al. 2013; Stoll et al.

2017; Ziampras et al. 2023a), buoyancy modes (Zhu et al. 2012;
McNally et al. 2020), or transient features while the horseshoe
region is undergoing phase mixing (e.g., the vortensity striping
seen in Cordwell et al. (2025)) can still drive correlated velocity
fluctuations in that region. In particular, the VSI will operate for
very short cooling timescales (8 < 0.1, Lin & Youdin 2015), while
the disk’s buoyancy response can drive substantial motion for
nearly adiabatic conditions (8 > 100, Yun et al. 2022; Ziampras
et al. 2024a). To avoid the effects of either of these processes,
we set 0F qep/OR = 0 within the planet’s corotating region |R —
Ryl < xp, with the horseshoe half-width x, defined following
Paardekooper et al. (2010):

1/4
1.1 ( 0.4 ) 22)

M,
xhzm —_— PR €=O.6Hp.
0% e/H

M,

The radial profile of dFg.,/0R is then smoothed with a rolling
average over a width of H to eliminate any numerical noise, and
0Z /0t is computed using this smoothed data. We found that this
smoothing has a negligible effect on the results, but improves the
readability of the figures. Nevertheless, we show the raw data in
faded colors in Figs. 1-3 for transparency.

3 Tools for the calculation of AX/%, from 0F 4ep/OR are available at
https://github.com/cordwella/disc_planet_analysis

3. Results

In this section we present the results of our numerical experiments.
We begin with a demonstration of our approach, continue to an
analysis of the angular momentum deposition function and the
resulting gap structures as a function of the cooling timescale,
and conclude with a comparison between our 2D and 3D models.

3.1. A fiducial model

To illustrate our approach, we show a snapshot of the surface
density structure after 10 planetary orbits for our locally isother-
mal 3D model in Fig. 1. On the left panel we show the entire
simulation domain, with the planet located at R = R and spirals
permeating the disk. The top right panel shows a zoomed-in view
of the region around the planet (indicated with an orange box on
the left), highlighting the density perturbations around the spiral
shocks. The bottom right panel shows the angular momentum
deposition function 0Fg.,/dR in normalized units, and the sur-
face density evolution rate in arbitrary units computed based on
this dF 4ep/OR according to Cordwell & Rafikov (2024). Dashed
vertical lines mark the shock distance xg, following Eq. (15), and
dotted lines mark the edge of the planet’s corotating region xy
following Eq. (22).

From the bottom right panel of Fig. 1 we can identify several
key features of planet-driven gap opening by noticing that the
angular momentum deposition function is — within noise levels —
zero between the edge of the planet’s corotating region and the
shock distance. This is expected, as the spirals have not yet steep-
ened into shocks and travel as linear waves within this region®.
Beyond x,p,, however, we see a rise in dF ., /0R and a correspond-
ing increase in the surface density evolution rate JAX/dt. The
resulting “double-trough” gap shape is entirely consistent with
expectations from literature for low-viscosity, locally isothermal
models (e.g., Rafikov 2002b; Miranda & Rafikov 2020a; Zhang
et al. 2024; Cordwell & Rafikov 2024).

This behavior no longer necessarily holds when a finite cool-
ing timescale is introduced, as radiative damping can now drive
angular momentum deposition well before xgy, is reached. This is
demonstrated in Fig. 2, where we show the angular momentum
deposition function dFg4.,/dR for our fiducial 2D and 3D mod-
els (dashed and solid lines, respectively) and for four different
equations of state: adiabatic (black), locally isothermal (orange),
B cooling (purple), and fully radiative (green). Our models with
cooling (B, radiative) have 8?° ~ 2. Here, it becomes clear that
a finite cooling timescale leads to a nonzero angular momentum
deposition within xg,. In particular, by comparing the purple and
orange curves in the bottom panel of Fig. 2, we see that 0F e, /R
not only peaks much closer to the planet, but also remains high
up to ~2xy, away, suggesting the formation of a single, deep
gap around the planet. This is fully in line with the findings of
Miranda & Rafikov (2020a).

In Fig. 3 we then show the expected surface density profile
after 100 planetary orbits by proxy of the surface density evolution
rate through Eq. (20) for the same models as in Fig. 2. In this
figure, and especially in the bottom panel, we can see that the
gap profile is significantly different between the different models:
the locally isothermal and adiabatic models (orange and black
lines, respectively) feature a shallow, double-trough gap profile,
while the models with cooling (purple and green lines) show a
single, deep gap, which is slightly deeper for 8 cooling (purple).

4 Horseshoe dynamics leads to a nonzero dFg,/OR within x, (see
Eq. (22)), but as mentioned above we set this quantity to zero in this
region.
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Fig. 1. Snapshot of the perturbed surface density after ten planetary orbits for our locally isothermal 3D model. Left: entire simulation domain.
Spiral shocks are weaker near either radial end of the disk due to wave damping. Top right: a zoom-in into the orange box on the left, highlighting
the region where gap opening is driven. Bottom right: angular momentum deposition function dF.,/0R and the surface density evolution rate
0Z /0t in arbitrary units computed according to Cordwell & Rafikov (2024). Saturated and faded colors indicate smoothed or raw data, respectively.
Dashed and dotted vertical lines mark the isothermal shock distance xg, (Eq. (15) with y = 1) and the planet’s corotating region (Eq. (22) with

v = 1), respectively.
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Fig. 2. Angular momentum deposition dF 4., /OR for our fiducial 2D and
3D models (dashed and solid lines, respectively) and for four different
equations of state. Models with cooling (8, radiative) have g?° ~ 2.
As in Fig. 1, faded and saturated colors indicate raw and smoothed
data, respectively, showing that our smoothing procedure has negligible
effects beyond the corotating region. The bottom panel compares the four
equations of state for our 3D models, highlighting the role of cooling.
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Fig. 3. Estimates of the perturbed surface density expected after 100
planetary orbits for the models featured in Fig. 2 (using 0F 4., /OR from
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while radiative models show a single, deep gap. An apparent third dip in
the adiabatic model at R = R, is related to the perturbations driven by
buoyancy modes near the edge of the planet’s horseshoe region.
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Fig. 4. Angular momentum deposition function 0F4.,/0R for our 3D
(top) and 2D models (bottom) as a function of the cooling timescale
defined through Eqgs. (11) and (13) for 3D and 2D, respectively. The
quantity approaches zero within xg, (dashed vertical lines) for very short
or very long cooling timescales (blue and red lines, respectively), but
peaks around 5 ~ 1 (gray dots).

This is once again fully consistent with findings from previous
studies (Miranda & Rafikov 2020b; Zhang & Zhu 2020; Zhang
et al. 2024).

We note that the profiles shown in Fig. 3 are not the result
of dynamical evolution over 100 planetary orbits, but rather
extrapolations using the surface density evolution rates computed
using dFgep/OR and the framework highlighted in Cordwell &
Rafikov (2024) and Cordwell et al. (2025). Nevertheless, the afore-
mentioned studies have shown that this approximation remains
valid during the early phases of gap opening (or AX/Z, of a few
percent). We refer the reader to these studies for further details.

3.2. Gap opening as a function of cooling timescale

We now carry out a suite of 2D and 3D models where we vary the
cooling timescale 3P while keeping the optical depth constant at
7 = 10, similar to Ziampras et al. (2023b). We then measure both
the angular momentum deposition function dF4p/0R and the
expected gap structure AX/Z, (via the surface density evolution
rate 9Z/0t) as a function of B.

Our results for our fully radiative models in both 2D and 3D
are shown in Figs. 4 and 5. Specifically, in Fig. 4 we see how
very little angular momentum is deposited within |R — Rp| < x¢
for very short or very long cooling timescales (blue or red limits,
respectively), but the angular momentum deposition increases as
we approach 8 ~ 1, highlighted with gray dots. Similar trends
can be seen in Fig. 5, where the gap structure transitions from
double- to single-trough as 8 increases from 8 <« 1to 8 ~ 1, and
then back to a double-trough gap for 8 > 1. A secondary gap
is also visible for R ~ 0.6 R;, for 8 < 1 and § > 1, induced by
the planet’s secondary spiral arm in the inner disk. This spiral
is strongly suppressed and cannot deposit a substantial amount
of angular momentum for 8 ~ 1, resulting in a lack of additional
gaps by a single planet, in line with the findings of Ziampras et al.
(2020b) and Miranda & Rafikov (2020a).

log B2P
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T T T _

A2/%, after 100 orbits [%]

P N R T N TR T N
1.0
RIR,

Fig. 5. Estimated gap structures after 100 planetary orbits similar to
Fig. 3 as a function of 8. The gap structure transitions from double- to
single-trough as f increases towards § ~ 1, and then back to a double-
trough gap for 8 > 1. A secondary gap is also visible for R ~ 0.6 R,, for
B < 1 and 8> 1, induced by the planet’s secondary inner spiral arm.

Finally, we would like to quantify the contribution of radiative
damping to gap opening as a function of . To do this, we work
under the assumption that the only mechanism of angular momen-
tum deposition that contributes to gap opening is the one due to
planetary spirals, and that it can be decomposed into two com-
ponents: one due to shocks beyond xg,, and one due to radiative
damping within xg,. Since dF 4., /R switches signs about R, (and
would therefore sum to zero over the gap-opening region), we
choose 9%/0t as a better indicator of gap opening near the planet.
With these assumptions, we define the gap-opening efficiency
factor G as

RP+X,h

1
¢ QpRy f

Rp —Xsh

10z

S R. (23)
In other words, G reflects the mass flux exiting the gap region
within the shock distance xg, from the planet. Since we are inter-
ested in relative changes in G due to cooling, we normalize it to
the value for our adiabatic 2D model, Gi?b when plotting.

We then present our results in Fig. 6, where we show that G
changes substantially as a function of 3, peaking for § ~ 1 and
recovering the isothermal and adiabatic values for 8 <« 1 and
B > 1, respectively. These findings are consistent with those of
Ziampras et al. (2023b), even though a different metric was used
to quantify the gap-opening efficiency. Compared to that study,
here we can obtain a more appropriate measurement of the gap-
opening efficiency in the vicinity of the planet rather than the
entire disk.

From Fig. 6 we also observed that the 2D and 3D models
agree very well in terms of the shape and amplitude of G across
different g, albeit with a slight offset in the value of 8 at which
the peak occurs. More importantly, however, we find that models
with local, B cooling (purple lines) consistently overestimate the
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Fig. 6. Gap-opening efficiency factor G, normalized to the adiabatic
2D model value Gﬂfb, as a function of the cooling timescale  for our
fully radiative models (green) and those with local, 8 cooling (purple),
finding a good agreement between 2D and 3D models. Local 8 cooling

overestimates G compared to fully radiative models.

contribution of radiative damping to gap opening compared to
fully radiative models (green lines). We interpret this as a result
of the local cooling approach not properly capturing the effects of
radiative diffusion, but rather assuming that the cooling is entirely
localized around the spiral arms.

3.3. Comparison between 2D and 3D models

When discussing our findings in previous sections, we noted a
very good agreement between our 2D and 3D models in terms
of the metrics we used to quantify gap opening. Both the angu-
lar momentum deposition function 6F¢p/0R and the expected
surface density evolution rate 0/t show both qualitatively and
quantitatively similar radial behavior in Figs. 2 and 3, and the
gap-opening efficiency factor G(5) in Fig. 6 also behaves very sim-
ilarly between the two frameworks. This result paints an optimistic
picture for the use of 2D radiative models in the context of planet-
driven gap opening (see also Fung & Chiang 2016; Cordwell et al.
2025, for a complementary focus on isothermal models). They
can be run with a much lower computational cost than their 3D
counterparts while recovering the same gap structure, its depen-
dence on the cooling timescale, and even the overestimation of G
in models with 8 cooling compared to fully radiative ones.
Another noteworthy similarity can be found in the amplitude
and shape of the surface density and midplane temperature devia-
tions across the shock fronts themselves, as shown in Fig. 7 for
our fiducial set with 8?° ~ 2 and at R = 1.15R,,, where 0F gp/OR
due to shocks is maximized (see Fig. 2). In this figure, we find
that the 2D and 3D models agree remarkably well across all equa-
tions of state. This is particularly interesting since 3D shocks
are expected to be weaker than their 2D counterparts (Lyra et al.
2016), but this is not straightforward to infer from this figure.
Nevertheless, some differences between the two frameworks
are expected. The clearest deviation between 2D and 3D is found
in the angular momentum deposition profiles for our adiabatic
models in Fig. 2, where the 3D model shows a noticeably lower
0F 4ep/OR beyond xg, but also a nonzero contribution within the
planet’s corotating region. The latter is most likely due to the
disk’s buoyancy response (Zhu et al. 2012), which can drive
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Fig. 7. Azimuthal structure of the perturbed surface density (left) and
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our fiducial models for all cooling treatments. The 2D and 3D models
(dashed and solid lines, respectively) agree very well with each other.
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Fig. 8. Heatmaps of the vertical velocity (top) and the density-weighted
correlation between the radial and azimuthal velocity components (bot-
tom) for our adiabatic 3D model at z = 2H. Buoyancy modes are clearly
visible as diagonal stripes in the top panel, while the bottom panel shows
a nonzero angular momentum flux around the planet (black dot).

substantial radial and vertical motion in the region between the
horseshoe edge and the shock distance (McNally et al. 2020;
Ziampras et al. 2023c) and is therefore not filtered out by our
smoothing procedure. In Fig. 8 we show heatmaps of the vertical
velocity and the density-weighted correlations between the radial
and azimuthal velocity components for our adiabatic 3D model at
z = 2H, highlighting both the presence of buoyancy modes and a
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nonzero angular momentum flux in the vicinity of the planet. In
contrast, no such features can be captured in a 2D model.

We note that this is different from the vortensity striping
reported in Cordwell et al. (2025), which referred to a transient
process during the horseshoe mixing phase in their isothermal
model rather than the active vortensity evolution due to buoyancy
modes in our adiabatic run. In fact, it is unclear whether the
contribution to 0F 4.p/OR due to buoyancy modes will persist as
the gap-opening process develops. For this reason, the third, gap-
like feature at R = R,, in Figs. 3 and 4 should be interpreted with
caution. Clarifying this could be the subject of future work.

Finally, while the agreement between 2D and 3D models is
excellent in several aspects in terms of the gap-opening efficiency
factor G in Fig. 6, we note that the 3D models show a peak
at B ~ 2 rather than 8 = 1 as in the 2D models. A difference
between the two frameworks is expected (at least in the case of 8
cooling), as in 3D models the disk cools over the entire vertical
column at each point along the disk plane, whereas 2D models
attempt to capture this process in a vertically integrated fashion.
Nevertheless, an agreement within a factor of two in terms of
the value of 8 at which gap opening is most efficient is still very
good, considering the significantly higher computational cost
of 3D models and the excellent agreement between 2D and 3D
regarding the behavior of G as a function of 8 in both amplitude
and shape.

4. Discussion

In this section, we discuss the implications of our findings in
the context of planet-driven gap opening. We also address the
limitations of 2D models in capturing the full complexity of the
thermodynamic aspects of planet—disk interaction.

4.1. Cooling in parameter studies of planet—disk interaction

Modeling radiative processes in a satisfactory manner has been
historically notoriously difficult in the context of protoplanetary
disks. For one, the cooling timescale is highly sensitive to both
gas and dust parameters such as the opacity, the dust-to-gas ratio,
the gas surface density, and the temperature. Given the mas-
sive uncertainties on these parameters, and the sensitivity of the
gap-opening process to the cooling timescale, it may even seem
counterproductive to include radiative effects in models of planet—
disk interaction. At the same time, the high computational cost
of radiative simulations makes them impractical for parameter
studies, especially in 3D.

However, several groundbreaking advancements have been
made in recent years to both constrain disk parameters and
develop more efficient numerical methods for radiative transfer.
On the observational side, high-resolution ALMA observations
have provided stringent constraints on the disk temperature struc-
ture in 3D (e.g., Law et al. 2021; Galloway-Sprietsma et al. 2025),
as well as on the overall disk masses from which surface density
profiles can be inferred (e.g., Zhang et al. 2025; Trapman et al.
2025; Longarini et al. 2025). Multi-wavelength observations of
the same systems have also been utilized to infer dust properties
such as the maximum grain size and dust size distribution (e.g.,
Doi & Kataoka 2023; Doi et al. 2024). These constraints, in com-
bination with improved models of dust evolution (e.g., Birnstiel
et al. 2012; Drazkowska et al. 2019; Stammler & Birnstiel 2022),
dust opacities (e.g., Woitke et al. 2016; Birnstiel et al. 2018;
Dominik et al. 2021), and radiative transfer (e.g., Ercolano et al.
2003; Dullemond et al. 2012), can be used to infer the properties
of dust grains and constrain disk properties to the extent that a

treatment of radiative cooling can be both motivated and yield
realistic results. Finally, on the computational side, the rising
usage of GPUs as tools for accelerating hydrodynamical simula-
tions (e.g., Benitez-Llambay & Masset 2016; Lesur et al. 2023b;
Stone et al. 2024) in combination with highly optimized lin-
ear algebra libraries that can be used for the express purpose
of solving stiff operators such as the source terms in FLD (see
Eq. (5); e.g., Balay et al. 2018; Trilinos Project Team 2020), have
made it feasible to carry out large-scale radiative hydrodynamical
simulations in 3D.

From the above it becomes clear that while modeling planet—
disk interaction with a treatment for radiative transfer is quite
involved and challenging, it is becoming increasingly more feasi-
ble and necessary to capture the full complexity of the problem.
In fact, simple thermodynamic assumptions (e.g., locally isother-
mal) fail to capture the intricacies of planet—disk interaction in
several ways including gap opening (e.g., Miranda & Rafikov
2020a; Ziampras et al. 2023b), planet-induced vortex dynamics
(e.g., Fung & Ono 2021; Rometsch et al. 2021), circumplanetary
disk dynamics (e.g., Krapp et al. 2024), gap edge dynamics (e.g.,
Muley et al. 2024), and planet migration (e.g., Lega et al. 2014;
Ziampras et al. 2024b,a, 2025a).

Nevertheless, our results show that in the context of planet-
induced gap opening it is both possible and accurate to use 2D
models with a simple yet physically motivated treatment of radia-
tive cooling via Eqgs. (12) and (13) or (14). This opens up the
possibility of carrying out large parameter studies of planet—disk
interaction in 2D, while still capturing the key features of fully
radiative models.

4.2. The role of viscous diffusion in gap opening

Viscosity acts as both a damping mechanism for spiral shocks and
as a diffusive process across the gap region. As such, the angular
momentum deposition function dFq.,/dR is expected to be dif-
ferent in disks with significant levels of viscous diffusion. This
could be important when comparing 2D to 3D results, as several
sources of turbulence that require the inclusion of the vertical
direction have been investigated in the context of protoplanetary
disks but cannot be inherently captured in 2D models. Such mech-
anisms include the magnetorotational instability (MRI, Balbus &
Hawley 1991; Hawley & Balbus 1991), the vertical shear instabil-
ity (VSI, Nelson et al. 2013), the streaming instability (SI, Youdin
& Johansen 2007; Johansen & Youdin 2007), the spiral wave
instability by the planet’s spiral shocks (SWI, Bae et al. 2016b,a),
the convective overstability (COS, Klahr & Hubbard 2014; Lyra
2014), and the zombie vortex instability (ZVI, Marcus et al. 2015,
2016). Nevertheless, as Miranda & Rafikov (2020b) have shown,
the effects of viscosity on the spiral angular momentum flux are
negligible for @ < 1072 (see Fig. 12 therein) which is generally
the case for the aforementioned mechanisms and in realistic disk
conditions (see Pfeil & Klahr 2019; Lyra & Umurhan 2019; Lesur
et al. 2023a, for further details).

It should be noted, however, that while the general shape of
the gap is expected to be similar between 2D and 3D models,
the detailed structure of the gap edges may differ (see also Fung
& Chiang 2016). This is particularly important in the context of
vortices driven by the Rossby-wave instability (RWI, Lovelace
et al. 1999; Chang & Youdin 2024), as their formation is sensitive
to the shape of the gap edges and they can act as a source of
turbulent diffusion during their lifetime (Lega et al. 2021). This
effect is especially relevant for low-viscosity models such as the
inviscid ones presented here, and could be the subject of future
work.
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5. Summary

We performed high-resolution two- and three-dimensional hydro-
dynamical simulations featuring embedded gap-opening planets.
Our intent was to compare the 2D and 3D frameworks in the
context of planet-driven gap opening across different thermody-
namical treatments: locally isothermal, adiabatic, local 5 cooling,
and full radiation transport including the effects of radiative dif-
fusion. In doing so, we could both examine the accuracy of 2D
models with respect to 3D, and identify simplified cooling pre-
scriptions that could reproduce the key features of fully radiative
models reasonably well.

We found that the overall angular momentum deposition pro-
files 0F 4ep(R)/OR — which in turn determine the gap-opening
efficiency and resulting gap shape — were very similar between
2D and 3D models for the same thermodynamical treatment. This
is in good agreement with the findings of Cordwell et al. (2025)
and Fung & Chiang (2016), who focused on locally isothermal
models. Given the profiles of dFg.,(R)/0R we could then syn-
thesize the gap structure at its early phase following Cordwell
& Rafikov (2024), and demonstrated that the expectation of a
“single trough” gap shape for 8 ~ 1 and a “double trough” gap
shape for locally isothermal and adiabatic models holds, in excel-
lent agreement with previous studies (e.g., Miranda & Rafikov
2020a).

We then investigated the dependence of the gap-opening effi-
ciency as a function of the cooling timescale by examining the
total angular momentum deposition 0Fep(R)/0R in the vicinity
of the planet for different cooling prescriptions and disk param-
eters. Here, we found a continuous transition from double- to
single- to double-trough gap shapes as S varied from <1, to ~1,
and finally to >1, in line with the above expectations. We also
found our metric for the gap-opening efficiency G() to peak for
B ~ 1 as a direct consequence of that.

We found a very good match between 2D and 3D models in
terms of the dependence of G(8) on the cooling timescale, albeit
with a few quantitative differences. In particular, models with
local B cooling slightly overestimated the overall gap-opening
efficiency compared to their fully radiative counterparts, and the
peak in G(B) for 2D models was found to be slightly offset towards
shorter 8 by a factor of =2.

Nevertheless, the very good overall agreement between 2D
and 3D models across all thermodynamical prescriptions is
encouraging for two reasons. First, it suggests that 2D simulations
can be used to accurately capture the gap structure around embed-
ded planets, even when radiative effects are important. This is
particularly relevant in the context of modeling the substructures
found in observed systems with embedded planets, as 2D models
are significantly less computationally expensive than their 3D
counterparts. Second, it indicates that the use of a local, “8 cool-
ing” prescription can be a viable alternative to the more complex
fully radiative approach when studying gap opening by planets.
This makes it much easier to explore and/or constrain the parame-
ter space before executing dedicated — possibly 3D — simulations
with full radiation transport.

We believe that our results provide a solid foundation for
the use of radiative processes in future studies of planet—disk
interaction, and encourage the inclusion of radiation transport,
even with simplified prescriptions, in such studies.

Data availability

Data from our numerical models are available upon reasonable
request to the corresponding author.
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Fig. A.1. Gap-opening efficiency metric G as a function of the number
of grid cells per scale height at the planet’s location. Top: absolute value
of G. Bottom: relative difference with respect to the highest-resolution
run with 32 cps. We find that G is converged to within ~ 5% for 16 cps.

Appendix A: Resolution study

To ensure that our results are appropriately converged with respect
to numerical resolution, we carried out a series of runs for our
fiducial 3D model with 8?° ~ 2 where we varied the resolution

from 4 to 32 cells per scale height (cps) at the planet’s location.

The same resolution check for 2D models was carried out in
Ziampras et al. (2023b), where it was found that 32 cps were
sufficient for convergence, so we did not repeat it here.

Figure A.1 shows our gap-opening efficiency metric G (see
Eq. (23)) as a function of the number of grid cells per scale height
at the planet’s location. We find that G is converged to within
~ 5% for 16 cps with respect to the 32 cps run. Given the high
computational cost of our fully radiative 3D models, we chose to
run our main suite of 3D models with 16 cps, which we consider
to be sufficiently converged for our purposes.

Appendix B: Derivation of the cooling timescale

Here we aim to provide a heuristic derivation of the dimensionless
cooling timescale 8 used in Eq. (11). Our approach relies on the
following key assumptions:
— If cooling happens via dust thermal emission, the collisional
coupling timescale between gas and dust is far shorter than

the cooling timescale (see Dullemond et al. 2022, for details).

— The radiation field E,4 is isotropic and constant in time,
and approximately satisfies Egq ~ agT* (one-temperature
approximation within the FLD framework).

— Cooling due to advection or adiabatic decompression (terms
uVe and —yeV - u in Eq. (1¢)) is negligible.

Equation (1c) can then be written as

Oe dT Ac
—~-V-F=pc,— = V-[—V T4,
ot P& ar (Kp R )
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B.1)

We now consider the two limits where cooling is limited by
radiative diffusion due to the medium being opaque to radiation
(optically thick, 4 — 1/3) or by the emissivity of the medium
(optically thin, F — cagT*).

For simplicity, we further assumed that quantities other than
temperature are constant such that they can be pulled out of the
gradient operators. In practice, our results can be corrected with
a prefactor of order unity to account for a typical radial and/or
temperature dependence of p or «.

In the optically thick limit, Eq. (B.l) transforms into a
diffusion equation with

oT
vT — ~ VT,
):az 7

T 4T3
oM v. (“’R (B.2)

pch ~ 3kp

where we have used that agc = 40sg and the definition of the
radiative diffusion coefficient n from Eq. (11). We can now
estimate the diffusion timescale from the above equation as
tihick = ,BthiCinl = l(zﬁff/ 1, where lgie is a characteristic diffusion
lengthscale. Assuming that lgir ~ H (Flock et al. 2017; Ziampras
et al. 2023b), we arrive at

Q
Buick = —H. (B.3)
n
In the optically thin limit, Eq. (B.1) instead becomes
oT oT 1605 T°
v— ~V-(carT*) = — ~V-VI, V=—"-— (B4
pe ot (CaR ) = ot pCy (B4)

which corresponds to an advection of freely streaming radiation
at a characteristic velocity V. Here, the characteristic lengthscale
is the photon mean free path /.4 (see Eq. (11)), and we can esti-
mate the advection timescale as fy,;, = ﬂthmﬁil = l.aa/V. We then
arrive at

2
Q kp lrad

n kR 3

QKpcvlrad _

= B.5
160‘SBT3 ( )

,Bthin =

Realistically, cooling will be primarily limited by the slowest
of the two channels. We can therefore estimate the total cooling
timescale as

3 (B.6)

_ _ Q[0 ke l?ad

B3 = Brhick + Pthin = o H +——=1,
which matches Eq. (11) in the main text (a similar, although
slightly different in its final form, result was obtained in Miranda
& Rafikov 2020b). Alternatively, one can write that S3p =
max (Bnick, Bihin) (€.2., Pfeil & Klahr 2021) which behaves sim-
ilarly but is not differentiable at the transition between the two
regimes.
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