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ABSTRACT

Aims. Mass-modeling methods are used to infer the gravitational field of stellar systems, from globular clusters to giant elliptical
galaxies. While many methods already exist, most require assumptions on the form of the underlying distribution function or binning
the data, leading to some loss of information. Furthermore, when only line-of-sight (LOS) data are available, many methods suffer
from the well-known mass-anisotropy degeneracy. To overcome these limitations, we developed a new and publicly available mass
modeling method, GRAVSPHERE2. It combines individual stellar velocities from LOS and proper motion (PM) measurements to solve
the Jeans equations up to fourth order, without any data binning. Using flexible functional forms for the velocity anisotropy profiles at
second and fourth order, we show how including additional constraints from a new observable, fourth-order PMs, allows us to obtain
a full solution along the three dimensions and breaking the mass-anisotropy degeneracy at all orders. We tested our method on mock
data for dwarf galaxies, showing how GRAVSPHERE2 improves on previous methods.

Methods. GRAVSPHERE? introduces four key improvements over previous Jeans mass modeling methods in the literature: (i) we
included fourth-order velocity moment equations in both the LOS and PM directions, for the first time, using them to break model
degeneracies; (ii) we used a fully general treatment of both the second and fourth-order velocity anisotropies; (iii) we introduced a “bin-
free” approach where we fit individual tracer velocities and positions using flexible and self-consistent probability density functions
that include kurtosis; and (iv) we improved the likelihood sampling by using the nested sampler DYNESTY.

Results. GRAVSPHERE?2 was able to recover the mass density, stellar velocity anisotropy, and the logarithmic slope of the mass density
profile within its quoted 95% confidence intervals across almost all mocks over a wide radial range (0.1 < r/R;;; < 10, where R, ), is
the projected half-light radius). As the number of tracers is lowered (even down to just ten tracers) it gracefully degrades, with larger
uncertainties but no induced bias. We find that GRAVSPHERE?2 outperforms simple mass estimators, suggesting that it is worth using
even when only a few LOS velocities are available. Using 1000 tracers without PMs, GRAVSPHERE2 recovers the logarithmic density
slope at Ry, with 12% (25%) statistical errors for cuspy (cored) mock data, enabling us to make a distinction between the two. When
including PMs, this result can be improved to 8% (12%). With only 100 tracers and no PMs, we were still able to recover slopes with
~30% (20%) errors. GRAVSPHERE2 will become a valuable new tool to hunt for massive black holes and invisible dark matter in

spherical stellar systems, from globular clusters and dwarf galaxies to giant ellipticals and galaxy clusters.
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1. Introduction

Many stellar systems are approximately spherical, including
globular clusters (GCs) and nearby dwarf spheroidal galaxies
(dSphs). Both GCs and dSphs contain seemingly invisible mass
components that can be inferred from the anomalous motions
of their stars and gas (see e.g., Bosma 1978; Rubin et al. 1980;
Trimble 1987; Lokas 2002; Van der Marel & Anderson 2010;
Battaglia et al. 2013, for more recent examples in GCs and
dSphs; see e.g., Evans et al. 2022; Dickson et al. 2024; Smith
et al. 2024a; Banares-Hernandez et al. 2025 and Read et al.
2019; Hayashi et al. 2020; Battaglia & Nipoti 2022; Bafiares-
Hernandez et al. 2023; De Leo et al. 2024; Arroyo-Polonio
et al. 2025; Pascale et al. 2025; Vitral et al. 2025). For GCs,
the invisible mass most likely constitutes stellar remnants or
an intermediate-mass black hole (IMBH), although some GCs
may also contain dark matter. By contrast, dSphs appear to

* Corresponding authors: a.banareshernandez@gmail . com

be dominated at all radii by dark matter. With increasingly
available spectroscopic and astrometric data from recent sur-
veys, GCs promise an unprecedented natural laboratory to study
stellar remnants and hunt for IMBHs (Mezcua 2017; Neumayer
et al. 2020; Greene et al. 2020; Askar et al. 2023; Vitral et al.
2023; Héberle et al. 2024; Bafiares-Herndndez et al. 2025), while
dSphs promise the same for dark matter (Boehm et al. 2017; Read
et al. 2018, 2019; Battaglia & Nipoti 2022; De Leo et al. 2024;
Vitral et al. 2024, 2025; Zimmermann et al. 2025).

The above proliferation in data has led to an associated pro-
liferation in mass modeling methodologies. All methods seek to
solve the steady-state Collisionless Boltzmann Equation (CBE),
also known as the Vlasov Equation (e.g., Binney & Tremaine
2008), expressed as

df _of
dt ot
where @ is the gravitational potential resulting from all mass
components in the system. Then, satisfying the Poisson equation

+ Vif - v=V,f - V0 =0, 1)
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with mass density, p, we have
Vi = 47Gp, 2

and f is the phase-space distribution function.

By solving for the gravitational potential and subtracting
the expected potential from all visible components we can infer
the presence of invisible masses for future study, such as black
holes and dark matter (e.g., Van der Marel & Anderson 2010;
Walker et al. 2009), which is usually done in the steady state
approximation, assuming %—{ =0.

There are number of methods for solving the CBE. Jeans
methods solve moments of the CBE (Jeans 1922), having the
advantages that they are fast' and minimize potential biases that
could creep in due to assumptions about the form of the distri-
bution function, f (e.g., Cappellari 2008; Watkins et al. 2013;
Mamon et al. 2013; Cappellari 2015; Read & Steger 2017). The
main disadvantages, however, are that the data typically need to
be binned, while f is not determined. This leads to some loss of
information and makes it hard to incorporate stars of uncertain
membership, binaries, and/or rigorously model selection effects
(e.g. Read et al. 2021). Furthermore, since f is not determined,
a physical f is not guaranteed. This can result in models that
formally require a negative f in some regions of phase space
(Dejonghe & Merritt 1992; Richardson & Fairbairn 2013) which
should then be discarded (e.g., An & Evans 2006).

Distribution function methods assume some form for f and
then fit this to the data (e.g., Gieles & Zocchi 2015; Vasiliev
2019; Read et al. 2021; Dickson et al. 2023). In such cases, f
can also be implicitly expressed as a superposition of orbits with
Schwarzschild methods (e.g., Schwarzschild 1979; Chanamé
et al. 2008; van den Bosch et al. 2008; Breddels et al. 2013) or
with made-to-measure methods, in which N-body simulations
are evolved to fit some data constraints (e.g., Syer & Tremaine
1996; de Lorenzi et al. 2007; Dehnen 2009; Hunt & Kawata
2013). In addition, Li et al. (2025) proposed a novel nonparamet-
ric distribution function method. Distribution function methods
have the advantages that no data binning is required and f is
determined by the data. However, if the functional form for f (or
its implicit specification via other methods) does not encompass
the true solution, then bias can creep in.

Finally, numerous machine-learning methods have been pro-
posed that learn from training data to either accelerate distri-
bution function fitting or incorporate cosmological priors into
the mass modeling pipeline (e.g., Expésito-Marquez et al. 2023;
Nguyen et al. 2025; Lim et al. 2025; Sarrato-Al6s et al. 2025).

Given the proliferation of mass modeling methods, we may
wonder why yet another method is needed. However, there are
two key problems that remain to be addressed, even for spherical
stellar systems. Firstly, while the amount and quality of data con-
tinue to improve, there will always be interesting systems with
very few stellar tracers (e.g., Collins et al. 2021; Smith et al.
2024b; Pickett et al. 2025). Typically, simple mass estimators
are used for low tracer numbers, but these have been shown to
be potentially significantly biased (Laporte et al. 2019). More
sophisticated, unbiased, mass modeling methods for low tracer
numbers are only just being developed (e.g., Nguyen et al. 2025).

Secondly, there is a well-known degeneracy between the
cumulative mass (which we are typically most interested in) and
the velocity anisotropy profile, which is a measure of how circu-
lar or radial the orbit distribution is (e.g., Dejonghe 1987; Merritt

I This is particularly timely when assessing increasingly large sam-
ples with thousands (in some cases approaching millions, Hiberle et al.
2025) of tracers.
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1987; Merrifield & Kent 1990; Wilkinson et al. 2002; Lokas &
Mamon 2003; de Lorenzi et al. 2009; Read & Steger 2017; Read
et al. 2021). For Jeans modeling, this occurs because the Jeans
equations do not constitute a closed system, meaning that for
a given mass model and tracer profile, a unique solution is not
guaranteed (e.g., Binney & Tremaine 2008). This typically arises
when only projected line-of-sight (LOS) velocities are available.

Two key methods have been proposed to break the mass-
anisotropy degeneracy. Firstly, we can incorporate higher
moments of the velocity distribution as data constraints. At
infinite order, these fully specify the phase-space distribution
function and ensure its positivity (Merrifield & Kent 1990;
Dejonghe & Merritt 1992; Richardson & Fairbairn 2013). After
the usually-used second moment, the next nontrivial moment for
a spherical, nonrotating, pressure-supported system is the fourth
moment. This encodes information about deviations from Gaus-
sianity, including the “tailedness” of the distribution and the
kurtosis. It can be incorporated directly into the Jeans equations,
thereby introducing a new fourth-order anisotropy parameter
(Merrifield & Kent 1990; Lokas & Mamon 2003; Lokas et al.
2005; Richardson & Fairbairn 2013; Wardana et al. 2025). Alter-
natively, we can perform luminosity-weighted integrals over the
fourth moment to derive the virial shape parameters (VSPs) that
marginalize out the higher-order anisotropy (Merrifield & Kent
1990; Richardson & Fairbairn 2014; Read & Steger 2017). Sec-
ondly, we can include proper motions (PMs) to gain additional
phase-space information that is independent of the LOS veloci-
ties (e.g., Van der Marel & Anderson 2010; Watkins et al. 2013).
Until recently, such PMs have only been available for GCs (e.g.,
McNamara et al. 2003; Anderson & Van der Marel 2010; Vitral
et al. 2022; Dickson et al. 2023; Hiberle et al. 2024; Banares-
Hernéndez et al. 2025). However, data are becoming increasingly
available for nearby dwarf galaxies, with recent mass models
incorporating PMs recently reported for the Draco and Sculptor
dSphs (Vitral et al. 2024, 2025).

Although Jeans mass modeling methods typically use data
binning (e.g. Read & Steger 2017), this is not actually a require-
ment. Several authors have explored assuming a local Gaussian
distribution function constrained by the second moment to cre-
ate a bin-free Jeans method (e.g., Watkins et al. 2013; Mamon
et al. 2013). With the widespread availability of individually
resolved stellar velocities, this approach is preferable and has all
the advantages of having f that distribution function methods
enjoy’.

In this work, we present the GRAVSPHERE2 mass mod-
eling method. This builds on GRAVSPHERE (Read & Steger
2017; Collins et al. 2021) with the specific goals of: (i) reducing
bias; (ii) maximizing the information content in the data; (iii)
avoiding the need for data binning; and (iv) having the capacity
able to successfully model, without bias, very low numbers of
tracers. To achieve these goals, we self-consistently solved the
second- and fourth-order Jeans equations, following the frame-
work in Richardson & Fairbairn (2013), extending it to include a
new observable: fourth-order PMs. We show that this approach
breaks the degeneracies in the higher order Jeans equations by
solving along their three projected components. Unlike previous
approaches, which have made more restrictive assumptions (e.g.,
Merrifield & Kent 1990; Lokas & Mamon 2003; Lokas et al.
2005; Richardson & Fairbairn 2013; Wardana et al. 2025), we
also included fully independent and radially varying anisotropies

2 This is true, up to a given order of moments, provided that the
Jeans method has those moments self-consistently implemented in the
velocity distribution function.
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at both orders. We modeled the individual stellar velocities,
rather than binning the data, by introducing a local non-Gaussian
velocity probability distribution function (PDF) constrained by
the second and fourth moments. We also modeled the positions
of stars without binning, when the relevant data were available.
We tested these improvements using mock data for dSphs and
put together the Python package, GRAVSPHERE2, which is now
publicly available’.

This paper is organized as follows. In Sect. 2, we intro-
duce the modeling methodology behind GRAVSPHERE?, includ-
ing our method for solving the fourth-order Jeans equations,
which we applied following Richardson & Fairbairn (2013) and
extended to include PMs (Sect. 2.1). We also describe its imple-
mentation using non-Gaussian local velocity PDFs for individual
tracers, following Sanders & Evans 2020 (Sect. 2.2), and the
functional forms we assume for our mass model and the second
and fourth-order stellar velocity anisotropy profiles (Sect. 2.3).
In Sects. 3.1 and 3.2, we introduce the mock data we used to
test GRAVSPHERE?. In Sect. 3.3, we describe how we integrate
the approach introduced in Sect. 2.1 to fit these data, specify-
ing the form of the likelihood function and our assumed priors.
Sect. 4 shows the results of our tests of GRAVSPHERE2 on the
mock data. We compared these results with previous methods
that were applied to these same data in the literature, including
previous versions of GRAVSPHERE. We also explore the limit of
low tracer numbers (i.e., corresponding to the faintest or most
distant systems) and we compare the performance of GRAV-
SPHERE?2 with simple mass estimators that are widely used in the
literature. In Sect. 5, we briefly discuss the significance of this
work and add our concluding remarks, highlighting upcoming
works that make use of the new GRAVSPHERE2 method.

2. Modeling stellar kinematics with GravSphere2

GRAVSPHERE is a numerical Jeans solver that was originally
introduced in Read & Steger (2017). It has been further extended
and extensively tested with mock data (Read & Steger 2017;
Read et al. 2018; Gregory et al. 2019; Genina et al. 2020; Read
et al. 2021; Collins et al. 2021; Genina et al. 2022; De Leo et al.
2024; Nguyen et al. 2025; Tchiorniy & Genina 2025), includ-
ing simulations deliberately chosen to explore expected bias in
dynamical models due to breaking of key assumptions, such
as spherical symmetry (triaxial mocks) and dynamical pseudo-
equilibrium (tidally stripped mocks). A public version of this
GRAVSPHEREI] code, called PYGRAVSPHERE, was introduced
in Genina et al. (2020)*. Its most recent version was introduced
and made publicly available in Collins et al. (2021)°. It improved
the velocity binning with the BINULATOR feature, improved the
mass model and improved the way that the VSPs contributed
to the likelihood. Henceforth, we refer to this version as GRAV-
SPHEREL.S. Julio et al. (2023) also introduced and made publicly
available a version of GRAVSPHEREL.5 modified to test scalar
field dark matter models in dwarf galaxies®. A version of GRAV-
SPHEREL.S with an explicit treatment of rotation has also been
presented in Julio et al. (2025). Lastly, self-consistent inclusion
of millisecond pulsar accelerations as independent kinematic
tracers to constrain mass-anisotropy models in star clusters and
improved photometric modeling with an afy profile were also

3 Available at: https://github.com/dadams42/GravSphere?2

4 Available at: https://github.com/AnnaGenina/pyGravSphere
5 Available at: https://github.com/justinread/gravsphere

6 Available at: https://github.com/marianajulio/alternative
_models_for_gravsphere

introduced in Bafiares-Hernandez et al. (2025), who used it to
probe the presence of an IMBH and stellar remnant populations
in Omega Centauri.

GRAVSPHERE has been a popular tool which has been used
in the study of the dark matter distribution of nearby dwarf galax-
ies (e.g., Read et al. 2018, 2019; Gregory et al. 2019; Alvarez
et al. 2020; Alvey et al. 2021; Collins et al. 2021; Zoutendijk
et al. 2021; Julio et al. 2023; De Leo et al. 2024; Zimmermann
et al. 2025; Pickett et al. 2025; Julio et al. 2025), galaxy clusters
(Li et al. 2023), and to model GCs (Bafiares-Hernandez et al.
2025). In this section, we introduce the improved methodology
of GRAVSPHERE?2 for the mass modeling of stellar kinematics.
We briefly summarize the key elements of previous incarna-
tions of GRAVSPHERE, focusing here on the novel aspects with
respect to these earlier versions (Read & Steger 2017; Read et al.
2018; Genina et al. 2020; Read et al. 2021; Collins et al. 2021).
Crucially, these improvements include the removal of binning in
favor of realistic self-consistent velocity distribution functions
(Sect. 2.2), the incorporation of the fourth-order Jeans equations
to treat higher moments, with a more general treatment than pre-
vious approaches (Sect. 2.1), and the inclusion of higher order
PMs. The details of mass-anisotropy models are addressed in
Sect. 2.3.

2.1. An extended Jeans analysis up to fourth order

GRAVSPHERE2 numerically solves the Jeans equations for a
spherical, nonrotating system of tracers, with radial density pro-
file, v4(r), in a dynamical pseudo-equilibrium (e.g., Binney &
Tremaine 2008), expressed as

1 dveo?  2pB0? GM
sl + & = (3)
Ve Or r r2
where
ar
=1- 4
p=l-35 @)

is the velocity anisotropy’ and we assume Newtonian weak-
field gravity with an enclosed mass, M(r), within the 3D radial
coordinate, r.

As discussed in Bafares-Herndndez et al. (2025), the
assumption of nonrotation can be relaxed to some extent by solv-
ing for the second velocity moment directly. This is what we
aim to do in this study. This is done by subtracting only global
averages to the velocity distribution, leaving potential rotation
signatures present. These are then reabsorbed when solving the
Jeans equation, leading to a quadrature term that is implicitly
added to the pure velocity dispersion (see, e.g., the discussion in
Fritz et al. 2016).

The solution for the radial velocity dispersion (Mamon &
Lokas 2005; van der Marel 1994) is then given by

l 00 GM ’ . / , ,
A0 = s [ R g )
where
g(r) = exp (2 @dr). 6)

7 Unlike in, e.g., Bafares-Herndndez et al. (2025), o, corresponds to
the total 2D tangential velocity dispersion, rather than the 1D averaged
one (thus the factor of two). This is purely notational, but we adopted
this change because we found it more convenient to work with this
quantity for the subsequent parts of this section.
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Projecting along the observable LOS and tangential and radial
PM components, respectively, we obtain

> 2 * Vi(r)a(r)r
O'LOS(R) = ij = —,3( ))Tder, @)
2 _ 2 “ Ve(r)o2(rr
Oy, (R) = m]}; —,B(r))ﬂdr, 8)
and
2
han®) =g [ (1-p0+ % Koo D) a9

where X, (R) is the projected stellar tracer surface density.

By considering these three separate components, provided
that one has enough data, it is possible to alleviate the well-
known problem of the degeneracy between the cumulative mass,
M(r), and stellar velocity anisotropy, S(r) (Merrifield & Kent
1990; Wilkinson et al. 2002; Lokas & Mamon 2003; de Lorenzi
et al. 2009; Read & Steger 2017). Further, we can resort to
higher moments of the velocity distribution to place additional
constraints that have also been found to alleviate this problem.
One popular choice is to use VSPs (Merrifield & Kent 1990;
Richardson & Fairbairn 2014; Read & Steger 2017), which are
two numbers obtained by integrating the luminosity-weighted,
fourth-order LOS velocity moment to infinity, thereby marginal-
izing out any higher order velocity anisotropy. This approach is
used in GRAVSPHERE] and GRAVSPHEREL.S.

The key advantage of using VSPs over explicit modeling of
the higher order moment equations is that no higher order ana-
log of B(r) is required. However, a key disadvantage is that the
VSPs require integrals to infinity over the surface brightness
profile and fourth velocity moment, which may both be poorly
constrained at large radii. Furthermore, their large radius behav-
ior could be adversely affected by disequilibrium due to tides.
Both effects can lead to bias (e.g., Read & Steger 2017; Read
et al. 2018; De Leo et al. 2024; Tchiorniy & Genina 2025). For
this reason, in GRAVSPHERE2 we take a different approach that
(as we show in Sect. 4) is less biased. Instead of using VSPs,
we explicitly solve the fourth-order Jeans equations, introduc-
ing a flexible functional form for the associated higher order
anisotropy that we can then marginalize over. This is more simi-
lar to the approach introduced in Richardson & Fairbairn (2013).
Explicitly, we solve the fourth-order moment Jeans equations
(Merrifield & Kent 1990), expressed as

1 ove 0ty 3 M
S 3 iy 4 2ty =320 (10
vy Or r

1 v (20?2 1 4 GM
Z%—;(U;”'F;(U%U%):—O'?r—z, (11)

where the bra-kets “()” are used to denote the different velocity
moments of the distribution.

As shown in Richardson & Fairbairn (2013), this system of
equations can be further simplified, without loss of generality by
first introducing the fourth-order anisotropy analog,

3 (1)21),2)

Fel-3 (12)

which allows the first fourth-order Jeans expression in Eq. (10)
to be recast in the more familiar form of

1 v, W) 2;3 2GM
=30
vy Or
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4>_

, (13)

which, by comparison to the (second-order) Jeans Eq. (3), can
be readily solved for the fourth-order radial velocity moment,
yielding

4 GM(F )V*( ), ,
= _— dr 14
) (r) = V()g()f g ) (14)
where
g'(r) = exp (2 ,B’Er) dr). (15)

Therefore, by first solving Eq. (3) for > and then using this to
obtain the solution (v*) for Eq. (13), we can self-consistently
solve for the second- and fourth-order Jeans equations. This is
the first key change we made in GRAVSPHERE2.

As for the second-order counterparts, we now want to obtain
the projected quantities that are directly related to observations.
To express these purely in terms of (), following Richardson &
Fairbairn (2013), first, it follows from Eq. (12) that

0vy <Uz )
ar

6V* <v4) 3B

= fa-m™L Py ) (16)

Next, we made a substitution using the second fourth-order Jeans
Eq. (10) for the first term on the right-hand side,

P’

M
v*<v4>+3 Rl Bl waCR U

(7)

vy (v%vf) 3

which can then be substituted into the second fourth-order Jeans
Eq. (11) to yield an expression for the tangential fourth-order
moment in terms of the radial one as®

ro
W () = [(1—ﬁ><2 ﬁ)——ﬁ] oy +2B- )0 2=, (18)
By considering the geometry of the problem, expanding to
fourth order, and simplifying in terms of radial moments for the

projected LOS component, we find

® Fros(r, Ryv« (r)r

4 _
os) ()= fR S

where

(19)

AR

4 /
R la,BR_“)<4>
4 or r3

/R2 1 /
Fros(r,R) = (1 -85 +3A0
R4
+—(/3— BYTEGM—. (20)
4 r

As noted in Richardson & Fairbairn (2013), this approach con-
stitutes a significant theoretical improvement over second-order
Jeans methods by ensuring physical consistency of a given mass
model with higher order velocity moments. This is not trivially
warranted, as Jeans models can in some cases lead to unphysical
solutions implying negative distribution functions or be incon-
sistent with the velocity distribution that is implicitly assumed to
map velocity dispersions (Dejonghe & Merritt 1992; Richardson
& Fairbairn 2013). We note that this is explicitly addressed in

8 1t should be understood that 8, 8, M, (U‘,‘) , o, are all, in general, func-
tions of r (we suppressed these implicit dependencies for notational
convenience).
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Sect. 2.2. It also has the promise of serving as a means to further
constrain mass models by considering additional higher order
moments (Richardson & Fairbairn 2013).

One potential disadvantage, however, which was also noted
in Richardson & Fairbairn (2013), is that the constraining power
of this approach can be compromised due to the fact that a
fully general treatment leads to the introduction of the fourth-
order anisotropy analog, 5, meaning that one may not be able
to unambiguously constrain solutions to the fourth-order Jeans
equation for a given mass model and (second-order) anisotropy,
B, leading to a problem that is similar to the original mass-
anisotropy degeneracy. One approach to this problem is to
impose a prescription that fixes 8. This can be done, for exam-
ple, by assuming distribution function models which predict
these (Lokas 2002; Lokas et al. 2005). More generally, as
explored in Dejonghe & Merritt (1992); Richardson & Fairbairn
(2013), assuming a particular form for the distribution function
amounts to imposing a prescription to solve all the moments
of the Jeans equations (beyond the fourth order included). One
problem with this approach, however, is that it might restrict the
space of solutions unnecessarily and bias the models, unless one
is able to be sufficiently judicious and general in specifying a
form for the distribution function.

To tackle this potential problem and to make full use of the
available kinematic information, similarly to how we can use
PM velocity dispersions to constrain the second-order system,
we extend this methodology by also considering the fourth-order
velocity moments for the tangential and radial PM components,
constraining also the fourth-order system. We show that this
information can be then used to further constrain the system
while allowing for a general treatment of 5. As in Eq. (19), this
leads to an expression for the tangential and radial fourth-order
moments, which can be obtained (respectively) as

) ® = s [ F"M%(”rdn @1
and
(V) (R) = E*z(R) fR ) F"M‘%(”rdn (22)
where
FouarR) = 30 =02 =)~ 5 2y
260 2GM @3)
and
R> R*

Fpmr(, R) = (1 — 27 + F)FPM't(r’ R)

+ (20 —,8’)%2 ~(- 2/3’)1;)@;‘). (24)

In this way, we can exploit the increasing abundance of PM data
found in nearby galactic systems and star clusters to constrain
the fourth-order anisotropy, leading to a full three-dimensional
and self-consistent modeling of both the second and fourth-order
moments along the three observable LOS and PM components.

To our knowledge, this is a new point that has not been published
in the literature to date’.

Lastly, we emphasize the following point: while PMs consti-
tute an important and novel addition to the higher order treatment
of kinematics, this does not mean that our approach will only be
useful when these are available. In particular, the fact that quanti-
ties such as VSPs exist (i.e., fourth-order anisotropy-independent
constraints on the higher moments) demonstrates that the Jeans
equations should automatically encode this information, yield-
ing comparable constraints if we marginalize over some general
functional forms for 8 and B’. In fact, given that virial con-
straints amount to positivity constraints on velocity moments
and that the virial theorem can itself be derived from the Jeans
equations (Dejonghe & Merritt 1992), any quantities derived
from these constraints should already be encoded in the Jeans
equations. This means that the Jeans equations, solved at fourth
order, should have at least as much information as using the
Jeans equations at second order with VSPs. This appears to be
an underappreciated fact: without additional assumptions, quan-
tities such as VSPs should not provide any more information
than velocity moments themselves from the Jeans equations (at
a given order). Thus, any anisotropy-independent constraints
derived from these are not inherently more constraining, but
rather reflect a property of the Jeans equations themselves,
which can be recovered after marginalization over the anisotropy.
Therefore, we do not need to resort to these quantities to break
the mass-anisotropy degeneracy and it may be possible to obtain
better performance by working directly with the fourth-order
Jeans equations instead.

In fact, VSPs can be susceptible to significant biases, since
they rely on assumptions about the behavior of the light profile
and fourth velocity moment at large radii where data constraints
are poor. By contrast, in the approach we take here, we man-
aged to avoid these potential biases; however, we had to instead
assume some functional form for 8 to marginalize over. In
Sect. 4, we use mock data for the LOS velocities without PMs
to demonstrate that the approach we take in GRAVSPHERE?2 is
indeed less biased than GRAVSPHERE] or GRAVSPHEREL.S.

2.2. Velocity distribution function

Given the methodology discussed in Sect. 2.1 to derive the veloc-
ity moments from a given mass model, we need a prescription to
constrain these moments from observable velocities. A common
approach is to bin the data into discrete portions of a certain
spatial width. While this has been shown to be sufficient to
well-recover mass models from dwarf galaxy mock data (Read
& Steger 2017; Read et al. 2018; Gregory et al. 2019; Genina
et al. 2020; Read et al. 2021; Collins et al. 2021; De Leo et al.
2024; Nguyen et al. 2025; Tchiorniy & Genina 2025), it can lead
to a loss of information and potential biases. It introduces an
unavoidable trade-off between spatial and velocity resolution,
which may be particularly acute when aiming to extract infor-
mation of higher order moments, and it makes it challenging to
properly marginalize over uncertain membership for the tracers,
survey selection effects, binary stars, and so on.

To solve all of the above problems, in GRAVSPHERE2, we
modeled each stellar velocity individually, without binning. In

® We note that Evslin & Del Popolo (2017) independently introduced
fourth-order PMs to quantify departures from dynamical equilibrium.
However, to the authors” knowledge, our work is the first in which these
are explicitly solved for from the Jeans equations and used to break the
mass-anisotropy degeneracy and it is therefore a novelty in this respect.
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the context of Jeans analyses, comparable approaches have been
introduced in the past, such as DISCRETEJAM (Cappellari 2008;
Watkins et al. 2013; Cappellari 2015), MAMPOSST (Mamon
et al. 2013), and, more recently, in Wardana et al. (2025)'°. In
our case, rather than assuming Gaussianity for the velocity PDF
(projected or otherwise), we used the PDF models introduced in
Sanders & Evans (2020). These are based on analytical convolu-
tions of a Gaussian with a uniform distribution kernel for models
of negative excess kurtosis and with a Laplace kernel for positive
excess kurtosis models. Taken together, they allow for meaning-
ful deviations from Gaussianity with kurtoses « = (v*) /o* in
the range 1.8 < x < 6, with x = 3 corresponding to a Gaussian
(which defines excess kurtosis). For a symmetric distribution
of mean zero for the scaled velocity variable, w = v/o, and
measurement error, s = 6v/o (assumed to be symmetric and
Gaussian), this yields the error-convolved PDF of the form

b bw+a bw—a
fraw) = 2|0 24— o 22| (25)
a t t
for the uniform kernel (1.8 < « < 3), where
1 x 2
O(x)= — | dyeV’?, (26)
V27T —00
£ =1+bs% 27

and the parameters a and b are fully specified by the variance
and kurtosis (before convolving with errors), respectively, as

1 a? 2a* a?\?

N _
(w)—ﬁ(l+?),K—3—E(l+?) . (28)
Setting (w?) = 1, so that (v*) = o, implies

2
=1+ % (29)

For the Laplacian kernel (3 < « < 6), the error-convolved PDF
takes the form

fatw) = ] exp

2 - 2abw) erfc(ﬂ - abw)
2a2 ‘\/Eta

+exp(t2 +2abw)erfc(t2 +abw)], (30)
2612 \/ita

with variance and kurtosis

(Ww? = %(2& +1), k =3+ 12a*(2d” + 1)_2, @31

so that, again, setting unit variance yields

b =2d" + 1. (32)

This allows for a fully self-consistent treatment between the
assumed PDF and the stellar kinematic model''.

10 The approach from Wardana et al. (2025), which was recently and
independently developed, is the one most similar to the one we use in
GRAVSPHERE2. Some of the main differences between these include
the improvements which we introduce, such as a fully general treat-
ment of anisotropies (we marginalized 8 and 8’ as two independent and
radially dependent, i.e., nonconstant, quantities) and the use of PMs to
constrain both the second and fourth-order Jeans equations. We also
implement uncertainties differently in our PDF modeling, which may
explain why these authors find greater susceptibility to error-driven
biases in their results.

I Our numerical implementation of these functions is based on the
code introduced in Sanders & Evans (2020), which is publicly available
at: https://github.com/jls713/gh_alternative
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2.83. Mass-anisotropy modeling

As in Bafiares-Herndndez et al. (2025), for the photometric
tracer density profile, we use the generalized afy profile (e.g.,
Hernquist 1990; Zhao 1996). This is given by a double power-law
model,

Pp
(r/rp)Y (1 + (r/ry)@)E-nie’

Vu(r) = (33)

where we introduced the three exponent variables a, 3, v, and the
scale radius and density r,, p,, respectively.

Following recent versions of GRAVSPHERE (e.g., Collins
et al. 2021), we used the CORENFWTIDES profile (Read et al.
2018) to model dark matter profiles of tidally stripped galac-
tic halos expected from hydrodynamical simulations simulating
Local Group environments. Previous versions of GRAVSPHERE
have used nonparametric modeling with sequential power laws
Read & Steger (2017); Genina et al. (2020). As compared to
these earlier choices, the CORENFWTIDES profile has number
of advantages: it does not suffer from biases due to mono-
tonicity priors inherent to the previous method (Tchiorniy &
Genina 2025); rather, it is designed to model mass profiles real-
istic galactic systems, and it makes recovering cosmologically
valuable parameters such as the halo mass and concentra-
tion straightforward. The model has an enclosed mass profile
given by

Mnpw (1) r<r,
Mrwi(r) = { Menew(r) + - (34)
r r\
47TPcNFW(Vr)ﬁ[(;) - 1] r>r,
where
Mnew(r) = Mxew () f" (35)

is the CORENFW profile (Read et al. 2016) and we have the orig-
inal Navarro-Frenk-White (NFW) profile (Navarro et al. 1996),
expressed as

Maew(r) = Maoog In(1+ =) = Z(1+ 1)71], (36)

r N r s rS

with a function that modulates the degree of core formation,

= [tanh(i)] , (37)
re
and the densities given by
n n—1 1= 2
penew(r) = f"pxrw + LZJC)MNFW, (38)
4nrer,
r r -2
o) = pu = )1+ ), (39)
s Iy
with the scale density and length given (respectively) as
Ps = ParitACgge/3 Ts = raoo/caoo, (40)
with:
1
ge TR (41)

In(1 + cr90) — T+c200
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and

1/3
oo = (o) “2)
4n Apcri[
with cygp being the dimensionless concentration parameter and
200, Mooo as the virial radius and mass, respectively, defined at
a region where the average density exceeds the present-day cos-
mological critical density perir = 135.05 Mg kpc_3 by the critical
overdensity factor A = 200'2. The core formation parameter n
yields full core formation when n = 1, retrieves an NFW cusp
when n = 0, and can model potentially cuspier distributions for
negative values. The core radius, 7., determines the extent of the
inner core region. The tidal radius, r,, and slope exponent, 9,
regulate the amount of stripping in the outer region.
Following previous versions of GRAVSPHERE, we use the
anisotropy profile assuming the following the generalized form
from Baes & van Hese (2007),

1
B(r) =po + (B —ﬁo)m,

7

(43)

where £ is the anisotropy at the center, 3., its limit as it asymp-
totically approaches infinity, 7 is the transition scale between
these two regimes, and 7 is the exponent which modulates the
steepness of the transition. We also assumed the same func-
tional form for the fourth-order anisotropy, ', allowing for a
fully general treatment of this quantity, unlike previous works
that have made more restrictive assumptions about its form (e.g.,
Merrifield & Kent 1990; fokas & Mamon 2003; Lokas et al.
2005; Richardson & Fairbairn 2013; Wardana et al. 2025).

3. Data, likelihood, and priors
3.1. Gaia Challenge mock data

To test the overall performance of GRAVSPHERE?2, we started
with a subset of the GAIA CHALLENGE catalog of mock galax-
ies', constructed from spherical dynamical equilibrium models.
The results are shown in Sect. 4.1. They have the advantage of
having been extensively used for prior testing in the literature,
allowing for a straightforward comparison with previous stud-
ies, including previous versions of GRAVSPHERE (e.g., Gregory
et al. 2019; Read et al. 2021; Collins et al. 2021). As in Collins
et al. (2021), we focus on a subset of two mock galaxies origi-
nally from Walker & Pefiarrubia (2011) which have been the ones
for which several previous methods (including GRAVSPHERE)
have been affected by significant bias (e.g., see Read et al. 2021).
These correspond to a dark matter profile with the oSy functional
form (same as Eq. (33)) embedded in a Plummer-like' stellar
tracer distribution, with a varying Osipkov-Merritt anisotropy
profile (Osipkov 1979; Merritt 1985). These two mock galax-
ies consist of a cored dark matter model (PlumCoreOM) and a
cuspy one (PlumCuspOM). We consider cases with 100, 1000,

12 The precise value of the adopted cosmological critical density will
vary depending on the adopted cosmology. Our value corresponds to the
‘canonical value’ with Hubble parameter Hy ~ 70 km s~!/Mpc, so that
Perit = 3H§ /8nG. It should be noted that various authors use different
values of A to define the virial radius.

13 See the GAIA CHALLENGE website for full access to the data and
further information: https://astrowiki.surrey.ac.uk/

4 In practice, these profiles closely resemble a Plummer sphere but
show minor deviations in the form of an @By profile (Eq. (33)), which
ensures positivity of the phase-space distribution function.

and 10 000 tracers, with and without including PMs. In all cases
we simultaneously fit the binned surface density profile using
10 000 tracers, assuming also velocities with 2 km/s errors.

3.2. Simulated dwarf galaxy data

The second case we considered is the recent suite of simu-
lated dwarf galaxies from Tchiorniy & Genina (2025). These
are initialized with cuspy NFW profiles with massive Plummer-
like stellar components and are evolved in a Milky Way-like
potential to simulate the properties of nearby present-day dSphs.
This allows us to probe more realistic galactic environments and
aspects such as departures of equilibrium and departures from
spherical symmetry due to tidal effects, or induced rotation,
which may be present in simulations.

For the purposes of this study, we focus on the Fornax analog
of this catalog which was extensively studied, has a large number
of tracer particles and was found to produce significant biases
when applying PYGRAVSPHERE (GRAVSPHERE1)". We stud-
ied the case with all the 34 158 bound tracers'®, using only the
LOS velocities used in Tchiorniy & Genina (2025). We also con-
sidered a reduced samples of 1000 and 100 tracers. Additionally,
we considered a sample of 100 and 1000 tracers where PMs are
included. We also considered LOS samples with 10, 25, and 50
tracers for our comparisons with mass estimators. For the tracer
profile fit, we used 10000 tracer positions in all cases, except
for the fit with all tracers from the simulation. Velocities were
perturbed with 2 km/s errors in all cases.

3.3. Likelihood and priors

The full log-likelihood we adopt for the fitting process is given
by

In Lio(0) = In Lios +In Lpm + In Lpyr +1In Ly, (44)
where 6 includes all the model parameters, which were simul-
taneously fitted. This includes the anisotropy parameters (that
are distinct for the second and fourth-order anisotropy profiles),
the mass model parameters, and the photometric tracer profile
parameters. The first three terms correspond to the likelihood
due to individual velocity PDFs (Egs. (25) and (30)) for the
LOS and tangential and radial PM components for the data we
considered, whilst the last term corresponds to the term from
the photometric tracer profile. GRAVSPHERE?2 incorporates two
options in this respect: one for a binned photometric light profile
with Gaussian errors and a completely ‘bin-free’ option where
individual stellar tracer positions are used instead. We note that
GRAVSPHERE? does not bin any data. For the case of the binned
profile it is assumed that this is provided as a data constraint from
observations. Unlike previous versions of GRAVSPHERE, it is
not necessary to derive a binned profile from individual stars as
we can simply use the “bin-free” approach instead. In the latter
case, similarly to the case of kinematic tracers, we can write the
total likelihood as the product of those of individual photometric

15 In particular, we are referring to variant with a light Milky Way
potential, as opposed to the heavy one, chosen due to the properties we
outlined and the fact that it was also more extensively studied by these
authors in this context.

16 As per the subhalo finder, and applying also a 3o-velocity clipping to
the complete sample. For datasets where we use PMs, we require tracers
to pass a 3.50-clipping test along each direction, reducing the sample to
34081 tracers.
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tracers, whose (positional) PDFs take the form

REL(R)

08 R) = oo -
Joos (R) T REZL(R) AR

(45)

In all cases, we verified that our fits were able to reproduce
the photometric tracer profiles well and recover the true solution.
We show a representative example fit in Appendix B.1 (Fig. B.2),
showing excellent recovery which is far in excess of the range
allowed by our priors. The advantages of the aBy functional
form will be more evident when reproducing more complex dis-
tributions which cannot be reduced to Plummer profiles (or a
summation of these), this includes cuspier distributions or those
with shallow slopes at higher radii. One example of this is the
GC Omega Centauri, where this functional form was introduced
for GRAVSPHERE (Bafares-Herndndez et al. 2025).

As in Banares-Hernandez et al. (2025), we worked with the
symmetrized anisotropy (for both the second- and fourth-order
anisotropy profiles), expressed as

B

B=5—

(46)

which has the property that is bounded as —1 < 8 < 1, to give an
unbiased sampling of the full parameter space.

For the GAIA CHALLENGE data (Sect. 3.1), the priors we
adopt for the mass and anisotropy profile are similar (albeit
broader for some quantities) to those Section 4.1.2 of Collins
et al. (2021), whilst for the photometric component we allow a
flat prior with limits set with 50% scatter around the true solu-
tion, which we fit as a binned surface density profile using 10 000
tracers. A summary of all priors adopted is shown in Table 1.

For the Fornax-like simulated dwarf galaxy (Sect. 3.2), our
mass and anisotropy priors were also the same as for the Gaia
Challenge mocks, except for the fact the we used unbounded val-
ues for the limiting anisotropies (=1 < Sy < 1) and somewhat
less broad priors for the concentration parameter (1 < ¢z99 < 50).
For the stellar tracer model, we did not use binned photome-
try and instead use the full “bin-free” method, using Eq. (45).
We allowed for a scatter of 1 dex from the 2D half-light radius
(R1/2) of ~ 770 pc for the length scale in the photometric light
profile (which we sample logarithmically as a flat prior)!” and
0.1l <a<4,31<B<7 0<vy<2.9. These were chosen to
allow for convergence (needed to set a proper normalization)
while allowing a wide range of profiles of varying steepness. We
recall here that y and g are the negative inner and outer logarith-
mic slopes of the light profile (respectively), where a Plummer
profile corresponds to @, B, v = 2,5, 0). Lastly, we sampled the
mass of the stellar component with a flat prior with 25% scatter
around 4.3 x 107 My, as in Tchiorniy & Genina (2025), assuming
a constant mass-to-light ratio and that the stellar mass distribu-
tion has the same radial density profile as the tracer stars. This
is usually a good approximation provided that the tracer profile
is complete and that there is no meaningful mass segregation
or observational bias in the photometric selection. The latter is
typically a good approximation for nearby dwarf galaxies, which
have relaxation times longer than a Hubble time due to the pres-
ence of dark matter (e.g., Baumgardt et al. 2022). If this is not
the case (as in star clusters), we needs to include the presence of

17 This can be obtained directly from the photometric tracers (either
from the profile or their median position), but is only meant to set a rele-
vant scale and its precise value is not needed as the results are insensitive
to it.
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Table 1. Priors implemented in DYNESTY for our analysis.

Parameter Units Prior Range
~ [-0.01, 0.01] (G)
Bo» By None Flat [-1. 1] (F)
= [-0.1, 1] (G)
Boos B None Flat (-1, 1] (F)
rg, T log,, kpc Flat [-2, 1]
n,n None Flat [1, 3]
Moo log,o Mo Flat [7.5, 11.5]
1, 100] (G
€200 None Flat [[1’ 50]] ((F))
e log,, kpc Flat [-2, 1]
n None Flat [0, 1]
T log,, kpc Flat [0, log,((20)]
0 None Flat [3.01, 5]
M, 10" My, Flat 4.3 +25% (F)
Op kpc ™3 Flat  Truth + 50% (G)
kpc (G) Flat Truth + 50% (G)
"p log,, kpc (F) A Ry £ 1dex (F)
Truth + 50% (G)
1% None Flat 0.1, 4] (F)
Truth + 50% (G)
B None Flat [3.1, 7] (F)
Truth + 50% (G)
vy None Flat [0, 2.9] (F)

Notes. The parenthesized “G” denotes priors specific to the Gaia Chal-
lenge mocks, while “F” corresponds to the simulated Fornax dwarf
analog. For both cases, there are 19 fitting parameters in total (for For-
nax, we marginalize over the additional stellar mass M, but do not use
a density scale for the photometry, since we fit stars individually, rather
than from a profile). Primed quantities (rows 1—4) denote the parameters
of the fourth-order counterpart of the anisotropy. For the Gaia Chal-
lenge mocks, the exponents a, /3,y are also ensured not to exceed the
broad convergence limits used for the Fornax case. The full implemen-
tation of these priors, with initialization files and data, are included in
the GRAVSPHERE? public release repository on GitHub.

additional components of varying segregation (e.g., see Dickson
et al. 2023; Bafares-Herndndez et al. 2025) in the mass model.
The full implementation of our likelihood modeling with the pri-
ors and data we used; the GRAVSPHERE?2 code itself has been
made publicly available, as noted in the introduction (Sect. 1).

We also note that our priors are generally very broad and
have little effect on our results. Some, such as imposing isotropy
in the center and barring large negative anisotropies, which
we do for the Gaia Challenge sample following Collins et al.
(2021), are physically motivated constraints. We show explicitly
in Appendix B that the space of mass and tracer density models
spanned by our priors is much broader than those favored by the
data, demonstrating that our priors are sufficiently broad so as
to have little effect on our results. For completeness, we also
included marginalized parameter constraints (corner plots) of
each of the 19 parameters for all our models in a supplementary
repository'®.

All fits were performed using the nested sampling package
DYNESTY (Speagle 2020; Koposov et al. 2022). This is based
on nested sampling techniques (Skilling 2004, 2006) and the
‘dynamic nested sampling technique’ (Higson et al. 2019) (which
we use here). DYNESTY has been optimized for the inference of

8 https://github.com/dadams42/GS2-results


https://github.com/dadams42/GravSphere2
https://github.com/dadams42/GS2-results

Bafiares-Hernandez, A., et al.: A&A, 705, A212 (2026)

107 T
LOS + PM (Core)

10%1

p Mo kpe]

p [Mg kpe™)

100 tracers

10k tracers
True

|1l

Agama f(E,L) - 1k

—=— GravSpherel 5 - 1k

i
|
|
|
i
i
i
i
|
|

1k tracers i
|
|
|
|
i
i
i
i
:

LOS + PM (Cusp)

Fig. 1. Top-left: 3D dark mat-
ter density profile for the Plum-
CoreOM mock galaxy, bands denote
the 95% CL regions from the
median for different numbers of
stellar tracers including both LOS
and PM velocities. The results from
Read et al. (2021) for AGAMA
f(E,L) models, and from Collins
et al. (2021) for GRAVSPHEREL.5

101 100

(including LOS VSPs) for 1000 trac-
ers with their respective median
values with 95% CL errors are
shown for comparison. The red line

—0.24

denotes the true analytical solution
from which the mock was gener-
ated. The gray, dashed line corre-
sponds to the projected half-light
radius (R, ). Top-right: same as the
left hand side but for the Plum-
CuspOM model. Bottom-left: sym-
metrized anisotropy profile for the
PlumCoreOM model. The red line
again denotes the true solution from
which the mock was generated, cor-
responding to an Osipkov-Merritt
profile. Lower right: same as the left

r [kpc]

posterior distributions (as opposed to evidence estimation), using
the bounding method from Feroz et al. (2009). The sampling
method used is based on Neal (2003); Handley et al. (2015a,b)".
An example with the specific implementation used for GRAV-
SPHERE2 can be found in the publicly available code release.
This sampling method has been shown to outperform Markov
chain Monte Carlo Methods (MCMC), particularly when deal-
ing with complex, high-dimensional, and multimodal posterior
spaces (e.g., Speagle 2020). This is consistent with our own
experiments comparing with previous versions of GRAVSPHERE
that used EMCEE instead (Foreman-Mackey et al. 2013). Follow-
ing Bafiares-Herndndez et al. (2025), we thus opted to use this
improved sampling technique for GRAVSPHERE2.

Run times will vary depending on the number of tracer
velocities used (including PMs), whether fitting the photometry
star-by-star, binned, or fixing it, and also on the sampling resolu-
tion used. For our cases, we found that the default value of 500
live points sufficed. As a rule of thumb, a few times the num-
ber of dimensions squared usually suffices, but this will depend
on how multimodal the posterior is, as well as how much volume
the modes occupy (smaller volumes require higher sampling res-
olution). In all cases, models could be run within approximately
1-3 days on a normal laptop. The dominant source of compu-
tational cost in all versions of GRAVSPHERE is the evaluation
of numerical integrals for solving the Jeans equations. For a
given likelihood evaluation, GRAVSPHERE? takes roughly twice
as long as GRAVSPHEREI, since one solves the Jeans equations
twice, once for second-order moments (as in previous ver-
sions), and another time for fourth-order ones. This still makes

19 For further information, see: https://dynesty.readthedocs.io/
en/latest/index.html

hand side but for the PlumCuspOM
model.

7 [kpc]

GRAVSPHERE2 a highly competitive method in terms of run-
time (cf. Read et al. 2021). We note that the run-times reported
for GRAVSPHERE] in Read et al. (2021) appear substantially
less than what one might expect given the above. This is at least
partly due to the fact that we use a more sophisticated and robust
sampling method (DYNESTY rather than EMCEE). As noted ear-
lier, runs can also be accelerated by reducing the number of live
points, and we opted for a conservative choice in this respect.
Likelihood evaluation times will also scale roughly as ~ Nizn "
where Nj, is the number of points used for each numerical
integral when solving the Jeans equations.

4. Results
4.1. Gaia Challenge mocks

Figs. 1 and 2 show the results for the mass density and anisotropy
recovery of the two models considered, with and without the
inclusion of PMs. These are shown as the regions in the pos-
terior spanning 95% of the distribution centered at the median
values of the profiles. For reference, we included the results
of GRAVSPHEREL.5 (originally from Collins et al. 2021)*°, the
most recent version of GRAVSPHERE until now, and the results
presented in Read et al. (2021) for the AGAMA f(E,L) dis-
tribution function-based models, which was in most cases the
best-performing method (or amongst the best-performing ones)
of the multiple ones considered in Read et al. (2021). This dis-
tribution function method is part of the widely-used AGAMA

20 Note that Collins et al. (2021) only present their results for LOS
tracers. We have, however, also included their (until now unpublished)
results including also PMs.
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Fig. 2. Same as Fig. 1 but only
with LOS tracers. Top-left: GRAV-
SPHERE2 recovery for the Plum-
CoreOM mock 3D mass density.
Top-right: same as the left but for the
PlumCuspOM model. Bottom-left:
symmetrized anisotropy profile for
the PlumCoreOM model. Bottom-
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library (Vasiliev 2019). These cases shown for comparison use
1000 tracers.

While GRAVSPHEREL.S shows better performance than
GRAVSPHERE] in most cases for this mock sample (cf. Read
et al. 2021), it still suffers from significant bias, particularly for
the cored model, where densities are systematically underesti-
mated beyond ~R; >, even when PMs are included (Figs. 1 and
2). GRAVSPHERE?2, on the other hand, is able to recover the true
solutions within the 95% confidence-level (CL) region from the
median within 0.1 < r/R; 2 < 10 that encloses the vast majority
of the tracers. The only exception to this concerns cases with lim-
ited data, where we can see that for the core model with 100 LOS
tracers (Fig. 2), the model underestimates the anisotropy beyond
~2R| 2, but is nonetheless able to recover the density everywhere
at the specified confidence. For the 1000-tracer case, the true
solution also lies at the edge of the 95% CL region beyond R,
though these mild biases disappear when the number of trac-
ers is increased or PMs are included, which is not the case with
GRAVSPHERELS5. The performance is otherwise excellent and
in all cases competitive with sophisticated modeling approaches
such as AGAMA, which shows a similar performance in most
cases. We even see some instances where GRAVSPHERE2 shows
less bias than AGAMA (e.g., Fig. 1, upper left) at larger radii, and
reduced errors overall?'.

Another illustrative case is shown in Fig. 3, where we com-
pare the core model with 10 000 LOS tracers. Here all the models

2l We emphasize, however, that we are referring to the AGAMA model
applied in Read et al. (2021). This means that the biases that we see
strictly speaking apply only to the phase-space distribution function
parametrization adopted by these authors.
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right: same as the left but for the
PlumCuspOM model.

r [kpe]

considered by Read et al. (2021) were biased in either the density
or anisotropy recovery, with GRAVSPHEREL.5, GRAVSPHERE],
and AGAMA showing a degree of bias in both. GRAVSPHERE?2,
on the other hand, is able to obtain a 95% CL recovery every-
where throughout. Models that do not capture deviations of
Gaussianity in this case suffer particularly strong bias. To illus-
trate this, we included the results of DISCRETEJAM axisym-
metric Jeans models, which assume Gaussian velocity PDFs.
We then compared this with the result of imposing a Gaussian
PDF in our models and not considering higher moments. This
yields a similar result in both cases with a clearly biased model
showing significantly greater slopes and uncertainty. GRAV-
SPHERELS and GRAVSPHEREL, with VSPs, and AGAMA, which
also allows more generality in the velocity PDF modeling, are
able to achieve better recovery than the other models considered
in Read et al. (2021), but still suffer from a degree of bias across
much of the radial range shown (0.25 < r/R;;» < 4). We also
note that the anisotropy priors imposed by Collins et al. (2021)
on GRAVSPHEREL.S, which we also impose, mean that our mod-
els are barred from large negative anisotropies and are close to
isotropic at the center. Similarly, AGAMA models are fixed to
be purely radially anisotropic at large radii. This partly explains
why these models tend to be more tightly constrained toward the
edges of our anisotropy plots, but, at least for GRAVSPHERE?2,
our results are otherwise insensitive to these priors.

Our results show that the biases we observe can be over-
come in GRAVSPHERE? by including a full treatment of higher
moments via the extended Jeans equation (rather than using
VSPs, which can be prone to bias themselves when determining
them; see the discussion at the end of Sect. 2.1). The inclusion
of these higher moments also removes negative-moment models
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Fig. 3. Same as Fig. 2 but
for 10000 tracers in the Plum-
CoreOM mock, including in the
comparison with other models. We
have included the DISCRETEJAM
results from Read et al. (2021).
Left: mass density profiles. Blue
band shows our results when Gaus-
sianity is assumed and fourth-order
moments are excluded. For com-
parison, the inset shows instead

1010 + T 1.0

10°;

p Mo kpe?]

1084 F 10k tracers
I I 10k tracers - Gaussian
— True

Agama f(E, L) - 10k
—e— GravSpherel.5 - 10k

—+— DiscreteJAM - 10k

bands obtained from the posterior
distribution of likelihoods when
computing extrema of all mod-
els falling within the 68th per-
centile from the maximum likeli-
hood (see text for details). Using
this definition, there is a wide
range of equally good-fitting mod-
els that encompasses the true solu-
tion, while the posterior becomes
biased due to a relative abundance
of cuspier models in the allowable
hypervolume. Right: same as left,

101 101

at fourth order, while we extract more information from the data
than GRAVSPHEREL.S by fitting the individual velocities with
our generalized PDF modeling. For distribution function-based
models, the challenge consists in creating sufficiently general-
ized functional forms so as to eliminate any biases. On the other
hand, it is apparent that models which assume Gaussian velocity
PDFs will be prone to biased recovery if the velocity distribu-
tions of the system, as in the case of Fig. 3, are intrinsically
non-Gaussian.

In Fig. 4, we show the recovery of the logarithmic density
slope for the Gaia Challenge mocks. In all cases, GRAVSPHERE2
is able to recover these within its 95% confidence intervals
within 2R/, and in most cases everywhere in the plot and
beyond (0.1 < r/Ry;» < 10). For the 1000-tracer case, only
GRAVSPHERE2 recovers the true solution everywhere within
the plots in all mocks. GRAVSPHEREL.S systematically overes-
timates the steepness of the slope below R, for the LOS core
model. AGAMA, on the other hand, is able to recover the slope
profile well for all cases except for the core model with PM data
beyond >R/», where moderate bias is observed (and also with
higher uncertainties toward the center at r < Ry;2). The only
case where a mild degree of bias is observed for GRAVSPHERE2
is for the LOS-only cusp model beyond 2R;/;, where the true
slope profile narrowly falls outside the 95% CL region. In this
case, we verified that this was due to the CORENFWTIDES
model slightly overestimating slopes in these regions. If we adopt
instead an @By model (Eq. (33)), which was used to generate
the mocks (and also adopted for the AGAMA results), the profile
was recovered at all radii without any bias. This test is shown in
Appendix A2,

To better understand the reason for the biases observed with
other methods, we also show in Fig. 3 (inset) the results of tak-
ing the maxima and minima of models falling within the 68th

22 Note: it is not very surprising that biases will be naturally reduced
when assuming the same mass model as the one used to generate the
mock data. For real data, of course, we cannot know what the true under-
lying model is, so it is prudent to explore a couple of different options
where possible.

10° but for symmetrized anisotropy
profile.

percentile from the maximum likelihood taken from the poste-
rior distribution. These results were achieved as follows: (i) we
compute the posterior of the likelihoods; (ii) determine the lim-
iting value corresponding to the 32nd percentile, so that 68% of
models are equal or above this likelihood (the 100th percentile
corresponding to the maximum likelihood); (iii) for each radius,
we calculate the minima and maxima of all models with likeli-
hoods greater or equal than our threshold value. This approach
differs from the classical Bayesian posterior and we have chosen
it as a measure to define the space of models which can be said
to demonstrate an “equally good fit”. It is more reminiscent of
frequentist statistics and we intend to explore it in more detail
in upcoming works as a means of testing prior and posterior
hypervolume shape dependence in models.

For the Gaussian model, this approach significantly increases
the spread and encompasses the true solution, while for the
default fourth-order GRAVSPHERE2 model, the effect is more
moderate. This indicates that the Gaussian model, rather than
unable to fit the correct solution, is not able to discriminate
between the true model and those that exhibit substantial devi-
ations from it, while the GRAVSPHERE2 model is. Since the
posterior hypervolume of the Gaussian model contains large
regions of model configurations with comparable likelihood that
are skewed away from the true model, this biases the posterior
distribution. This suggests that a similar effect may be taking
place in other cases, such as with GRAVSPHEREL.S.

The latter result leads us to propose a diagnostic that may
be important to better understand differences between quoted
results for, for instance, the slopes and density profiles of dwarf
galaxies, an active topic of debate and discussion in the liter-
ature (e.g., Read et al. 2018; Hayashi et al. 2020; Vitral et al.
2024; Arroyo-Polonio et al. 2025). If bounds from the posterior
confidence intervals show significantly less spread (i.e., appear
more aggressive) than the ones resulting from the extremal val-
ues of models of comparable likelihoods (with our reference test
being the 68th percentile from the maximum), this indicates that
the results are dominated by the shape of the posterior hypervol-
ume, which is sensitive to priors and model parameterizations.
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Fig. 4. GRAVSPHERE2 recovery of
the logarithmic density slope profile
for the GAIA CHALLENGE mock
galaxies. Upper panels include LOS
and PM tracers, whilst lower pan-
els include only LOS ones. The
left panels correspond to the Plum-
CoreOM case, whilst the right ones
to the PlumCuspOM case. The

r [kpc]

Consequently, one should on these occasions proceed with cau-
tion when interpreting the results, which might (without careful
consideration) overstate the capacity of the analysis to truly dis-
tinguish among competing hypotheses. Conversely, if one does
not find such a discrepancy, then it is indicative of the fact
that the favored models are indeed better-fitting than the dis-
favored ones and not merely more abundant in the posterior
hypervolume.

As noted in Sect. 3.3, however, the priors we adopt in our
models are generally very broad compared to the results favored
by the data, which we show explicitly in Appendix B. This shows
that the posterior hypervolume dependence that we observe with
our diagnostic is not limited to cases where the posterior param-
eter space spans the entire prior volume, but more generally to
degenerate regions allowed by the data within sub-volumes of
the prior space, especially when the true solution lies at the
edge of the allowable hypervolume. This can be conditioned
by a biased likelihood, which is partly at play in our example
assuming Gaussianity, and also by the prior itself (noting the
hypervolume region is the intersection of the models with allow-
able likelihoods that lie in the prior space). Also, even in cases
where the model correctly recovers the true solution, meaning
that the hypervolume is not skewed, a large spread when com-
paring with our diagnostic can indicate that the confidence of the
model is overstated by posterior statistics (i.e., that the posterior
hypervolume happens to have more models clustering around the
true solution). In this way, our diagnostic based purely on the
likelihood does not attempt to compute posterior statistics based
on the relative abundance of models, as with typical Bayesian
approaches, but merely computes the spread on a given quantity
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bands, errors and results presented

r [kpc] follow the same notation as Fig. 1.

allowable within a likelihood threshold, and as a result will not
be conditioned by these potential biases.

As noted in Sect. 3.3, we also included marginalized plots of
parameters in a public repository for all mocks considered in this
study. We note that individual parameters are well constrained in
most cases with respect to the prior limits, and even in cases
where this is not the case, physical quantities of interest, such as
the mass density in regions of interest, are insensitive to these
degeneracies (cf. Appendix B).

Lastly, we included binned dispersion and kurtosis profiles
for reference in Appendix D. The binned profiles are generally
consistent with those derived from our GRAVSPHERE2 mass
models and show meaningful deviations from Gaussianity. This,
once again, stresses the importance of using models which are
able to capture these deviations.

4.2. Simulated dwarf galaxies

Fig. 5 shows the GRAVSPHERE2 recovery of the mass den-
sity and anisotropy profiles for the Fornax-like simulated dwarf
galaxy with and without PMs in addition to the LOS veloci-
ties, whilst Fig. 6 shows the recovery of the logarithmic density
slope profiles for these models. The recovery of the density,
anisotropy and slope using all available bound tracers with
LOS velocities is excellent. Using only a small subset of these
still yields very good recovery that is further improved by
including PMs, leading to a comparable result to the GAIA
CHALLENGE equilibrium mocks from Sect. 4.1, and with true
values falling everywhere (0.1 < r/R;;; < 10) within the 95%
CL regions. This, on the whole, suggests that these simulated
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LOS

Fig. 5. Top-leftt GRAVSPHERE2
recovery of the 3D dark matter
density profile for the Fornax-like
simulated galaxy, where the bands
denote the 95% CL regions for
different numbers of stellar tracers,
as marked, including only LOS
velocities. The total sample of
bound tracers is 34 158 (gray band).
The purple points correspond to
the median values with 95% CL
errors from Tchiorniy & Genina
(2025) using all LOS tracers with

1’ GRAVSPHEREL. The red, solid line
corresponds to the true density profile

from the simulation (smoothened
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Fig. 6. Left: GRAVSPHERE2 recov-
ery of the logarithmic density slope
profile for the simulated Fornax-like
dwarf. The bands denote the 95%
CL regions for different numbers of
stellar tracers (100, 1000, and 34 518,
same as in Fig. 5) including only
LOS velocities, as marked. The red,
solid line corresponds to the slope
from the smoothened density profile
from the simulation. Right: same as

10!

dwarf galaxies do not show significant departures from dynam-
ical equilibrium, spherical symmetry, or the assumption of no
rotation. Comparing our results for the all-tracer LOS model
with GRAVSPHERE] from Tchiorniy & Genina (2025) (purple
points in Fig. 5, upper left), GRAVSPHERE? is significantly less
biased than GRAVSPHERE] for the density recovery, whilst also
showing substantially smaller uncertainties overall (particularly
toward the central region). Whilst Tchiorniy & Genina (2025)
show that their biases can be substantially reduced by removing
VSPs from their fits, this is done at the expense of higher uncer-
tainties. They also obtained less biased results when weakening
the monotonicity prior constraint on their nonparametric mass
model, though some bias still remained (see their Fig. D1, also
Fig. 8, where their biases are most apparent).

Lastly, we included the projected binned velocity dispersion
and kurtosis profiles in Appendix E. These are consistent with
the ones inferred from our models using individual velocities

IRt \ the left panel but including both LOS
and PM velocities.

and are close to isotropic, not showing large deviations from
Gaussianity. The isotropy of the distribution is most evident from
the right hand side of Fig. 5. This is less evident in Tchiorniy &
Genina (2025), but our binning procedure effectively removes
the stochastic noise by averaging over large numbers of tracers,
revealing a profile which is close to isotropic.

4.3. Low tracer numbers and comparisons with mass
estimators

Some of the most interesting objects to study at any given time
are either extremely intrinsically faint or distant, meaning that
they are (and perhaps always will be) scarce in tracer numbers??.

23 This should not be interpreted as prognosticating pessimism for
future observations, but rather that with increasing observations it
appears likely that interest will shift toward ever fainter systems that
lie at the limit of the capabilities at any given time.
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B 100 tracers

ery of the mass profile for the For-
nax simulated galaxy with only LOS
velocities for low stellar tracer num-
bers (10, 25, 50). The bands display
the 95% CL values. We show the
results obtained using the mass esti-
mators from Walker et al. (2009);
Wolf et al. (2010); Errani et al.
(2018). Right: same, but for the Plum-

Fig. 7. Left: GRAVSPHERE2 recov-

10°
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Some current examples include the discovery of the faintest
known Milky Way satellite (Smith et al. 2024b) or the dwarf
galaxies in Andromeda (Collins et al. 2021; Pickett et al. 2025).
In these cases, one is limited to, at most, a few tens of kine-
matic tracers. It is therefore of considerable interest to study the
behavior of GRAVSPHERE? in this low tracer limit, comparing
it with other commonly-applied methods such as the mass esti-
mators from Walker et al. (2009); Wolf et al. (2010); Campbell
et al. (2017); Errani et al. (2018). We have done this for the case
of the Fornax simulated dwarf, showing our results in Fig. 7
(left)®*. For this case, we computed the global velocity dispersion
by fitting GRAVSPHERE2’s non-Gaussian PDFs from Sect. 2.2
(i.e., creating one bin for all the tracers), although Gaussian PDF
instead did not change our results (in this case). The errors on
the estimator were then propagated from the posterior distribu-
tion of the global dispersion directly, assuming no other sources
of error (systematic or otherwise). In this case, all estimators
show good agreement with GRAVSPHERE2, albeit with some-
what larger errors, with all recovering the true solution within
the specified 95% CL regions.

Fig. 7 (right), on the other hand, shows a different case,
where all estimators show a degree of bias that is not present in
GRAVSPHERE2. A major source of bias in this case stems from
binning velocities with a Gaussian PDF, as commonly done in
the literature. In Appendix C we show how using non-Gaussian
PDFs instead substantially improves these biases. In this case, all
estimators still show a degree of bias, but for the Errani estimator
this only becomes apparent in the mock with 10000 tracers.

Therefore, while the nominal errors of mass estimators are
comparable to those of GRAVSPHERE2, the simple estimators
suffer from potentially significant systematic biases that are not
present in GRAVSPHERE2. We conclude that even for very low
numbers of tracers (on the order of 10) it is still worth using
GRAVSPHERE? rather than these estimators, which has the addi-
tional advantage of giving constraints on the mass profile at all
radii, rather than just one point at ~R;/,. Alternatively, particu-
larly for more robust choices such as the Errani estimator, biases
can be substantially reduced when adopting non-Gaussian PDFs,
but these can still creep in as the number of tracers is increased.

We note that in our main analysis, we assumed a good knowl-
edge of the photometric tracer profile, using our default value of
10000 tracers for most tests so far. While it is often the case
that the photometric light profile is far better constrained than
the kinematic one, one may ask what the effects of restrict-
ing ourselves to a low number of photometric tracers might

2+ We have omitted showing the mass estimator result from Campbell
et al. (2017) as it produced a very similar result that overlapped with the
one from Errani et al. (2018).
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100 CoreOM mock with 100 tracers and
Gaussian PDF binning.

be on the mass estimates. Interestingly, repeating our analysis
using the kinematic tracers as the only source of photometric
information yielded essentially identical results. This indicates
that the advantage of GRAVSPHERE2 over the mass estimators
does not stem from additional information provided by a good
knowledge of the tracer profile and that the uncertainty in the
kinematic information dominates the uncertainty in our mass
estimates.

5. Discussion and conclusion

In this work, we introduced and tested GRAVSPHERE2, an
extended Jeans modeling tool that includes full treatment of the
higher order Jeans equations of fourth-order moments. We intro-
duced fourth-order PMs as a new observable to break model
degeneracies, using a general radially dependent fourth-order
anisotropy term as part of our analysis. This approach builds
on previous works, which have only considered higher moments
for LO velocities and/or made restrictive assumptions about the
form of the higher order counterpart of the anisotropy.

In contrast to previous versions of GRAVSPHERE, our
methodology does not rely on VSPs which can become biased
(see the discussion at the end of Sect. 2.1). It is also completely
“bin-free”, with a generalized velocity PDF that we used to fit
discrete data star-by-star. GRAVSPHERE? includes an improved
tracer density model that has the option of fitting tracer posi-
tions individually, along with an improved sampling technique.
GRAVSPHERE2 does not rely on assumptions about the form of
the phase-space distribution function, as it implicitly constrains
it through its velocity moments via the second- and fourth-order
Jeans equations. In this way, our method is able to retain the flex-
ibility and bias-free nature of usual Jeans analyses by not needing
to specify any particular form for the distribution function, while
gaining constraining power from higher order velocity informa-
tion, avoiding negative moments that are unphysical (at fourth
order), and offering all the other general advantages of having a
distribution function.

We tested these improvements using equilibrium mock data
from the GAIA CHALLENGE suite, comparing our results to
those from Read et al. (2021) and Collins et al. (2021), where
multiple methods were tested, including GRAVSPHEREL.S, the
(until now) latest version of GRAVSPHERE, AGAMA, a popu-
lar distribution function-based method, and DISCRETEJAM, an
axisymmetric Jeans-based method. We also tested our method
on simulated dwarf galaxy data recently presented in Tchiorniy
& Genina (2025), which were also used to test PYGRAVSPHERE
(referred to in the present paper as GRAVSPHERE]).
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We also tested GRAVSPHERE2 on mocks with a small num-
ber of tracers (10-100). We compared its performance with sim-
ple mass estimators, finding that the GRAVSPHERE? recovery is
not only good, but generally superior. In particular, mass estima-
tors can become significantly biased, while GRAVSPHERE2 not
only remains unbiased, but provides constraints on the mass pro-
file at all radii, rather than just one point at ~R;/; with equal
or lower errors. This suggests that even with just ten tracer
velocities, it is still preferable to perform full GRAVSPHERE2
modeling (or at least include more flexible, non-Gaussian PDFs
such as the ones we use here) over simpler, more commonly used
approaches.

While previous studies have suggested that the effective-
ness of higher order Jeans analyses is compromised without
assumptions about the fourth-order anisotropy counterpart (e.g.,
Richardson & Fairbairn 2013, 2014), we find that, not only
does a general fourth-order analysis yield comparable (if not
improved) constraining power to previous methods for the same
data, but, in many cases, a substantially less biased recovery of
the anisotropy, mass density, and slope profiles. These are all
recovered at 95% confidence across almost all mocks over a
wide range (0.1 < r/Ry2 S 10), regardless of tracer numbers.
This stands in contrast to previous methods, including GRAV-
SPHEREL.S and PYGRAVSPHERE, which are prone to notable
biases, particularly at small (R < 0.25R),) and large (R 2 2R »)
radii.

Using 1000 tracers without PMs, we recovered the logarith-
mic density slope at Ry, with 12% (25%) statistical errors for
cuspy (cored) mock data and with comparable absolute errors
at lower radii. When including PMs, these can be distinguished
with 8% (12%) errors. With only 100 tracers and no PMs, we
were still able to recover slopes with ~30% (20%) errors. This
indicates that we are able to meaningfully distinguish between
cusped and cored models even with limited data, which is par-
ticularly timely in light of the present interest for such searches
in the literature.

In summary, while PMs lead to substantially improved con-
straints on our mock data, LOS velocities alone are able to
break the mass-anisotropy degeneracy and significantly reduce
biases using our framework. Thus, we have established higher
order Jeans analysis as a viable alternative to other methods,
such as VSPs, which show significantly greater bias across our
mock data, irrespective of tracer numbers. Improvements to
our method over VSPs likely stem from some combination of
biases in the VSPs themselves (see Sect. 2.1) and a full star-by-
star, fourth-order treatment leading to stronger constraints that
disfavor biased models (cf. Fig. 3).

Finally, we contrasted GRAVSPHERE2 with classic second-
order Jeans modeling assuming Gaussianity. We demonstrated
that due to the mass-anisotropy degeneracy, classic Jeans models
are unable to distinguish cusps from cores even with 10 000 trac-
ers. Indeed, as reported previously in the literature (e.g., Read
et al. 2021), classic Jeans can become seemingly highly biased
in its recovery of the density profile, appearing to strongly favor
a cusp when the mock is actually cored. We show that this bias
owes to the presence of many more cuspy models than cored
models in the solution hypervolume, rather than being due to
cored models giving a poorer fit to the data. As such, apparent
biases on this level can be misleading, owing to the shape of the
prior volume and unphysical model degeneracies (which GRAV-
SPHERE?2 is able to resolve), rather than the data. We suggest
a new diagnostic test to determine when posterior intervals are
biased in this way: plotting the spread of models of compara-
ble likelihood, using the 68th percentile from the maximum as a

reference threshold. We showed that this diagnostic test removes
the apparent bias, giving a more faithful representation of the
span of models that well-represent the data.

Since GRAVSPHERE2 has a distribution function, it can
self-consistently model uncertain membership probabilities of
individual tracers, robustly including a foreground model, which
we will include in an upcoming publication Bafiares-Herndndez
et al. (in prep.). Further additions to GRAVSPHERE2 are in
preparation and will be presented in upcoming papers, includ-
ing a mixture model for binary stars (following Gration et al.
2025) and a validation of GRAVSPHERE2 on rotating mocks.
Additionally, we have already incorporated in the public version
of GRAVSPHERE? the ability to include self-consistent escape
velocities of stars as an additional constraint to the potential (cf.
Hiberle et al. 2024).

Given the present challenges concerning the structure of
nearby dwarf galaxies and star clusters, GRAVSPHERE2 will be
an excellent new tool for studying these systems and making the
most of their ever-growing data sets. This will help us to address
key outstanding questions in the field, such as whether nearby
dSphs have dark matter cusps or cores (e.g., Oman et al. 2015;
Bullock & Boylan-Kolchin 2017; Read et al. 2019; Kaplinghat
et al. 2020; Santos-Santos et al. 2020; De Leo et al. 2024) and
whether nearby GCs host central IMBHs (e.g., Mezcua 2017;
Greene et al. 2020; Neumayer et al. 2020; Vitral et al. 2023;
Askar et al. 2023; Hiberle et al. 2024; Banares-Hernandez et al.
2025). We will apply GRAVSPHERE? to data for nearby dSphs
and GCs in forthcoming publications to address these questions.
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Appendix A: Gaia Challenge logarithmic density
slope profile recovery with an ¢y mass model

In this appendix, we consider how well GRAVSPHERE2 can
recover the PlumCuspOM mock assuming an afy functional
form for the enclosed mass profile rather than the default
CORENFWTIDES model. The afy profile was used to generate
the mock, and so should yield less bias. The results are shown
in Fig. A.1. We note that this does indeed yield less bias as
compared to using the CORENFWTIDES model (cf. with Fig. 4
(lower right), where the recovery is very slightly biased outside
its 95% CL region).

—3.0

107!
7 [kpc]

Fig. A.1. GRAVSPHERE?2 recovery of the logarithmic density slope pro-
file for the PlumCuspOM model with 10,000 LOS tracers, using an
afy model (Eq. (33)) for the mass density profile instead of the default
CORENFWTIDES model. The true profile (red) is recovered everywhere
in the plot within the 95% CL region (green), yielding less bias than the
CORENFWTIDES model, as expected since the mock was set up using
an afy model.

Appendix B: Recovery comparison with priors

In Fig. B.1 we show as an example how, even for our least con-
straining model of the Gaia Challenge sample (just the LOS
velocities of 100 tracers), the range of densities allowed by our
priors (which is very similar across all the galaxies considered in
our mock samples) spans several orders of magnitude and there-
fore has little effect on the result when using the data to constrain
the mass model. We showed this by running a fit without any
likelihood (just sampling the prior space) and plotting the range
of densities spanned by the model in this case. Fig. B.2 shows the
recovery of the tracer surface density for the same mock galaxy
using a binned profile with 10,000 photometric tracers. It is clear
that the recovery is excellent and far in excess of the allowable
range by the prior. In the cases we considered, results will be
essentially unchanged if one instead fixes the photometric pro-
file to its best-fit value without additional marginalization. This
can be used to accelerate run-times in GRAVSPHERE2.

Appendix C: Mass estimators with hon-Gaussian
PDFs and multiple tracers

Here, we explore the behavior of the simple mass estimators
using GRAVSPHERE2’s non-Gaussian PDFs (Sect. 2.2) for both

1011

B Prior
B 100 LOS tracers
— True

10! 10°
7 [kpc]

Fig. B.1. Comparison of GRAVSPHERE2 recovery (95% CL from the
median) with just 100 LOS tracers and the range spanned by the priors
on the mass model for the PlumCoreOM mock galaxy from the Gaia
Challenge suite (same as in Fig. 3).
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Fig. B.2. Comparison of GRAVSPHERE?2 recovery (95% CL from the
median) with just 100 LOS tracers (10,000 for the binned photometric
component) and the range spanned by the priors on the tracer surface
density model for the PlumCoreOM mock galaxy from the Gaia Chal-
lenge suite (same as in Fig. 3).

100 tracers and a much larger number of tracer stars (10,000).
The results are shown in Fig. C.1, which compares the GRAV-
SPHERE? recovery of the enclosed mass for the PlumCoreOM
GAIA CHALLENGE mock with both 100 and 10,000 tracers with
the same for simple mass estimators. Notice that while biases
improve following these PDFs, they still persist for the Wolf and
Walker estimators for 100 tracers and (to a varying extent) in all
of them for the 10,000 tracer case, while GRAVSPHERE2 remains
unbiased.

Appendix D: Gaia Challenge binned profiles

Figs. D.1 and D.2 show binned projected velocity dispersion and
kurtosis profiles for the Gaia Challenge mock sample.
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Fig. C.1. Left: GRAVSPHERE? recovery, using GRAVSPHERE2’s non-Gaussian PDFs (Sect. 2.2), of the enclosed mass profile for the PlumCoreOM
mock galaxy with only LOS velocities for 100 tracers, as compared to the same for simple mass estimators (as marked). The bands show the 95%
CL values. Right: Same as left but for 10,000 tracers. While non-Gaussian PDFs improve results, a degree of bias is present in all estimators, though
to a lesser extent in the Errani estimator, where the bias becomes negligible (i.e., relative to statistical errors) for 100 tracers.
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Fig. D.1. Projected binned velocity dispersion and kurtosis profiles for the PlumCoreOM GAIA CHALLENGE mock galaxy. LOS and PM velocity
dispersion profiles are shown in the upper panels, whilst kurtosis profiles are shown in the bottom ones. The error bars denote 68 % CL regions
from the median, whilst the colored bands denote the 95 % CL regions for 100 (green), 1,000 (blue), and 10,000 (gray) tracers. The LOS profile
results are obtained from the LOS-only model, whilst the PM ones combine both data. Binned profiles are for the 10,000 tracer model in bins with
an equal number of stars obtained by fitting the generalized PDFs (Egs. (25) and (30)) for a given variance and kurtosis for each bin. The gray,
dashed line denotes the projected half-light radius (R) ).

Appendix E: Simulated dwarf galaxy binned
profiles

Figure E.1 shows the projected binned velocity dispersion and
kurtosis profiles for the Fornax simulated galaxy.
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Fig. D.2. Same as Fig. D.1 but for the PlumCuspOM GAIA CHALLENGE mock galaxy.
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Fig. E.1. Projected binned projected velocity dispersion and kurtosis profiles for the Fornax-like simulated dwarf galaxy. The LOS and PM velocity
dispersion profiles are shown in the upper panels, whilst kurtosis profiles are shown in the bottom ones. The error bars denote 68 % CL regions
from the median, whilst the colored bands denote the 95 % CL regions for 100 (green), 1,000 (blue), and all tracers (gray). The LOS profile results
are obtained from the LOS-only model, whilst the PM ones combine both data. Binned profiles are derived using all the bound and velocity-clipped

tracers from the simulation in bins with of equal number fitting the generalized PDFs (Egs. (25) and (30)) for a given variance and kurtosis for each
bin. The gray, dashed line denotes the projected half-light radius (R;2).
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