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ABSTRACT

Context. Understanding the complex interactions between convection, magnetic fields, and rotation is key to modeling the internal
dynamics of the Sun and stars. Under rotational influence, compressible convection forms prograde-propagating convective columns
near the equator. The interaction between such rotating columnar convection and the small-scale dynamo (SSD) remains largely
unexplored.

Aims. We investigate the influence of the SSD on the properties of rotating convection in the equatorial regions of solar and stellar
convection zones.

Methods. A series of rotating compressible magnetoconvection simulations were performed using a local f-plane box model at the
equator. The flux-based Coriolis number, Co,, was varied systematically. To isolate the effects of the SSD, we compared results from
hydrodynamic (HD) and magnetohydrodynamic (MHD) simulations.

Results. The SSD affects both convective heat and angular momentum transport. In MHD cases, convective velocity decreases more
rapidly with increasing Co. than in HD cases. This reduction is compensated for by enhanced entropy fluctuations, maintaining the
overall heat transport efficiency. Furthermore, a weakly subadiabatic layer is maintained near the base of the convection zone even
under strong rotational influence when the SSD is present. These behaviors reflect a change in the dominant force balance: the SSD
introduces a magnetostrophic balance at small scales, while geostrophic balance persists at larger scales. The inclusion of the SSD
also reduces the dominant horizontal scale of columnar convective modes by enhancing the effective rotational influence. Regarding
angular momentum transport, the SSD generates Maxwell stresses that counteract the Reynolds stresses, thereby quenching the
generation of mean shear flows.

Conclusions. Small-scale magnetic fields interact nonlinearly with columnar convection and induce substantial modifications in the

dynamics of rotating convection. These effects should be accounted for in models of solar and stellar convection.
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1. Introduction

The Sun’s convection zone is differentially rotating (e.g.,
Thompson et al. 1996). This differential rotation is believed to
be generated by the nonlinear interaction between rotation and
magneto-convection. The solar-like differential rotation, with
a faster equator and slower poles, has been repeatedly pro-
duced in three-dimensional (3D) numerical simulations of rotat-
ing convection in spherical shells (e.g., Brun & Toomre 2002;
Miesch et al. 2008; Kipyld et al. 2011; Guerrero et al. 2013;
Hotta et al. 2015a). In these numerical models, a key parameter
controlling the differential rotation regime is the Rossby num-
ber, Ro = v/(2Q¢), or Coriolis number, Co = Ro~!, where
v and ¢ are the typical velocity and length scales of convec-
tion, and Q is the rotation rate. In a high-Ro (or equivalently
low-Co) regime, the differential rotation tends to become anti-
solar, with faster poles and a slower equator. On the other hand,
in a low-Ro (high-Co) regime, the differential rotation tends to
become solar-like (e.g., Gastine et al. 2013; Mabuchi et al. 2015;
Featherstone & Miesch 2015; Viviani et al. 2018; Brun et al.
2022). The transition between solar-like and antisolar rota-
tional profiles occurs at around Ro = 1 (Gastine et al.
2013; Mabuchi et al. 2015; Viviani et al. 2018). The problem
of numerical modeling of the Sun’s global-scale convection is
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that the typical Ro of the Sun is likely very close to this transi-
tion (e.g., Strugarek et al. 2017; Vasil et al. 2021), and therefore
numerical results are highly dependent on subtle changes in the
model parameters. In particular, the antisolar differential rota-
tion is preferentially obtained in recent highly turbulent models
when the solar values of the rotation rate, (), and luminosity,
Le, are used. This is, in fact, a striking aspect of the Sun’s con-
vective conundrum (Hanasoge et al. 2012; O’Mara et al. 2016;
Hotta et al. 2023; Kipyli et al. 2023).

A physical origin of the solar-like differential rotation in the
low-Ro regime can be explained as follows. Under strong rota-
tional influence, convection tends to be aligned with the rota-
tional axis and takes the form of columnar rolls outside the tan-
gential cylinder (Busse 1970). They are called Busse columns or
banana cells and can be readily seen in simulations as north—
south-aligned lanes of downflows across the equator (Busse
1970; Gilman & Miller 1986; Miesch et al. 2000). These banana
cells have an associated Reynolds stress that transports the angu-
lar momentum equatorward and cylindrically outward to accel-
erate the equator (Miesch 2005; Képyld et al. 2011; Hotta et al.
2015a; Matilsky et al. 2020).

It is well known that these convective columns propagate
in a prograde direction faster than the local differential rota-
tion speed (Miesch et al. 2008; Bessolaz & Brun 2011). This
feature can be understood in terms of thermal Rossby waves
(e.g., Busse 2002). They are prograde-propagating waves of z
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vorticity (where z denotes the rotational axis), originating from
the conservation law of potential vorticity (Miesch 2005). They
owe their existence to both the topographic 3 effect arising from
the spherical curvature (e.g., Busse 2002) and the compres-
sional g effect arising from the background density stratification
(Glatzmaier & Gilman 1981; Evonuk 2008; Glatzmaier et al.
2009; Verhoeven & Stellmach 2014; Ong & Roundy 2020). In
the Sun’s convection zone, the compressional § effect is domi-
nant. Linear analyses of thermal Rossby modes were first car-
ried out by Glatzmaier & Gilman (1981) in the solar context,
and later by Hindman & Jain (2022), Jain & Hindman (2023)
using a simple one-dimensional (1D) model. A more sophisti-
cated two-dimensional (2D) spherical shell model of the Sun’s
differentially rotating convection zone was recently presented by
Bekki et al. (2022a). Using fully nonlinear 3D convection simu-
lations, Bekki et al. (2022b) further demonstrated that the ther-
mal Rossby modes are the main transporters of enthalpy (=60%
of what is required) and angular momentum (~40% of the net
Reynolds stress) in the simulation. Despite their dominant pres-
ence and significant dynamical importance in the numerical
models, these columnar convective patterns have never been suc-
cessfully observed on the Sun. In the solar photospheric obser-
vations, the convective power declines monotonically above
the supergranular scale (e.g., Hathaway et al. 2015), implying
the absence of large-scale convective columns. This puzzle is
another manifestation of the convective conundrum.

A new promising explanation for how to generate the solar-
like differential rotation was recently provided by Hotta et al.
(2022), who showed that the small-scale Maxwell stress can
transport the angular momentum radially upward against the
downward transport by the Reynolds stress to help accelerate the
equator. Although the role of the Maxwell stress in driving the
differential rotation has been discussed by several authors (e.g.,
Fan & Fang 2014; Kipyld et al. 2017a; Warnecke et al. 2025),
Hotta et al. (2022)’s simulation was the first successful repro-
duction of solar-like differential rotation in a highly turbulent
regime with the solar rotation rate, g, and luminosity, Ly. It
should be pointed out that, in their simulation, a low Ro is no
longer needed to make the differential rotation solar-like. Com-
plementary evidence was recently reported by Soderlund et al.
(2025), who found a transition in the rotational regime from anti-
solar to solar-like at nearly fixed Ro by increasing the magnetic
Prandtl number Pm, thereby enhancing Lorentz forces relative
to inertia. This work, albeit in a Boussinesq framework, sup-
ports the view that magnetically dominated convection can favor
solar-like differential rotation.

A key physical ingredient in Hotta et al. (2022)’s simulation
is an efficient small-scale dynamo (SSD), which produces super-
equipartition magnetic fields at small scales (see, Rempel et al.
2023, for a review on SSD). Although it has sometimes been
doubted whether such an efficient SSD is possible in the Sun’s
convection zone where Pm is very small (e.g., Képyli et al.
2018), Warnecke et al. (2023) recently showed that a SSD is
possible in such a low-Pm regime. Since no current simula-
tions have yet achieved the asymptotic regime of SSD with low
Pm, the actual efficiency of the SSD in the Sun is still unclear.
Nonetheless, given the enormous magnetic Reynolds number
in the Sun’s convection zone, Rm ~ O(10'0) (Ossendrijver
2003), it is very likely that the SSD operates more vigor-
ously in the Sun than in any numerical models. So far, most
of the numerical investigations of SSD have been carried out
in nonrotating systems (e.g., Rempel 2014; Hotta et al. 2015b;
Kipyld et al. 2018; Yan et al. 2021; Bhatia et al. 2022). Some
numerical studies of rotating magneto-convection have reported
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the existence of SSD (Favier & Bushby 2012; Hotta et al.
2015a, 2016; Warnecke et al. 2025) and the associated Maxwell
stress that opposes the Reynolds stress (Nelson et al. 2013;
Fan & Fang 2014; Augustson et al. 2015; Kipyld et al. 2017a;
Warnecke et al. 2025). However, few studies have focused on
how SSD affects the properties of rotating columnar convection
in the solar and stellar convection zones.

In this paper, we use a local Cartesian f-plane box model
of rotating compressible convection at the equator to investi-
gate the interaction between SSD and the columnar convective
(thermal Rossby) modes. A similar local box model has been
employed in previous studies of rotating magneto-convection
(Képyld et al. 2009; Favier & Bushby 2012; Masada & Sano
2014; Bushby et al. 2018). In these studies, the box was located
at the pole, with the rotational axis being parallel to the grav-
ity. Such a configuration provides helical turbulence, which can
give rise to a’-type large-scale dynamo. In this study, however,
we exclude the « effect from our simulations by placing the f-
plane box at the equator, which enables us to focus on the influ-
ence of the SSD on the columnar convective modes arising from
the background density stratification. Nevertheless, we note that
this setup does not entirely rule out the possibility of large-scale
dynamo action, because non-helical shear dynamos are also pos-
sible (e.g., Yousef et al. 2008; Rogachevskii & Kleeorin 2003).

The organization of the paper is as follows. In Sect. 2,
our numerical model is explained. The results are presented in
Sect. 3. The conclusions are summarized in Sect. 4.

2. Numerical model
2.1. Basic equations

In this study, we numerically solved 3D magnetohydrodynamic
(MHD) equations in a local Cartesian f-plane box. In our defini-
tion, the x axis is directed from west to east (longitudinal) and the
y axis from south to north (latitudinal), and the z axis is directed
radially upward. The basic equations consist of the equation of
continuity, the equation of motion, the induction equation, and
the entropy equation

0

L= =Yoo + p1)ol (1)

Ov

Pz, = ~Pob: Vo —Vp1 +p19 + 2p00 X Qo
1

+ (VX B)xB, )

oB
o =Vx@xB), 3)

65‘1
pOTOE = —poTov - Vs + Orag. 4

Here, po, po, and T,y denote values of density, pressure, and tem-
perature of a time-independent reference background stratifica-
tion, respectively. The reference background is assumed to be in
an adiabatically stratified hydrostatic equilibrium with the gravi-
tational acceleration g = —ge_, where g is assumed to be spatially
constant. The thermodynamic variables with subscript 1 (o1, py,
and 7)) represent perturbations that are small compared with the
background values so that the equation of state can be linearized
as

1= Do (y’ﬂ + ﬂ) )

pPo  Cv
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Fig. 1. Sketch of the local Cartesian model of the stellar convection
zone. The local f-plane box is located at the equator, where the x, y,
and z axes point to the longitudinal, latitudinal, and radial directions,
respectively.

For simplicity, we assume an ideal gas law with the specific heat
ratio y = ¢,/cy = 5/3, where ¢, and ¢, denote the specific heat
at constant pressure and at constant volume, respectively. In this
paper, we locate the numerical box exactly at the equator so that
the rotational axis is parallel to the y axis, Qo = Qqe,, as is
shown in Fig. 1.

2.2. Background stratification and radiative heating

The time-independent background quantities pg, po, and T are
given by an adiabatically stratified polytrope as (e.g., Fan et al.
1999)

[ z
po(z) = pr »1 - m ) (6)
r 1+m
Z
po(z) = pr »1 - m , @)
- . -
To(z) =T 71 - m , (8)
Ho(2) = p”o—og ©)

where m = 1/(y — 1) is a polytropic index and py, p;, T;, and H,
denote the values of pg, po, To, and the pressure scale height, H,
at the bottom of our numerical domain, z = 0.

In our model, the convective instability is driven by a pre-
scribed radiative heating and cooling term through which the
radiative energy flux is injected from the bottom boundary and
extracted through the upper boundary:

0
Oraa(2) = _a_Z[Fheat(Z) + Feoo1(2)]. (10)

We use the same functional forms for Fpe,(z) and Foo(z) as
those presented in Bekki et al. (2017). The radiative heating part
is assumed to be proportional to the background pressure as
(Featherstone & Hindman 2016)

OF ea
~ 2% = frealPo(@) = Po(emar)]. (11)
Z

where the normalization factor, fiey, is determined by the input
energy flux, F,, as
-1

freat = F. [ fo ™ (0@ - PolGmw))dz (12)

The radiative cooling flux, F., is assumed to be a Gaussian
function localized near the surface

2
Feool = F. exp [_ (ﬂ) ]’ (13)

cool

where the thickness of the surface cooling layer is set to be
deool = 0.3 H,, which is roughly the local pressure scale height
at the top boundary.

2.3. Dimensionless parameters

The typical convective velocity, v., is estimated as

)
V., =|— .
pr

The typical convective turnover timescale, 7., and the typical
magnetic field strength, B,, are then estimated, respectively, as

T, = B B, = v. \4np,.

>
Uy

(14)

(15)

In our model, the radiative energy flux, F,, is set by specifying
the modified Mach number, M. (square root of the Euler num-
ber),

Uy

N

Although M, is estimated to be * O(1073 — 107*) in the Sun’s

convection zone (Ossendrijver 2003), we use the value of M, =

1072 throughout this paper in order to avoid the severe CFL con-

dition, while keeping thermal convection sufficiently subsonic.

The rotational influence on convection is controlled by
2Q0H,

Co, ,
UM

M, =

(16)

a7

which we vary as a free input parameter from 1 to 20 as shown
in Table 1. We note that the parameter Co, is defined a priori
on measurable quantities of the Sun (such as the luminosity, L,
and rotation rate, Q) and is called a flux Coriolis number (e.g.,
Aurnou et al. 2020; Kipyld 2024). For reference, the solar value
of Co, is estimated to be Cog, ~ 3.8 (with Fgp = 1.2 x 10" gs73,
Qp =2.8% 10°s~!, H, = 57 Mm, and or = 0.2gcm‘3).

2.4. Numerical methods

We numerically solved Eqs. (1)-(4) using the fourth-order
central-differencing method and four-step Runge-Kutta scheme
(e.g., Vogler et al. 2005). In order to keep the divergence-free
condition of the magnetic field, the nine-wave method is used
(Dedner et al. 2002). In this study, we do not use any explicit
diffusivities but only use the slope-limited artificial diffusion
proposed by Rempel (2014) to stabilize the computations (see
Appendix A for details). The kinetic and magnetic energy dissi-
pated through this artificial diffusion is returned to the internal
energy. We note that this approach leads to effective thermal and
magnetic Prandtl numbers in our simulations of order unity, both
of which are much higher than those estimated in the real Sun.
The size of the numerical domain is (L, Ly, L;)/H, =
(19.8,6.6,2.2), which is sufficiently large in the longitudinal
(x) direction to capture the columnar convective pattern. The
density contrast between the bottom and top of the numerical
domain is about 24, with the number of density scale heights
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Table 1. Summary of the numerical simulations reported in this paper.

Case CO* CO[ Re* Rm* A Ux Erms m 5 kx,meau kx,peak E ll(in E kin E mag sz sz
HD-Col 1 0.42 1087 - -0.75 207 213 1.98 22.6 1.17 217 0.35 - -0.03 -
HD-Co2 2 0.93 1097 - -0.79 219 217 1.98 194 1.12 240 0.77 - 0.07 -
HD-Co5 5 2.64 1084 - -299 245 218 2.09 15.3 192 288 125 - -0.03 -
HD-Co10 10 4.05 1204 - 483 212 248 4.73 23.1 3.18 1.99 0.77 - 0.13 -
HD-Co20 20 6.58 1450 - 11.71  1.76 297 11.75 34.2 539 129 032 - 0.17 -
MHD-Col 1 0.68 1196 866 -0.99 1.84 2.64 1.11 15.8 1.15 1.61 031 046 -0.69 0.87
MHD-Co2 2 1.43 1180 917 215 185 2.66 1.07 15.0 126 160 049 051 -196 212
MHD-Co5 5 393 1163 978 -2.66 196 3.05 1.42 12.8 194 178 080 052 -2.08 212
MHD-Col0 10 6.31 1144 1072 155 1.57 390 3.10 20.0 646 109 037 055 082 -0.87
MHD-Co20 20 12.51 1050 1282  2.41 1.28  4.79 5.32 24.7 1212 072 029 0.66 397 -3.85

Notes. The flux Coriolis number, Co., is the only explicit free parameter in this study, whereas the dynamical Coriolis number, Co,, was calcu-
lated as a simulation output. The Reynolds and magnetic Reynolds numbers, Re. and Rm.,, depend on the grid resolution and are estimated in
Appendix A. The amplitudes of the mean shear flow, AU,, are shown in units of v,. The volume-averaged values of the rms convective velocity,
Drms» I'Ms entropy fluctuation, posms, and superadiabaticity, 8, are quoted in units of v,, p,c,M2, and M2, respectively. The mean and peak longitu-
dinal wavenumbers, %x,mcan and E\.,pcak, are in units of 27L7!. The volume-integrated kinetic energies of fluctuating velocity, Ey, = f (0o /2)v’2dV,

and y-averaged velocity, Exin, and total magnetic energy, En,g, are all quoted in units of 10*p,0?H?. The mean values of the turbulent Reynolds

and Maxwell stresses, R,, and ﬂm, are reported in units of p,v?.
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Fig. 2. Temporal evolution of the volume-integrated kinetic and mag-
netic energies, Eyj, (dashed curves) and Ep,g (solid curves), from the
MHD runs. Different colors represent the results with different Co..

N, ~ 3.2. We use a periodic boundary condition for horizontal
directions and an impenetrable, stress-free boundary condition
at the vertical boundaries. The magnetic field is assumed to be
horizontal at the bottom (z = 0) and vertical at the top boundary
(z = L;). For all our simulations, we use the grid resolution of
(Nx, Ny, N)=(1560, 520, 192). Owing to the nature of our dif-
fusion scheme, this resolution determines the effective viscous,
thermal, and magnetic diffusivities in the simulations. Each sim-
ulation was initiated by giving a small random perturbation to
the vertical velocity, v,, while setting the other hydrodynamic
(HD) variables pi, vy, v,, and s; to zero. A weak seed field of
(B, By, B;)/B. = (0, 1073, 0) was imposed to initiate the SSD at
t = 0 in the MHD cases.

3. Results
3.1. Simulation overview

As is summarized in Table 1, we carried out sets of nonmagnetic
(denoted by “HD”) and magnetic (denoted by “MHD”) simula-
tions with five different rotational influences (Co, = 1, 2, 5, 10,

A262, page 4 of 22

20). It is generally known that increasing Co, leads to a reduction
in the supercriticality of convection (e.g., Chandrasekhar 1961).
Exploring the effects of varying supercriticality requires huge
numerical resources and is thus beyond the scope of this paper.
Since the f-plane box is located exactly at the equator, the mean
flow is only established in the x (longitudinal) direction. Further-
more, we note that our MHD simulations show no clear evidence
of large-scale dynamo action.

Figure 2 shows the temporal evolution of the volume-
integrated kinetic and magnetic energies, Exj, and Ey,s, from
the MHD cases. They are defined by

Eiin = fv %(viwjﬂf)dv, (18)
B>+ B} +B?

B = [ =g, (19)
v 8

where V. = L.L,L; is the total volume of the numerical
domain. All our simulations operate in a highly turbulent
regime with effective Reynolds and magnetic Reynolds numbers,
Re., Rm, ~ 103 (see Appendix A for details), which are suffi-
ciently large to ensure vigorous convection and efficient SSD
action. All the simulations were run for about 80 ... The SSDs
are saturated and the statistically stationary states are reached by
t ~ 20 7.. In what follows, we focus on these statistically sta-
tionary states.

Figure 3 shows the overall spatial patterns of the vertical
velocity, v,, and vertical magnetic field, B,, in the HD-Col
and MHD-Col cases in which the rotational influence is weak
(Co. = 1). In the MHD case (Fig. 3c), the results are very sim-
ilar to those of nonrotating SSD simulations (Cattaneo 1999;
Vogler et al. 2005; Rempel 2014; Hotta et al. 2015b). Strong
mixed-polarity magnetic fields are predominantly concentrated
in the narrow downflow regions that are surrounded by slower
and broader upflows. A comparison of the HD and MHD cases
(Figs. 3a and b) also reveals that the convective pattern in MHD
becomes much smoother than that of HD simulation. This can be
attributed to the back-reaction from the SSD, i.e., the small-scale
Lorentz force suppresses the small-scale turbulence (Hotta et al.
2015b).
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(c) B, (MHD-Col)

2.0 [v]

1 1
-0.6 -0.3

Fig. 3. Temporal snapshots of (a) the vertical velocity, v,, from case HD-Col, (b) v, from case MHD-Col, and (c) the vertical magnetic field,
B,, from MHD-Col in the statistically stationary states at ¢ =~ 80 7.. The top and middle panels show the horizontal cuts near the top surface,
z = 2.2 H,, and in the middle convection zone, z = 1.2 H,. The bottom panels show the vertical cuts at y = 0. An animation of this figure is

available online.

yIH,

yIH:

Z/H,

(b) v, (MHD-Co2)

WLE B

10 20 M
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Fig. 4. Same as Fig. 3 but from the simulation cases HD-Co2 and MHD-Co2. An animation of this figure is available online.

Figures 4, 5, 6, and 7 show the temporal snapshots of v, and
B, in the same way as in Fig. 3 but with increasing Co.. As
Co. increases, the columnar pattern elongated in the y direction
becomes more and more apparent. The size (longitudinal extent)
of the convective columns becomes smaller with the increase in
Co.. In other words, the total number of columns in the x direc-
tion increases as convection becomes more and more rotationally
constrained. Furthermore, a comparison between the HD and
MHD cases again shows that the columnar pattern tends to be
much more coherent and self-organized in the magnetized con-
vection (e.g., Figs. 7a and b).

3.2. Notation of averages, Fourier spectra, and error
estimates in this paper

In the following sections, we discuss several statistical proper-
ties of rotating magneto-convection. To this end, we define the
following averaging procedures. The horizontal (x and y) aver-
age (g), the vertical (z) average g, and the latitudinal (y) average
q of a quantity, ¢, are defined as

1 L, L,

@@= [ ] ey oanay (20)
1 [k

qx,y) = T f q(x,y,2)dz, 21
z JO
1

q(x,2) = I f q(x,y,2)dy. (22)
y JO

Fluctuations with respect to the horizontally averaged values are
quoted by primes as

q'(x,y,2) = q(x,y,2) = () (). (23)
In addition to this, we explicitly denote the fluctuations with
respect to the y-averaged quantities by y primes as

q(x,y.2) = q(x,y,2) = q(x, 2). 24)

We also define a Fourier transform in the horizontal direc-
tions as

9069, = ) ke oy 2) €45,
koky

(25)
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Fig. 6. Same as Fig. 3 but from the simulation cases HD-Co10 and MHD-Co10. An animation of this figure is available online.

where k, and k, are wavenumbers in the x and y directions. We
note that discretized wavenumbers (k,, k,) = 27n, /Ly, 27n,/L,)
with integers n,, n, (= 0) are used.

Hereafter, we discuss the statistical properties averaged over
time between 60 < #/7. < 80, with the standard errors given
by o/ VN, — 1, where o denotes the standard deviation and N, is
the number of temporal snapshots used. To ensure that the snap-
shots are statistically independent, we used the data at intervals
of 1.0 7,,1i.e., N, = 20.

3.3. Energy spectra

Figure 8 exemplifies the 2D kinetic energy spectra in the mid-
dle convection zone (z = 1.1 H,) for weak rotation (Co, = 1)
and strong rotation (Co, = 20) cases. Here, the kinetic energy
spectrum, €y, is defined as

Gk, ) = %ﬁ(k, 2 0"(k,2). (26)
By definition, this satisfies

PO _2 _ ~

(Fv°)@ = Zk] &iin(k, 2). @7
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Although the distribution of convective power in wavenumber
space (ky, k,) is almost isotropic in Co, = 1 cases, the spectra
become strongly anisotropic in Co, = 20 cases wherein most
power is concentrated in the Fourier domain where the latitu-
dinal wavenumber, k,, is small. In fact, as is indicated by the
inset panels in Fig. 8b, the k, = 0 component of the convective
motions is shown to be dominant over the k, # 0 components.
This corresponds to a formation of coherent columnar patterns
aligned in the y direction (Figs. 6 and 7).

Figures 9a and b show the kinetic energy spectra summed
over k, for HD and MHD cases for different values of Co.. When
Co. is small, the kinetic energy spectra roughly follow the Kol-
mogorov power law o k" in the inertial spectral range. How-
ever, when Co, is increased, éy;, begins to show spectral peaks at
higher longitudinal wavenumbers. In MHD simulations, we also
show the magnetic energy spectra, &g, defined by
sk, 2) = o Bk ) B k) (8)
We find that the SSD generates super-equipartition (i.e., éxin <
@mag) magnetic fields at small scales. Consequently, the kinetic
energy, éxin, is suppressed due to the Lorentz force feedback at
these scales.
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Fig. 8. Two-dimensional kinetic energy spectra shown in a horizontal wavenumber space (., k) in the middle convection zone (z = 1.1 H,) for
(a) weakly rotating and (b) rapidly rotating cases. The top and bottom rows show the results of HD and MHD simulations, respectively. The insets
show cuts of the same spectra at fixed k,, where the red, blue, green, and gray curves correspond to cuts through k,L,/27n = 0, 1, 2, and 3.

It is important to note that, in our simulations, there are two
distinct characteristic length scales. One is the mean longitudinal
wavenumber, kymean, Weighted by the kinetic energy spectrum
(e.g., Christensen & Aubert 2006; Képyld 2024),

2ok kxéiin(k, 2)
Yk xin(k,2)

and the other is the peak longitudinal wavenumber, ki peak, at
which the kinetic energy spectrum reaches its maximum. In pre-
vious studies of rotating f-plane simulations in which grav-
ity is aligned with the rotation axis, these two wavenumbers
become asymptotically equivalent in the rapidly rotating limit
(e.g., Kédpyld 2024). However, in our model setup, in which both

kx,mean (2) = (29)

small-scale convective motions and large-scale columnar con-
vective modes coexist, they do not coincide. Figure 9c shows

the height-averaged mean wavenumber, %x,mean, and the peak
wavenumber, Ex,peak, as functions of Co,. In general, the inclu-
sion of the SSD leads to smaller Ex,mean in MHD (i.e., the typ-
ical convective scale Zx = Zﬂ/Exmean becomes larger) than in
HD because the SSD Lorentz force suppresses small-scale tur-
bulence. In contrast, the peak wavenumber, %x,peak, is shown to
be systematically larger in MHD at Co, > 5. We find that the
peak wavenumber, %x,peak, largely represents the dominant scale
of the k, = 0 columnar convective (thermal Rossby) modes. The
effects of the SSD on Ex,peak are discussed later in Sect. 3.6.
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3.4. Convective heat transport

Figures 10a—d show vertical profiles of the root-mean-square
(rms) convective velocity

(@) = (@0 y.2) = UnDes),

where U, = (v,) denotes the mean flow in the x direction. The
generation mechanisms of the mean flows are discussed in a later
section (Sect. 3.7). From MHD simulations, we also show the
Alfvén velocity associated with the rms magnetic field,

(30)

2
Damms(2) = | BB,

31
4rpo(z) G

A262, page 8§ of 22

and oc Co; '/ dependences theoretically expected from the CIA and MAC balances.

It is evident that, due to the SSD Lorentz force feedback, v, in
the MHD cases is suppressed by approximately 15-25% com-
pared to the HD cases. In most of our simulations, the rms field
strength, By, is sub-equipartition, i.e., VA s < Urms. Although
this is in accordance with the simulations by Favier & Bushby
(2012) and Warnecke et al. (2025), we note that the higher-
resolution simulation by Hotta et al. (2022) produces super-
equipartition SSD fields throughout the whole convection zone.

It is generally known that strong rotation tends to suppress
convective velocities (e.g., Aurnou et al. 2020; Vasil et al. 2021;
Kipyld 2024). As is shown in Fig. 10e, our simulations also
demonstrate that the volume-averaged rms convective velocity,
Urms, decreases with increasing Co,. in the rapidly rotating regime
(Co. > 5) in both HD and MHD cases. Moreover, our study
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reveals that this suppression is further enhanced by the presence
of SSD. In HD, v, decreases gradually with Co., roughly fol-

lowing a power law of Co;l/ 5, while in MHD, the decline is

steeper, following Co; ', as indicated by the dotted gray lines
in Fig. 10e. The underlying mechanism by which the SSD mod-
ifies the Co. dependence is explained in Sect. 3.5.

Next, we discuss thermal energy transport properties in our
simulations. Figures 11a—d present snapshots of the entropy per-
turbations, pos}, for Co, = 2 and 20. Figure 11e further shows
the vertically averaged rms entropy perturbations, poSims, as a

function of Co.. Here, s;ns is defined by

Sims(2) = Y} (sll (xX,4,2)%).

We note that the entropy perturbations shown are weighted by
the background density, pg, which allows us to focus on the
entropy variations within the bulk convection zone, rather than
those generated by strong near-surface radiative cooling. Two
main effects are observed. First, we find an enhancement of the
entropy perturbations, s, due to the SSD action. This behav-
ior was reported in earlier nonrotating studies (e.g., Hotta et al.
2015b), in which it was shown that the SSD magnetic fields
suppress horizontal turbulent mixing of entropy between warm
upflows and cold downflows, thereby enhancing entropy con-
trast. At small Co,, the MHD simulations show an increase in
Srms by approximately 25% compared to the HD cases. The sec-
ond effect is an enhancement of s} by strong rotation at Co, > 5.
It is well known that the Coriolis force makes the convective heat
transport inefficient as it deflects vertical motions and reduces
the entropy mixing in a vertical direction. To sustain a fixed
enthalpy flux in the domain, the entropy perturbations, s|, are
enhanced. As is shown in Fig. 1le, the volume-averaged rms
entropy perturbation, pgSms, increases with Co, in both the HD
and MHD cases. However, the scaling differs: the MHD cases
follow an approximate scaling of Coi/ 3, while the HD cases fol-
low Co!/3, indicating a stronger Co, dependence with the pres-
ence of SSD. Obviously, these scalings are the inverse of those
found in the rms convective velocity, vy, (Fig. 10e), imply-
ing that the entropy perturbations are enhanced to compensate

(32

and oc Co!/3

dependences theoretically expected from the CIA and MAC balances.

for the reduced convective velocities and to transport the fixed
amount of enthalpy upward.

The efficiency of convective energy transport is known to be
associated with the mean entropy stratification in the bulk con-
vection zone. Figures 12a—d show vertical profiles of the supera-
diabaticity, ¢, defined as

Hod(s).

5=
¢ 0z

(33)

When the rotational influence is weak, a weakly subadiabatic
layer is formed in the lower half of the convection zone. This
is because of the nonlocal heat transport by strong down-
flow plumes (e.g., Brandenburg 2016) and has been repeat-
edly reported in previous simulations of nonrotating convec-
tion (e.g., Kipyld et al. 2017b; Bekki et al. 2017; Karak et al.
2018; Képyld 2025). It is also seen that the magnitude and width
of this subadiabatic layer are enhanced and extended with the
inclusion of SSD. When Co, is increased, the mean stratifica-
tion becomes more superadiabatic in the bulk convection zone
because the rotation suppresses vertical entropy mixing. These
trends are clearly seen in Fig. 12e. Interestingly, we find that the
SSD makes the subadiabatic layer near the base of the convec-
tion zone persistent even under strong rotational influence (see
the inset of Fig. 12e). This result is in striking contrast to the
HD case in which the subadiabatic layer vanishes in the rapidly
rotating regime. A disappearance of the subadiabatic layer in the
rapidly rotating HD regime has also been reported by Képyld
(2024), who employed a radiative diffusivity based on Kramers
opacity (as a function of temperature and density) instead of the
spatially fixed radiative heating used in this study.

Our parameter study suggests that the weakly subadiabatic
layer likely exists in the lower 40% of the Sun’s convection
zone near the equator (given that Cog = 3.8). A similar result is
obtained by Hotta et al. (2022). We also note that the existence
of this weakly subadiabatic layer in the Sun’s convection zone
has been inferred by recent observations and linear modeling of
the non-toroidal class of the solar inertial modes (Hanson et al.
2022; Bekki 2024).
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Fig. 12. Profiles of the superadiabaticity, ¢. (a—d) Vertical profiles of ¢ for different Co,. Blue and red curves represent the results from HD and
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layers near the bottom of the convection zone, Dy, = fo > |0dz (with dg,, being the height below which the mean stratification is subadiabatic),

denoted by the shaded areas in panels a—d.

3.5. Force balance

To understand why the convective velocity, v, and entropy
fluctuation, sy, show different Co. dependences with and with-
out the SSD, we investigate the dominant force balance in our
simulations. We follow the method presented in Yadav et al.
(2016), Aguirre Guzman et al. (2021) and compute the rms val-
ues of the following forces:

FAdv = —poU * VU, (34)
Fpre = —poV(’ﬂ), (35)
Po
§1
FBuo = po—4, (36)
Cp
Feor = 2POU x €, (37
1
Famag = —(V X B) X B. (33)
4

Here, we note that temporally averaged component of the pres-
sure and buoyancy forces (which represents the background
hydrostatic balance and thus is irrelevant to our analysis) are
subtracted from Fp, and Fpgy,. Figure 13a shows the rms forces
in HD (top) and MHD (bottom) cases as functions of Co.. In
HD simulations, the advection (or inertia) term Faqg, always
dominates the force balance. As Co, is increased, a balance
is achieved among advection, Fag4y, pressure, Fpge, and Corio-
lis forces, Fco. On the other hand, in MHD simulations, the
Lorentz force, Fyag, comes into play in the leading-order force
balance, where Fy,e has amplitudes very close to those of the
pressure gradient force, Fp.. This likely reflects the fact that the
strong SSD fields are generated by compression of downflows
where the gas pressure is locally balanced by the magnetic pres-
sure (Hotta et al. 2022). At sufficiently high Co,, Fyae is even
stronger than Fagqy, leading to a balance between the pressure,
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Fpye, Coriolis, Fcor, and Lorentz forces, Fyag. This balance is
called magnetostrophic (e.g., Roberts 1978). We can attribute
the Co, dependences of vy and sy discussed in Sect. 3.4 to
this transition of the dominant force balance regime.

It is worth noting that the relative importance of the Cori-
olis force, Fc, (Which does not have a y component), tends
to be underestimated in Fig. 13a. To properly assess the sig-
nificance of the Coriolis force in the system, we also compute
the same rms forces but for the y-averaged ones, as shown in
Fig. 13b. We can see that there is a clear distinction between
the weakly rotating regime, Co, < 5, where the Coriolis force,
Fcor, 1s not in the leading-order force balance and the strongly
rotating regime, Co, 2 5, where the dominant force balance is
achieved between the Coriolis force, Fco, and the pressure gra-
dient force, Fp,. When this geostrophic balance is established
at a leading order, it is necessary to look at the residual bal-
ance (e.g., Yadav et al. 2016; Aubert et al. 2017). Figure 13c dis-
plays the power spectra of the y-averaged forces in the mid-
dle convection zone (z = 1.1 H,) from rapidly rotating HD-
Co020 and MHD-C020 cases. Here, the imbalance between Cori-
olis and pressure gradient forces, Fcor + Fpre, 1S denoted by
dashed gray curves. In the HD case, this so-called ageostrophic
Coriolis force is balanced by buoyancy, Fpy,, and advection,
Faqv, at large scales and predominantly by advection at small
scales, manifesting the Coriolis-Inertia-Archimedean (CIA) bal-
ance (see, e.g., Aurnou et al. 2020; Kapyld 2024). In the MHD
case, on the other hand, the ageostrophic Coriolis force is pri-
marily balanced by buoyancy, Fgyo, at large scales but is bal-
anced by the Lorentz force, Fyg, at small scales, manifesting
the magneto-Archimedean-Coriolis (MAC) balance (see, e.g.,
Davidson 2013; Augustson et al. 2019; Schwaiger et al. 2021).

Assuming the CIA and MAC balances, the following scal-
ing relations can be derived in terms of the flux Coriolis



Bekki, Y.: A&A, 703, A262 (2025)

(a) RMS forces

(b) RMS forces (y-averaged)

(c) Power spectra (Cox = 20)

HD 1 HD - F HD
7, 101 o o—© > Fore "
=
2
S
n
]
et
o
[T
0]
=
o
: . : : : 10~7 . :
1 2 5 10 20 100 10! 102
Cox ku/2m [L1]
— Feor MHD
W 107 e
b ~
S N>*
0 Q1073
o N
|-|O- 1; FBuo + _5
(£ o 107>+ . )
o FPre + FCor
T T T T T T T T T T 10~7 T T
1 2 5 10 20 1 2 5 10 20 100 10! 102
Cox Cox ky/2m [LZ 1]

Fig. 13. Force balances in our simulations. (a) RMS amplitudes of the forces, Fyy. Here, Fyps

is calculated such that F2,
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F)dV. Yellow, red, green, blue, and purple colors represent the nonlinear advection, pressure gradient, buoyancy, Coriolis, and Lorentz forces.
The top and bottom panels show the HD and MHD simulations, respectively. (b) RMS amplitudes of the y-averaged forces, F,ns. They are defined

such that F?
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=yl ﬁ/(f 2+ IFQZ)dV. (c) Power spectra of the y-averaged forces in the middle height, z = 1.1 H,, from HD-Co020 and from

MHD-C020 simulations. The dashed gray curves denote the ageostrophic Coriolis forces, F, Pre + F Cor-

number, Co, (see Appendix B for detailed derivations):

_ Co, 35 (CI1A)
Length scale : € o { Co. "' (MAC). (39
o Co,” '3 (CIA)
Velocity : v o { Co.”'*  (MAC), (40)
o Co.'®  (CIA)
Entropy fluctuation : s { Co, ' (MAC). 41

In Figs. 9c, 10e, and 11e, our simulated Co, dependences are
compared with these theoretical scalings. It is clearly seen that
our results are consistent with the predictions by CIA and MAC
balances at Co, > 5.

One might question the robustness of the above results, par-
ticularly when the numerical resolution is further increased.
Hints are provided by Kipylid (2024), who conducted HD simu-
lations at varying Reynolds number Re and demonstrated that
the scaling of convective velocity, s, With Coriolis num-
ber remains unaffected, although the overall amplitude of vy
increases with Re. This is because viscous force does not influ-
ence the dominant force balance. Given that the CIA and MAC
balances are well established in our simulations, the above scal-
ing relations at the high-Co, regime are expected to remain
robust even at higher resolutions, although the absolute values
of vy (Or spys) and the degree of suppression (enhancement)
from HD to MHD will be affected.

3.6. Dominant scale of columnar convection

In this subsection, we discuss how SSD affects the dominant
scale of columnar convective modes. From Figs. 7a and b, it is
seen that the SSD not only makes the columnar patterns more
self-organized but also shifts the dominant longitudinal scale of
convection narrower. To quantify the difference in the length
scales of columnar convection, we compare in Fig. 14a the
kinetic energy spectra between HD and MHD cases in the mid-
dle convection zone (z = 1.1 H,). Figure 14b shows the peak lon-
gitudinal wavenumber, Ky peak, as a function of Co.. In both the

HD and MHD cases, there is a general trend that k, peqx increases
with Co.. However, it is obvious that the MHD simulations show
a much more rapid increase in ky peax With Co, compared to the
HD counterparts. As a consequence, in the high-Co, regime, the
convective columns have a smaller length scale in longitude with
the presence of the SSD. This behavior cannot be explained by
the CIA/MAC scaling relations (Eq. 39).

We find that, through the suppression in the convective veloc-
ity, vrms, and the increase in the (mean) convective length scale,
l 27 /kymean, the SSD can change the effective rotational
influence in the simulations. This is typically measured by the
dynamical Coriolis number,

2000,

Cor = (42)

Urms

As is reported in Table 1, Co, is systematically larger in MHD
than in HD, implying that the MHD simulations are operating
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Fig. 14. (a) Normalized kinetic energy spectra, > &, in the middle convection zone (z = 1.1 H,). Different colors represent different Co..
Dashed and solid lines show the results from HD and MHD simulations, respectively. (b) Longitudinal wavenumbers where the kinetic energy
spectra peak, ky pea, is plotted against the flux Coriolis number, Co,. The blue and red circles are the results for the HD and MHD cases. (c) Same

as panel b but as a function of the dynamical Coriolis number, Co; = ZQOZX /Urms-

in more rotationally constrained regimes compared to the HD
counterparts. Consequently, the establishment of the columnar
patterns is more enhanced and the longitudinal size of these
columns becomes smaller in our MHD simulations. In fact, we
find that the peak wavenumbers, ke, in both the HD and
MHD cases manifest very similar dependences on the dynamical
Coriolis number, Co, (Fig. 14c). This provides supporting evi-
dence that the dominant scale of columnar convection is largely
determined by Coy, a parameter that is sensitively affected by the
SSD.

We also note that there are other underlying mechanisms that

can potentially explain the difference in & peax between HD and
MHD. The first possibility is direct Lorentz force feedback. As is
shown in Sect. 3.8, the large-scale shear motions in the columnar
convection can generate the Maxwell stress to redistribute the
angular momentum in the convection zone. As a back-reaction,
the kinetic energy of columnar convection is suppressed at large

scales, which can also cause a shift in kypex toward higher
wavenumbers. Another possible mechanism comes through the
change in the mean background stratification. When the SSD
is present, the buoyant driving can be selectively suppressed at
large scales due to the reduced superadiabaticity and the exis-
tence of the weakly subadiabatic layer near the base of the con-
vection zone (Fig. 12). Yet, it is not easy to disentangle these
mechanisms and to pinpoint the primary cause. Such an analysis
is beyond the scope of this paper.

3.7. Mean flow generation

In our simulations, large-scale mean flows are generated only
in the longitudinal direction, U,(z) = (v,), corresponding to the
radial differential rotation at the equator. Figures 15a—d show
profiles of U,(z) established in our HD and MHD simulations
for different values of Co.. A mean flow regime can be mea-
sured by the vertical shear, AU, = U (Zmax) — Ux(Zmin), as is
shown in Fig. 15e. For Co. = 1, 2, and 5, the mean flows have
negative vertical shear, AU, < 0, with a faster base and a slower
surface. This might correspond to an antisolar differential rota-
tion profile in a spherical shell geometry. On the other hand, for
Co. = 10 and 20, the mean flows show a positive vertical shear,
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AU, > 0, with a faster surface and a slower base, likely corre-
sponding to a solar-like rotational profile in the spherical case.
We find that the inclusion of the SSD has the primary impact of
quenching the mean flow amplitudes at high Co., as has been
reported in the literature (e.g., Brun et al. 2004; Kipyld et al.
2017a; Matilsky et al. 2022; Warnecke et al. 2025).

Another important effect of the SSD on the mean flow, U,,
is the excitation of torsional oscillations, i.e., temporal varia-
tions in the mean flow. In our model, these oscillations arise
as a by-product of the establishment of the MAC balance,
whereby torsional Alfvén waves propagate vertically as distur-
bances to the so-called Taylor state (Taylor 1963; Braginskiy
1970; Wicht & Christensen 2010). Our analysis indicates that
their amplitudes are too small (a few percent of the rms veloc-
ity fluctuation) to have a dynamical impact in the simula-
tion. Therefore, a more detailed discussion is deferred to the
Appendix C.

We now discuss the generation mechanism of the mean
flows. Taking a horizontal average of the x component of Eq. (2),
we have

ouU, 0
- __ 4
v p Ry + M), (43)
where
B.B.
Rye = po(vivL), My = —¥, (44)
Vs

are the turbulent Reynolds and Maxwell stresses, respectively.
Positive and negative values of R,, and M,, correspond to ver-
tically upward and downward fluxes of the x (angular) momen-
tum. Figures 16a—d show vertical profiles of R,, and M,, for
different Co.. Their height-averaged values are shown as func-
tions of Co, in Fig. 16e. Note that, in HD, R,, must vanish in
a statistically stationary state (AU, /0t ~ 0). This reflects a bal-
ance between the diffusive and non-diffusive (the A effect) parts
of the Reynolds stress, R,,, which transport angular momentum
in opposite directions (Kitchatinov 2013; Barekat et al. 2021). In
MHD, R, and M,, must balance with each other such that their
sum vanishes statistically. At low Co, (< 5) where the mean flow

is antisolar (AU, < 0), the Reynolds stress is negative (ﬁxz <0,
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and the Maxwell stress is positive (M,, > 0). Conversely, at high
Co. (= 10) where the mean flow is solar-like (AU, > 0), the
signs of the Reynolds and Maxwell stresses are flipped; Ry, > 0
and M,; < 0. Thus, we conclude that the mean flows are pri-
marily generated by the angular momentum transport (AMT)
through the Reynolds stress, R,,, with the Maxwell stress,
M., only playing a suppressive role. At low Co,, the antisolar
mean flows are established by the downward AMT by weakly
rotationally constrained convection (Foukal & Jokipii 1975;
Guerrero et al. 2013; Featherstone & Miesch 2015), whereas at
high Co,, the upward AMT by rotationally constrained con-
vective columns leads to the solar-like mean flows (Hotta et al.
2015a; Matilsky et al. 2019; Bekkietal. 2022b) (see also
Appendix D for a schematic explanation).

To assess the impact of the columnar convective modes on
AMT, we decompose the Reynolds stress into contributions from

the y-averaged flows (representing the k, = 0 columnar modes),

k,=0 k,#0
Ry, and those from the velocity fluctuations, R, ﬁ ,as

72 /(y) '(L/)>

= po{vx0;) + PolUy (45)
———

Ky =0
R«\}Z/

ky %0

RXZ
Figures 17a and b show the Volume—averaged Reynolds stress

contributions, R a nd R b . There is a general tendency for

the k, = O columnar modes to transport angular momentum
upward (sz > () and the small-scale fluctuating velocities

—k, 20
transport angular momentum downward (RXZ;& < 0). In HD
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(a) Reynolds stress (HD)

(b) Reynolds stress (MHD)

(c) Maxwell stress (MHD)

0.041 mm k, =0 0.04 0.041
B3 k, =0
0.02 1 0.02 — 0.021 -‘\
NS: N>i NS:
S 0.001 S 0.00 = 2 0.00
N N X
[ I <
-0.02 —-0.021 —-0.021
—0.041 —-0.04] L | —-0.04]
1 2 5 10 20 1 5 10 20 1 2 5 10 20
Cox Cox Cox

Fig. 17. Breakdown of the contributions from the k, = 0 and k, # 0 components to the Reynolds and Maxwell stresses. (a,b) Volume-averaged

— —k
Reynolds stress, R,;, as a function of Co, from the HD and MHD simulations. Yellow and purple colors correspond to Rxg

(c) Volume-averaged Maxwell stress, Mm, from MHD simulations.

cases, these two contributions cancel each other. In particular, at
high Co., R =0

XZ
AU, > 0, and Ri‘fo < 0 corresponds to a turbulent diffusion.
These tendencies are consistent with scale-by-scale analyses by
Mori & Hotta (2023) and Képyld (2023), who found downward
AMT from small-scale turbulence and upward AMT from large-
scale columnar modes near the equator. We note, however, that
their analyses are based on longitudinal scale decompositions,
whereas we distinguish the k, = 0 columnar modes from the
ky, # O fluctuations; therefore, a one-to-one correspondence
should not be assumed In MHD cases, the cancellation between

Rku = and R breaks down. At low Co,, the k, # 0 convective
motlons that are weakly influenced by rotation dommantly trans-
port angular momentum downward. As Co, increases, the rota-
tionally constrained columnar modes become increasingly dom-
inant, resulting in net upward AMT (see Appendix D). Here,
the downward AMT by k, # O flows is substantially reduced
because the effective eddy diffusion due to small-scale turbu-
lence is suppressed by the SSD Lorentz force. The resulting net
downward (upward) angular momentum flux at low (high) Co,
is then compensated for by the upward (downward) flux of the
Maxwell stress, where all the contributions are from &, # 0 mag-
netic fields (Fig. 17¢).

> 0 corresponds to a driving of the mean flow,

3.8. Origin of Maxwell stress: Interplay with convective
columns

In this subsection, we discuss the generation mechanisms of the
Maxwell stress, M,,. To this end, we compare the spatial dis-
tribution of the magnetic field correlation B,B, (averaged over
y) with various y-averaged quantities, as is shown in Fig. 18.
Let us first focus on the low-Co, regime in which the Maxwell
stress transports angular momentum upward (M,, > 0). It is
seen from Figs. 18a and b that the magnetic field correlation,
B’;E is not necessarily generated in downflow regions where
strong magnetic energy is concentrated and where the velocity
correlation, v/.v’, is dominantly generated. As a result, the spa-

X7z
tial distribution of B,B, is poorly correlated with that of 173:17:
(Fig. 19a). This implies that the generation of the Maxwell stress
is not a consequence of a parallelization of the small-scale mag-
netic fields with the small-scale flows, as has been proposed by
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=0 —ky#0 )
and R, ,respectively.

Hotta et al. (2022). Rather, in our simulations, the spatial distri-
bution of BTEZ is very well correlated with those of the y vortic-
ity, Z’, and also of the pressure perturbation, 5’1. The latter is in
fact a side effect required by the geostrophic balance (anticorre-
lation between Z; and p).

A good correlation between the spatial distributions of BTXT?
and ¢ suggests that the shear in the columnar convection is the
main origin of the Maxwell stress in our simulations. From the
induction Eq. (3), we obtain

o — — G, a7,
—B,B, = 32 B2—= 46
gy BeBe= Lo+ B+ By (46)

indicating that B, B, > 0 (< 0) can be generated by shear motions
in the y-averaged flows, dv’,/0z > 0 (< 0) and v, /dx > 0 (< 0).
Therefore, if the main generation mechanism of the Maxwell
stress is the columnar shear, BB, must be strongly correlated

with the velocity strain tensor, Sy, defined as

s @ @

Xz — az ax
This is clearly shown to be the case from Figs. 19d—f. Since the
longitudinal separation between columnar downflows is large

at low Co,, the vertical shear of the zonal velocity dominates
over the zonal shear of the vertical flow, |00)/dz| > |0v,/dx|.

(47)

In such a case, both §xz and Z; are primarily determined by

Jv',./dz, which explains why B?Ez and £ are so well corre-
lated in Fig. 18a and b. When averaged over the whole vol-
ume, the net correlation (B,B, ) becomes negative because the
y vorticity consists of spatially {U > 0 and broadened g“y <0
due to the nonlinear effect (see Appendix E for its physical
explanation).

Next, we discuss the results in the high-Co, regime
(Figs. 18c and d). Under strong rotational influences, the lon-
gitudinal separation of the convective columns decreases and the
zonal shear of the vertical flow becomes non-negligible. Conse-
quently, BTEZ is no longer well correlated with ;. Instead, B::é
is now positively correlated with ﬁ (Figs. 19b and c). This is

not surprising because v ’ and BB B, are both rooted in the y-
coherent columnar pattern "We note, however, that this positive
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(a) MHD-Co2

Z/Hr

Z/H,

(b) MHD-Co5

ZIH,

Z/Hr

Z/Hr

Z/H,

X/Hr
(c) MHD-Co10

Z/Hr ZIH,

Z/Hr

X/Hy
(d) MHD-C020

Z/H,

Z/Hy

Z/Hr

ZIH,

X[H,

Fig. 18. Snapshots of the y-averaged quantities from MHD simulations with Co, = 2, 5, 10, and 20. Each panel, from top to bottom, displays the

y-averaged profiles of the x velocity, v, z velocny,

, Y vorticity, { 7> pressure perturbation, p, magnetic energy density, pm,g, velocity correlation,

pov;vg, and magnetic field correlation, BXBZ /4n. In rapidly rotating cases MHD-Co10 and MHD-Co20 (panels c—d), black curves indicate contour

lines of the y vorticity atZ; =27

correlation between v/,v/, and B.B. is not likely due to the local
alignment of small-scale velocity to small-scale magnetic fields.

As is clearly manifested by the strong correlation between E;f?z
and S, . in Fig. 19e, a main generation mechanism of a positive
magnetic field correlation, B:EZ > 0, remains the shear motions
in the columnar convection (both dv,/0z and dv}/0x). On the
other hand, a positive velocity correlation, v v, > 0, is estab-

lished as a consequence of the tilted pattern of the y-averaged
columns (see Appendix D).

Our simulations clearly show that the Maxwell stress is pri-
marily generated by the shear in the columnar motions, regard-
less of the rotational regime. This is in contrast to the results
of Hotta et al. (2022), who argue that the Maxwell stress origi-
nates mainly from the Reynolds stress. One possible reason for
this discrepancy lies in the differences in the simulation setups:
their model covers a full spherical shell, in contrast to our equa-
torial local model, and the interaction between SSD and rotating
convection at middle to high latitudes (where the columnar con-
vection is absent) may play a dominant role. Moreover, in their
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Fig. 19. (Top) Correlations between the Maxwell stress, ﬁz/4n and the Reynolds stress, por
po(0.V, + 8,0.), in MHD simulations. (a,b) Probability density functions (PDFs) between B B,/4r and pov’ v,

the velocity strain tensor, pS,, =

PoSxz [prTit]

Cox

and (bottom) correlations between EE /4r and

in MHD-Co2 and MHD-Co020 cases. (c) Correlation coefficient as a function of Co* (d,e) PDFs between B.B, _/4m and pon- in MHD-Co2 and
MHD-Co020 cases. (f) Correlation coefficients B, B, /4 vs. ponz (purple) and pov v, vs. —pon, (green) as functions of Co.. The dashed and solid

green lines show the results from HD and MHD simulations, respectively.

simulations, the presence of super-equipartition magnetic fields
can significantly suppress the velocity shear, which may inhibit
the generation of Maxwell stress through shear.

3.9. Amplitudes of columnar modes

In all our simulations, we ﬁnd that the velocity strain tensor,
sz, is not correlated with v v, but is closely correlated with
BXBZ (Fig. 19f). This suggests that the Lorentz force associated

with B, B, plays a significant role as an effective viscosity on
the columnar convection, leading to a suppression of the colum-
nar convective modes. Figure 20a shows the volume-integrated
kinetic energy of the y-averaged flows,

Exin = f’%(?i + ?i)dV,
1%
as a function of Co,. There is a general tendency seen in both
HD and MHD cases that Ey;, first increases and then decreases
as Co, increases. The initial increase in Eyj, is simply due to the
establishment of a coherent columnar pattern. The decrease in Ei,
at Co, > 5 can be attributed to the suppression of convective
velocity in a strongly rotationally constrained regime (Eq. 40).
It would also be instructive to use the volume-integrated y

enstrophy,
z:fﬁw
14

(48)

(49)
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as a measure of the amplitudes of the columnar modes. As shown

in Fig. 20b, Z increases monotonically with Co, in both the HD
and MHD cases. Suppression of the columnar convection by the

SSD can be seen in both E\y;, and in Z The suppressmn is the
most drastic in the intermediate regime Co, = 5, in which both

Ekin and Zy are reduced by about 40% from HD to MHD.

4. Summary and conclusions

In this paper, we have carried out a series of HD and MHD
simulations of highly turbulent rotating compressible convection
using a local f-plane box model at the equator. This model setup
enabled us to focus on the effects of SSD on rotating columnar
convection. We performed a parameter study in which the rota-
tion rate was varied while the energy flux was fixed, covering the
flux Coriolis number, Co., from 1 to 20.

We find that the SSD has a significant impact on the prop-
erties of convective heat transport. As has been reported in pre-
vious nonrotating studies, the convective velocity, vy, tends to
be suppressed due to the Lorentz force feedback (Rempel 2014;
Hotta et al. 2015b). Under strong rotational influences, we find
that vy decreases with Co. more rapidly in MHD cases than in
their HD counterparts. That is, convection tends to be suppressed
much more significantly by rotation when the SSD exists. This
rapid decrease in v, with Co, is compensated for by a rapid
increase in the entropy fluctuations, sy, with increasing Co.,
which is required for rotating convection to transport the fixed
amount of enthalpy upward. One of the most striking outcomes
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liig. 20. Volume-integrated (a) kinetic energy, Ekin, and (b) y enstroﬂly,
Z,, of the y-averaged flow as functions of Co,. The definitions of Ey;,
and Zy are given by Eqs. (48) and (49).

of this entropy enhancement by the SSD is the existence of a
weakly subadiabatic layer near the base of the convection zone,
which persists even in a strongly rotationally constrained regime
(Co, = 20). This is in significant contrast to rotating HD convec-
tion, in which the weakly subadiabatic layer vanishes when the
rotational influence becomes strong enough (e.g., Kipyld 2024).
The potential existence of this subadiabatic layer in rapidly
rotating stars has profound implications for dynamo processes
in young Sun-like stars (e.g., Brown et al. 2011; Viviani et al.
2018; Kéapyli et al. 2019).

These results can be understood by investigating how SSD
alters the dominant force balance. Our analysis reveals that,
at small scales, the pressure gradient force is balanced by the
Lorentz force rather than by inertia when the SSD is present,
establishing the so-called magnetostrophic balance. On the other
hand, at large scales, a geostrophic balance is always maintained.
Consequently, the SSD causes a transformation of the regime of
rotating convection from a quasi-geostrophic (QG) CIA balance
to a QG MAC balance. In fact, it is shown that the Co, depen-
dences of vy and s, in our HD and MHD simulations are con-
sistent with the theoretical scaling relations of the CIA and MAC
balances in the rapidly rotating limit (Co, 2 5).

In rotating columnar convection, there are two distinct char-
acteristic length scales. When a typical convective length scale is
measured by a mean longitudinal wavenumber, k. mean (Weighted
by the kinetic energy spectrum), we find that k, nean becomes
smaller in MHD cases, i.e., the typical size of convective cells
becomes larger, because the kinetic energy is suppressed at
small scales due to the SSD Lorentz force feedback. In the
rapidly rotating regime (Co, 2 5), kxmean increases with Co,
in both HD and MHD cases, roughly consistent with the CIA

and MAC scalings, respectively. On the other hand, the peak

wavenumber, k, peax (at which the kinetic energy spectrum has a
local maximum), represents the dominant scale of the prograde-
propagating columnar convective (thermal Rossby) modes, and
it does not follow the CIA and MAC scalings. Our analysis
reveals that the SSD enhances the effective rotational influence
on columnar convection by increasing the dynamical Coriolis
number, Cop o« 1/(Vrmskx.mean)- As a result, the dominant scale of
columnar convection becomes smaller when the SSD is present.

In addition to the convective heat transport, we also find
that the SSD has a significant impact on the convective
AMT. As has already been reported in previous studies (e.g.,
Gastine et al. 2013; Guerrero et al. 2013; Mabuchi et al. 2015;
Featherstone & Miesch 2015), we see a transition from the “anti-
solar” mean flow profile (with a faster base and a slower sur-
face) to the “solar-like” mean flow profile (with a faster sur-
face and a slower base) as Co, increases. We find that the SSD
acts to suppress the amplitudes of the mean shear flows, as it
provides a Maxwell stress that counteracts the Reynolds stress.
This result is consistent with many previous studies (Brun et al.
2004; Nelson et al. 2013; Augustson et al. 2015; Kipyli et al.
2017a; Warnecke et al. 2025). Some spherical dynamo simu-
lations (e.g., Fan & Fang 2014; Karak et al. 2015; Hotta et al.
2022; Soderlund et al. 2025) further reported that the magnetic
field can change the rotational profile from antisolar to solar-
like near the solar parameter regime (Co, ~ 2-5). Such a dras-
tic transition was not seen in this study. This can be primarily
attributed to the lack of AMT via meridional circulation — an
essential ingredient for the generation of differential rotation in
spherical models — in our simplified f-plane box model.

In Hotta et al. (2022)’s simulation, a key to achieving solar-
like differential rotation was the radially outward AMT by the
SSD Maxwell stress. They proposed that this Maxwell stress
arises as a back-reaction to the Reynolds stress because the
small-scale magnetic fields tend to be parallel to the small-
scale flows. In our simulations, we do not find clear evidence
of this so-called punching-ball effect. In fact, we find that the y-

averaged profile of the Maxwell stress, BTEZ, is poorly correlated

with that of the Reynolds stress, v}, but is well correlated with
those of the y vorticity, ¢/, or the vertical velocity shear, dv’,/dz,
of the columnar convection. This implies that the Maxwell stress
in our simulations is mainly generated by the velocity shear asso-
ciated with the large-scale convective columns, rather than by the
Reynolds stress.

Our study highlights various impacts that SSD has on the
properties of rotating columnar convection. These effects need
to be taken into account to properly model rotating magneto-
convection, particularly in rapidly rotating stars where SSD sig-
nificantly alters the dominant force balance. Given that fully
resolving SSD in global models of solar and stellar convec-
tion requires a substantial amount of computational resources,
a promising alternative would be to develop subgrid-scale mod-
els that encapsulate the essential effects of SSD, as has been
attempted in some earlier studies (Bekki et al. 2017; Hotta 2017;
Karak et al. 2018).

In relation to the possible implications for the solar convec-
tive conundrum, one of the most striking issues is the absence
of columnar patterns in the solar surface observations. In this
work, we have shown that the SSD acts as an effective viscosity
on columnar convection, contributing to the suppression of their
mode power. In fact, the kinetic energy and enstrophy associated
with columnar modes are reduced by approximately 30-50%
due to the SSD effect (see Fig. 20). However, even in the pres-
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ence of vigorous SSD, our simulations exhibit highly coherent
columnar structures near the solar regime (Figs. 4-5). Therefore,
the SSD effect alone is likely insufficient to fully account for the
absence of observational evidence for columnar convection in
the Sun. Some authors (e.g., Guerrero et al. 2013; Noraz et al.
2025) have suggested that the columnar patterns present in the
deep convection zone may be obscured by small-scale granu-
lar convection near the surface. The density stratification in our
simulations (N, = 3.2) is not strong enough to produce such
a concealing effect. Future investigations are required to deter-
mine how the results presented would change under conditions
of stronger density stratification.

Data availability

Movies associated with Figs. 3-7 available at

https://www.aanda.org
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Appendix A: Numerical diffusion scheme

In this study, we do not use any explicit diffusivities but instead
employ a slope-limited artificial diffusion scheme (Rempel
2014). This Appendix outlines how this artificial diffusion is
implemented and how the effective diffusivities are estimated in
our simulations.

The numerical diffusive terms are added in Egs. (1)-(4) as

%1

o = L] -V fUip), (A.1)
Po% = [..1=V-[pof" @], (A2)
aﬁ—lf =[.]1-V- fi(B), (A.3)
POTO% =[] = V- [poTof " (s1)] + Q%% + Ot (A4)

where f4(4) represents the numerical diffusive flux of a vari-
able g which is non-linearly extrapolated at the grid interfaces
(see Sect. 2.1 in Rempel 2014, for its detailed form). For a
parameter controlling the strength of diffusion (expressed in
Eq.10 in Rempel 2014), we set i = 1.5. In the entropy equation,
we add the heating terms arising from the kinetic and magnetic

 ccinati diff diff :
energy dissipation, Q1" and oul’ They are estimated as

: o 4
6=y 3 0 iy AS
vac L0 ; axkﬁ( () ( )
. OB;
Qjour = ~in gfkd T(By). (A.6)
ik

To infer the effective viscous and magnetic diffusivities, veg
and 7. in our simulations, we compared the above numerical
energy dissipation rates with those inferred from explicit diffu-
sivities as (Hotta 2017; Rempel 2018)

(Q4y
off = , (A7)
. p0<2i,k g_;; [g_;; + (l;)_jé - %6ik(V . l))])
(o)
= (A.8)
(IV x BR)/4x

Using the volume-averaged values of these diffusivities, we can
estimate the effective Reynolds and magnetic Reynolds numbers,
Re, and Rm,, as

_ v H,

Re, = ——, and Rm, =
Veft Nest

v.H,

(A.9)

The computed values are reported in Table 1.

Appendix B: Scaling laws in CIA and MAC balances

In this Appendix, we derive ideal scaling relations in rapidly
rotating regime for convective velocity, length scale, and entropy
perturbation in terms of the flux Coriolis number Co.. Two dif-
ferent force balances are considered: the CIA and MAC bal-
ances. We analyze the balance in the vorticity equation which
can be obtained by taking a curl of Eq. (2),

% = 0V 4+ (L +29Q0) - Vo — (£ +290)(V - v)
+Vx(ﬂ)geZ+V>< 1 wxB)xB|. (B.1)
Cp 4rpg

B.1. CIA balance

We consider the balance among the advective (inertial), Corio-
lis, and buoyancy (Archimedean) terms in the y-component of
Eq. (B.1). Noting that the y-component of the Coriolis force is
—2Qu(V -v) = —ZQOHEIUZ, we have

2
Ucia ~ ZQO Ucia
2 H,

cla

gScia
Cp Ceia

~

, (B.2)

where vcia, Ceia, and sg, represent the typical convective veloc-
ity, horizontal length scale, and entropy fluctuation in the CIA
balance. It is convenient to rewrite the buoyancy term as

3
9Scia Uy

Cp lia  Haleia

(B.3)

Here, we assume that the enthalpy flux becomes equal to
the injected energy flux in a rapidly rotating limit, Fey =
0T ciaScia = F., and use the relation gH, = p,/p, = ¢,T,.
Now, we first consider the CI balance to yield

2
(@) ~ Coy! (”C—‘a) (B.4)
H, Vs
A similar consideration of the CA balance gives us
Ceia —1 [ Ucia .
— = C — . B.5
a0\ (B.5)

Combining Eqs. (B.4) and (B.5) yields the scaling relations for
velocity v, and for length scale £,

Jeia + coz !5, (B.6)
U

Ceia -3/5

Zefa o o3, (B.7)
H

r

Finally, substituting Egs. (B.6 and B.7) into Eq. (B.3) leads to

Scia
LY MfCoi/S.
Cp

(B.8)

These results are consistent with those reported in previous stud-
ies (Aurnou et al. 2020; Vasil et al. 2021; Kipyld 2024) where
the dependences on the bulk Coriolis number Co= 2QyH, /vci,
were derived instead, e.g., £¢j, o Co™ 12,

B.2. MAC balance

The force balance between Coriolis, buoyancy, and Lorentz
forces is called MAC balance (e.g., Davidson 2013; Yadav et al.
2016; Augustson et al. 2019; Schwaiger et al. 2021). Ampli-
tudes of these forces in the vorticity Eq. (B.1) are expressed as

2
2Q00mac _ 9Smac Biac
~ ~ s
H, Cplmac  4mp, e

(B.9)

where vmac, €macs Smac, and Bp,e represent the typical convec-
tive velocity, length scale, entropy fluctuation, and magnetic field
strength in MAC balance. Similarly to the CIA balance, the CA
balance in Eq. (B.9) can be written as

-2
oo (1)

Vs

fmac

H,

(B.10)
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Now, we need to estimate the typical magnetic field strength
Biac- Since the SSD is expected to operate at sufficiently small
scales where the turbulent eddy motions are unaffected by rota-
tion, we assume here that the magnetic energy is independent of
Co. (Davidson 2013). In such a case, B, /4np, is solely gener-
ated by small-scale convection driven by the injected energy flux
F., and thus is conventionally expressed as

B
LN (B.11)
4o,
Considering the MC balance leads to
2 -1
(f“‘ac) ~ Co_! (”‘ﬂ) : (B.12)
H, Uy

From Egs. (B.10)—(B.12), we have the following scaling laws

~ Co, '3, (B.13)
Vs
Cimac -1/3
7 ~ Co, /7, (B.14)
S:’“ ~ M2Co!/3. (B.15)
p

It is worth noting that, in terms of the bulk Coriolis number Co=
2Q0H, [vmac, the typical convective length scale follows {i,c o
Co~!/* (e.g., Schwaiger et al. 2021).

B.3. Physical interpretation

A relation that is common to both CIA and MAC balances (i.e.,
the CA balance) is given by

v*€ o Co! with voc s (B.16)

Therefore, as rotational influence increases, v*¢ must be
decreased by suppressing both convective velocity v and length
scale €. The suppression of v with increasing Co, can be phys-
ically explained as follows: Strong rotation reduces the effi-
ciency of convective heat transport (suppresses vertical mixing
of entropy), leading to a mean background stratification being
more superadiabatic (see Fig. 12). In other words, under rapid
rotation, the energy that would otherwise be used to increase
the kinetic energy of convection by buoyancy is instead retained
as internal potential energy in the background stratification. We
note that this superadiabatic stratification does not result in a
stronger convective driving because the buoyancy is effectively
balanced by Coriolis force (i.e., CA balance) and can hardly
be used to accelerate convection. When the SSD exists, the
kinetic energy is further reduced due to a conversion into mag-
netic energy. Therefore, for a fixed Co,, the length scale £ must
increase in the MAC balance in order to compensate for the
reduction in v and keep v*>¢ constant.

Appendix C: Torsional oscillations

In the regime where the MAC balance is established, torsional
Alfvén waves are known to propagate in a vertical direction as
disturbances to the Taylor state (Taylor 1963; Braginskiy 1970).
These waves can be observed as temporal variations of the mean
flows known as torsional oscillations (e.g., Wicht & Christensen
2010). We note that, in solar physics, torsional oscillations con-
ventionally refer to a temporal variation of the Sun’s differential
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Fig. C.1. Torsional oscillation, i.e., temporal variation of the longitu-
dinal (x) component of the mean flow 6,U,(z,t) where the temporal
average is subtracted, from (a) HD-Co20 and (b) MHD-Co20 cases.
Black solid curves showcase paths of waves propagating upward and
downward with the Alfvén velocity of the rms vertical field va, =

V{(B2)/4mpo.

rotation caused by the 11-year cyclic behavior of the solar large-

scale dynamo (e.g., Howard & Labonte 1980). In our simula-

tions, however, the torsional oscillations occur on much shorter

timescales comparable to the convective turnover timescale ..
Taking a temporal derivative of Eq. (43), we have

FU. I8 <v,v,>_(Bsz)
g = oz o PO T T )|

To estimate the temporal variation of the Reynolds and Maxwell
stresses, we first consider the terms associated with the mean
flow variation in Egs. (2) and (3) to obtain

(C.1)

a/,, oU, a,,

o (viwr) ~ =02 7~ Uear (viv2). (C2)
0 ou, 0
5 (BB~ B 5.~ Uigy (BB (C3)

Taking a horizontal average of Egs. (C.2 and C.3) and substitut-
ing them into Eq. (C.1), we have

> (B U,
[(Po(lfz) + ?) c')_z} .

FU.
P an = 6

(C4)

If we assume that po(vg) and (Bg) vary more slowly in z than
0U,/0z, the above equation can be reduced to a standard 1D
wave equation

& U, s o OPUL
atz ~ ((vz> + UA’Z)a_ZZ,

B2
with v}, = _fm;())’

(C.5)

where vy ; is the Alfvén velocity associated with the rms ampli-
tude of the vertical magnetic field. If the MAC balance holds,
the above equation (C.5) is reduced to the equation of torsional
Alfvén waves whose propagation leads to a torsional oscillation



Bekki, Y.: A&A, 703, A262 (2025)
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Fig. D.1. Schematic illustration of the generation mechanisms of the
Reynolds stress (v,v}) under (a) weak and (b) strong rotational influ-
ences. Here, the x and z axes correspond to the longitudinal and radial
directions. All equatorial cuts are viewed from the north pole. In panel
b, orange and cyan circles denote the clockwise ({; < 0) and counter-
clockwise (¢, > 0) vortices with positive and negative pressure anoma-
lies.

restored by the Lorentz force of the fields perpendicular to the
rotational axis (Braginskiy 1970).

Figure C.1 shows time-height plots of the torsional oscilla-
tion defined as

1
BV = U~ f ULz 0,

for the cases HD-Co20 and MHD-Co020. Here, the temporal
average is taken over a period T = 25 7,.. In the HD-Co020
case, the temporally fluctuating component of the mean flow is
weak and the torsional oscillation patterns can hardly be iden-
tified with significant signal-to-noise ratio. In the MHD-Co020
case, on the other hand, we can unambiguously identify the tor-
sional oscillation patterns in Fig. C.1b where the disturbances in
the mean flow propagate vertically upward or downward with the
Alfvén velocity va .. The typical amplitude of the torsional oscil-
lation is 6,U,/v. ~ 0.05, which is approximately a few percent
of the rms velocity fluctuation. It remains to be investigated how
important these torsional oscillations are to the flow dynamics
(e.g., Hori et al. 2023).

(C.6)

Appendix D: Physical origin of the Reynolds stress
@)
In this Appendix, we provide a physical explanation of the

generation mechanism of the Reynolds stress (v,v.) in slowly
and rapidly rotating regimes.

We first consider a weak rotation regime (low-Co. regime).
The Coriolis term in the equation of motion can be expressed as

ov’, ,
i [...] —2Qq7, (D.1)
ov, ,
5 = [...] + 2Qov.. (D.2)

Therefore, the sign of the Reynolds stress depends on whether
the Coriolis force acts on vertical velocity v or on longitudi-
nal velocity v’.. Since vertical convective motions dominate over
horizontal motions at low-Co,. regime, negative Reynolds stress
(v.vl) < O is selectively generated by Coriolis force acting on v/.
This is schematically illustrated in Fig. D.1a.

Under a strong rotational influence (high-Co, regime), on the
other hand, the above explanation cannot be applied because the
geostrophic balance between the Coriolis force and the pressure
gradient force is established. Since such a flow becomes invari-
ant along the rotational (y) axis, it is convenient to consider the
y-component of the vorticity ¢ = dv}/0z — dv,/0x. Taking a curl
of Egs. (D.1 and D.2), we have

ﬁ_[ ]_z_gzo'

p

(D.3)

This tells us that, due to the background density stratification,
vertical motions cause an expansion or contraction of y vortices.
The generation of positive (negative) y vorticity £; > 0 (< 0)
in downflow (upflow) regions results in prograde propagation of
the overall y-vortex columns, i.e., thermal Rossby waves. Now, a
key to understanding the origin of the Reynolds stress is that the
generation rate of this y-vorticity perturbation is stronger near
the surface (where the density scale height H, is smaller) as
expressed in Eq. (D.3). This causes vertically upward (down-
ward) pressure gradient forces in downflow (upflow) regions
because, in a geostrophic fluid, positive (negative) vortices ¢j, >
0 (< 0) are accompanied by negative (positive) pressure anoma-
lies p < 0 (> 0). In order to balance these additional ver-
tical pressure gradient forces by the Coriolis force, retrograde
(prograde) velocity perturbations v, < 0 (> 0) are required in
downflow (upflow) regions. Therefore, upflows and downflows
are deflected to prograde and retrograde directions, respectively,
leading to a net positive Reynolds stress (v;v.) > 0. This posi-
tive Reynolds stress can be seen as a tilted pattern of the vortex
columns, as illustrated in Fig. D.1b.

We note that the above explanation is similar to but differ-
ent from the conventional explanation that the vortex columns
are tilted in a prograde direction because the prograde phase
speed of the thermal Rossby waves is faster near the surface than
near the base (e.g., Busse 2002). Although this explanation is
widely used within the community (e.g., Vasavada & Showman
2005; Glatzmaier et al. 2009), it has sometimes been criticized
as unsatisfactory because the tilted pattern can be obtained as
a linear eigenfunction of a global (normal) mode which propa-
gates at a fixed phase speed everywhere (Takehiro 2008). Here,
we provide an updated explanation for the origin of the Reynolds
stress which does not rely on any nonlinear processes and thus
is more satisfactory. Finally, it should be noted that our explana-
tion can also be applied to incompressible thermal Rossby waves
caused by the spherical curvature effect (e.g., Busse 2002) by
simply replacing the compressional 8 effect, —2Qy/H,, by the
topographic g effect, 2Qy(d In h/dz), where h is the height of
convective columns.
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Fig. E.1. Schematic illustration explaining the origin of the asymmetry
between counterclockwise and clockwise y vortices. (a) Vorticity gener-
ation rates in upflow and downflow regions. Red and blue dashed circles
with arrows indicate the generations of negative and positive y vortices
(corresponding to higher and lower pressure perturbations). The vortic-
ity generation is stronger (represented by larger circle size) inside the
low-pressure column with £ > 0 due to the nonlinear effect. (b) Direc-
tions of the pressure gradient forces (red arrows) and the flows required
to balance these pressure gradient forces by their Coriolis forces (black
arrows). (c) Spatial pattern of the y vortices modified by the nonlinear
effect. In all panels, the rotational axis points toward us.

Appendix E: Origin of the spatial asymmetry in the
y-vorticity pattern

A linear theory predicts that thermal Rossby modes at a fixed
longitudinal wavenumber consist of positive and negative y-
vorticity columns organized in an alternating pattern in lon-
gitude. However, our simulations show significant asymmetry
between the columns with i > 0 and ¢ < 0: That is, the
columns with £; > 0 are stronger and more spatially localized
in longitude compared to those with {j < 0 (see Figs. 18a and
b). In this Appendix, we provide a physical explanation for the
origin of this asymmetry based on a nonlinear effect.

We begin by examining the y-component of the vorticity
equation

!

Y
E =[...] +,8nonlinvé»

where the definition of the compressional § effect is slightly
modified to include the nonlinear advective term as

2Q0 + é’;

H,

(E.1)

Bnonlin == (EZ)

This means that the compressional g effect is effectively
enhanced in regions with i > 0 and is suppressed where
g, < 0. Now, let us consider upflow and downflow regions
located between positive and negative y-vorticity columns. As
already explained in Appendix D, positive (negative) y-vorticity
perturbations are generated in downflow (upflow) regions. What
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is crucial here is that this vorticity generation becomes stronger
(weaker) inside the positive (negative) y-vorticity columns, as
schematically illustrated in Fig. E.la. Since positive (negative)
pressure anomalies are involved with negative (positive) y vor-
tices in a geostrophic fluid, additional pressure gradient forces
are induced in a longitudinal direction. As shown in Fig. E.1b,
these additional pressure gradient forces are directing retrograde
in upflow/downflow regions and prograde inside the positive
y-vorticity columns. In order to balance these additional pres-
sure gradient forces by the Coriolis force, vertical velocity per-
turbations are required. Consequently, downflows (upflows) are
enhanced (weakened) and upflow regions are shifted toward the
prograde direction by this nonlinear effect. As is depicted in
Fig. E.1c, these modifications lead to a more spatially localized
structure for columns with ¢ > 0, while columns with {; < 0
become more spatially extended.
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