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ABSTRACT

The standard cosmological model, ACDM, assumes isotropy on large cosmic scales. However, recent studies using galaxy cluster
scaling relations have reported an apparent H, anisotropy at 5.40 that could be attributed to large bulk flows extending beyond
500 Mpc, which is in disagreement with ACDM. To quantify the statistical tension of the observational galaxy cluster data used in past
studies with ACDM, we utilised the isotropic (2.8 Gpc)® run of the FLAMINGO (ACDM) simulations, the largest hydrodynamical
cosmological simulation available to date. We created 1728 simulated lightcones and studied the apparent level of anisotropy traced
by X-ray and thermal Sunyaev-Zeldovich scaling relations in the same cluster sample selection and methodology as in the past study.
We find the probability of such apparent anisotropies randomly emerging in cluster scaling relations within a ACDM universe to be
0.12% (3.207). The discrepancy goes up to ~3.60- when modelled as a bulk flow at z < 0.1. We also find that statistical noise accounts
for over 80% of the anisotropy amplitude in each lightcone, with large peculiar velocities contributing less than 20%. We also show
that anisotropy amplitudes are highly sensitive to the intrinsic scatter in the scaling relations, with tighter relations providing stronger
constraints. Nevertheless, the tension between the past results and ACDM persists, albeit at a lower significance than previously

reported.
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1. Introduction

One of the most important underlying assumptions of our
standard model of cosmology, ACDM, is the statistical
homogeneity and isotropy of space and matter. This is
known as the cosmological principle (CP). This model
has been remarkably predictive in explaining various cos-
mic phenomena, including the power spectrum of the cosmic
microwave background (CMB), the abundance of light elements,
and the distribution of large-scale structures. However, recent
observations have revealed several notable tensions with
ACDM, including the long-standing H, tension (e.g. Riess et al.
2019, 2022; Planck Collaboration VI 2020; Valentino et al.
2021; Shah et al. 2021) and the Sg tension (e.g. Joudaki et al.
2017; DES Collaboration 2022; Philcox & Ivanov 2022;
McCarthy et al. 2023; Ghirardini et al. 2024). In addition, many
studies have examined the validity of CP, and a number of
anomalies have been reported, including the cosmic dipole
(Rubart & Schwarz 2013; Tiwari et al. 2015, 2024; Secrest et al.
2021, 2022; Dam et al. 2023; Oayda & Lewis 2023; Mittal et al.
2024; da Silveira Ferreira & Marra 2024), SNIa anisotropy
(Chang & Lin 2015; Mohayaee et al. 2021; Cowell et al. 2023;
Hu et al. 2024a; Perivolaropoulos 2023; Mc Conville & Colgdin
2023), excessive bulk flows on large scales' (Kashlinsky et al.

* Corresponding author: yujiehe@strw.leidenuniv.nl

Some studies do not claim a strong tension with ACDM but find
‘atypical’ bulk flows (e.g. Hoffman et al. 2024, 3.40- at 250 h~' Mpc) or
external bulk flows that do not converge on larger scales (Carrick et al.
2015, Fig. 9). Bulk flow studies tracing smaller volumes are more often
consistent with ACDM (e.g. Nusser & Davis 2011, <100 4~! Mpc).

1

2010; Salehi et al. 2021; Whitford et al. 2023; Watkins et al.
2023), and last but not least, anisotropic Hubble expansion
(Migkas et al. 2021; Luongo et al. 2022; Pandya et al. 2024;
Haridasu et al. 2024; Boubel et al. 2025). We refer to some
reviews for more on cosmic tensions and anomalies (Bull et al.
2016; Abdallaetal. 2022; Perivolaropoulos & Skara 2022;
Aluri 2023). While there are indications of discrepancies, no
definitive answer or consensus has been reached on whether the
anomalies are real tensions or statistical artefacts.

The CP provides the foundation of our cosmology theory and
a cosmic reference frame for observations. The importance of
robust tests of the CP cannot be overstated. As we enter an era
of high-precision multi-messenger cosmology, with a wide range
of experiments to probe local and high-redshift Universe, it is
crucial to fully understand the possible systematic biases that
creep into the past results and to quantify their true tension with
ACDM.

The ACDM adoption of the CP posits that the matter rest
frame should converge to the CMB rest frame (e.g. Ferreira
2021; Wagenveld et al. 2024) at scales 2150 Mpc? (Fixsen et al.
1996, Planck Collaboration XXVII 2014). On such scales, the
Hubble flow is expected to be statistically uniform across
the sky, with negligible bulk flow motions (<140kms™', e.g.
Watkins et al. 2023), as dictated by the statistical homogeneity of
the cosmic matter distribution. However, if such bulk flows are
ignored, they can result in an observed $3% anisotropy in the
redshift-distance relation and the Hubble constant (H,) within
the CMB rest frame (Migkas 2025). However, recent studies

2 This scale is decided by the cosmological model and not the CP itself.
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suggest that the galaxy cluster rest frame does not converge to
the CMB rest frame out to z ~ 0.1-0.2 (Migkas & Reiprich
2018; Migkas et al. 2020, 2021; Pandya et al. 2024). (For a
detailed review, see Migkas 2025).

Galaxy clusters are the largest virialised structures in the
Universe. These massive objects are typically observed at red-
shift z ~ 0.05-0.5 with a uniform distribution across the
sky, rendering them a powerful cosmology probe into the late
Universe. Migkas et al. (2021, hereafter M21) studied the cos-
mic (an)isotropy within <1 Gpc using X-ray, microwave, and
infrared data for an X-ray flux-limited cluster sample with
313 galaxy clusters introduced in Migkas et al. (2020, here-
after M20). They also utilised the ASCA cluster sample (Horner
2001) containing another ~160 independent objects. They con-
structed the multi-wavelength scaling relations Lx—T, Ysz—T,
and Lgcg—T, where Ly is the X-ray luminosity, Ysz is the total
integrated Compton parameter, Lpcg is the near-infrared cluster
central galaxy luminosity, and T is the cluster X-ray temperature.
While the determination of Lx, Ysz, and Lgcg depend strongly
on the underlying cosmology, T is measured independently of
any cosmological assumptions. Consequently, angular variations
of cosmological parameters and cluster bulk flow motions are
imprinted in the directional behaviour of these scaling relations.
Exploiting this feature, M21 detected an apparent 9% dipole
variation of H pointing towards (I, b) = (280° £35°, —15°£20°)
at 5.40. Alternatively, they showed that their findings could
be attributed to a bulk flow of ~900kms~! towards the oppo-
site direction that extends to 2500 Mpc. Despite very different
potential systematics relevant to each relation and sample, the
apparent anisotropy was consistently detected in all three nearly
independent scaling relations and the two cluster samples. An
extensive set of tests was performed to ensure that the result did
not originate from any known systematic biases. More recently,
Pandya et al. (2024) used cluster velocity dispersion (o7,) data
and the Lx—o, and Ysz—0, scaling relations to probe cosmic
isotropy. They detected a (27.6 + 4.4%) H, dipole’® pointing
towards (295° + 71°,-30° = 71°) at a 3.60 level, which is con-
sistent with M21. The existence of such a dipole is recently con-
firmed independently by Boubel et al. (2025) using the galaxy
Tully-Fisher relation, which finds a 3 = 0.7% H, variation in
(I,b) = (322 £ 30°,-52 £ 10°), close to M21 and Pandya et al.
(2024). We note that we report the lowest Hj directions for these
works.

Despite the assumed isotropy on large scales in ACDM, one
may observe that anisotropies emerge simply due to cosmic and
sample variance as well as from residual bulk flow motions.
The amplitude and significance of such observed anisotropies
could be further upscattered due to statistical noise and system-
atic biases in the data selection and applied statistics. Further-
more, one needs to accurately know the expected observed H
variation within a ACDM universe to properly assess the ten-
sion between the observational findings in M21 and the ACDM
model. Arguably the most optimal way to achieve all of the
above is to apply the same sample selection and statistical tech-
niques of M21 to isotropic cosmological hydrodynamical simu-
lations.

The Virgo Consortium’s FLAMINGO (Full-hydro Large-
scale structure simulations with All-sky Mapping for the Inter-
pretation of Next Generation Observations) simulations include

3 Pandyaetal. (2024) have also reported that the level of their
observed H, variation is overestimated due to the large scatter of the
used scaling relations. They estimate that the ‘true’ H, dipole they
detect on top of statistical noise is ~8%.
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the largest state-of-the-art hydrodynamical cosmological simu-
lation to date. FLAMINGO is described in detail in Schaye et al.
(2023), hereafter S23. These simulations are designed for stud-
ies of galaxy clusters and other large-scale structures. We used its
flagship run, the (2.8 Gpc)® simulation box using a baryon par-
ticle mass of 1.1 x 10° My mass resolution (named L2p8_m9),
reaching z = 0 with 2.8 x 10'! particles. The (1.0 Gpc)? fiducial
run (named L1_m9), which uses the same model and resolution
but only a smaller box and lower particle count of 1.3 x 10,
is sometimes used for comparison purposes. The FLAMINGO
project incorporates rich baryonic physics and covers an exten-
sive cosmic volume, rendering it an excellent laboratory for
our purpose. Additionally, the cluster thermodynamic profiles
(Braspenning et al. 2024) and scaling relations (S23) have been
shown to adequately match observations.

In this work, we aim to quantify the probability that the
anisotropies observed in M21 arise in a ACDM universe. To this
end, we placed 1728 observers within the FLAMINGO simula-
tion volume of (2.8 Gpc)® and constructed 1728 isotropic light-
cone samples. We applied the same cluster selection criteria
and statistical procedures as in M21, and we injected realistic
scatter and measurement uncertainties into the simulated clus-
ter catalogues. This enabled us to assess the true level of ten-
sion between the multi-wavelength galaxy cluster observations
and the ACDM model, while accounting for potential systemat-
ics in data selection, anisotropy modelling, statistical methodol-
ogy, and random noise. In addition to the M21 framework, we
employed an Markov chain Monte Carlo (MCMC) based statis-
tical approach for cross-validation. We further investigated sys-
tematics that may artificially inflate the amplitude or significance
of the observed anisotropies in M21, such as peculiar velocities
and scatter in scaling relations. This study is an essential step
towards establishing cluster scaling relations as a robust probe
of Hy variation and bulk flows.

This paper is organised as follows: In Sect. 2, we describe
the procedures used to obtain the lightcones and the cluster cata-
logues. In Sect. 3, we introduce the statistical methods employed
to constrain anisotropy and bulk flows. In Sect. 4, we present the
main results and assess the probability at which the M21 result
reconciles with ACDM. In Sect. 5, we discuss the implications
of our findings and the systematics that could affect our analysis.
Finally, we conclude in Sect. 6.

‘We note that in calculating distances and the evolution factor,
E(z) (Sect. 3), we followed the Dark Energy Survey year three
cosmology (Hy = 68.1kms~' Mpc™!, Q, = 0.306, Q, = 0.694,
DES Collaboration 2022), which the FLAMINGO fiducial runs
(L1_m9, L2p8_m9) we used are based on. Under all circum-
stances, we modelled only the relative difference of Hy, and the
fiducial choice of Hj therefore has no bearing on the result.

2. FLAMINGO lightcone generation and cluster
sample construction

Typical numerical simulations, such as FLAMINGO, output
snapshots of the simulation box at fixed cosmic times. How-
ever, observations are limited to an observer’s past lightcone,
where objects are seen as they were when the light they emit-
ted first reached the observer. To replicate this in simulations,
mock lightcones are constructed by stitching together multiple
snapshots and assigning each object a redshift and sky position
based on the time it crossed the observer’s past lightcone. This
process assumes a cosmological model and produces a lightcone
catalogue that accounts for the evolution of structures over cos-
mic time, enabling direct comparison with observations.
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The identification of galaxy clusters in FLAMINGO was
performed using the VELOCIraptor subhalo finder (Elahi et al.
2019), which implemented a Friends-of-Friends (FOF) algo-
rithm. After this, the halo properties were computed using
the Spherical Overdensity and Aperture Processor (SOAP)*
(McGibbon et al. 2025), a tool developed by the FLAMINGO
team alongside the simulations to compute various (sub)halo
properties (McGibbon, in prep.). We used the SOAP catalogue
to obtain Lx, Ysz, T, the cluster gas mass Mg, and the centre-
of-mass velocity v.

FLAMINGO produced eight lightcones at runtime for the
(2.8Gpc)® run. In runtime lightcones, the particle position
between snapshots is available, allowing for a more accurate esti-
mation of the particle location x and redshift z at the moment of
crossing the lightcone (S23). Despite the high quality of these
data, eight lightcones are not sufficient to robustly assess the rar-
ity of the M21 results. Consequently, through a post-processing
procedure, we created 1728 evenly spaced lightcones, 12 on each
side, in the (2.8 Gpc)? simulation box.

2.1. FLAMINGO lightcones construction

The observers were placed at fixed comoving coordinates
(iL/12, jL/12, kL/12), where i, j, k are integers from —6 to +5
and L = 2.8 Gpc is the box size. For consistency with M21, we
considered only clusters at z < 0.30, corresponding to a comov-
ing distance of ~1.2 Gpc. Given SOAP’s cadence Az = 0.10, four
snapshots are required to construct the lightcones to z < 0.30.
This redshift range is well below the half-box size 1.4 Gpc,
avoiding edge effects and box repetition. For our study, box rep-
etition could introduce false statistics by duplicating the same
scaling behaviour, biasing the scaling relation fit. Additionally,
z < 0.30 is sufficient to include most of the flux-selected clusters,
with a higher-redshift tail containing less than 1% of the sample,
as seen in M20 and M21.

Lightcones were created as follows: for each halo in snapshot
n, at cosmic redshift z,, we calculated the comoving distance
r from the cluster to the observer and compare it with r(z,) =

OZ" ;1‘3;) The cluster is included in the lightcone if its comoving
distance falls within the shell r(z,, — Az/2) < r < r(z, + Az/2).
We then solved for the precise cosmic redshift, z..s, that satisfies
the relation between comoving distance and light travel distance

along radial null geodesics:

Zeos odz!
o H@)

After z.os was found, all properties of the halo, including coor-
dinates and velocities, were taken from snapshot n, for which
7, 18 closest to zqos. To remove the galaxy groups and reduce
the computational overhead, we applied a mass selection of
Mspo. > 1013 Mg, where Ms is the mass enclosed within a
region of density 500 times the critical density of the Universe
at the cluster redshift.

Once z.0s Was determined, it was combined with the Doppler
redshift (due to the peculiar velocity), Zpec, to compute the
observed redshift, zps:

+r(a) = 0. (1)

2

In our case, zqps 1s equivalent to the CMB rest-frame redshift in
observations, affected only by cosmic expansion and the peculiar

1+ Zobs = (1 + Zeos)(1 + Zpec)-

4 https://github.com/SWIFTSIM/SOAP
3 Clusters or galaxy groups with Msy. < 10'* M, rarely pass our flux
selection (see Appendix B).

velocity of the source, and not by any peculiar motion of the
observer within the cosmic rest frame. The relativistic Doppler
effect was computed as

I + Zpee = Y[1 + vpec cOs O/,

3)
where 6 is the angle between the cluster’s peculiar motion and
its line-of-sight to the observer, vy is the total peculiar velocity,
y=[1- (vpec/c)z]’l/z, and c is the speed of light. The observed
redshift is ultimately used to model bulk flow and H, variation.

We used the SOAP properties computed at time steps Az =
0.10 and did not perform any interpolation between snapshots.
The general accuracy of phase-space interpolation of cluster
velocities and positions in N-body simulations remains to be
determined. The decision not to interpolate was previously
adopted for galaxy lightcones (e.g. Kitzbichler & White 2007),
where the dynamical time on ~10kpc scales is much shorter
than the time resolution of most simulations. At low redshift,
the dynamical time scale for galaxy clusters is of the same
order as the SOAP time step®. Whether interpolation would
improve accuracy or introduce spurious structures for clusters
is unclear. By not interpolating, our method preserves the local
hydrodynamical structure at scales <400 Mpc’. Moreover, inter-
polation requires identifying the main branch of cluster evolu-
tion between snapshots, which in turn requires accessing the
merger tree history. This may introduce additional uncertain-
ties and pathological behaviours (see discussion in Smith et al.
2017). The physical properties are only offset by Az < 0.05,
which is well within acceptable limits for our purposes.

2.2. Sample selection and outlier removal

In each lightcone, we selected clusters based on their X-ray flux
fx01-24kev > 5 X 10712 erg s7Lem™2 in the 0.1-2.4keV band
(see Sect. 2.3.2 for details on the flux computation). A ran-
dom Galactic plane was chosen for each lightcone, coordinates
were transformed accordingly, and Galactic latitudes |b| < 20°
were masked out to mimic the statistical behaviour of a Zone of
Avoidance. To ensure no duplicated clusters, we then used the
merger tree information to remove all duplicates®. After flux and
latitude selection and duplicate removal, approximately 700-800
clusters per lightcone remained, whereas M21 contains ~350.
We note again that the reason for adopting the same selection
process of M21 is to isolate its impact on the inferred dipole and
does not reduce the predictive power of the simulation.

To understand why this discrepancy arises, we compared the
distribution of projected X-ray concentration (cx) between the
selected simulated clusters and the sample used in M21. cx is
defined as Lcore/Lior Where Lo and Ly are the X-ray luminosi-
ties within <0.15 Rspoc and <Rsgpg. respectively. We find that
FLAMINGO clusters are less concentrated than the observed
ones, where a significant portion of clusters with cx > 0.5 X-
ray concentration is missing in FLAMINGO. The cause of this
discrepancy is unclear, though it is diminished by accounting
for projection effects. The issue is potentially related to the fact
that X-ray surveys tend to pick up the most concentrated cool-
core clusters due to their high X-ray emission coming from their

® Foran R ~ 1Mpc, M ~ 10" M,, cluster, the dynamical time scale
8t ~ \JR3/GM ~ 10°yr. The corresponding redshift change at low
redshift is 6z = —H(z)/a(z) 6t ~ —Hyot ~ 0.1.

7 Az = 0.10 corresponds to a comoving distance of 420 Mpc.

8 We do this by fetching all TopLeafIDs (the ID of the earliest progen-
itor in the main branch). If two clusters share the same TopLeafID, we
retain only the one at lower redshift. Duplicates are very rare since no
box repetition is used.
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Table 1. Constants used for the scaling relation fitting.

Relation N Cx Cy vy Configuration
313 42keV  10%ergs™! -1 M21
Lx-T 44 -1
400 3.8keV  10*ergs -1 MCMC
Yer T 260 3.7keV 20kpc? 1 M21
sz 400 32keV  20kpc? 1 MCMC
Mo—T 300 42keV 3x10°M, 1 M21
g 400 3.6keV  3x10®°M, 1 MCMC

Notes. For each relation, we list the number of selected clusters N, the
calibration constants Cy and Cy, and the fixed redshift evolution index
v. Two configurations are shown: one matching the M21 observational
setup using Chandra-like temperatures T, and one using the original
SOAP Ty values for the MCMC analysis.

dense cores. To create the most realistic catalogues and match
statistics to M21, we choose to sort the clusters by X-ray con-
centration and consider only the first ~300-400 clusters for our
analysis. The exact sample size depends on the relation and sta-
tistical methods used (Table 1). This cx-based selection turns out
to have no considerable effect on our final results as we show
in Sect. 5.4. (For further discussion on the cx discrepancy see
Appendix D.1.) The cx distribution and the differences therein
are shown in Fig. D.1.

Strong scaling relation outliers can bias the obtained cosmo-
logical constraints, especially when small cluster samples are
analysed in specific sky regions. Such outliers are absent in
the M21 sample, as a sample cleaning was performed prior to
the analysis (removing AGN-dominated clusters and highly dis-
turbed mergers). To avoid this potential bias in our work, we
consider the full-sky scaling relation fit and perform a 4oy
clipping from the best-fit scaling relation (see Sect. 3 for our
power law fitting method) to remove outliers, where o, is the
fitted intrinsic scatter of each relation. For samples of <400 clus-
ters, it is unlikely that any object would scatter beyond the 40
threshold by chance; thus, the removed clusters are likely to be
peculiar cases not expected to follow universal scaling relations
due to their physical characteristics. Outliers are removed for
all three relations of interest, Lx—T, Ysz—T, and My,—T. Typi-
cally, the number of outliers per lightcone is <10, i.e. <3% of the
sample.

2.3. Simulation samples and cluster properties

After lightcone creation and flux-based sample selection, a total
of 1728 cluster catalogues were obtained, each containing 700—
800 clusters. Before evaluating their anisotropies, the robustness
of the simulated samples must first be established. This section
presents and compares our lightcone catalogues to the M20
sample and the FLAMINGO L1_m9 runtime lightcones. The
runtime lightcones provide a more accurate account of these
quantities by yielding more precise redshifts and extracting
properties from snapshots closer to the lightcone crossing red-
shift. (For more details on the comparison of the samples, see
Appendix D and the figures therein.)

2.3.1. Redshift distribution and sky coordinates

Generally, the properties of the simulated lightcone samples are
in good agreement with the M21 sample. The average redshift
distribution of the 1728 simulated samples is shown in Fig. 1
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Fig. 1. Average cluster redshift distribution of the 1728 (2.8 Gpc)? light-
cones (red) compared with two runtime (1.0 Gpc)? lightcones (purple,
orange) and the M21 sample (blue). The most X-ray concentrated clus-
ters from the simulation were selected to match the M21 sample size
(N =313).

and compared with the M21 sample. The distribution extends up
to z ~ 0.30 with a median of z ~ 0.07. Our simulated samples
rarely extend above z ~ 0.15, while the M21 observed clusters
exhibit a more pronounced tail at higher redshift. However, in
both cases, clusters at z < 0.15 dominate the samples and thus
primarily determine the probed scaling relation behaviour.

2.3.2. X-ray luminosity and flux

In SOAP, Lx is computed using the photoionisation code
CLouDny (Ferlandetal. 2017), following the method of
Ploeckinger & Schaye (2020). The implementation is described
in detail in Braspenning et al. (2024). The final cluster Ly is
calculated as the sum of the X-ray luminosities of all particles
within Rspp.. SOAP provides Lx values for three bands: 0.5—
2keV, 0.2-2.3keV, and 2.3-8 keV.

To select samples consistent with M20 and M21, which
used fluxes in the 0.1-2.4keV band, we started from the
SOAP-provided Ly in the 0.2-2.3keV band and converted it
to the 0.1-2.4keV band using an unabsorbed apec model in
XSPEC (Arnaud et al. 1999) and the cluster’s temperature (see
Sect. 2.3.5). The observed flux was then computed from the con-
verted Ly, using Zops to account for the K-correction. This flux
was used for sample selection. Although the flux-selected num-
ber of clusters remains higher than in M21, by this process we
ensured that this discrepancy was not caused by incorrect flux
estimation or the bandpass conversion.

However, for our analysis of the Lx—T relation, we used the
original SOAP Lx values in the 0.2-2.3keV band. While not
strictly identical to the 0.1-2.4keV band used in M21, the dif-
ference in Lx has a negligible impact on the angular variation
of Lx—T, which is the focus of our study. Reprocessing the full
pipeline using converted luminosities would introduce additional
uncertainties and reduce reproducibility, without materially
changing the anisotropy analysis. This choice avoids introducing
additional uncertainties from model-based conversions and
ensures that our results remain fully reproducible using the
native SOAP outputs. The resulting fx and Lx distributions of
our simulated lightcone samples are in good agreement with
both the L1_m9 runtime lightcones and the observational data
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from M21 (see Appendix D.2 and figures therein). The typical’
Lx distribution spans Lx = (6 x 101 -2 x 10%®)ergs~!, with a
median of 10* ergs~'.

2.3.3. Total integrated Compton Ysz parameter

The Ysz parameter was calculated by summing over the con-
tribution of each gas particle inside the 5 X Rspy. aperture
(Schaye et al. 2023):

2, _ 0T m;
Yszlkpe™] = e kBZne,iTe,ip_a

i 1

“

where o7 is the Thomson cross section, ¢ is the speed of light,
m, 1s the electron mass, kg is the Boltzmann constant, m; and
pi are the mass and density of particle i, and n,; and T,; are its
electron number density and temperature. This numerical imple-
mentation corresponds to the Y5z definition used in M21, where
the ill(l)tegral is performed along the line of sight and over the
area .

In M21, 260 clusters with Ysz S/N > 2 were selected for anal-
ysis. For comparison, we used the same number and selected the
260 highest X-ray concentration clusters. Similar to 7', the sim-
ulated Ygz distribution lies also on the lower end compared to
the M21 data. The typical distribution of simulated lightcones
spans Ys; = (0.2—484.8) kpc?, with a median value of 20.8 kpc?,
whereas the M21 sample has Ysz = (1.3-891.6) kpc? and the
median is 33.7 kpc?.

2.3.4. Gas mass

The M, of a cluster is defined in SOAP as the sum of the masses
of all gas particles within Rsoo.. The typical distribution of Mg,
in the lightcones has a range of Mg, = (5.1x10'-2.3x10) M
with a median of 2.5 X 10'> M. M, has not previously been
used in any anisotropy analyses, but such work is forthcoming
(Migkas et al., in prep.). In this study, the Mg,—T relation is
employed to probe cosmic anisotropy for the first time, provid-
ing a reference point for future investigations. We included all
gas particles in the computation of M, to avoid any bias, even
though cold gas is invisible in X-ray observations. However,
we have verified that the difference introduced by this choice
is <1%.

2.3.5. Temperature

The spectroscopic-like temperature was calculated following
Mazzotta et al. (2004) as

YiomT"

-3/4”
ZipimiTi /

Ty = &)

where p;, m;, and T; are the density, mass, and temperature of
particle i. We use T calculated within a core-excised aperture
of 0.15 Rs5ppc < r < Rs00c. This was done to avoid the bias from
cool-core clusters and to remain consistent with M21, which also
excluded the cluster core using the 0.2—0.5 Rsgo annulus. Only

® By “typical” we refer to the median of all distributions. The three
reported numbers here and below are the medians of the minimum,
maximum, and median values of the 1728 lightcones.

10 In M21, Y5z = D} fdQ fl,o.s. dl%kgneTg, where ‘L.o.s.’ denotes the
line of sight towards the cluster. The two definitions are equivalent. We
neglect non-cluster line-of-sight contributions.

hot gas is visible in X-ray, and thus only particles with T > 10° K
are summed over'!.

It is well established that a systematic difference exists
between the XMM-Newton and Chandra X-ray telescopes in
measuring 7 for the same clusters (Schellenberger et al. 2015;
Migkas et al. 2024). We find that the slope values of scaling
relations using SOAP T closely resemble results from previ-
ous observational studies that used XMM-Newton temperatures.
Thus, we consider T to be equivalent to XMM-Newton T. How-
ever, M21 used Chandra T. To better match the scaling relation
behaviour in M21, which is crucial for comparison, we converted

Tq to a Chandra-like temperature using T¢; = Tsll/ 0'89, follow-
ing Schellenberger et al. (2015). After this conversion, the M21
scaling relation behaviour is well replicated (see Sect. 4.1).

The above conversion was applied only when using the M21
statistical methodology (Sect. 3.1), in order to enable direct com-
parison with the M21 anisotropy results. When the alternative
statistical procedure (MCMC) was used to explore anisotropies
in FLAMINGO (Sect. 3.2), the default T, was retained.

The typical XMM-Newton-like T distribution in our light-
cones spans (0.6—10.7) keV with a median of 3.1keV. M21’s
313 clusters have a higher median temperature of 4.5 keV. After
converting T to a Chandra-equivalent value as discussed above,
the temperature difference was significantly reduced. The result-
ing distribution spans T¢; = (0.57-14.34) keV, with a median of
3.58keV.

The remaining difference between the M21 and FLAMINGO
temperatures could arise from several factors, including the dif-
ferent apertures used for temperature measurement, as well as
systematic biases in temperature calibration. The fiducial selec-
tion of hot gas by T > 10° K might also contributes if the cut is
set too high. Moreover, the under-representation of high-redshift
clusters in our flux-limited, simulated samples, as previously dis-
cussed, also affects intrinsic cluster properties such as 7, Lx,
Ysz, Msooc, and Mgy, lowering their average values. We have
verified that our high cx selection (Sect. 2.2) does not cause
the temperature offset, by examining the 7 distribution of the
lowest-cx clusters.

2.3.6. Velocities

The three-dimensional velocity v of each cluster was taken to be
the centre-of-mass velocity computed by SOAP, using all par-
ticles within Rsoo.. The typical peculiar velocity spans |v| =
(41-1436)kms™!, with a median of 452kms~!. The true bulk
flow, in contrast to the values inferred from scaling relations, was
estimated as the mean peculiar velocity of all clusters within a
given redshift shell. The bulk flow profile as a function of red-
shift is presented in Sect. 4.3.

2.4. Matched scatter with M21

Our anisotropy analysis is highly sensitive to the scatter, as the
inferred amplitude of a spurious cosmic anisotropy increases
with larger scatter in the scaling relations (see Sect. 5.1). To min-
imise bias from a mismatch between the scatter in FLAMINGO
and M21, we generated a complete set of separate lightcone cat-
alogues with scaling relation scatter matched to that of M21.
Two sets of tests are presented in parallel throughout this
work. The first is the default run, in which all values follow

T Tn contract to M, this selection is essential, as including all gas
particles leads to T values that are lower by 2—3 orders of magnitude,
due to the strong weighting of cold, dense gas.
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Table 2. Best-fit parameters of the scaling relations using the full lightcone sample.

Relation (Y—-X) Ayx Byy Tintr A B, ol o Configuration
i 17704001 220070079 016470012 176210049 221510081 024010918 (25140018 M21
175470016 250010063 (15410012 ] 738:002 25061009 02280012 024340912 MCMC
Yoot 100470005 24417000 0.110°00% 10817000 2448700 0.156700%  0.1897000 M2
110270015 2748400 10810904 10967020 27631008 015610012 0.195°0%%  MCMC
- L0700 1827700 0.080TTE = = = = M1
Mot 1.086:0010  2,050700%  0,078+0004 - - - - MCMC

Notes. All fits are performed using the reduced ¥’ regression method (Sect. 3.1.1). The reported uncertainties in A, B, and oy, correspond to
the 16th and 84th percentiles across all lightcones. Superscript ) denotes fits after injecting scatter to match the M21 sample (Sect. 2.4). The
‘Configuration’ column indicates the number of clusters and fitting constants used, as defined in Table 1.

10t 10% 0 20 40 60

YSZ [kpCQ] eYSZ [%]

Fig. 2. Mock instrumental uncertainties for one lightcone in T (top left),
Lx (top right), and Ysz (bottom right) compared with the M21 sample.
The bottom-left panel shows the correlation between Ys; and its uncer-
tainty eYsz. In each panel, the mock uncertainty (green) represents one
realisation drawn from the fitted distribution (red).

the original simulation prescriptions. The second includes added
scatter, matched to the uncertainties in the M21 catalogue. This
matched scatter test was applied only to the Lx—T and Ysz—T
relations and not to Mg,s—T'; in other words, scatter was injected
into Lx, Ysz, and T. The same uncertainty generation procedure
is used for both Tchandra_iike and T.

Scatter was added using a two-step procedure. First, we
amplified the deviation of the cluster property Y (Lx and Ysz)
from the best-fit power law:

Tintr,M21

log ¥, = [log Y’ — log Y}, (X")] +log Yi,(X), (6)

Tintr,FL

where log Yt’h(X’) = logAyx + Byxlog X’ denotes the logarith-
mic, normalised Y from the fitted power law in terms of property
X. The subscript s marks quantities with injected scatter. Here,
TingFL denotes the median intrinsic scatter across FLAMINGO
lightcones (Table 2), while oinym21 refers to the best-fit intrin-
sic scatter reported in M21. This amplification step matches the
intrinsic scatter to the observed level while preserving the physi-
cal correlations introduced by the FLAMINGO baryonic physics
model.
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Second, we assigned a percentage-based instrumental uncer-
tainty drawn from the M21 distribution. For Lx and T, where no
strong correlation is seen between the uncertainty and the prop-
erty. We fitted a log-normal distribution to the M21 uncertain-
ties and sampled from it. For Ysz, where a clear correlation is
present, the dependence was explicitly modelled in the sampling.
The measured value was then perturbed using the drawn uncer-
tainty. The resulting uncertainty distributions and one example
lightcone are shown in Fig. 2. The log-normal fit accurately cap-
tures the observed behaviour. We note that the uncertainties were
generated as percentages of the underlying property values. Thus
the lower absolute values of T do not lead to systematically
higher relative uncertainties compared to T¢;.

3. Method

We fitted a cluster scaling relation between Y and X with the
following power law form:

Byx
Y X

—E@)" = Ayx| — 7
c, () YX(CX) , @)

where Cx and Cy are predefined pivot points for the quanti-
ties X and Y, Ayx is the normalisation of the relation, and Byy
is the slope. The constants Cx and Cy were chosen to min-
imise the covariance between the fitted slope Byx and normal-
isation Ayy in log space. Specifically, we set Cy and Cy to the

median values of X and Y. The term E(z) = VQ,.(1 +2)3 + Qx
is the evolution factor, that, together with the power index yyy,
accounts for the redshift evolution of the scaling relation. The
value of yyy is fixed to the self-similar value (e.g. Giodini et al.
2013). The precise value of yyx is unimportant for our direction-
dependent comparisons, given the low-z nature of our sample
and the nearly uniform redshift distribution across the sky. The
constants used are summarised in Table 1. As in M21, we focus
on relative angular variations and not absolute parameters, so
selection effects can be safely ignored under the assumption of
uniform sky coverage and complete detection above the flux
threshold.

3.1. Hy anisotropy: The M21 method

The first approach follows M21 and uses a x> minimisation pro-
cedure to fit Hy in different sky patches. The variation in the
best-fit scaling relation normalisation is then translated into an
apparent Hy variation.
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3.1.1. ¥* minimisation

Consider a scaling relation Y—X for a cluster sample, with each
cluster labelled by an index i and described by properties ¥; and
X;. We fitted the parameters Ayy, Byy, and the intrinsic scatter
o‘?m . in logarithmic space by minimising the following expres-
sion:

2
log ¥/ (zobs.i) — log Ayx — Byx log X{)

s
XY:; 0_2

intr

) ®)

2 2 2
+ U-log Yi +B* % O-IOgX,i

where zps; 1S the observed redshift in the cosmic rest frame
(Eq. 2)), Y/ = E(zobs,)’™Yi/Cy, X! = X;/Cx, and N is the
number of clusters. The terms ojogy; and ooex,; denote the
mock instrumental uncertainties in logarithmic space'?. Follow-

ing Maughan (2007), the intrinsic scatter O—izntr,YX is iteratively

increased until the reduced chi-squared reaches unity, y2, ~ 1'3.
We always take Y to be the quantity with stronger cosmology
dependence, and only squared deviations along the Y-axis are
minimised.

3.1.2. Sky scanning, uncertainties, and Hy variation

Cluster scaling relations were fitted within a cone of opening
angle 6 = 60° (for Ysz—T) or 75° (for Lx—T and Mg,—T), and
the resulting best-fit parameter was assigned to the cone cen-
tre 7(l, b) to construct a sky map p(71). The cone was scanned
across the sky in steps of 4° in longitude and 2° in latitude. To
enhance the contribution of clusters closer to the cone centre rel-
ative to those near its edge, each cluster was weighted by cos(«;),
where q; is its angular separation from the cone centre, following
the method of M21. The cone size # was chosen to balance the
need for sufficient clusters in each patch and the desire for direc-
tional resolution. After the best-fit parameters are determined in
all directions, uncertainties are estimated using bootstrap resam-
pling with 500 realisations. The 1o uncertainty o, was taken as
the +34th percentile around the best-fitting parameter p.

An anisotropy in Hj affects all redshifts equally and does not
alter the slope B of the scaling relation. For relations between a
cosmology-dependent quantity (such as Lx, Ysz, or Mg,) and a
cosmology-independent one (such as T'), the variation in the nor-
malisation A(#) directly reflects directional variation in Hy(71).

Taking Lx—T as an example, the luminosity is defined by
Lx = 4nDy(z)*E(2)” fx, where the luminosity distance is D;(z) =
(1+2) foz cdz’ /[HoE(Z')]. On the other hand, the scaling relation

implies that for a given T, the expected value is Lx = A7 TBur
which is cosmology-independent. Ignoring normalisation con-
stants Cy, and Cr for clarity, equating the two gives

Lx = 4nD(2)* fxE(2)" = Apr TP ©)
Thus,
Apr o< Di(2)” o< Hy?, (10)

meaning any overestimation of Lx for a fixed T (reflected in a
higher A;r) implies an underestimated H,, meaning the true H
is higher.

12 We present results both with and without mock instrumental uncer-
tainties. When uncertainties are omitted, 0ogv; = Ologx,; = 0 in Egs. (8)
and (16), and the intrinsic scatter equals the total scatter. The total scat-

ter is defined as oo = \/0'.2

2 2 2
+ a-log Yi +B O-logX,i'

13 The reduced chi-squared is defined as 2, = x3/(N — d.o.f.), with
d.o.f. = 3 corresponding to the free parameters Ayy, Byx, and Oripy;-

intr

The same argument applies to the Ysz—T and My,—T rela-
tions. Since Ygz o« Di(z) (e.g. Giodini et al. 2013) and M, o

D*(2) (e.g. Sasaki 1996), with Ds(z) = (1 + 2)72Dy(z), we
obtain:

-2
Ayr < Hy",

AMT o H(;S/z.

Y
(12)

The directional variation of Hj can therefore be inferred from
the normalisation map of any of the three scaling relations:

H(7) _ (AYx(f?) )w

Hy (13)

Ayxan

where « = 1/2, 1/2, and 2/5 for the Lx-T, Ysz-T,
and Mg,—T relations, respectively. Here, H((77) denotes the
direction-dependent Hubble constant, H, the isotropic value,
Ayx(7) the local normalisation, and Ayy . the best-fit normal-
isation from all clusters in the same lightcone. We emphasise
that we do not constrain the absolute value of H, from cluster
scaling relations, but only its relative variation across the sky.

3.1.3. Dipole anisotropy statistical significance

To assess the statistical significance of a dipole anisotropy, we
analysed the sky map of the scaling relation normalisation A(#),
along with its bootstrapped uncertainty o 4(#1). The significance
of a dipole pointing in a given direction 7 was quantified as the
difference in A(71) and its value in the antipodal direction —i, in
units of the combined uncertainty:

A(R) — A(=h)

A /a’i ) + a’i(—ﬁ)

By definition, n,(71) = —n,(—#). A negative value indicates that
A is lower in the direction 7 than in its opposite region. The
amplitude of the Hy dipole for each lightcone is then defined
as the maximum directional difference in H})/Hy, i.e.

AH,[%] = [Hy(R) — Hy(—)]/Ho,

(14)

no(R) =

(15)

where i = argmaxn,(i1) is the direction of maximal signifi-
cance. Our approach differs slightly from that of M21, which
compared each region to the rest of the sky rather than to its
antipode. By focusing on direct dipole-level comparisons, our
method is less prone to underestimating the amplitude of Hj
variation.

The statistical significance of the observed dipole was not
taken from the maximum value of n(7) directly, as this would be
biased by the look elsewhere effect (selecting the most extreme
fluctuation across many directions). Instead, the significance is
quantified by comparing against the FLAMINGO lightcones: we
compute the fraction of them that yield a higher maximum n,(7)
(and corresponding AHj) than the observed value. The statisti-
cal method for this comparison is described in Sect. 3.4. This
defines a robust p-value that captures the probability of such an
anisotropy arising in a statistically isotropic universe. The pro-
cedure mirrors that of M21, where mock catalogues were used
to evaluate the significance of the detected dipole.

3.2. Hy anisotropy: MCMC full likelihood analysis

The second approach uses a full-sky MCMC fit in which Hj is
allowed to vary within the parametrisation of each scaling rela-
tion. This serves as a cross-validation of the y? sky-patch method
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(the M21 method) described above. A dipole-like H variation is
modelled as H(’)/HO = 1 + dcos a;(¢dy, Ax), where ¢ is the rela-
tive amplitude of the anisotropy and «; is the angular separation
between the i-th cluster and the dipole direction (¢, Ay), given
in simulated Galactic coordinates. A total of six parameters were
constrained in the fit: d, ¢, Ay, Ayx, Byx, and 0. We sampled
the likelihood function

N

1

I Lyx = =2x5 + ) (@5, + Oy + B X ). (16)
i

where )& is defined in Eq. (8), and N is the number of clusters
in the fit.

For each parameter, we report the posterior median, with the
16th and 84th percentiles defining the uncertainty interval. The
amplitude of the anisotropy is AHy = 20, to be consistent with
the M21 method (Eq. (15)). The statistical significance n, of the
anisotropy was estimated by dividing the median ¢ by its lower
uncertainty. This reflects the number of standard deviations sepa-
rating the result from isotropy (6 = 0). As with the M21 method,
the per-lightcone n, values were not used to infer significance
directly, due to the look elsewhere effect (Sect. 3.1.3). Only
the distribution of anisotropy amplitudes across all lightcones is
compared with the M21 result to determine statistical relevance.

We used the EMCEE package developed by
Foreman-Mackey et al. (2013) for MCMC sampling. The
integrated autocorrelation time 7 (Goodman & Weare 2010)
was monitored to ensure convergence, and all chains were run
to lengths exceeding 507.

3.3. Modelling bulk flows

Peculiar velocities influence cluster scaling relations by altering
the observed redshift z,,s away from the cosmological redshift
Zcos- While random motions add to the intrinsic scatter without
introducing directional effects, a coherent bulk flow can mimic
an Hj anisotropy in the scaling relations (Migkas et al. 2021;
Migkas 2025). This degeneracy is strongest at low redshifts,
where peculiar velocities are comparable in magnitude to the
Hubble expansion. To isolate the effect of bulk flows, we assume
an isotropic H, throughout the bulk flow analysis.

The bulk flow was parametrised by its amplitude, ups, and
direction, (/,b) = (¢ps, Avf). For a given bulk flow, the observed
redshift, zops, Was corrected using (Dai et al. 2011)

_ Zobs — Zbf

= R 17
Zcor 1+ 2 (7

where z., approximates the redshift in the absence of bulk
motion. This equation follows from inverting Eq. (2) for zces.
The bulk flow redshift shift, z,¢, was calculated from the non-
relativistic Doppler formula, z,y = (uprcos@)/c, where « is
the angular separation between the bulk flow direction (@ps, Abt)
and the cluster sky position (¢, ). For bulk flow amplitudes
ups < 10°kms~!, the accuracy'* of this non-relativistic treat-
ment is sufficient.

We constrained the bulk flow parameters using MCMC to
maximise the full likelihood function defined in Eq. (16). At
each sampling step, z.or Was recalculated using Eq. (17), and the
derived distances were used to modify the cosmology-dependent
quantities: Lx[Dy(zcor)], Ysz[Da(zcor)], and Mgas[DA(Zcor)]o The

14 Eq. (17) is not exact, as the cluster peculiar velocity includes both
a coherent bulk flow and a residual component. Thus, vy # upr and
Zpec # Zbf, but the approximation remains accurate at the 1073 level.
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posterior median is quoted for each parameter, with the 16th and
84th percentiles giving the lower and upper uncertainty bounds.

3.4. Probability estimation

As mentioned in Sect. 3.1.3, the n, or AH, of a single lightcone
(realisation) cannot be directly interpreted as the significance of
a cosmic anisotropy due to the look-elsewhere effect. To assess
whether the M21 result is in tension with ACDM, we instead
consider the joint distribution of AH, and n, across all light-
cones.

To estimate the probability of a certain outcome in the
2D parameter space (AHy,n,), we used two complementary
approaches: kernel density estimation (KDE) and an extreme
value statistics (EVS)-based method (Davison & Smith 1990;
Behrens et al. 2004; Hu et al. 2024b). KDE is more accurate
when the target point is not extremely rare (e.g. p > 1/N), whilst
EVS is suitable to estimate much lower probability and can
extrapolate to rare events. In EVS, we applied the Peak-Over-
Threshold approach, relying on the theorem of Pickands (1975),
along with Balkema & Haan (1974), which asserts that when the
threshold is set high enough, the likelihood of surpassing it is
governed by a generalized Pareto distribution (GPD). In our case
of 1728 lightcones, a probability <1/1728 = 6x10~* will be bet-
ter estimated by the EVS-POT method (hereafter EVS).

We applied KDE directly to the 2D distribution of AH, and
n, of the detected anisotropies of all lightcones to estimate the
rarity of the M21 findings within FLAMINGO". The probabil-
ity for a target point, Py, was calculated by integrating the prob-
ability mass above regions where the KDE value exceeds that at
the target:

Pxpgo =1 —f Sf(AHy, n,) dAHy dn,. (13)
I>fo

Grid resolutions were tested to ensure numerical convergence.
While effective near the main probability mass, KDE becomes
unreliable in the sparsely populated tails, which is often our case,
where the result depends heavily on grid resolutions and local
distribution.

To address the limitations of KDE in the tails, we projected
the 2D data onto 1D with some function x = f(AHy,n,) and
use the EVS approach to model the extreme values of x. We use
a fiducial dimension reduction function, the lower uncertainty
bound x = AHy — AHy/n,. The GPD is fitted to exceedances
(x—u) above a high threshold u, and scaled to match the survival
probability at the threshold P(x = u). This ensures a seamless
transition between the bulk and EVS in the tail. The probability
of target point x is then given by

P(x > xp), Xo < U,

(19)

P(x > u)Pgpp(x > xo|lx > u),

Pgysp =
’ Xo > U,

where Pgpp(x > xp|lx > u) is normalised as Pgpp(x > xp|x >
x0) = 1, and P(x > xp) is the number of samples with
x > xp divided by the total number of samples. The thresh-
old is selected to give a good fit in the tail, usually the 95th
percentile of x. The resulting estimation might depend on the
choice of threshold, therefore we always vary the percentile
to ensure convergence. Alternative dimension reduction func-
tions were tested (see Appendix G) without a significant change

15 M21 used only n, to determine the p-value of the observed
anisotropy, which can potentially underestimate the statistical signifi-
cance of their findings.
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in the conclusions. The projection and EVS combination was
also applied for bulk flow analysis to assess the discrepancy
between FLAMINGO and M21 bulk flows (see Sect. 4.3 for
more details).

By combining KDE with the projected EVS method, we
achieved a robust probability estimates across the entire range.
This allows for a quantitative assessment of the rarity of the M21
anisotropy in FLAMINGO lightcones.

4. Results
4.1. General behaviour of scaling relations

Realistic scaling relations are a crucial aspect of our lightcone
samples, they form the basis for evaluating anisotropy. The fit-
ted parameters are summarised in Table 2. In this section, we
compare our results with observations reported in the literature.
We note that following the approach in M21, the default fitting
parameters presented use the converted 7 instead of T for all
three relations (Sect. 2.3.5).

The Lx—T relation gives a slope of Byr = 2. 220*8 8;2,
steeper than the simplest self-similar model (BLT = 1.5 for the
soft band Lx) and fully consistent with M20 (2.102 + 0.064)
and M21 (2.086*8 822) The slope is slightly shallower than stud-
ies using XMM-Newton temperatures (Chen et al. (e.g. 2007,
2.73 £ 0.13), Eckmiller et al. (2011, 2.52 + 0.10), Lovisari et al.
(2020, 3.110+0.422)). Using the original SOAP T, yields Byr =
2.500%0993 that better matches the higher values obtained in the

-0.069 X
above studies. The matched scatter test returns a higher scatter

of 0'(3) = 0.240%0918 (o fszr = 0.228*0912 for Ty), reproducing
the M21 scatter (0 233 £0.016) as well as independent observa-
tions (e.g. Pratt et al. (2009, 0.28), Eckmiller et al. (2011, 0.27),
Lovisari et al. (2015, 0.26)) while keeping the normalisation and
slope unchanged.

The Ysz—T relation gives the slope Byr = 2. 441*8 8%2,

consistent with M21 (2.546*0:071) and other Chandra tempera-
ture observations (e.g. Morandi et al. (2007, 2.64 + 0.28)). The
Ysz—T slope of our lightcones is very close to the self-similar
model prediction Byr = 2.5. Using the original Ty, the sim-
ulated Ysz—T relation gives Byr = 2.748f0'0%§ which is fully
compatible with Planck Collaboration XI (2011, 2.82 + 0.18).
Similar to Lx—T, the simulated lightcones give 25% less scat-

ter than observed in M21 (0.146 + 0.013), with an intrin-

sic scatter of oipe = 0.110%090°. With matched scatter, we
obtain 0'(5) = 0.156%9912 £5r Ty and 0.15679012 for Ty which

-0.012 ~0.006
matches the intrinsic scatter of M21 and other observations (e.g.

Morandi et al. (2007, 0.139), Planck Collaboration XI (2011,
0.14 £+ 0.02)). The normalisation and slope remain the same.
For the Mg,,—T relation we obtain a slope of Byr = 1.827
0.039, steeper than the self-similar model Byr = 1.5. Using
original SOAP Ty, we find By = 2.050*:030, fully consistent
with past XMM-Newton measurements (e.g. Arnaud et al. (2007,
2.10 = 0.11), Croston et al. (2008, 1.986 + 0.111), Zhang et al.

(2008, 1.859 + 0.187)). The intrinsic scatter for My,s—T in our

lightcones is oipe = 0.080*300¢, making it the tightest relation
of the three. As M21 does not measure M,,s, no matched scatter
test is applied here.

As shown above, the slopes of our scaling relations are con-
sistent with those of M21. This ensures that both the simulated
and observed relations respond similarly to bulk flows or statis-
tical noise. The matched scatter tests preserve the original slopes
and normalisations, while successfully reproducing the intrinsic

and total scatter levels reported in M21. This correction is essen-

tial for a direct and unbiased assessment of anisotropy ampli-
tudes.

4.2. Hy anisotropy

The anisotropy constraints from the FLAMINGO lightcones, in
comparison with the M21 results, are shown in Figs. 3 and 4.
Table 3 lists the p-values of the tension between the M21 detec-
tion and the FLAMINGO lightcones. The joint EVS distribu-
tions combining Lx—T7 and Ysz—T are shown in Fig. 5, with per-
relation analyses provided in Appendix G.

4.2.1. Constraints using Lx—T, Ysz—T, of Mys—T

For the Lx—T relation, the M21 method yields a moderate
AH, peak at 4.3% and a median dipole significance near 1.70
(Fig. 3a). The observed M21 square lies above the main sim-
ulated region, with p = 0.021 (KDE) and p = 0.025 (2.250,
EVS), suggesting a mild tension. However, once realistic scatter
is added (Fig. 3c), the distribution shifts upward to ~8%, over-
lapping the M21 point. This is reflected in the p-values, which
rise to p = 0.33 (KDE) and p = 0.23 (1.200), indicating that
the Lx—T dipole is consistent with ACDM under observational
scatter in the Lx—T relation.

The MCMC analyses of Lx—T in our lightcones produce a
more isotropic distribution (Fig. 3b), peaking at AHy ~ 3.0% and
ngs ~ 1.4. The M21 circle lies moderately above this region, with
p = 0.055 (KDE) and p = 0.032 (2.140, EVS). After adding
scatter (Fig. 3d), the lightcone distribution shifts to ~4%, but the
p-values remain low: p < 5.8 x 10™* (KDE) and p = 0.085
(1.720, EVS). In this case, scatter introduces more high AH)
tails, but the M21 result stays just outside the bulk. The mild
increase in tension compared to the M21 method may reflect
the broader likelihood sensitivity of the MCMC approach (see
Sect. 5.5 for a comparison between the two methods). The agree-
ment with isotropy in Lx—T is expected, as M21 also found only
a mild tension (2.40) in this relation.

The Ysz—T relation, by contrast, exhibits a stronger
anisotropic signal in all cases. Without added scatter, the M21
square lies far outside the simulated region, with the KDE esti-
mation bounded only from above, p < 5.8 x 10~* (KDE)'® and
p = 1.8x10719(6.380, EVS), both are extremely low. The light-
cone distribution itself peaks at AHy ~ 4.0%, significantly below
the M21 value of 14%, as shown in Fig. 3a. With added scat-
ter, the lightcones shift up to ~8% (Fig. 3c), and the tension is
notably reduced: p = 0.0013 (3.2207) in EVS and p < 5.8 x 10~
with KDE. The KDE result remains disproportionately low due
to local sparsity in that region, despite the smoothed contours in
Fig. 3c visually resembling a 30~ level. This highlights a limita-
tion of KDE. Its sensitivity to the density of neighbouring points
makes it less reliable when evaluating tail probabilities. In this
case, the projected EVS method provides the more robust inter-
pretation.

The MCMC results for Ysz;—T are similar in trend. With-
out added scatter, the lightcones peak at AHy ~ 2.2% (Fig. 3b),
and the M21 circle is well beyond the contours: p = 2.8 x 107#
(3.640). After scatter matching (Fig. 3d), the peak shifts to ~3%,
and the M21 circle sits closer to the lightcone bulk. The p-values
reduce to p = 0.0049 (2.820, EVS) and p = 0.0014 (KDE).

16 The M21 point lies too far from the main probability mass, making
KDE unreliable. We can place only an upper bound of p < 5.8 x 107
corresponding to the fraction 1/1728, as none of the FLAMINGO light-
cones exhibits a higher anisotropy.
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Fig. 3. Distribution of H, variation and its statistical significance from 1728 lightcones using the M21 scanning method (left) and the MCMC
method (right) with (bottom) and without (top) mock scatter. The blue solid, red dashed, and green dash-dotted contours correspond to constraints
from the Lx—T, Ysz—T, and M,,,—T relations, respectively. Contour levels indicate 39%, 86%, and 98.9% probability regions (equivalent to 1, 2,
and 30 in two dimensions). Blue (red) squares mark the M21 results from Lx—T (Ysz—T), including their measured statistical significance. Blue
(red) circles show the M21 results obtained from isotropic Monte Carlo realisations for Lx—7 (Ysz—T). While the Lx—T results fall within the 30
contours in every configuration, the Ysz—T results fall well outside the contours for the no-scatter case, and roughly at the 3¢~ limit for the matched

scatter case.

The rarity slightly exceeds the isotropic mock sample analyses
in M21 which reported 2.60.

The Mg,—T relation, included for the first time in such
anisotropy analysis, consistently shows the lowest AH, values
and the narrowest distributions on the isotropic lightcones. In
the M21 method (Fig. 3a), AH, peaks at 1.5%, and the dipole
significance remains below 2¢0-. Similarly, in the MCMC method
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(Fig. 3b), AH, peaks at 1.2% and n, ~ 1.4, with a visibly tighter
contour. These results identify M,s—T as the most stable tracer
of isotropy among the three relations. Since the relation was not
presented in M21, we do not add scatter or compute p-values,
but its low scatter and minimal anisotropy make it a promising
probe for future studies, especially given the anisotropy ampli-
tude being sensitive to scatter.
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Fig. 4. Joint MCMC constraint from the Lx—T and Ysz—T relations
compared to the combined M21 result (red dot). The orange contour
includes injected scatter, while the grey does not. Contours show the
39%, 86%, and 98.9% confidence regions.

Altogether, these results show that scatter in cluster scal-
ing relations significantly contributes to the fitted apparent
anisotropy. For Lx—T, scatter could largely accounts for the
discrepancy. For Ysz—T, while scatter mitigates much of the
tension, the remaining signal still places the M21 measure-
ment in the upper tails of the lightcone distribution. Mgy—T
offers a promising future prospect as a more sensitive anisotropy
probe. The overall trends are consistent across methods (M21 or
MCMC) and probability estimators (KDE or EVS), supporting
the conclusion that scatter matters and that tension with ACDM
remains in the Ysz—T detection.

4.2.2. Joint analysis of both Lx—T and Ysz—T

As different scaling relations may be affected by distinct sys-
tematics but all reflect the same underlying cosmology, a joint
analysis can provide a more robust detection of a true cosmo-
logical anisotropy. However, past studies have shown a posi-
tive correlation between the scatter in Lx and Ysz at fixed mass
(Nagarajan et al. 2019) or fixed temperature (M21), likely due
to the interplay of physical processes inside of clusters. As a
result, if a cluster is upscattered in Lx—T, it is also likely to be
upscattered in Ysz—T7'. This correlation can cause random scatter
to align and thus resemble a cosmological signal. M21 accounted
for this by injecting the expected scatter correlation into their
simulated samples used for significance estimation. When this
correlation was included, the statistical significance of the dipole
was found to be 5.90. Ignoring the correlation led to an under-
estimated significance of 5.4c.

In this work, the correlation is built-in with the cluster
physics in FLAMINGO. Therefore, we straightforwardly per-
form a joint likelihood MCMC analysis by sampling the com-
bined log-likelihood function,

log £ =log Ly + log Ly, (20)

where log Ly and log Lyt are given by Eq. (16). This result can
be directly compared to the final constraints reported in M21 that
are obtained by similarly multiplying the likelihoods of Lx and
Ysz. In our samples and M21, the anisotropy signals are boosted
by correlated scatter in the same manner. Therefore, the effect is
cancelled to allow for a probability assessment unbiased to this
effect.

The MCMC joint constraint is shown in Fig. 4, alongside
the M21 result of AHy = 9% at 5.90. The EVS analyses are
presented in Figs. 5a and 5c. The M21 point lies well out-
side the 30 region spanned by the lightcones (grey contours).
Using projected EVS (Sect. 3.4), we estimate the probability
of recovering the M21 result within FLAMINGO lightcones to
be p = 1.5 x 107*, corresponding to a 3.78¢ tension (Fig. 5a).
When the same test is repeated including injected scatter, the ten-
sion reduces to p = 0.020 (2.320 with EVS, Fig. 5c). Although
the added scatter brings the result visibly closer to M21, the
KDE still yields a low p-value. As seen in Fig. 4, high AH,
and n, are attainable in the MCMC method, but the combina-
tion of high n, and low AH; remains rare. However, since the
M21 MC result was obtained using a slightly different statistical
method (isotropic MC samples rather than full-sky MCMC), it is
not guaranteed to follow the same 2D distribution. Thus, KDE-
based probabilities with MCMC, especially in the tails, should
be treated with caution in this comparison.

A joint probability from the M21 method results can also be
obtained. Strictly following M21 and creating 10° isotropic sam-
ples for each lightcone is computationally unfeasible. Instead,
we expand the projection to an average of Lx—T and Ysz—T,
which naturally accounts for the potential correlation between
the two relations. To incorporate directional alignment, we
define a dimension-reduction function x = |xy 1t + Xyt|/2, Wwhere
lxyx| = AHy — AHy/n, and the vector direction corresponds to
the anisotropy dipole. This reduces the five-dimensional space'”
to a single variable, allowing us to apply the EVS method
for probability estimation. The corresponding KDE estimation
would require integrating the full five-dimensional space, which
is beyond the scope of the method. The two entries in Table 4 for
the Joint M21 analyses using KDE are thus empty.

Without added scatter, the M21 result'® lies beyond the
numerical reach of even the EVS method, as shown in Fig. 5b.
The corresponding entry is therefore left empty in Table 4. When
matched scatter is included, the estimated probability becomes
p = 0.0012 (3.240, EVS, Fig. 5d), indicating a moderate ten-
sion with ACDM. This constitutes our primary constraint on the
Hj anisotropy scenario: under identical statistical treatment and
matched scatter, the M21 anisotropy result combining Lx—T and
Ysz—T differs from the FLAMINGO lightcones at 3.240.

In interpreting these estimations, one should note that the
joint result in M21 incorporates 110—170 additional clusters
from the ASCA Cluster Catalogue (ACC; Horner 2001) and
an extra scaling relation, Lgcg—T, where Lpcg is the infrared
luminosity of the brightest central galaxy per cluster. However,
the contribution of Lgcg—T is minor (with individual constraint
at 1.90 dipole significance and 0.80- from mock samples), and
the statistical impact of the ACC sample is compensated in our
MCMC analyses by using N = 400, which better matches the
combined data size of 481 for Lx—T and 373 for Ysz—T in M21.

7 AHy and n,, for Lx—T and Ysz—T, plus their angular separation.

18 As arough estimation, the M21 result is 6.7 standard deviations away
from the median of the lightcones; however, this cannot be taken at face
value and translated to a p-value because the distribution (Fig. 5b) is not
Gaussian.
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Table 3. Summary of the probability analyses quantifying the tension between the M21 results and the FLAMINGO lightcones using different
scaling relations (Lx—T, Ysz—T, or their combination), statistical methods (M21 sky scanning or MCMC), and probability estimators (KDE or

projected EVS).
Relation M21 (KDE) M21 (projected EVS) MCMC (KDE) MCMC (projected EVS)
Lx-T p =0.021 p =0.0252.250) p = 0.055 p =0.032(2.140)
Ysz—T p<58x10* p=18x10"16380c) p<58x10" p=28x10"(3.640)
Joint analysis - - p<58x10™* p=15x10"*(3.780)
Lx—T (scatter) p =033 p =0.23(1.200) p<58x107* p =0.085(1.720)
Ysz—T (scatter) p<58x107* p =0.0013 (3.220) 0.0014 p =0.0049 (2.820)
Joint analysis (scatter) - p =0.0012(3.240) p<58x 10~ p =0.020(2.320)

Notes. The p-values denote the probability that a randomly placed observer in a ACDM universe would measure an anisotropy equal to or more
extreme than that seen in M21, with equivalent (1D) Gaussian significance given in parentheses where applicable. ‘Scatter’ refers to the mock
samples with matched M21-level instrumental uncertainties (see Sect. 2.4). Dashes indicate configurations beyond the scope of the probability

estimators.
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Fig. 5. Extreme value statistics analyses of joint Hy anisotropy in the FLAMINGO lightcones using the MCMC (left) and M21 (right) methods
without (top) and with (bottom) matched scatter. Grey and orange histograms show the lower-bound projection of all 1728 lightcones without and
with scatter, respectively. The red vertical line marks the M21 result under the same projection. The blue dashed line indicates the GPD threshold
(90th or 95th percentile), above which the tail is modelled by a GDP, shown in green. The small shaded green region around the best fit line
represents the 16th to 84th percentile region of bootstrapping error of the fit. Annotated in red is the EVS probability of obtaining the M21 result

in FLAMINGO.

In addition, we assess the correlation of the Ly and Ysz scat-
ter with respect to 7 in FLAMINGO. We find that the two quan-
tities exhibit a correlation with a Pearson’s correlation coeffi-
cient r = 0.25 (0.31 with matched scatter; see Appendix E). This
correlation is weaker than what is found in M21 (r = 0.67).
However, this should not bias our result significantly because in
M21 Lx—T has ~100 more clusters than Ysz—T7', meaning ~100
samples are not common, and therefore the effect of a stronger
correlation is mitigated.
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4.3. Bulk flow constraints

Assuming isotropic Hubble expansion, we estimate the bulk
flow using the MCMC implementation described in Sect. 3.3.
The bulk flow is constrained within three z spheres: z < 0.07,
7 < 0.10, and z < 0.13. These are chosen to balance the need for
a sufficient number of clusters with maintaining a relatively uni-
form redshift distribution within each sphere. Additionally, they
allow for direct comparisons with M21.
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Table 4. Summary of bulk flow results from the FLAMINGO lightcones for different scaling relations and redshift ranges in direct comparison
with the observed values from M21.

Relation Redshift Range No scatter up; (kms™') Matched scatter up (kms™) FLAMINGO [(v)| (kms™') M21 observed up; (kms™') p-value of M21 (o) p-value of M21 (o) matched scatter
2<0.07 31528 4147263 86742 11007419 “0.0067 2.710c) “0.0081 (2.650)
Ix=T 2<0.10 31520 415+2% 75438 1080*3%0 0.0082 (2.640") 0.0067 (2.720°)
2<0.13 31328 41743} 68+33 - - -
2<0.07 1647110 2647470 86732 10607350 3.2% 107 (4.660) 5.8 x 107 (3.440)
Yoo=T 2<0.10 164*11° 264+166 75436 1020738 3.5 % 1078 (4.6407) 0.0011 (3.260)
2<0.13 164117 2644172 6873 - - -
2<0.07 158+12 - 86740 - - -
Mys=T 2<0.10 158+130 - 7543 - - -
2<0.13 158+130 - 68+34 - - -
LT svo_y <007 - - - - “5.0x 107 (4.050) “3.6x 107 (3.570)
X S22
Combined 2<0.10 - - - - 4.5x 107 (4.080) 3.8 x 107 (3.560)

Notes. The columns show the fitted bulk flow amplitudes, u,; (with and without matched scatter), the actual bulk peculiar velocity in FLAMINGO
(I{v)]), the observed M21 values, and the resulting p-values (with Gaussian-equivalent significance in parentheses). Results are reported for three
redshift shells and for the combined Lx—T + Ysz—T analysis. Dashes indicate configurations not evaluated. ® Precisely, the Lx—T bulk flow in

M21 is measured in z < 0.06; however, this difference is negligible.
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Fig. 6. The MCMC bulk flow amplitude constraints for z < 0.07, z < 0.10, and z < 0.13 shown for the Lx—T, Ysz—T, and Mg,—T relations.
The right panel includes injected scatter and the left panel does not. Black dashes represent the results from individual lightcones, while the thick
coloured bars indicate the 16th to 84th percentile range across the lightcones. For comparison, the M21 results for Lx—T and Ysz—7 are shown
with their original error bars, corresponding to redshift spheres of z < 0.06, z < 0.07, z < 0.10, and z < 0.16. To avoid visual overlap, the points
for Lx—T and Mg,,—T are slightly offset along the x-axis. The black dashed line represents the median true average bulk motion of the clusters,
with the grey shaded region indicating the 16th to 84th percentile range of the lightcones. (a) No scatter. (b) Matched scatter.

The bulk flow results are presented in Fig. 6 and sum-
marised in Table 4, alongside the M21 measurements and the
true FLAMINGO bulk flow. The FLAMINGO bulk flow is
estimated by the average of cluster velocities of our sample,
Kv)] = |X;vil/N. As expected, we find that the true bulk
flows are <100kms™' across our redshift range, consistent
with ACDM predictions (Qin et al. 2021; Watkins et al. 2023).
Using the Lx-T, Ysz—T, and Mg,—T relations, one finds a
~3157%5 kms™!, 164*1°kms™', and 158713 kms™" bulk flow
respectively, in all three redshift spheres. It is evident that Lx—T
returns the most overestimated bulk flow compared to the true

FLAMINGO value (black dashed line in Fig. 6) due to its larger
scatter. On the other hand, the low-scatter Ysz—T and Mg—T
relations return values much closer to the true underlying bulk
flow (<1.50 difference). When scatter is matched to M21, the

recovered bulk flow increases to about 415*2% kms™! for Lx—T

and 264fé?6 kms™! for Ygz—T (at z < 0.10, similar at other red-
shift shells), amplifying the overestimation compared to the true
value. The systematic overestimation of the bulk flow by all three
relations and the its increase with mock scatter indicate that the
bulk flow constraints also depend on the scatter in the cluster
scaling relations.
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Fig. 7. Distribution of the Lx—T and Ysz—T bulk flow constraints at
z < 0.10 along with the M21 result at the same redshift with its error
bars (red). The orange contour includes injected scatter, while the purple
does not. Contours of different shades give the 39%, 86%, and 98.9%
regions.

Compared to M21, we find no prominent bulk flow exceed-
ing the level of M21 (~900 kms~!). However, the dispersion of
our bulk flow constraints and the observational uncertainties of
M21 are both large. We estimate the statistical significance of
this discrepancy while accounting for the large uncertainties by
adopting the same EVS-based projection method used in the H
analysis. We define the effective 1D variable x = ups — Tjow,
where 04y, is the lower 10 uncertainty of each lightcone fit, and
assess the probability of recovering the M21 value under this
projection using the EVS method (Sect. 3.4).

The resulting p-values at z < 0.07 and z < 0.10 are given in
Table 4 (corresponding EVS plots are included in Appendix G).
At z < 0.07, using Lx—T, the probability of obtaining the M21-
level bulk flow from an isotropic lightcone is p = 0.0067 (2.710°)
without scatter and p = 0.0081 (2.650") with matched scatter.
For Ysz—T, the tension is stronger: p = 3.2 X 1076 (4.6607) (no
scatter) and p = 5.8 X 107* (3.440°) (with scatter). The z < 0.10
results are similar, yielding 2.720 (Lx—T) and 3.260 (Ysz—T)
with scatter.

A joint Lx—T + Ysz—T bulk flow distribution is shown in
Fig. 7. Compared to the Hj case, increasing the scatter has a
smaller effect. This implies that bulk flow amplitudes are less
sensitive to scaling relation scatter in our implementation. We
estimate the joint significance by taking the average bulk flow
vector amplitude as x = |xpr + xyr|/2, following the same
prescription as in the Hy analysis (Sect. 4.2.2). This results in
a final tension of p = 3.6 x 1074 (3.570) at z < 0.07 and
p = 3.8 x 107*(3.560) at z < 0.10, under matched scatter.
Without scatter injection, the tension is only slightly higher at
4.050 (z < 0.07) and 4.080 (z < 0.10). While no single light-
cone reaches ups ~ 900kms™', such values remain rare even
after accounting for scatter. The resulting tension with ACDM,
at the ~3.60 level, exceeds that of the H anisotropy (2.3-3.20).
This may point towards a more localised, low-redshift departure
from ACDM predictions.
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In addition, we notice that the bulk flow tension seems to be
less affected by scatter compared to the H anisotropy. Here the
tension only drops by 0.40 with matched scatter, whereas the
joint Hy tension dropped >1.40- with MCMC and more with the
M21 method.

We note that for the bulk flow, the M21 observational analy-
sis employed a x> minimisation over the full sky, while we adopt
a full-likelihood maximisation via MCMC. In addition, M21
estimated uncertainties using bootstrap resampling, whereas we
derive them from the posterior distributions of the MCMC sam-
ples. These methodological differences may introduce varia-
tions in the estimated uncertainties. However, as XZ minimisa-
tion is mathematically equivalent to maximising the likelihood
under Gaussian assumptions, the impact on the central values is
expected to be minimal. If anything, the use of MCMC could
lead to slightly narrower uncertainty estimates. Since we evalu-
ate the statistical tension using the lower 1o bound of each light-
cone’s distribution, any underestimation of uncertainties would
in fact strengthen the inferred tension with ACDM.

5. Discussion
5.1. Cosmological implications

By generating 1728 lightcones in the FLAMINGO (2.8 Gpc)?
box, we find that the M21 results are unlikely to occur within a
ACDM universe. In joint analyses of the Lx—7 and Ysz—T rela-
tions, the amplitude of Hj variation and the significance reported
by M21 lie beyond the range of simulated lightcones. We esti-
mate the overall tension between the M21 findings and ACDM
to be ~2.3-3.20, depending on the exact statistical method and
probability estimator. The alternative explanation based on a
coherent bulk flow also shows significant tension: at z < 0.1, the
M21-level bulk flow constitutes a 3.60- deviation. Notably, none
of our 1728 lightcones produce such a large bulk flow, even when
observational scatter is included. The fact that the statistical ten-
sion increases for bulk flow model z compared to Hy suggests
that the observed anisotropy is at a higher discrepancy locally at
z<0.1.

Overall, these results suggest that both scenarios proposed
in M21 to explain their findings (H, anisotropy or a significant
bulk flow) are in tension with ACDM and, although substan-
tially reduced, cannot be fully attributed to statistical noise or
cosmic variance. Assuming no major undiscovered systematic
biases as yet in the M21 results or the FLAMINGO simulations,
this work implies that either the ACDM model needs modifica-
tions at z < 0.2 or that we inhabit a statistically rare region of
the Universe. Any of the two scenarios can potentially have sig-
nificant implications for other low-z cosmological tensions, such
as the Hubble tension. Local Hy measurements typically assume
isotropy in the expansion rate and ACDM-predicted bulk flows.
If either assumption fails, as our findings suggest may be the
case, it could systematically bias the inferred H, values (Migkas
2025). This opens the possibility that part of the Hubble tension
arises from local anisotropies rather than global physics.

Another key finding with direct cosmological relevance is
the role of scatter in cluster scaling relations. We show that the
observed anisotropy amplitude is boosted by scatter in Lx—T
and Ysz—T, even when the input cosmology is isotropic. Tighter
relations, such as M,,s—T, exhibit lower bias and are therefore
better suited for future anisotropy studies. For example, with
matched scatter, we find that FLAMINGO lightcones overesti-
mate AHy by ~(7-8)% when Lx—T or Ysz—T are used alone
(see Fig. 3). This implies that the AHy = 9% reported in M21
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may correspond to a true underlying anisotropy of only ~3%!'?
or so. Properly addressing this bias would require injecting an
artificial anisotropy signal into simulations and comparing the
measured with the input values (see Sect. 5.6.3). If a strong sig-
nal exists, the bias from noise may be smaller. Future work will
provide a more conclusive assessment.

Finally, to aid the interpretation of our results, we summarise
the important assumptions that we adopt. First and most impor-
tantly, we assume that the shape of the anisotropies is dipole-like
and study only dipole anisotropies, either dipole Hy variations or
a single bulk flow component. We do this because we focus on
understanding the results of M21, which found a dipole-shaped
anisotropy. Higher order anisotropies are beyond the scope of
this work. Second, our interpretation that translates the probabil-
ity of an anisotropy in the simulations to the probability of that
in a ACDM universe assumes that the FLAMINGO simulation
(with its physical modelling and numerical implementations) is
an accurate realisation of the ACDM cosmology. And third, the
scatter injection method as described in Sect. 2.4 assumes that
the scatter is mass independent and with a log-normal distribu-
tion.

5.2. Origin of apparent anisotropies: Statistical noise or
peculiar velocities

We now discuss the possible origins of the apparent anisotropies
observed in the FLAMINGO lightcones. One key contribu-
tor is bulk flow. Coherent peculiar motions can introduce real
anisotropy signals that manifest consistently across different
scaling relations. As shown in Fig. 6, FLAMINGO reproduces
the expected low-amplitude large-scale bulk flows of ACDM.
Such motions are predicted to induce apparent Hj anisotropies
at the ~3% level (Migkas 2025), which is close to the amplitudes
found in our simulated lightcones.

A second major source is statistical noise, particularly ran-
dom upscattering of AH, in individual lightcones. In this sce-
nario, different scaling relations would yield weakly correlated
anisotropies in the same lightcone. Especially ones that are less
correlated in scatter (Appendix E). The two sources can be
disentangled by examining the degree of alignment between
anisotropies inferred from different relations. Distinguishing
between bulk flow and statistical noise is crucial for guiding
future studies of cosmic anisotropy and for interpreting the sig-
nificance of observed signals.

5.2.1. Directional correlation between different relations

To investigate whether the apparent anisotropies arise from a
genuine bulk flow, we examine whether different scaling rela-
tions exhibit their maximum dipole in similar directions. We
calculate the angular separation between the directions of the
strongest dipole detected in each relation. Our results indicate
that most relation pairs do not show significant directional align-
ment. The only pair with a mild angular correlation is Lx—T and
Mg.—T, whose dipoles peak around a separation angle of ~20°.
By contrast, Ysz—7T and Mg,,—T show only weak alignment, and
Lx-T and Ysz—T exhibit no consistent directional correlation.
We also test whether a larger AH is associated with better direc-
tional agreement, i.e. smaller angular separation, but find no such
correlation.

19 The M21 detection was AH, = 14% at 4.10 using Ysz—7T and 8.7%
at 2.80 using Lx—T. The Ysz—T detection likely retains an amplitude
above 1%.

These findings suggest that the apparent anisotropies in the
simulated lightcones are most likely predominantly driven by
statistical noise rather than by peculiar velocity fields consistent
with ACDM. This interpretation is further supported by the scat-
ter correlation patterns (Appendix E), where relations that align
in scatter also tend to align in dipole direction. (For a visual-
isation of the angular separation distributions and their cross-
correlations, see Appendix C.)

5.2.2. Effect of peculiar velocities in apparent anisotropies

Peculiar velocities contribute to anisotropy signals in two ways:
random motions increase the scatter in scaling relations, while
coherent bulk flows can mimic an Hy dipole. To assess their
impact, we repeat the anisotropy analyses using cosmological
redshifts z..s instead of the observed redshifts z,,s (see Sect. 2.1).
In this setup, clusters are effectively placed at their Hubble-flow
distances, completely removing the influence of peculiar veloci-
ties.

We find that this replacement leads to a mild reduction in
anisotropy amplitudes. For Lx—T, the median AH, decreases
from 3.94% to 3.35%; for Ysz—T, from 2.71% to 2.24%; and
for Mg,—T, from 1.50% to 1.26%. Hence, peculiar velocities—
bulk flows included—account for only ~15—17% of the apparent
anisotropy, with the remaining contribution attributed to statisti-
cal noise.

A similar trend is seen in the bulk flow fits. For Lx—T,
the amplitude decreases slightly from 313kms~! to 303kms™!
across all redshift bins. The Mg,—T relation shows a simi-
lar drop from 161km s to 151kms™!, and Ys;—T exhibits
a stronger decline from 165kms~' to 135kms™'. Even when
peculiar velocities are fully removed, the reduction in signal
remains below ~18%, reinforcing the interpretation that statis-
tical noise dominates the recovered anisotropies. This suggests
that our bulk flow analysis is primarily dominated by noise
when the underlying bulk flow amplitude is ups < 100kms™!
at z ~ 0.10 (Table 4).

5.3. Effects of scaling relation scatter in apparent
anisotropies

We find that the scatter in scaling relations directly affects the
apparent anisotropies. Fig. 4 shows that injecting scatter boosts
AH, while leaving n, nearly unchanged. This behaviour holds
across individual relations and with the M21 method (Fig. 3).
The reason is that scatter amplifies both the anisotropy amplitude
and its uncertainty, keeping the statistical significance approxi-
mately stable. As a result, AH| is more sensitive to observational
systematics than 7., and our projection-based methods may not
fully capture this effect, potentially underestimating the true ten-
sion.

Importantly, it is not the total scatter of the relation itself
but the scatter in AH) that matters. For instance, with injected
scatter, the Ysz—T relation yields a comparable AHy to Lx—T
under the M21 method (Fig. 3c), despite having ~25% lower
O (Table 2). In this sense, the MCMC method is more robust
to noise, as its contour shapes remain less disturbed and low-
scatter relations give lower AH, consistently (Figs. 3d and 4).
The Mg,s—T relation, which shows the lowest Hy scatter, yields
the most stable results. Future studies should prioritise low-
scatter relations to reduce bias, and apply caution when inter-
preting anisotropy amplitudes from high-scatter relations.

Finally, we note that although the simulated scatter is
generally matched to the observational values, there remains
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uncertainty in the scatter, the scatter may still be slightly under-
estimated if the uncertainties are not well matched. For the Lx—T
(Ysz—T) relation, the typical fitting uncertainty in the intrinsic
scatter is ~0.015 (0.012) dex?® in our lightcones, which closely
matches the M21 uncertainties of 0.016 and 0.013 dex, respec-
tively. However, we find a slight underestimation in the uncer-
tainty of the total scatter, 0.015 dex for Lx—T and 0.010 dex for
Ysz—T, compared to 0.018 and 0.015dex in M21. This could
result in a marginal underestimation of the scatter, even after our
scatter-matching. Nonetheless, the effect should be small. The
bootstrapped scatter distributions in both M21 and FLAMINGO
are approximately Gaussian and do not exhibit strong tails.
Anomalies caused by a few strongly scattered clusters would
therefore be reproduced in the lightcones. Moreover, it was care-
fully examined in both M20 and M21 that there is no strong out-
lier causing the observed anisotropy, further reducing this effect.

5.4. Effects of the highest X-ray concentration selection

As we noted in Sect. 2.2, for the same selection criteria,
FLAMINGO yields more clusters than the observed M21, but
with a lower cx distribution. The origin of this discrepancy
requires further investigation as we discuss in Appendix D.1. For
our analysis, we adopted a temporary solution by selecting the
highest cx clusters from the simulated samples. Since the selec-
tion is performed independently of the sky position of clusters
and should have no direct impact on our results. Nevertheless,
there might be secondary systematic effects that can potentially
bias our results (e.g. via affecting the intrinsic scatter of scaling
relation).

To check whether our final results are robust against the
applied cx selection, we repeat the MCMC tests with random
cluster selection independently of the cx values. Specifically,
after the flux and zone-of-avoidance selections (described in
Sect. 2.2), for each lightcone, we randomly drew 313 (400)
clusters for the M21 (MCMC) statistical approach, out of the
700—-800 remaining clusters. Using the random cluster selec-
tion in each lightcone, we quantify the tension between the M21
findings and ACDM to be 2.270 for Lx—T, 3.380 for Ysz—T,
and 3.420- when the two relations combined. The Lx—T ten-
sion increased by 0.10 while the Ysz—T tension decreased by
0.20, and the combined tension slightly reduces by ~0.40~. With
matched scatter, the Lx—T7 tension is approximately unchanged
at 1.740, while the Ysz—T tension is at 2.600, slightly (0.20°)
lower than when the cx-bases selection was used. When com-
bined in the joint probability, the overall tension with matched
scatter is 2.320-, which is essentially the same with the default
analysis (2.310, Table 3). When modelled as a bulk flow and
including the injected scatter, we find a joint (combining Lx—T
and Ysz—T, as described in Sect. 4.3) 3.630 (3.560) for z < 0.07
(z < 0.10), similar to the default results shown in Table 4. With-
out matched scatter, the joint tension exceeds 40, and the cor-
responding p-value is so low that even the EVS method cannot
reliably estimate it.

Based on the above tests, we conclude that although the cx
discrepancy between observational data and the FLAMINGO
simulation warrants further investigation, it does not noticeably
impact the main conclusions of this work. The >30 tension
between our simulation lightcones and M21 is neither caused

20 The values differ from Table 2 because here we consider the uncer-
tainty in each individual lightcone, rather than the distribution across all
lightcones, which is what is reported in Table 2.
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by nor sensitive to our top cx selection during sample selection
(Sect. 2.2).

5.5. Comparing the M21 method to MCMC

Constraints on cosmic anisotropy from galaxy clusters depend
sensitively on the statistical method used, underscoring the
importance of robust approaches with minimal noise. We have
presented results from both the M21 and MCMC methods sepa-
rately, and now compare them directly by correlating outcomes
for the same lightcones. In the absence of scatter, AH, values
from M21 and MCMC show only weak correlation when using
the same scaling relation, with Pearson coefficients of ~0.5 for
Lx~T, Ysz—T, and Mg,—T. A similarly weak correlation is
found in their respective n, values (r < 0.5; see Appendix F),
consistent with the interpretation that apparent anisotropies in
the isotropic mock lightcones are dominated by statistical noise
rather than bulk flows.

Without a true cosmic anisotropy or a bulk flow mimicking
one, the MCMC method yields less noisy constraints, with nar-
rower distributions in both AH, and n, (Fig. 3) across all three
scaling relations and more stable to injected noise (Sect. 5.3). It
shows better angular consistency between dipoles inferred from
different relations (see Sect. 5.2.1). Additionally, the MCMC
method is computationally more efficient, more versatile, and
can be extended to non-dipole anisotropies with relative ease.

These advantages, however, are not sufficient to conclude
that MCMC outperforms the M21 method in all contexts. First,
the MCMC method produces significantly more outliers, which
strongly boosts any probability estimation (e.g. EVS) based on
the M21 distribution. In future observations, this may increase
the risk of reporting statistically significant anisotropies from
data that are otherwise consistent with isotropy. While compari-
son to simulations or other mock samples can mitigate this effect,
the heavy-tailed nature of the MCMC result remains challenging
to model robustly. Second, our implementation of the MCMC
method corresponds to applying the M21 approach with a 90°
cone. Using larger cones tends to smooth out both real signals
and statistical fluctuations, lowering both AH, and n, (see M20,
their Table 2). Third, part of the reduced noise in MCMC may
be attributed to the larger cluster sample size: 400 clusters for
MCMC versus 313 for M21. Nonetheless, the MCMC-based
method offers a promising avenue for future observational appli-
cations.

It is worth emphasising that the two methods differ in more
than just sampling techniques. The MCMC method uses the full
likelihood rather than y2, MCMC sampling instead of bootstrap
resampling, full-sky fitting rather than cone scanning, and for-
ward modelling rather than a direct A to Hj translation. Any
difference in performance must therefore be understood in the
context of these broader methodological distinctions.

5.6. Future prospects
5.6.1. Other cluster catalogues

While the statistical significance of the cosmic dipole reported
in M21 is lowered after improved treatment of cosmic vari-
ance, a notable tension with ACDM remains at z < 0.1
(3.607). A genuine cosmological signal should appear consis-
tently across datasets, independent of scaling relation, selec-
tion function, or instrument. To mitigate potential systematics
and selection biases, it is essential to repeat such analyses on
independent cluster samples with alternative selection methods
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(e.g. SZ selection), aided by dedicated mock catalogue studies.
We plan to apply our approach to the eROSITA first All-Sky
Survey (eRASS1), which comprises over 12 000 clusters across
z = 0.01-1.2 (Bulbul et al. 2024). Other catalogues, including
X-CLASS (Koulouridis et al. 2021) and XCS (Mehrtens et al.
2012; Giles et al. 2022), also provide promising avenues for
future investigation. A consistent detection of a dipole across
such independent datasets would offer a robust test of any large-
scale anisotropy of cosmological origin.

5.6.2. Improvement on lightcone independence

Our 1728 lightcones do not represent entirely 1728 realisa-
tions of the ACDM cosmology. While each lightcone places the
observer at a different location and the FLAMINGO simulation
spans an unprecedented scale, the overlap between lightcones
is unavoidable. Neighbouring observers are ~230cMpc apart.
As a result, similar structures will appear across neighbouring
lightcones at z > 0.05. The effect on our analysis is kept to a
minimum by random rotations and zone-of-avoidance masking
(Sect. 2.2). For each lightcone, a different random galactic plane
is masked to reduce repetitive structures. Future analyses can
look to address this limitation by developing better techniques
for building the samples. For example, using the dense sphere
packing technique instead of a cubic grid that we use, the number
of independent lightcones can increase by 40% under the same
volume. To further increase the statistical power, larger simula-
tion volumes are needed.

5.6.3. Response to injected anisotropy

All the tests in this work were performed on datasets with no or
small (e.g. from bulk flows) signals. We have concluded that the
M21 findings are rare if only noise is present. It is then important
to study, if exists, whether the amplitude of such an anisotropy
is overestimated in M21. In this work, we showed how statisti-
cal noise can cause a spurious anisotropy signal. It is likely the
same mechanism could boost up an existing signal. Future work
should include controlled signal injection to assess the ability of
this methodology to recover known input anisotropies. Such tests
would also allow for direct comparison with M21 and newer
observational results and provide a more systematic validation of
the use of cluster scaling relations in probing cosmic anisotropy.

6. Conclusion

In this work, we have quantified the tension between previ-
ously observed cosmic anisotropies using galaxy clusters and
the ACDM model using the fully hydrodynamic cosmologi-
cal FLAMINGO simulations. We created 1728 isotropic light-
cones and analysed cluster scaling relations Lx—T, Ysz—T, and
Mg,—T using two independent statistical approaches: one fol-
lowing M21 and another using MCMC inference with full likeli-
hood. We also increased the intrinsic scatter of the cluster scaling
relations and assigned instrumental uncertainties that match M21
data. We have provided a robust assessment of cosmic variance,
statistical noise, and systematic biases inherent in the observa-
tional findings.

Our analysis reveals that the observed 9% H) dipole detected
by M21 is rare within a ACDM framework. For the first test
using the original FLAMINGO data (without matched scatter),
M21 is at a strong tension with the ACDM simulation. Using
the same methodology with Lx—T and Ysz—T, the results differ

by 6.70 between M21 and the simulation lightcones. Using the
MCMC method yields 3.80 (4.007) when the anisotropy is mod-
elled as an H, variation (bulk flow). However, scatter in the scal-
ing relations plays a significant role in the results, which the sim-
ulations underestimate by ~25%. Therefore, we also performed
tests with scatter injected.

When the intrinsic scatter is matched to observations and
mock instrumental uncertainties are assigned, the joint analy-
sis of the Lx—T and Ysz—T scaling relations shows tension
between data and the standard cosmological model at 2.3-3.60.
Repeating the exact M21 method, the M21 finding is 3.20- more
anisotropic than the FLAMINGO lightcones. Additionally, we
examined the bulk flow hypothesis as an alternative explanation
for the observed anisotropies. While the simulated lightcones
exhibit ACDM-like bulk flows, no bulk flow motion compara-
ble to the 900 km s~! flow observed by M21 was detected in our
1728 lightcones. A 3.60 tension between the M21 bulk flow and
FLAMINGO lightcones was found at z < 0.07 and z < 0.10.
This indicates that the ACDM predictions are less compatible
with the M21 cluster data at low redshift. Although this finding
does not alleviate the dipole found in M21, the statistical tension
with ACDM is significantly reduced from 5.40- (M21) to 3.20
(this work).

We find that the amplitude of the detected anisotropies in
FLAMINGO is dominated by statistical noise in the cluster scal-
ing relations at the >80% level, while the remaining <20% is
attributed to peculiar velocities (bulk flows included). We have
shown that in the case of dominant statistical noise, different
scaling relations yield anisotropy in different directions with
no strong correlation between them. This has important impli-
cations for future studies, as by utilising independent relations
and cluster samples, one can distinguish statistical noise from
true cosmological effects by looking at the correlation of the
detected dipole directions. The fact that tight direction correla-
tion is very rare also stresses that the M21 finding with three
relations and two independent catalogues all pointing to a <10°
cone is unlikely to be a coincidence. Last but not least, we find
that the inferred AHj in the isotropic lightcones increase sig-
nificantly with a larger scatter in the scaling relation (injected or
not). The M,,s—T relation has the smallest scatter and thus shows
a better constraining power than Lx—T and Ysz—7. Lower Oy
relations will play an important role in future studies.

By carefully accounting for cosmic variance and statistical
noise, the tension of the detected M21 anisotropy and ACDM
is substantially reduced but remains significant. This work high-
lights the necessity of simulations as an integral part of inter-
preting statistical significance and isolating genuine cosmologi-
cal anomalies from sample variance. As next-generation datasets
from surveys such as eRASS become available, extending this
analysis with real data alongside simulated cluster catalogues
will be crucial for corroborating these results and refining our
understanding of the observed cosmological anisotropies.
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Appendix A: Two 1 Gpc runtime lightcones

Applying the same analysis to the two runtime lightcones from the L1_m9 run, we find a maximum dipole of 3.15 + 0.78% at
4.020 in lightcone 1, and 2.50 + 0.71% at 3.55¢0 in lightcone 2, using the M21 method (see Fig. A.1). These runtime lightcones are
consistent with the 1728 post-processed lightcones analysed in the main text. No detection exceeds 30~ from the main probability
distribution of the 1728 samples. This support the robustness of our post-processed lightcones.
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Fig. A.1. Hy maps from the M21 method for the two runtime lightcones in the 1.0 Gpc fiducial run (L1_m9), using the combined Lx—T, Ysz—T,
and M,,—T relations. Lightcone 1 (top) and lightcone 2 (bottom).

Appendix B: Details on the fiducial mass cut

To reduce computational cost, we have applied a fiducial mass cut of Mspy. > 1013 M, (Sect. 2.1). We verify here that this selec-
tion does not exclude clusters that would otherwise satisfy the flux threshold. Using the publicly available eRASS1 catalogue
(Bulbul et al. 2024), we apply the same flux selection of fx 02-23kev > 5 X 1072 ergs™' cm=2. The resulting mass distribution is
shown in Fig. B.1. Out of 12247 clusters detected by eROSITA, 152 meet the flux threshold, none of which have M5 < 10'3 M,

On the simulation side, applying the same flux threshold to our lightcones results in, on average, fewer than five clusters within
the range 10" My, < Msp0. < 10'33 Mg (see Fig. D.2). These systems lie at the low-mass tail. Thus, even if the mass cut excludes a
few rare clusters that could surpass the flux threshold, they form an extremely small subset and do not contribute meaningfully. We
conclude that the mass cut does not introduce a selection bias.

Number of Clusters
o )
o o

—_
o

00.0 0.5 1.0 1.5 2.0 2.5 3.0
log[M300/103 M)

Fig. B.1. Mass distribution of eRASS1 clusters satisfying fx 02-23kv > 5 X 107 2erg s™! cm=2. None fall below the fiducial mass cut of 10'* M.
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Appendix C: Correlation of results using different relations: angular separation

See Fig. C.1. We compute the angular separation on the sphere between best-fit dipole directions derived from different scaling
relations. Comparing with Fig. E.1, one observes that greater scatter correlation results in closer dipole alignment. Relations with
higher Pearson correlation coefficients yield smaller angular separations in our lightcones. Even for the best-aligned pair, Lx—T
and Mg,s—T (via MCMC), only 77% of lightcones have separation angle 6 < 60°. This drops to 56% for Ysz—T and Mg,—T and
39% for Lx—T and Ysz—T. The figure also confirms consistency between the two statistical methods: the choice of relation affects
the dipole direction more strongly than the method used. Comparing the bottom panel and the blue curves, no significant change is
seen when scatter is injected. This is expected—no intrinsic signal is present, and the injected scatter has no cross-relation correlation
between Lx—T and Ysz—T (see Appendix E).

For uncorrelated directions, the expected angular separation distribution is P(6) = % sin 6. This follows from uniform sampling
on the unit sphere: the probability of a second point lying between angles 8 and 8 + df from a fixed point is proportional to the area
of the corresponding spherical ring, which scales as 2 sin 8d6. The normalisation factor 1/2 ensures unit probability.
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Fig. C.1. Angular separation between the best-fit dipoles derived from different relations, without (top) and with (bottom) injected scatter.
Linestyles indicate statistical methods: solid for MCMC; dashed and dash-dotted for the M21 method, differing slightly in implementation.
Dashed lines define the dipole by highest significance (our default for the M21 method); dash-dotted lines by highest amplitude. The two give
nearly identical results. The grey line indicates the expected distribution for uncorrelated dipoles.

Appendix D: Sample comparison between FLAMINGO and M21
D.1. X-ray concentration

The distribution of cx, defined as the fraction of emission coming from the central 15% of the cluster’s radius (L,<0.15Rsy. / Lr<Rs0. )»
is an easily estimated metric that helps us identify potentially relaxed clusters with high central emission. Large cx values often
correlate with cool-core presence in clusters (Andrade-Santos et al. 2017; Kugel et al. 2024). cx exhibits the most prominent differ-
ence between FLAMINGO and the M21 sample (see Fig. D.1). Kugel et al. (2024) investigated the distribution of the same quantity
and found the same behaviour when the projection effect was not taken into account. However, Fig. D.1 shows that the difference is
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Fig. D.1. X-ray concentration distribution of 1728 (2.8 Gpc)? lightcones (red), two 1.0 Gpc runtime lightcones (purple dashed, orange dotted), and
the M21 sample (green). Purple bars show the 2D projected concentration of a 1.0 Gpc lightcone.

much reduced, but not eliminated, by the projection effect. The projected Lx are calculated by summing particles inside cylindrical
regions instead of spherical ones. The FLAMINGO samples’ projected cx is centred at ~ 0.25 whereas the M21 sample’s distribu-
tion is centred at cx ~ 0.35. There are few FLAMINGO clusters with cx > 0.35. This might be caused by an under-representation
of high X-ray concentration clusters in FLAMINGO in addition to non-detections of diffuse, low cx clusters in X-ray flux-limited
samples, especially close to the flux limit. Moreover, highly disturbed clusters (expected to return lower cx values) were removed
from the M20/M21 sample. Nevertheless, cluster samples selected through their SZ signal (e.g. Lovisari et al. 2017) also show a
relatively higher cx distribution than FLAMINGQO. In any case, further investigation of this discrepancy is needed.

D.2. Cluster properties comparison

Fig. D.2 summarises the distributions of fx, Lx, Tc1, Msooc, Ysz, and Mg,s for FLAMINGO, the runtime lightcones, and M21.
Simulated samples are selected as the top 313 X-ray concentrated clusters to match the number of available M21 entries; results are
robust to changing this number to 250—400. Simulated Lx values are in the original SOAP band (0.2-2.3 keV; see Sect. 2.3.2), with
M21 values converted accordingly. Agreement between FLAMINGO and M21 is generally good across properties, though T¢ is
systematically lower in FLAMINGO (see Sect. 2.3.5). In addition, Ly, fx, and Ysz in FLAMINGO also tend to lie slightly on the
lower end, which may be partly due to an under-representation of high-redshift clusters. The runtime lightcones are consistent with
the simulated samples.
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Fig. D.2. Distribution of various cluster properties of the simulated samples, runtime lightcones, and the M21 sample, where available (continued
next page).
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Fig. D.2. Continued.

Appendix E: Scatter correlation between the relations

Scatter is computed as log Y — log Yy, where log Y55, = Blog X/Cx + logA + log Cy — yyx log E(z). We evaluate scatter for Lx—T,
Ys7—T, and My,—T, and fit a linear relation between each pair across all 1728 lightcones. The resulting scatter points and fits are
shown in Fig. E.1, with Pearson’s correlation coefficient r labelled in each panel. The uncertainty is estimated from the standard
deviation of the fit results across all lightcones.

Using T¢) as the common variable for comparison with M21, we find » = 0.25+0.04 between Lx—T and Ysz—T in FLAMINGO.
This is significantly lower than the r = 0.668 + 0.089 found in M21. To assess the effect of injected scatter, we repeated the
analysis with artificial scatter applied. Since the injection procedure does not induce cross-correlation, the result remains similar:
r = 0.31 + 0.03. Nagarajan et al. (2019) reported r = 0.47+02% for the Lx—Msy, and Ysz—Msq relations at fixed mass. Such

-0.35
correlation could arise from baryonic physics linking X-ray and SZ emission, which may not be fully captured in our modelling.
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Fig. E.1. Correlation of scatter between Lx—T and Ys;—T (left), Lx—T and M,,—T (middle) and Ysz;—7T and Mg,—T (right). Black dots are
individual clusters. Red lines represent the linear fit of the lightcones. All of the 1728 lightcones are overlaid. r is Pearson’s correlation coefficient.
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In contrast, we find stronger correlations between Lx and M,,s, and between Ysz and M, at fixed T, with r = 0.74 + 0.03
and r = 0.60 + 0.03, respectively. Future studies using Mg,-based relations should be cautious when combining observables or
constructing mock samples.

Appendix F: Correlation of anisotropy using the M21 or MCMC method

The correlation of amplitude AH, and statistical significance n, between the M21 method and the MCMC approach is shown in
Fig. F.1. A uniform mild correlation of » ~ 0.4—0.5 is observed across all six comparisons, covering the three scaling relations and
both anisotropy metrics. This test is carried out without injected scatter. The scatter around the one-to-one line suggests that the
two methods do not fully agree on the strength of anisotropy for individual realisations, but they tend to rank lightcones similarly
in terms of dipole strength. This level of agreement supports the overall consistency between methods, while highlighting that
method-dependent systematics could still influence the detailed interpretation of individual detections.
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Fig. F.1. Comparing AH, (top) and n, (bottom) predicted by the MCMC method versus the M21 method, using the Lx—T (left), Ysz—7T (middle),
or Mg,—T (right) relation. Each data point represents the maximum dipole AH, or n, on a lightcone. The red line shows linear fit with error. r
represents the Pearson correlation coefficient.

Appendix G: Extreme value statistics

Here we show the EVS estimations for other than the joint Hy (Fig. 5). Every entry of EVS p-values in Table 3 and 4 is accompanied
by a figure. For Table 3 the per relation EVS distributions are presented in Fig. G.1. For the Lx—T, M21 or MCMC method entries
the reference point from M21 is (AHy,ny,) = (8.7%,2.80) or (8.7%.2.40°). For Ysz—T we compare to (14%, 4.10) with the M21
method or (14%,2.60") with MCMC. Same as in Fig. 5 the tension is greatly relieved by increased scatter, where the projected
x value (Sect. 3.4) is shifted closer to the M21 points and with increased scatter (see Fig. G.1f in comparison to Fig. G.1b, for
example).

The joint EVS analyses for bulk flow (Table 4) are summarised in Fig. G.2, and results for individual relations in Fig. G.3. As
with Hy, the projected distributions shift upward when scatter is added, though the effect is visibly weaker. In particular, the tension
in Lx—T remains largely unchanged.

Other than x = AHy—AH,/n, several other projection functions were tested for the Hy matched scatter analysis (see Table G.1).
We see that the choice of projection has a noticeable effect on the results. The choice of projection has a clear impact on the
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Fig. G.1. Hy anisotropy EVS probability distributions for individual scaling relations. Legend as in Fig. 5. Corresponding p-values are listed in
Table 3.
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Fig. G.2. Joint EVS analyses for bulk flows, before (top) and after (bottom) matching scatter. Legend as in Fig. 5. Corresponding p-values are
listed in Table 3.

resulting p-values, underscoring the need for a physically motivated and consistent definition. Our adopted metric, the lower one-
sigma bound, was chosen to incorporate both anisotropy amplitude and uncertainty in a single conservative estimate. It ensures that
a modest but well-constrained dipole (e.g. 5 + 1%) is treated comparably to a larger but poorly constrained one (e.g. 15 + 11%),
avoiding overinterpretation of noisy outliers.
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Fig. G.3. Bulk flow EVS probability distributions for individual scaling relations. Legend as in Fig. 5. Corresponding results are summarised in
Table 4.

Table G.1. Effect of different projection functions on the EVS p-values.

Projection M21 Lx-T M21 Ysz-T M21 joint MCMC Lx-T MCMC Ysz—T  MCMC joint

AHy — AHy/ny, 0.231(1.20) 0.00129(3.2207) 0.00118(3.240") 0.0848 (1.720") 0.00487 (2.820") 0.0205 (2.320°)
AHo/4 +n, 0232(1.20) 0.0205(2.320) 0.00619 (2.740") 0.0877 (1.710") 0.00576 (2.765") 0.00079 (3.3607)
AHy/2 +n, 0.250(1.150) 0.0139(2.460) 0.00486(2.820") 0.114(1.5807) 0.00447 (2.840") 0.00491 (2.81c")
AHy + AHy/ny 0.394(0.850) 0.000297 (3.620) 0.00235(3.040) 0.237(1.18c) 0.00251 (3.020) 0.142 (1.470)
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