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ABSTRACT

Context. Inferring the weak magnetic field present in the outer layers of the solar atmosphere is a long-standing challenge in modern
solar physics. Spectropolarimetric diagnostic techniques based on the Zeeman effect are ineffective in this context, highlighting the
need for alternative approaches.
Aims. Our goal is to develop a novel inference method that fits a depth-dependent vector magnetic field in a solar model atmosphere
to observations of Hanle and Zeeman signals from strong resonance lines, including partial frequency redistribution (PRD) effects.
Methods. We assumed that the thermal stratification of the atmosphere is given, and we used an efficient radiative transfer forward
engine tailored to strong resonance lines, while accounting for PRD, scattering polarization, and the Hanle and Zeeman effects. By
formulating the inverse problem as a nonlinear least-squares problem, we applied an efficient iterative optimization algorithm that
enables an efficient retrieval of the searched magnetic field vector through fast computation of the Jacobian.
Results. We tested this inversion approach by inverting synthetic Stokes profiles of the Ca I line at 4227 Å. We successfully retrieved
the original height-dependent vector magnetic and bulk velocity fields in different 1D plane-parallel models. We considered both semi-
empirical models and models extracted from a snapshot of a 3D MHD simulation of the solar atmosphere.
Conclusions. Our proposed inversion tool has demonstrated its reliability and promise for inverting vector magnetic fields in strong
solar resonance lines that exhibit scattering polarization. Future plans include testing the approach in more complex scenarios, fea-
turing intricate magnetic field structures. This assessment paves the way for applying our inversion tool to new spectropolarimetric
observations.
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1. Introduction

During the past decades, the combination of novel observations
and theoretical investigations has firmly established the funda-
mental role played by the magnetic field in the external layers
of the solar atmosphere (e.g., Carlsson et al. 2019; De Pontieu
et al. 2021). Accurately inferring the magnitude and orientation
of this magnetic field is an open issue in today’s solar physics
research (e.g., Heliophysics Science and Technology Roadmap
for 2014–2033), and this has motivated the development of
new observational facilities, such as the ViSP instrument at the
Daniel K. Inouye Solar Telescope (DKIST, Rimmele et al. 2020;
Rast et al. 2021), the series of CLASP sounding rocket experi-
ments (Kano et al. 2017; Rachmeler et al. 2022), and the proposal
of future mission concepts such as the Chromospheric Mag-
netism Explorer (CMEx)1. The inference of the vector magnetic
field in the chromosphere and chromosphere-corona transition
region is notoriously difficult because conventional magnetic
field diagnostics, based on the Zeeman effect, lose sensitivity in
such layers, and only a handful of spectral lines can probe these
regions. Recent works have proposed making use of the magnetic

⋆ Corresponding author: gioele.janett@irsol.usi.ch
1 https://www.nasa.gov/news-release/nasa-selects-four-
small-explorer-mission-concept-studies

sensitivity of the scattering polarization signals of strong reso-
nance lines through the combined action of the Hanle, Zeeman,
and magneto-optical effects (e.g., Trujillo Bueno & del Pino
Alemán 2022).

The process of fitting an atmospheric model, including the
magnetic field, to an observed polarization signal is known as an
inversion problem. To successfully tackle an inversion problem,
it is crucial to have a deep understanding of the physics under-
lying the formation of the observed polarization signals in the
spectral lines of interest. Unfortunately, modeling the scattering
polarization signals of strong resonance lines requires consid-
erable theoretical and numerical efforts. Indeed, it is crucial
to account for non-local thermodynamic equilibrium (non-LTE)
effects, as well as for partial frequency redistribution (PRD; Rees
& Saliba 1982; Faurobert-Scholl 1992). A major difficulty when
dealing with scattering polarization signals is that their ampli-
tude primarily depends on the anisotropy of the radiation field
that, in general, depends on the detailed 3D structure of the solar
atmosphere. Such anisotropy must also be estimated from the
observations.

The development of non-LTE inversion techniques for inter-
preting spectropolarimetric observations of spectral lines formed
in the upper layers of the solar atmosphere is a relatively recent
effort. The majority of these inversion techniques focus on
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chromospheric or transition region lines polarized through the
Zeeman effect (see the review by de la Cruz Rodríguez & van
Noort 2017). Currently, HanleRT-TIC (Li et al. 2022, 2023,
2024) is the only code capable of inverting spectropolarimetric
observations of strong resonance lines, including PRD effects
and scattering polarization. The main limitation of HanleRT-
TIC is its computational cost, which hinders its systematic use.
Moreover, being the only active code in the field, validation of
its results through comparison with another code is lacking. We
also note that significant progress has recently been made in 3D
spectropolarimetric inversions (see Štěpán et al. 2022). However,
routine application to optically thick lines modeled with PRD in
3D remains beyond current capabilities.

The development of an inversion method involves a multi-
tude of technical details (see del Toro Iniesta & Ruiz Cobo 2016;
de la Cruz Rodríguez & van Noort 2017, for a deep insight in the
topic). However, the three essential components of an inversion
code can be identified as follows:
(i) A comprehensive physical model governing the generation

of observables, which is crucial for identifying suitable
approximations and ensuring the accuracy of the inversion
process;

(ii) An efficient forward engine that, starting from a given atmo-
spheric model, generates the synthetic emergent spectrum
and possibly calculates its response to perturbations in the
input model parameters;

(iii) A robust inversion engine that infers the atmospheric param-
eters by comparing the synthetic and observed emergent
spectra, ensuring a robust convergence to the optimal solu-
tion, while also involving an accurate estimate of instrumen-
tal effects and observational uncertainties.

In this paper, we propose and test an inversion approach tailored
to strong resonance lines, accounting for PRD, scattering polar-
ization, and the Hanle and Zeeman effects, while considering 1D
plane-parallel atmospheric models. As a forward engine, we rely
on the TRAP4 code (Riva et al. 2025). Assuming that the ther-
mal stratification of the atmosphere is given and it is consistent
with the observed intensity spectrum (i.e., Stokes I), the inver-
sion process focuses on jointly fitting the height-dependent bulk
velocity and magnetic field vectors to the observed intensity and
polarization profiles.

In Sect. 2, we lay out the main equations inherent to the
(forward) non-LTE radiative transfer (RT) problem for polar-
ized radiation, including scattering polarization and PRD effects.
In Sects. 3 and 4, we present the solution strategies used in
the forward and inversion engines, respectively. In Sect. 5, we
report numerical experiments for the assessment of our inver-
sion approach, providing specific inversion results in Sect. 6. We
provide remarks and conclusions in Sect. 7.

2. Formulation of the problem
In this section, we first recap the non-LTE RT problem for
polarized radiation, highlighting the physical processes that we
include in our modeling. We then summarize the solution strat-
egy adopted for the inversion process, presenting the considered
1D plane-parallel atmospheric model.

2.1. Non-LTE RT problem for polarized radiation

The intensity and polarization of a beam of radiation are fully
described by the four-component Stokes vector

I = (I,Q,U,V)T = (I1, I2, I3, I4)T ∈ R+ × R
3,

with the intensity, I, being positive and the polarization being
encoded in Q, U, and V , with I2 ≥ Q2 + U2 + V2. Its propa-
gation through a given medium, such as the plasma of a stellar
atmosphere, is expressed by the RT equation for polarized radia-
tion. Under stationary conditions, which are assumed throughout
this work, the propagation in a given medium of a radiation beam
of frequency ν ∈ R+ and direction Ω at the spatial point r ∈ D
with D ⊂ R3, is described by the following RT equation:

∇ΩI(r,Ω, ν) = −K(r,Ω, ν)I(r,Ω, ν) + εεε(r,Ω, ν), (1)

where ∇Ω denotes the directional derivative along Ω, K ∈ R4×4

is the propagation matrix, and εεε ∈ R4 is the emission vector (e.g.,
Landi Degl’Innocenti & Landolfi 2004). Both K and εεε depend
on the state of the atomic system giving rise to the considered
spectral lines, which in turn depends on the radiation field I
through the statistical equilibrium (SE) equations. The non-LTE
RT problem thus consists of finding a self-consistent solution of
Eq. (1) for the radiation field I and of the SE equations for the
atomic system. This problem is, in general, integro-differential,
nonlocal, and nonlinear.

In this work, we consider a two-level atom with an unpo-
larized lower level. Neglecting stimulated emission, the SE
equations for this atomic model have an analytic solution, and
it is possible to directly relate the emission vector to the incident
radiation field through the redistribution matrix formalism

εεε(r,Ω, ν) = kL(r)
∫

dν′
∮

dΩ′

4π
R(r,Ω′,Ω, ν′, ν)I(r,Ω′, ν′)

+ εεεth(r,Ω, ν), (2)

where kL is the frequency-integrated absorption coefficient; R is
the redistribution matrix, which accounts for PRD effects; and
εεεth describes the contribution from atoms that are collisionally
excited (thermal term). The integral appearing in the first term
in the r.h.s. is generally referred to as the scattering integral. We
use the expressions of R and K as derived in Bommier (1997a,b)
and Landi Degl’Innocenti & Landolfi (2004), respectively. The
contributions of continuum processes are easily included in the
expressions of K and εεε (e.g., Benedusi et al. 2022). In particular,
the continuum emissivity is expressed as the sum of a scattering
and a thermal term, as in Eq. (2).

2.2. Inversion solution strategy

This work assumes a 1D plane-parallel atmosphere, with depth-
stratified thermodynamic and magnetic properties. The inversion
approach is divided into two steps. In the first one, we retrieve
the depth stratification of temperature, microturbulent veloci-
ties, and particle densities. For spatially averaged observations,
these quantities can be provided by a semi-empirical atmo-
spheric model (e.g., Milić & Faurobert 2012), while for spatially
resolved observations, they can be fitted to the intensity spec-
trum (i.e., Stokes I) by applying a stand-alone inversion code,
such as SNAPI (Milić & van Noort 2018) or STiC (de la Cruz
Rodríguez et al. 2019). Notably, the application of these codes
to the intensity spectrum would also provide a first estimate of
the line-of-sight bulk velocity field. In this first step, we also cal-
culate the lower-level population, as well as the continuum total
opacity, scattering opacity, and thermal emissivity.

In the second step, by leveraging the highly efficient TRAP4

forward engine (Riva et al. 2025), we fit the height-dependent
bulk velocity and magnetic field vectors to the observed inten-
sity, I, and fractional polarization Q/I, U/I, and V/I profiles. We
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Fig. 1. Schematic representation of the forward non-LTE RT problem, that is,
the iterative solution to determine the emergent Stokes profiles, Iout, when pro-
vided a set of atmospheric parameters, q.

note that the magnetic field primarily influences the polarization
profiles, whereas bulk velocities affect both the intensity through
their line-of-sight component, and the scattering polarization
via their spatial gradients. As explained by Li et al. (2022),
this separation between the Stokes I inversion and the polariza-
tion profiles inversion is feasible because, in solar applications,
both the magnetic splitting and the polarization degree are small
enough (relative to the Doppler width and the mean inten-
sity, respectively) to have a negligible impact on the intensity
spectrum.

3. Forward engine

Provided a suitable discretization of the spatial, angular, and
spectral coordinates (see Sect. 3.1), the calculation of the syn-
thetic emergent Stokes profiles Iout at a specific line-of-sight,
given a set of atmospheric parameters q, is known as the forward
(or direct) modeling problem. This process can be represented
mathematically as

q 7−→ F(q) = Iout, (3)

where F is the nonlinear (w.r.t. the input q) forward map, whose
application can be summarized as: (i) given a set of atmospheric
parameters q, one numerically solves Eqs. (1) and (2), obtain-
ing a self-consistent (discrete) radiation field I across the entire
spatial domain, encompassing all frequencies and directions; (ii)
from I one can calculate the synthetic emergent Stokes profiles
Iout, which are then compared with the observed profiles Iobs.
This process is schematized in Fig. 1. With an abuse of nota-
tion, the vectors Iout and Iobs may also refer to fractional Stokes
profiles.

This section outlines the solution strategy employed in the
forward engine used in the second step of the inversion strategy,
having already fixed the thermal stratification of the atmosphere.
A key assumption of the adopted strategy is to consider the pop-
ulation of the lower level as a fixed input parameter provided by
the first step. This makes the non-LTE RT problem linear w.r.t.
the radiation field (e.g., Janett et al. 2021). For a detailed descrip-
tion and assessment of the forward engine, we refer to Benedusi
et al. (2022), Janett et al. (2024), and Riva et al. (2025).

3.1. Discretization

To solve the linear forward problem, we employ a discretization
of the spatial, angular, and spectral coordinates. The assumed

1D plane-parallel atmospheric model provides the spatial dis-
cretization, sampling the 1D spatial domain with Nz unevenly
spaced points. The angular discretization involves sampling the
unit sphere with NΩ angular points, using a tensor product of
a trapezoidal quadrature for the azimuthal interval [0, 2π) and
two Gauss-Legendre quadratures, one in each subinterval [−1, 0]
and [0, 1], for the cosine of the inclination (corresponding to the
heliocentric angle) µ. Furthermore, we discretize the finite spec-
tral interval [νmin, νmax] ⊂ R+ with Nν unevenly spaced points,
which are approximately uniformly spaced in the line core and
logarithmically distributed in the line wings.

According to this discretization, we thus have q ∈ RNq and
I ∈ RN , with Nq = NpNz, where Np is the number of input
atmospheric physical quantities and N = 4NzNΩNν represents
the total number of degrees of freedom of the forward problem.
We also have Iout ∈ RNobs and Iobs ∈ RNobs , where Nobs corre-
sponds to the number of observed data, which account for all
the considered Stokes components at all observed frequencies.

3.2. Algebraic formulation

The numerical solution of the RT Eq. (1) can be expressed in the
compact form

I = Λϵϵϵ + t, (4)

where the transfer operator Λ encodes the formal solution, ϵϵϵ ∈
RN represents the discrete emission vector, and the vector t ∈ RN

represents the radiation transmitted from the boundaries. More-
over, we can express the calculation of the emission vector given
by Eq. (2) as

ϵϵϵ = ΣI + ϵϵϵ th, (5)

where the scattering operator Σ and the vector ϵϵϵ th encode the
scattering and thermal contributions to emissivity, respectively.
Equations (4) and (5) are combined into the linear system

(Id − ΛΣ)I = Λϵϵϵ th + t, (6)

where Id is the identity matrix. One can solve Eq. (6) to obtain
the discrete radiation field I in the whole spatial domain at all
frequencies and directions.

3.3. Matrix-free iterative solver

The considered forward RT problem has been recast in the linear
system given by Eq. (6), for which we have to find a solution to
obtain the radiation field I in the whole spatial domain at all fre-
quencies and directions. Given the size of the system (N ≈ 107

for a typical 1D application) and that the matrix Id − ΛΣ in
Eq. (6) is dense, the use of direct matrix inversion solvers is
unfeasible. Thus, the application of an iterative method is pre-
ferred. The forward engine implements the generalized minimal
residual (GMRES) iterative method in its matrix-free version.
We monitored the convergence of the iterative method through
the relative residual

res =
∥Λϵϵϵ th + t − (Id − ΛΣ)I∥2

∥Λϵϵϵ th + t∥2
,

taking as stopping criterion res < tol, for a given tolerance tol.
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3.4. Preconditioning

To increase robustness and convergence speed of iterative tech-
niques, the forward engine employs the innovative approach
to designing efficient physics-based preconditioners and ini-
tial guesses, extensively described in Janett et al. (2024). Very
concisely, as P ∈ RN×N is a non-singular matrix, the left pre-
conditioning of Eq. (6) is obtained by considering the equivalent
system

P−1(Id − ΛΣ)I = P−1(Λϵϵϵ th + t).

To be effective, P should be a good and computationally cheap
approximation of the operator Id − ΛΣ. When dealing with the
RT non-LTE forward problem that includes scattering polariza-
tion and PRD effects, algebraic preconditioners such as Jacobi
and successive over-relaxation (SOR) preconditioners are out-
performed by tailored physics-based preconditioners of the form

P = Id − Λ∗Σ∗,

where Λ∗ and Σ∗ encode the approximations of Λ and Σ. In
the forward engine, we implemented two options for Σ∗, with
scattering processes modeled either with the angle-averaged
approximation (e.g., Rees & Saliba 1982) or in the limit of com-
plete frequency redistribution (CRD; e.g., Landi Degl’Innocenti
& Landolfi 2004). Moreover, bothΛ∗ and Σ∗ can possibly neglect
polarization, the anisotropy of the emission vector in the comov-
ing frame, and the impact of magnetic fields (Benedusi et al.
2022; Janett et al. 2024). We note that the application of P−1

requires solving a linear system of the form Px = y iteratively.
To further enhance the performance of the forward engine, we
also implemented the possibility of preconditioning the linear
system Px = y (Riva et al. 2025).

4. Inversion engine

The process of finding the atmospheric parameters qout ∈ RNq

(a.k.a. model parameters or optimization parameters) that repro-
duce an observed Stokes spectrum Iobs is known as the inverse
problem. This process can be represented mathematically as

Iobs 7−→ F−1(Iobs) = qout,

where F−1 is the nonlinear (w.r.t. the input Iobs) inverse map.
We note that our inverse problem is usually ill-posed, and the
existence of F−1 is in general not guaranteed. In essence, the
goal of an inversion is to find the atmospheric parameters qout

that satisfy the condition

F(qout) = Iout ≈ Iobs,

and this process is often addressed iteratively, as schematized
in Fig. 2. Bearing in mind that the inversion process involves a
significant amount of technical details, in this section, we outline
the overall structure and the key aspects of the solution strategy
employed in our inversion engine.

4.1. Node-based atmospheric parametrization

In forward RT calculations, the knowledge of the height-
dependent Np input atmospheric physical quantities is required
on a relatively dense spatial grid of size Nz. In the inverse prob-
lem, it is often impractical to directly fit the Np input atmospheric
physical quantities at all Nz spatial points, as this would result in

atmospheric
parameters q εεε

transfer
operator

Λ

I

scattering
operator

Σ

Iout

perturbation of
atmospheric
parameters q

Iobsqout

Fig. 2. Schematic representation of the inversion problem, that is the iterative
solution to determine the atmospheric parameters, qout, that best reproduce an
observed Stokes spectrum, Iobs.

an excessively large number of unknowns, Nq = NpNz, leading
to an ill-posed inversion problem (e.g., Štěpán et al. 2022).

To circumvent this issue (and also reduce the cost of the
inversion process), it is advantageous to decouple the optimiza-
tion domain from the forward problem domain. For instance,
it is common to parameterize the spatial distribution of the
input atmospheric physical quantities. In particular, Ruiz Cobo
& del Toro Iniesta (1992) introduced the node-based inversion
technique to reduce the number of unknowns in the inversion
process. This approach introduces, for each height-dependent
atmospheric physical quantity, a coarser spatial grid with Nm
points (a.k.a. nodes), where m = 1, ...,Np. Implicitly, one has
Nm = 1 for height-independent atmospheric physical quantities.
We collected these parameters in the vector x ∈ RNx , where

Nx =

Np∑
m=1

Nm

is the actual number of unknowns of the inversion problem;
ideally, Nx ≪ Nq. The atmospheric parameters on the forward
problem spatial grid are reconstructed through interpolation:

x 7−→ q = f (x). (7)

The complexity of the fitted atmospheric model is thus deter-
mined by the number of nodes and the choice of the interpolant
f . Several types of interpolations have been proposed to relate
the nodes to the finer grid (e.g., de la Cruz Rodríguez et al.
2019). In our inversion approach, we provide the option to use
the following interpolants: constant, linear, and shape-preserving
piecewise cubic. It is essential to note that if the number of nodes
Nm is excessively large, the inversion solution may exhibit oscil-
latory behavior or even fail to converge. Therefore, it is crucial
to find a setup that can reproduce the observed spectra with the
lowest number of unknowns Nx (de la Cruz Rodríguez & van
Noort 2017).
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4.2. Nonlinear least squares problem

The inversion problem is usually expressed as a parameter esti-
mation based on the minimization of a metric in the space of the
observables (del Toro Iniesta & Ruiz Cobo 2016). In mathemat-
ical optimization, this metric is referred to as loss function or
objective function. To compare the observed Iobs and computed
Iout quantities, we used as a loss function the sum of squared
residuals

S (x) =
Nobs∑
i=1

ri(x)2, (8)

where ri(x) = Iout
i ( f (x))− Iobs

i , with the index i encompassing all
the considered Stokes components and all the available frequen-
cies.2 The process of fitting an atmospheric model to an observed
signal thus consists in finding the vector x that minimizes the
sum of squared residuals given by Eq. (8), thereby solving the
nonlinear3 least-squares problem

arg min
x

S (x). (9)

4.3. Optimization iterative solver

The nonlinear least-squares problem given by Eq. (9) is typ-
ically solved using iterative processes, which are known as
nonlinear least squares algorithms. The iterative approach starts
with an initial guess x0 and generates a sequence of improving
approximate solutions x1, x2, ..., xk, xk+1, reaching a solution xout

that satisfies some predefined convergence criteria. This itera-
tive process can be expressed in its correction form as xk+1 =
xk + ∆xk, where ∆xk represents the correction. In practice, we
employ state-of-the-art Gauss-Newton algorithms, which exhibit
quadratic speed of convergence near the solution. Within these
methods, the correction ∆xk is found by solving a linear system
of the form (e.g., Björck 1996)

JT J∆xk = −JT r(xk), (10)

where the vector r ∈ RNobs collects all residuals and the Jacobian
matrix J ∈ RNobs×Nx encodes the partial derivatives of the non-
linear model Iout with respect to all x parameters, namely,

Ji j =
∂Iout

i ( f (x))
∂x j

, (11)

with i = 1, ...,Nobs and j = 1, ...,Nx. This Jacobian matrix is
equivalent to the concept of response function to the node value
(or equivalent response function, see del Toro Iniesta & Ruiz
Cobo 2016). We note that J depends on x and thus changes at
each iteration. For notational simplicity, we omit the iteration
index k, denoting the Jacobian as J instead of Jk.

In this work, we tested two different Gauss-Newton algo-
rithms: the Trust Region Reflective (e.g., Coleman & Li 1996)
and the Levenberg-Marquardt (e.g., Moré 1978) algorithms. The
Levenberg-Marquardt method is widely used in spectropolari-
metric inversion codes (e.g., SNAPI, STiC, and HanleRT-TIC)4,
2 The residuals are often weighted by the inverse of the measurement
uncertainty (or other factors) that additionally weight specific Stokes
components of interest (e.g., del Toro Iniesta & Ruiz Cobo 2016).
3 Meaning that the forward map Iout depends non-linearly on x.
4 We note that STiC and HanleRT-TIC enhance their Levenberg–
Marquardt algorithm by incorporating the back-tracking technique at
each iteration (see Press et al. 2007).

because it has both a low cost, as long as the Jacobian can be
efficiently obtained, and good convergence properties (e.g., de
la Cruz Rodríguez & van Noort 2017). However, when far from
the solution, the Levenberg-Marquardt method could slow down
dramatically (see Nocedal & Wright 1999, for further details).

4.4. Approximated Jacobian

To compute the correction ∆x through Eq. (10) at each iteration
step, the optimization solver requires the Jacobian, J, defined by
Eq. (11). Typically, an analytical expression for J is too com-
plex to calculate (see Milić & van Noort 2018). As a result, most
inversion codes (e.g., STiC and HanleRT-TIC) approximate J
numerically, typically using finite difference methods, that is,

Ji j ≈
Iout

i ( f (x + δx j)) − Iout
i ( f (x))

δx j
, (12)

where δx j is a vector of module δx j, with only the j-th compo-
nent being nonzero. The step size δx j must be small enough to
satisfy the first-order perturbation but large enough to overcome
numerical noise in the calculation of the forward map Iout.

In principle, computing the Jacobian, J, numerically requires
evaluating (at least) Nx times the forward map Iout( f (x + δx j)),
with j = 1, ...,Nx. In our approach, we approximate the numera-
tor of the finite difference given by Eq. (12) by using the current
value of Iout( f (x)) as initial guess and then performing a single
additional GMRES iteration using both x + δx j and x as inputs.
The accuracy of this technique is discussed in Section 5.2.

4.5. Constrained optimization

It is common to solve the nonlinear least-squares problem (9),
while adhering to additional specific limitations, usually known
as constraints and categorized into hard constraints and soft
constraints. Hard constraints impose strict conditions on the
approximate solution xk that must be satisfied, whereas soft con-
straints penalize certain variable values in the sum of squared
residuals, Eq. (8), if the conditions are not met. In our inversion
process, we employ hard constraints to ensure that the solution
xout lies within a specified range. Specifically, we impose lower
bounds ℓb ∈ RNx and upper bounds ub ∈ RNx on xk, guaran-
teeing that the solution components satisfies ℓbi ≤ xk

i ≤ ub
i for

i = 1, ...,Nx.

4.6. Initial guess and cycle-based inversion

The lack of uniqueness, that is, the presence of multiple local
minima function in Eq. (8) that satisfy the convergence criterion
adopted for the optimization iterative solver, induces a depen-
dence of the solution xout on the initial guess x0. This issue,
which also affects LTE inversions (e.g., Martínez González et al.
2006), is an active area of research. It is known that the inver-
sion process could get trapped in a local minimum that is not
the solution of the problem, especially when the initial guess is
too far from the solution or when adopting a too large number of
nodes (de la Cruz Rodríguez & van Noort 2017). An advisable
practice is to decompose the whole inversion process into steps,
the so-called cycles: we first solve a simpler inversion problem
and then start the successive inversion cycle from the solution
of the former, but adding more unknowns (e.g., Ruiz Cobo &
del Toro Iniesta 1992; de la Cruz Rodríguez et al. 2019; Li et al.
2022). The cycle-based inversion technique can be tailored to the
specific problem. During an inversion cycle, one can consider
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IG-1

IG-2

IG-3

exact solution

Fig. 3. Convergence history of the Trust Region Reflective and the Levenberg-Marquardt algorithms for the iterative solution of the nonlinear
least-squares problem (9) for three different initial guesses. Left panel: sum of squared residuals, S , given by Eq. (8) as a function of the number of
forward map, F, evaluations. The horizontal dashed line represents the tolerance of 10−6. Right panel: sequence of improving approximate solutions
in the 3D space spanned by the (height-independent) magnetic field parameters [B, θB, χB].

fewer atmospheric fit parameters, fewer nodes, different interpo-
lations between nodes, or even a subset of the observed Stokes
parameters. In any case, inversion codes must be tested to show
robustness against different initializations.

5. Numerical setup

The solution strategy outlined in Sects. 3 and 4 has been imple-
mented as a MATLAB (MATLAB 2023) routine. As a first
application, we considered the inversion of the emergent Stokes
profiles of the Ca I line at 4227 Å, which are produced by the
transition between the ground level of neutral calcium (4s2 1S0)
and the excited level 4s4p 1Po

1. The Ca I 4227 polarization pro-
files can be suitably modeled by considering a two-level atomic
model. The line-core scattering polarization signal constitutes
an important observable for probing the low-chromosphere mag-
netic fields via the Hanle effect (Stenflo 1982; Faurobert-Scholl
1992), while the scattering polarization wing lobes are sensitive
to photospheric magnetic fields via magneto-optical effects (e.g.,
Alsina Ballester et al. 2018).

For the forward problem, we discretized the wavelength
interval [4219 Å, 4234 Å] with 101 points. In the angular dimen-
sions, we used 7 points uniformly distributed in the azimuth and
two sets of 4 points for µ, resulting in a total of NΩ = 56 points.
We considered the FAL-C atmospheric model in the height inter-
val [−100 km, 1860 km], which is discretized with Nz = 35
points. For the formal solution, we used the DELO-linear expo-
nential integrator and a linear conversion to optical depth (see
Janett et al. 2017; D’Anna et al. 2024). We set the tolerance of
the preconditioned GMRES solver to 10−6. Our forward engine
incorporates both the general angle-dependent description of
PRD effects and the angle-averaged approximation. Considering
the Ca I 4227 line, a single iterative solution of the 1D forward
non-LTE problem (Nz = 35, NΩ = 56, and Nν = 101) requires
approximately 10 processor minutes (@2.50 GHz) for the angle-
dependent PRD case and less than 1 processor minute for the

angle-averaged PRD case. To substantially reduce the over-
all computational cost, unless otherwise specified, we present
results obtained using the angle-averaged approximation.

In this section, we assess the choice of the optimization
solver and the adopted approximation for the Jacobian. As test-
case, we considered the Ca I 4227 Stokes fractional profiles
at µ = 0.07 synthesized in the static FAL-C atmosphere with
a horizontal height-independent magnetic field [B, θB, χB] =
[20, π/2, 0]. For the height-independent case, it is sufficient
to consider a single node for each atmospheric fit quantity.
Moreover, we used along the whole paper the following hard
constraints on the magnetic field fit parameters 0 < B < 200 G,
0 < θB < π, and −π < χB < π.

5.1. Assessment of optimization solvers

For the optimization solver, we employed the Matlab minimiza-
tion routine lsqcurvefit, by adopting its default convergence
criteria. This routine requires a user-defined function to com-
pute the vector-valued forward map Iout(x), enabling a direct
implementation of the forward engine in the optimization solver.
In these tests, we use the approximated Jacobian, J, described
in Sect. 4.4; we refer to Sect. 5.2 for its assessment. The left
panel of Fig. 3 shows an example of the convergence history
for the two minimization algorithms: the Trust Region Reflec-
tive and Levenberg-Marquardt. For added generality, we initiated
the inversion process with three distinct initial guesses for the
magnetic field, namely: IG-1: x0 = [1, π/4, π/2], IG-2: x0 =
[10, π/2, 0], and IG-3: x0 = [10, 3π/4,−π/2].

The Trust Region Reflective method clearly outperforms the
Levenberg-Marquardt method in terms of the number of for-
ward map evaluations required to reach convergence. The right
panel of Fig. 3 provides an explicit visualization of the path to
the solution, illustrating the sequence of improving approximate
solutions in the 3D space spanned by the (height-independent)
magnetic field parameters for the three different initial guesses.
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Fig. 4. Numerical approximation of Eq. (11) for Q/I (left panels) and U/I (right panels) at µ = 0.07, sampled on the FAL-C spatial grid and
plotted in log10(J) scale. Derivatives are computed w.r.t. magnetic field parameters (see titles on each column) for the reference accurate Jacobian
(first row), the single-GMRES (second row), and the double-GMRES (third row) approximations.

The Trust Region Reflective method is able to find a more direct
path in the 3D parameter space toward the desired solution. In
contrast, the Levenberg–Marquardt algorithm slows down sig-
nificantly, even failing to converge when the initial guess is far
from the solution (see IG-2 and IG-3), and it gets stuck in a local
minimum. We attribute this to the highly corrugated structure of
the metric S hypersurface, see Eq. (8), which is a consequence
of the ambiguities that arise when the polarization profiles result
from the joint action of scattering processes, and of the Zeeman
and Hanle effects (e.g., Asensio Ramos et al. 2008). In conclu-
sion, we did not use the Levenberg-Marquardt for inverting the
magnetic field when considering scattering polarization.

5.2. Assessment of the approximate Jacobian

In Fig. 4, we compare different numerical approximations of the
Jacobian, see Eq. (12), of emergent Q/I and U/I at µ = 0.07,
computed w.r.t. the magnetic field parameters [B, θB, χB] at the
Nz = 45 spatial points of the forward problem grid, that is for
the case with q = x, see Eq. (7). Although this is not the actual
Jacobian used in the (usually node-based) inversion problem, its
visualization provides valuable insights into both the accuracy
of our approximated Jacobian and the response function of the
Ca I 4227 to the magnetic field. In particular, Fig. 4 presents a
comparison between the accurate reference Jacobian, computed
evaluating the forward map with tol = 10−10 (top row), and the
approximated Jacobian described in Sect. 4.4, obtained using
a single additional GMRES iteration (single-GMRES; middle
row). For comparison, we also show the approximated Jaco-
bian obtained using two additional GMRES iterations (double-
GMRES; bottom row). For all calculations of J we adopted
the step sizes δB = 0.5 G, δθB = δχB = 0.5 degrees. We also
tested halved and double values of these step sizes, but the
adopted values revealed sufficiently small to validate the first-
order perturbation assumption, yet large enough to dominate the
numerical noise in the forward map calculation. Notably, our
approximation successfully captures the primary features of the
Jacobian related to the Hanle and magneto-optical effects. The
main artifacts are primarily confined to the lowest and highest

regions of the atmospheric model, which are known to have a
negligible impact on the emergent signal.

Furthermore, we assessed the performance of three differ-
ent numerical approximations of the Jacobian (single-GMRES,
double-GMRES, and the Matlab lsqcurvefit solver-default)5

in the node-based inversion process. Notably, the use of the
single-GMRES or double-GMRES approximations required an
equal or lower number of iterations to reach convergence w.r.t.
the use of the solver-default Jacobian in all test cases, reducing
the time-to-solution of a factor up to 5. Moreover, we have tested
the calculation of the Jacobian using both forward differences
and central differences. Since we did not find significant differ-
ences between the Jacobians retrieved by the two finite difference
methods, we opt for the more cost-effective (halved cost) forward
differences throughout this paper.

6. Inversion results

In this section, we fit the vector magnetic field to the fractional
polarization profiles of Ca I 4227 at µ = 0.07 synthesized in
different 1D plane-parallel solar atmospheric models. A depth-
stratified 1D atmosphere proved to be sophisticated enough to
satisfactorily model the polarization signals of the Ca I line at
4227 Å (e.g., Capozzi et al. 2022). The reference direction for
positive Stokes Q is taken parallel to the limb, which corresponds
to the x-axis. The magnetic field vector is specified by the inten-
sity B, the inclination θB with respect to the vertical, and the
azimuth χB measured on the x − y plane, counter-clockwise (for
an observer at z > 0) from the x-axis.

6.1. Height-dependent magnetic field

As a first height-dependent test-case, we considered the static
FAL-C atmosphere with a magnetic field [B(z), θB(z), χB(z)] that
varies linearly with the height z, as shown in the left column of
Fig. 5 (see blue lines). We employed a two-cycle inversion tech-
nique: in the first cycle, we started with an initial guess using a
5 The lsqcurvefit solver-default algorithm computes J through
forward finite differences, using a step size of 1.5 · 10−8.
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Fig. 5. Inversion of Ca I 4227 fractional Stokes profiles at µ = 0.07
synthesized in the static FAL-C model in the presence of a height-
dependent magnetic field for two different initial guesses: IG-1 (top
panel) and IG-2 (bottom panel). Left column: magnetic field magnitude,
B, inclination, θB, and azimuth, χB of the original model (blue dots) and
two-nodes fitted (red lines) quantities. Right column: synthetic input Iobs

(blue dots), and retrieved Iout (red lines), fractional polarization Q/I,
U/I, and V/I profiles.

single node for each magnetic field parameter. We then adopted
the solution of the first cycle as initial guess for the second
cycle, where we used two nodes, placed at heights of 600 km
and 900 km, for each magnetic field parameter and a linear
interpolation (and extrapolation) to obtain the magnetic field
parameters on the forward problem spatial grid, as described
in Eq. (7)6. We found that this two-cycles approach greatly
improved the convergence of the inversion. A single inversion
cycle required around 10 optimization algorithm iterations to
reach the target tolerance. Each inversion process took around
1 processor hour (@2.50 GHz).

6 When employing two nodes with linear interpolation in Eq. (7), the
nodes’ placement has a relatively minor impact on the inversion process.

To test the robustness against different initializations, we
started the inversion process with two different initial guesses:
IG-1: x0 = [10, π/4, 0] and IG-2: x0 = [10, 3π/4, 0]. The inver-
sion results are presented in Fig. 5, which shows the original
model and the fitted magnetic field parameters (left column),
and the synthetic input and retrieved fractional polarization pro-
files (right column). For both initial guesses, the Stokes profiles
retrieved by the inversion process are in excellent agreement
with the input ones. By contrast, the fitted height-dependent
magnetic field parameters, and especially the inclination θB,
depend on the initial guess. In particular, we note that the height-
dependent inclination θB obtained starting with IG-2 is nearly
the supplementary angle w.r.t. the original one. This explicitly
shows that there are different magnetic field configurations that
lead to similar scattering (and Zeeman) polarization signals. We
thus observe that even when adopting a cycle-based approach,
the magnetic-inversion method can retrieve multiple satisfactory
solutions.

6.2. Height-dependent magnetic and bulk velocity fields

We now add the ingredient of bulk velocities. Although the inver-
sion engine is able to consider arbitrary bulk velocity fields, we
hereafter consider only vertical bulk velocities for simplicity. For
this test, we consider two different vertical columns extracted
from a snapshot of the 3D MHD simulation of the solar atmo-
sphere by Carlsson et al. (2016), corresponding to model A and
model D analyzed by Guerreiro et al. (2024). Such columns have
a vertical resolution of 20 km for the height interval [zmin, zmax] =
[−100 km, 1400 km], which fully includes the formation region
of the line. The Bifrost atmospheric model provides temperature,
electron and proton number density, vertical bulk velocity, mag-
netic field vector, and the hydrogen populations at each height
point. Microturbulence adopted from Fontenla et al. (1991) is
included. We fit the model atmospheres A and D with a three-
cycle approach. First, we only fit the vertical bulk velocity field
to the intensity profile, assuming a zero magnetic field. Sec-
ond, keeping fixed the bulk velocity from the first cycle, we
fit a height-independent magnetic field to the fractional Stokes
profiles. Third, we use the output of the second cycle as initial
guess for the third cycle, where we fit a height-dependent mag-
netic field to the fractional Stokes profiles. We note that with this
approach we are fitting bulk velocities to the intensity spectrum
only.

More precisely, during the first cycle we only fit the vertical
bulk velocity field to the intensity profile I, while considering
the input thermal stratification of the atmosphere fixed. In this
cycle, we used 4 nodes interpolated with the shape-preserving
piecewise cubic method, starting with a zero initial guess x0 =
[0, 0, 0, 0]. Such nodes are placed at heights of 200 km, 400 km,
750 km, and 850 km for model A and 50 km, 200 km, 600 km,
and 700 km for model D, and the inversion results are respec-
tively presented in the top panels of Fig. 6. The inversion process
provides a good agreement between the retrieved intensity pro-
files and the synthetic input values for both atmospheric models.
Furthermore, the fitted bulk velocity field is a good estimate of
the original one. In the second cycle, we fit the vector mag-
netic field to the Q/I, U/I, and V/I profiles, using a single
node for each magnetic field parameter with the initial guess
x0 = [10, π/2, 0]. We then adopt the fitted magnetic field of the
second cycle as initial guess for the third cycle, using two lin-
early interpolated nodes, placed at heights of 200 km and 600 km
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Fig. 6. Inversion of Ca I 4227 fractional Stokes profiles at µ = 0.07 synthesized in two different vertical columns of a Bifrost model labeled in
Guerreiro et al. (2024) as Model A (left panels) and Model D (right panels), in the presence of a height-dependent vertical bulk velocity and
magnetic fields. Top panels: fitting of the vertical bulk velocity field to the intensity profile. Left columns: vertical bulk velocity field vz of the
original model (blue dots) and four-nodes fitted (red lines) quantities. Right columns: synthetic input (blue dots) and retrieved (red lines) intensity
profiles. Middle and bottom panels: fitting of the magnetic field to the fractional Stokes profiles, exploiting one single node (middle panels) and two
nodes (bottom panels). Left columns: magnetic field magnitude, B, inclination, θB, and azimuth, χB of the original model (blue line) and fitted (red
circles) quantities. Right columns: synthetic input Iobs (blue line) and retrieved Iout (red circles) fractional polarization Q/I, U/I, and V/I profiles.
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Fig. 7. Same as Fig. 6, but with the addition of wavelength-dependent Gaussian noise to the synthetic Stokes profiles.

for model A and 200 km and 650 km for model D. The inver-
sion results are presented in the middle (one-node) and bottom
(two-node) panels of Fig. 6.

The inversion process yields excellent agreement between
the retrieved Stokes profiles and the input synthetic values for
both atmospheric models. Furthermore, the two-nodes fitted
magnetic field provides a reasonably accurate estimate of the
original magnetic field. However, the accuracy of the inversion
process is contingent upon the number of nodes, their spatial
distribution, and the choice of interpolant. A comprehensive
examination of these factors is warranted to fully understand
their impact on the inversion process, and this topic deserves a
dedicated investigation.

6.3. Including photon noise

In contrast to our previous calculations, we now account for pho-
ton noise in the synthetic input Stokes profiles. We assume pho-
ton noise to be additive, Gaussian, and wavelength-dependent,
namely,

Iobs
i = In−less

i + σn
iN(0, 1), (13)

where In−less
i is the noiseless synthetic input, N(0, 1) represents

a standard normal distribution (with mean zero and standard
deviation one), and σn

i is the noise amplitude which is propor-
tional to the square root of the intensity signal. We assumed a
signal-to-noise ratio of 1000 in the continuum Ic, leading to

σn
i = 10−3 · Ic

√
Ii

Ic
,

where Ii is the noiseless intensity at the wavelength correspond-
ing to index i. According to the analysis by Díaz Baso et al.
(2025), this noise level is expected for Ca I 4227 observations
at a 4-m telescope, with pixel size of 0.05 arcseconds, exposure
of seconds, and spectral binning of 20 mÅ.

We repeated the inversions presented in Sect. 6.2 consider-
ing profiles that include added noise. At this noise level, the Q/I

and U/I structures persist, whereas the V/I signal is degraded to
the point of being indistinguishable from the noise. As shown
in Fig. 7, the inversion results demonstrate a good degree of
consistency between the retrieved Stokes profiles and the input
synthetic values for both atmospheric models. Moreover, the fit-
ted vector magnetic fields, with and without noise, exhibit a
decent agreement, suggesting that the inversion process is rea-
sonably robust to the presence of noise. We surmise that this is
because Q/I and U/I provide substantial information about the
vector magnetic field.

6.4. Considering angle-dependent PRD effects

We report the successful inversion of Ca I 4227 fractional Stokes
profiles synthesized at µ = 0.07 in the static FAL-C model,
in the presence of a height-independent magnetic field with
parameters [B, θB, χB] = [20, π/2, 0], considering the general
angle-dependent description of PRD effects to obtain the syn-
thetic Iobs. For the inversion, we used the initial guess for the
magnetic field x0 = [10, 3π/4,−π/2].

We performed the inversion by considering both the angle-
dependent and the angle-averaged descriptions of PRD effects.
Our inversion process required 7 iterations to reach convergence,
and it took approximately 3 processor hours (@2.50 GHz) for the
angle-dependent case, while it took 14 iterations and 1.3 proces-
sor hour (@2.50 GHz) for the angle-averaged case. The inversion
results are presented in Fig. 8. To the best of our knowledge, this
represents the first-ever spectropolarimetric inversion that incor-
porates scattering polarization with the general angle-dependent
description of PRD effects. Notably, the fitted vector magnetic
field and the retrieved Stokes profiles are in excellent agreement
with the original and synthetic values both for angle-dependent
and the angle-averaged inversions. This seems to suggest that,
despite introducing artifacts in the line-core polarization, the
angle-averaged description of PRD could be suitable to fit the
magnetic field to the observed fractional Stokes profiles. This
topic deserves a dedicated investigation.
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Fig. 8. Same as Fig. 5 but in the presence of the height-independent
magnetic field [B, θB, χB] = [20, π/2, 0] and considering the angle-
dependent description of PRD to obtain the synthetic input Iobs. The
inversion is performed by considering the angle-dependent (AD; red
lines) and the angle-averaged (AA; black lines) descriptions of PRD.

7. Conclusions

In this paper, we have presented a new inversion approach to
fit the vector magnetic field to the Stokes profiles of strong
solar resonance lines accounting for PRD, scattering polariza-
tion, and the Hanle and Zeeman effects. We tested this approach
inverting spectropolarimetric profiles of the Ca I line at 4227 Å
synthesized in 1D plane-parallel solar atmospheric models.

We proposed and tested an approximate way for computing
the Jacobian required for the optimization solver at each itera-
tion step, which allowed us to reduce the time-to-solution by
up to a factor of 5. We also showed that, for this problem, the
Trust Region Reflective optimization solver clearly outperforms
the Levenberg-Marquardt one. The Trust Region Reflective algo-
rithm is indeed able to follow the negative curvature of the loss
function, finding a smoother path in the parameter space toward
the solution. The inversion of Stokes profiles provided a good
estimate of the original magnetic field, both in semi-empirical
atmospheric models and in vertical columns of a 3D MHD sim-
ulation. Furthermore, we have investigated the impact of adding
photon noise to the input data, finding that the inversion pro-
cess is reasonably robust to its presence. We also successfully
performed the first-ever spectropolarimetric inversion that incor-
porates scattering polarization with the general angle-dependent
description of PRD.

In conclusion, we demonstrated the potential of our inversion
approach for retrieving the vector magnetic field from strong res-
onance lines that exhibit scattering polarization and are sensitive
to Hanle and Zeeman effects. Ongoing developments include the
uncertainty estimate of atmospheric fit parameters, either from
the Jacobian (del Toro Iniesta & Ruiz Cobo 2016) or through
Monte Carlo or bootstrap methods (e.g., Press et al. 2007). Pos-
sible applications of this inversion approach include a range of
exciting new spectropolarimetric observations from the ViSP

instrument at DKIST (Rimmele et al. 2020; Rast et al. 2021),
the series of CLASP sounding rocket experiments (Kano et al.
2017; Rachmeler et al. 2022) and future space missions.
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