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ABSTRACT

Context. Turbulence in protoplanetary disks affects dust evolution and planetesimal formation. The vertical shear instability (VSI) is
one of the candidate turbulence-driving mechanisms in the outer disk region. Since the VSI requires rapid gas cooling, dust particles
in disks can influence and potentially control VSI-driven turbulence. However, VSI-driven turbulence has a strong vertical motion,
causing vertical diffusion of particles. As a result of this interaction, it remains unclear how turbulent structures and dust distributions
form and persist.

Aims. We aim to clarify whether the VSI can drive turbulence and achieve a quasi-steady dust distribution under cooling rate evolution
associated with turbulently diffusing dust. We also seek to determine the dependence of the dust size and dust-to-gas mass ratio on the
realization and persistence of the equilibrium state.

Methods. We perform global two-dimensional hydrodynamical simulations of an axisymmetric protoplanetary disk to investigate how
the VSI drives turbulence and maintains a balance between dust settling and diffusion. These simulations account for the dynamic
interplay between dust distribution, cooling rates, and turbulence.

Results. We find that VSI mixing, dust settling, and local dust cooling reach an equilibrium, forming a thick dust layer with a dimen-
sionless vertical mixing coefficient of approximately agr ~ 107>, The ability of the VSI to sustain this state also depends on the dust
size and dust-to-gas mass ratio. Larger grains or lower mass ratios weaken turbulence, leading to dust settling. The condition of equi-
librium state existence is consistent with the prediction of the semi-analytic model presented by a previous study.

Conclusions. Our results indicate that efficient turbulent dust mixing and efficient cooling can occur simultaneously. They also imply
that turbulence in VSI-dominated disks has different levels of intensity depending on the grain size. This suggests that the efficiency

of dust growth can depend on the VSI in protoplanetary disks.
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1. Introduction

The initial stage of planet formation involves the growth of
micrometer-sized dust particles into kilometer-sized planetes-
imals within a protoplanetary disk around a young star (for
a review, Drazkowska et al. 2023). This dust evolution and
planetesimal formation depend on gas turbulence in disks. Gas
turbulence can induce relative velocities between dust particles
(e.g., Ormel & Cuzzi 2007), leading to their fragmentation (e.g.,
Brauer et al. 2008; Okuzumi et al. 2012). Turbulence can also
transport dust particles and determine their spatial distribution
(e.g., Dubrulle et al. 1995; Umurhan et al. 2020; Raettig et al.
2021). Understanding the mechanisms that drive turbulence is
essential for interpreting recent high-resolution radio observa-
tions, which suggest that the intensity of turbulence varies with
radial and vertical location as well as between different disks (for
reviews, Miotello et al. 2023; Rosotti 2023).

The vertical shear instability (VSI) is one of the most robust
candidates for driving turbulence in the outer parts of proto-
planetary disks (for reviews, Lyra & Umurhan 2019; Lesur et al.
2023). The VSI requires a vertical gradient in rotational veloc-
ity (e.g., Nelson et al. 2013), which is called vertical shear, and

* Corresponding author: yfukuhara@asiaa.sinica.edu.tw

rapid gas cooling (e.g., Lin & Youdin 2015; Manger et al. 2021).
The VSI generates turbulence characterized by predominant ver-
tical gas motions (e.g., Nelson et al. 2013; Stoll & Kley 2014;
Shariff & Umurhan 2024), which can inhibit the settling of dust
toward the midplane (e.g., Stoll & Kley 2016; Flock et al. 2017,
2020; Dullemond et al. 2022; Pfeil et al. 2024). Because gas
molecules are less efficient radiators than dust particles (e.g.,
Malygin et al. 2017; Barranco et al. 2018), the size and spatial
distribution of dust determine the spatial profile of the cooling
rate (Pfeil & Klahr 2019; Fukuhara et al. 2021, 2023), thereby
regulating VSI-driven turbulence (Pfeil & Klahr 2021; Pfeil et al.
2023; Fukuhara et al. 2023). In outer disk regions that are opti-
cally thin to dust thermal emission, the VSI can operate due to
efficient cooling by dust particles (Malygin et al. 2017; Pfeil &
Klahr 2019; Fukuhara & Okuzumi 2024). Even in optically thick
regions, dust growth and settling can change the optical depth
and trigger VSI-driven turbulence.

The previous study, Fukuhara & Okuzumi (2024), predicts
that an equilibrium state between VSI-driven turbulence and the
vertical distribution of dust grains exists for small grains but
disappears for large ones. These results were obtained using a
semi-analytic model where the dust settling balances with turbu-
lent diffusion in a self-consistent manner (see their Fig. 1) and
a time-dependent toy model where the vertical distribution of
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dust evolves through settling and diffusion [see their Eq. (26)].
In both models, it was assumed that the dust vertical distribu-
tion established by VSI-driven turbulence follows a Gaussian
profile characterized by a single vertical diffusion coefficient.
This assumption corresponds to a uniform mixing of dust parti-
cles across the entire vertical region, including regions beyond
those where the VSI-driven turbulence is active. However, the
gas motion driven by the VSI is confined to the VSI-active
region, and its intensity varies with height (Fukuhara et al. 2023).
Because dust particles are transported by time-variable turbu-
lent gas motions, their spatial distribution evolves dynamically
(e.g., Stoll & Kley 2016; Flock et al. 2020; Pfeil et al. 2023)
and may deviate significantly from a Gaussian profile. More-
over, Fukuhara & Okuzumi (2024) adopted an empirical formula
for the intensity of VSI-driven turbulence, derived from the
hydrodynamical simulations that assumed a constant spatial dis-
tribution of the cooling timescale (see Fukuhara et al. 2023). In
reality, the cooling timescale evolves on timescales comparable
to that of turbulence because it depends on the dust distribution,
which is itself modified by turbulent gas motion (e.g., Fukuhara
et al. 2021; Pfeil et al. 2023). Therefore, what kinds of dust distri-
butions can emerge under VSI-driven turbulence, what turbulent
structures can develop, and how such states can be maintained
over time remain unclear.

Recently, Pfeil et al. (2024) performed hydrodynamic sim-
ulations with thermal accommodation times that are consistent
with the simulated dust density and grain size. Those simulations
included dust growth evolution based on an analytical model,
similar to that of Birnstiel et al. (2012). They found that the VSI-
driven turbulence can be maintained even as dust grows, and
that achieving such a state requires an initially small grain and a
large initial dust scale height. However, dust growth itself should
depend on turbulence, and the dust size distribution should also
vary locally because the degree of gas—dust coupling is size
dependent. In addition, how the dust-to-gas mass ratio, which
influences the cooling rate, depends on the turbulence-driving
conditions remains unclear.

In this study, we investigate how VSI-driven turbulence
drives and maintains dust diffusion under dynamically evolving
dust and cooling rates. We performed global 2.5-dimensional
(two dimensions for space and three dimensions for the veloc-
ity vector components) gas—dust hydrodynamical simulations of
an axisymmetric protoplanetary disk with a cooling rate that
evolves dynamically in response to dust density. We show that
the existence of quasi-steady equilibrium states, in which dust
settling balances with VSI-driven turbulent diffusion, depends
on the dust grain size and dust-to-gas mass ratio.

This paper is organized as follows. In Sect. 2, we describe
our numerical hydrodynamical simulation setup and simula-
tion analysis method. We present the main results in Sect. 3
and discuss the applications in Sect. 4. Section 5 presents the
conclusions of this study.

2. Method

We performed global 2.5-dimensional two-fluid (gas and pres-
sureless dust) hydrodynamic simulations of an axisymmetric
protoplanetary disk in spherical polar coordinates (r, 6, ¢). We
also used the cylindrical radius R = rsin 8 and vertical coordi-
nate z = rcos . We considered only the drag force exerted by
gas on dust and neglected the feedback from dust to gas. This
approximation is valid as long as the local dust-to-gas mass ratio
remains smaller than unity. We discuss this in more detail in
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Sect. 4.3. The solved continuity, motion, and energy equations
of gas hydrodynamics are given by

apgas

ot +V- (pgasvgas) =0, (D
0PgasVga:
% + V- (Ppastzastiy) = —VP = pgus VD, )
aEt

E + V- [(E + P)vgas] = —PgasVgas
where pg,s is the gas density, vg,s is the gas velocity, P is the
gas pressure, @ is the gravitational potential of the central star,
and E, is the total gas energy per unit volume. The gravitational
potential is given by ® = —GM/R, where G is the gravitational
constant and M is the central star’s mass. In this study, M is taken
to be 1 M. The total gas energy per unit volume is given by

P

1 2
E = -1 + 5 Paslgas: “

-VO, 3)

where vy is the heat capacity ratio and is taken to be 1.42.
The solved continuity and motion equations of pressureless
dust are given by

6pdust
+V. (pdustvdust) = 0’ (5)
ot
OPdustVdust T Ugas — Udust
+V. (pdustvdustvdusl) = _pdustV(D + Pdust————,
ot Lstop

(6)

where pqust is the dust density, vgy is the dust velocity, and Zop
is the stopping time.

We assumed single-size dust, that is where all particles are
of equal size, a. For the stopping time #op, We assumed that the
size of the dust grains is smaller than the mean free path of the
gas molecules and adopted

Pintd

Istop = P @)
Pgaslth

where py is the grain’s internal density, and vy, = V8/mc; is
the gas thermal velocity, with ¢, being the sound speed. Equa-
tion (7) satisfies the condition that the stopping time complies
with Epstein’s law. In this study, we fixed the dust internal den-
sity pin to 1.46 g cm™. The gas and dust velocities have three
components for the radial, meridional, and azimuthal velocities
in spherical polar coordinates, vgas = (Vygass Uggas> Uggas) and
Vdust = (Ur,dusla Ug,dust» U¢,dust)-

For the cooling (thermal relaxation) model, we adopted the
B cooling model as (Nelson et al. 2013; Manger & Klahr 2018;
Pfeil & Klahr 2021)
opP _ Pgas C% - ciini (8)
ot Y Teool ’
where cgni and f.o are the initial isothermal sound speed and
local cooling timescale, respectively. Here, we used the ideal
equation of state as P = pgascg /y. Assuming that the gas den-
sity and cooling timescale are constant in both time and space
during the time step, Eq. (8) has a simple analytic solution of the
form

1 1 2 At
po+D ;p(g'f&ciim + ;pgﬁ [{cin)} — ciini] exp (— ), ©)

Tcool
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Table 1. Setup parameters for global hydrodynamics simulations.

Parameter Symbol Value
Reference radius Ry 100 au
Reference gas column density P 6 gcm™?
Reference gas scale height Hy 10 au
Radial power—law index of gas density p -1
Radial power—law index of temperature q -1

where P, pgz, and ci") are the pressure, gas density, and sound

speed at n time steps, respectively, and At is the time step. We
calculated Eq. (9) at every time step as cooling. In this study,
the cooling timescale depends on the dust density and dust grain
size. We describe more details of the 7.,, model in Sect. 2.2.

To solve the hydrodynamical equations [Eqgs. (1)—(6)], we
used the PLUTO code (Mignone et al. 2007) including the
pressureless dust module (Ziampras et al. 2025) with the combi-
nation of the reconstruction scheme of a fourth-order piecewise
parabolic method (Mignone 2014) and third-order Runge—Kutta
time integrator. We employed the Harten—Lax—van Leer—contact
(HLLC) approximate Riemann solver (Mignone & Bodo 2005)
for equations of gas [Egs. (1)—(3)] and the exact Riemann solver
(LeVeque 2004) for equations of pressureless dust [Egs. (5)—(6)].
The Courant-Friedrichs-Lewy (CFL) number is set to 0.25.

2.1. Simulation setup

For the initial condition, the spatial profile of the gas density is
given by (e.g., Nelson et al. 2013)

, 10)

(w/RZL—Hz B 1)(H1;s)2

where py is the reference gas density, Ry is the reference radius,
p is the radial power-law index for the gas density, and Hy, is
the gas scale height. The gas scale height is given by

. Cs u R (q+3)/2
gas—QK— 0 RO P

R p
Pgas(R, 2) = po (R—) exp
0

an

where Qg = \/GM/R3 is the Keplerian frequency, g is the radial
power-law index for the temperature, and Hj is the gas scale
height at the reference radius. To evaluate the reference gas den-
sity, we introduced the gas surface density at the reference radius
defined by Xy = f Pgas(Ro, 2)dz. Because this integral is domi-
nated by the region of z < Hg,s, Eq. (10) can be approximated as

Peas(Ro, 2) = po exp(—z%/(2HY)), yielding
Py

- V2rH,

Our parameter choices are summarized in Table 1.

For the velocity components, the initial values are set to
Urgas = Urdust = Ug,gas = Vg, dust = 0 and Ugp,gas = RQ(R, 7), where
Q(R, z7) is the gas angular velocity. Assuming the radial and ver-
tical force balance and radial gas density and temperature profile
following a power law, Q(R, z) is given by (Takeuchi & Lin 2002;

Nelson et al. 2013)
Hgas 2]
R .

Po (12)

R
QR, 2) = Ox 1+q(1—7)+(p+q)( (13)

For the azimuth velocity component of the dust, we assumed that
the dust is perfectly relaxed in the gas and set vg gust = Vg gas- We
also added small cellwise random velocities with an amplitude
of 10~3¢, to the initial gas radial and meridional velocity field.

For the dust density profile, we assumed that the dust is
completely mixed in the early stage of disk evolution. This
assumption is consistent with the temporal trend in dust scale
heights estimated by recent disk observations (e.g., Villenave
et al. 2023; Lin et al. 2023). The initial dust density distribution
can be expressed as
Pdust(R, 2) = ZDZGpgas(Ra 2), (14
where Zp,g is the initial dust-to-gas mass ratio. This equation
yields that the dust scale height Hgy. is equal to the gas scale
height in the initial condition.

For the gas velocity components and all dust components, we
applied the outflow boundary condition, preventing inflow at the
radial and meridional boundaries. At the inner and outer radial
boundaries, we fixed both gas density and pressure to the initial
values. At the upper and lower meridional boundaries, we used
logarithmic-continuous vertical gradient conditions for the gas
density and vertically isothermal conditions for the gas pressure.

The radial computational domain has a range with logarith-
mically spaced grid cells and a range with stretched grid cells.
The meridional grid cells have linearly uniform spacing. The
radial and meridional domains cover 20 au < r < 150 au, with
20 au < r < 100 au allocated to the logarithmically spaced
zone and 100 au < r < 150 au allocated to the stretch zone,
and /2 — 0.35 < 0 < /2 + 0.35, respectively. Except for the
stretched zone, we adopted a resolution of around 70 cells per
gas scale height in both radial and meridional direction, yielding
cells with an aspect ratio of approximately 1 : 1. This resolution
is sufficient to properly analyze the global structure and intensity
of VSI-driven turbulence (Flores-Rivera et al. 2020)'. Therefore,
our simulations use 1120 x 512 grid cells, including 96 cells at
the stretched zone in the radial direction.

In addition, we set the buffer zone at 20 au < r < 23 au and
120 au < r < 150 au to suppress the effect of wave reflection at
the boundaries. Within the buffer zones, we damped the gas den-
sity, pressure, and gas and dust velocities to the initial values and
cooling timescale to IOOQR1 that corresponds to the adiabatic
state. For the damping zone, we used the form (de Val-Borro
et al. 2006; Manger & Klahr 2018; Huang & Bai 2022)

5 "

ox _x—xo .(r_rdamp)z (15)

Tdamp Wdamp

where x represents the relaxed physical quantities, x( is the
value at the computational boundaries for each physical quan-
tity, Tgamp 1S the damping timescale, rgamp is the radial edge of
the buffer zone, and wqamp is the radial width of the buffer zone.
The parabolic function [(r — rdamp)/wdamp]2 smoothly changes
from zero at the buffer zone edge to unity at the boundary. We
adopted X = (Pgas, Pgass Vgass Udust> Ieool)’ for the inner buffer
zone and X = (Pgas, Pgas; vgas)T for the outer buffer zone. For
Xy, the cooling timescale 7., is set to IOOQIEI, otherwise to the
initial values. We set the damping timescale 7g4amp to the time

I Because large-scale gas motion determines dust settling and ver-
tical diffusion, the smaller vortex structures shown in the higher
resolution simulations (Flores-Rivera et al. 2020; Cui & Latter 2022;
Melon Fuksman et al. 2024) would not have a significant effect on the
dust vertical distribution.
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step At for all physical quantities in the inner and outer buffer
zones. For the inner and outer buffer zones, we set (7gamp,» Wdamp)
to (23 au, 3 au) and (120 au, 30 au), respectively.

Furthermore, we set the drag force from gas to dust firag =
—Pdust(Vgas — Vdust)/tstop 10 damp in the inner buffer zone. We
applied the parabolic function to satisfy the condition of fyr,, =
0 at the computational inner radial boundary and fir.e =
fdrag|r=rdmp at the edge of the inner buffer zone and smoothly
change, yielding

2
I = I'damp

) + fdrag|r=rdamp~ (16)

f drag = _f drag|r:rdamp (

Wdamp

For time unit, we used the orbital period Py, at R = 20 au,
defined by Pi, = 21/Qg(R = 20 au).

2.2. Cooling timescale

Because the VSI requires rapid gas cooling, the spatial cool-
ing rate profile as well as its values determine where the linear
growth of the VSI occurs. Following Malygin et al. (2017) and
Fukuhara et al. (2021), we used the linear instability criterion,
which can be expressed as

amn

feool S Lerits
where

H,

crit — _ 1 R
is the global critical cooling time (Lin & Youdin 2015). In this
study, we refer to regions that fulfill this criterion as the VSI-
active regions”. The VSI-active regions exist on the upper (z > 0)
and lower (z < 0) halves of the disk. For the upper halves, we
determined the height of the VSI-active region’s upper boundary
zysr- Following Fukuhara et al. (2023), we defined the thickness
of the VSI-active regions as ALys; = 2zysi.

The cooling timescale in Eq. (8) depends on the dust spatial
profile and grain size. In outer disk regions that are optically
thin to their own thermal emission, the timescales of collisional
heat transfer dominate the cooling timescale (Malygin et al. 2017,
Barranco et al. 2018; Pfeil & Klahr 2019; Fukuhara et al. 2021).
In this case, the cooling timescale can be expressed as®

fw

Tcool = 5
re

(19)

where £y is the mean travel length of gas molecules before
colliding with dust particles and v, is the mean relative veloc-
ity between the gas molecules and dust particles. The relative
velocity v can be approximated as the mean thermal speed of
the gas molecule vy,; therefore, v = vy. For £4q, we assumed a
single-size dust, yielding

-1
2 Pdust
loa = (na —) s
Mdust

(20)

2 Fukuhara et al. (2021) and Fukuhara & Okuzumi (2024) called these
the VSI zones and VSI-unstable layers, respectively.

3 We note that this timescale differs by a factor of y/(y — 1) from
the actual timescale of heat transport between gas molecules and dust
particles (Burke & Hollenbach 1983; Barranco et al. 2018; Pfeil et al.
2023).
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Fig. 1. Initial vertical profile of the cooling timescale, #,,,Qxk, at R =
40 au for different values of (Zpyg/0.01)(a/10 um)~!. The dashed line
marks the critical cooling timescale in Eq. (18).

where maus = (47/3)pinca’ is the mass of the particle. Therefore,
the cooling timescale is a function of dust density and dust grain
size, with dependence on f.,, o p:h}S[a. In the simulations, we
took 7¢001Q2k not below 0.01 and above 100 to avoid tiny and huge
values of 7.,,Qk at the midplane and high |z|, respectively.

For the initial conditions of Eq. (14) where dust is completely
mixed with gas, the initial spatial profile of ., can be scaled by
Zmga~'. We plot in Fig. 1 the initial vertical profiles of #.q at
R = 40 au. This figure indicates that the runs with the combi-
nation of Zp,g and a satisfying (Zpyg/0.01)(a/10 um)~!' > 0.3
have the VSI-active region around the midplane.

2.3. Two types of simulations and parameter choices

We performed two types of hydrodynamic simulations: (i) cal-
culations with dust distribution and cooling timescale evolved
from the beginning of the simulation, and (ii) calculations with
cooling timescale fixed in time and space until turbulence sat-
urates to a quasi-steady state, followed by dynamic dust and
cooling timescale activation. We refer to the former and lat-
ter as “dynamic-dust” simulations and “fixed-to-dynamic-dust”
simulations, respectively.

The cooling timescale, 7,001, depends on the dust grain size,
a, and dust density, pqus [Egs. (19) and (20)]. Therefore, the free
parameters in our simulations are the dust grain size, a, and the
initial local dust-to-gas mass ratio, Zpyg. We take a = 10 um,
30 wm, 100 wm, and 300 um and Zp,g = 0.001, 0.003, 0.01,
0.03, and 0.1. As mentioned in Sect. 2.2, runs with the same
value of Zppga~' have the same initial distribution of cooling
timescales.

2.4. Turbulence diagnostics

We quantify the dust vertical diffusion by VSI-driven turbulence
using the dust layer thickness. To evaluate the dimensionless dust
vertical diffusion coefficient, agg, we estimate the dust layer
thickness, 2Hyg, from the vertical profile of paust/pgas.- We define
2Hys as the thickness of the region where pgust/pgas 1S greater
than half of the initial local dust-to-gas mass ratio Zpg. In this
study, the initial value of 2Hys equals the width of the computa-
tional meridional domain because we assume a spatially uniform
Pdust/Pgas 10 the initial condition [Eq. (14)]. We also calculate
the dust scale height Hg,g, assuming that the vertical profile of
Pdust Within the dust layer follows a Gaussian profile of the form
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Fig. 2. Gas vertical velocity v, g,/c, (left) and ratio of dust and gas density (0gust/Pgas)/Zp2g (right) for a run with (Zpog, a) = (0.01, 10 um) in the
dynamic-dust simulations as a function of R and z at the end of the simulation (1000 orbits at 20 au).

Pdust.0 EXP (—ZZ/ZHﬁusl), where pqusco 1S the dust density at the
midplane.

Assuming that the scale height of the “dust concentration” in
the gas is equivalent to the dust layer’s thickness, we can estimate
the dust vertical turbulent diffusion coefficient, agig, from Hgy,.
Following Dubrulle et al. (1995), the scale height of the dust
concentration can be expressed by

’adiﬂ‘
?Hgas’

where St = £, Qk is the dimensionless stopping timescale
(Stokes number). When we estimate agy;g using Eq. (21), we use
the value of St at the midplane. In this study, the dust sizes
of a = 10 um, 30 wm, 100 pm, and 300 pum correspond to
St~ 7x107%, 2x1073, 7x 1073, and 2 x 1072, respectively, at
the midplane. Using Eq. (21), we directly estimate the dust verti-
cal diffusion coefficient, a4, from the spatial profile of the dust
density. Assuming that the dust vertical profile follows the tur-
bulent vertical mixing-settling balance. the correlation between
Hgg and Hg,g can be expressed as (Dubrulle et al. 1995),

Hyg = (21)

1 1 1

— =t —.
2 2 2
Hdg Hdust Hgas

(22)

We quantify the strength of VSI-driven turbulence using
the time average of the squared vertical velocity, (Ui as)» Where
Uzgas = Urgas COS 6 — Vg gas SIN G is the gas vertical velocity. The
bracket (-) denotes the time average. In our simulations, the time
averaging is performed after the system relaxes into a quasi-
steady state. To see the vertical global effect of turbulence, we
also calculate the vertical mean of vigas within the dust layer,
which is denoted by overbars.

The time that it takes for the system to reach a quasi-steady
state differs from one run to another and may depend on the
dust grain size and initial dust-to-gas mass ratio. Therefore, in
the cases of dynamic-dust simulations, we stop a run at 1000P;,
if the quasi-steady state has already been reached by 500P;,;
otherwise, we continue the run until 2000P;,. In the fixed-to-
dynamic-dust simulations, we first stop a run at 500P;,, using a
fixed spatial profile for the cooling timescale. Next, we continue
the simulations with a dynamic cooling timescale and stop the

run at 500P;, after the activation time of the dynamic cooling
timescale, except in runs with (Zpyg, @) = (0.01, 100 um) and
(0.1, 10 pm), where we stop at 1500P,.

3. Results

This section presents our simulation results to study what kind
of dust spatial profile and VSI-driven turbulence structure can
be achieved. We show in Sect. 3.1 the properties of the equilib-
rium states and the dependence of dust grain size and dust-to-gas
mass ratio on it in dynamic-dust simulations. In Sect. 3.2, we
present results in fixed-to-dynamic-dust simulations and show
the condition of dust grain size and dust-to-gas mass ratio for
dust diffusion by VSI-driven turbulence.

3.1. Equilibrium state with dynamic-dust simulations

We find that equilibrium-saturated quasi-steady states of VSI-
driven turbulence and dust vertical profile exist. Figure 2 illus-
trates the equilibrium state. Here, we present two-dimensional
maps of the gas vertical velocity v, 4, normalized by the sound
speed ¢s and the ratio between dust density pgus and gas den-
sity pgas normalized by the initial global dust-to-gas mass ratio
Zmg, at the end of the simulation for a run with (Zpyg, a) =
(0.01, 10 pum). The vertically uniform gas motion is confined
in the region with [z| < 1.5Hgs, corresponding to the dust
layer. At higher altitudes, one cannot see the vertical veloc-
ity structure caused by the VSI. The dust concentrates slightly
(Pdust/Pgas)/Zp2g = 1.1 in the region that exhibits the turbulence
structure, while the dust is depleted (Ogust/Pgas)/Zp2c < 0.1 in
the upper layer due to settling to the dust layer. The fact that
(Pdust/Pgas)/Zp2G remains close to unity in the dust layer indi-
cates a combination of significantly efficient vertical mixing of
the dust and efficient cooling at the same time in this regime.
Figure A.1 in Appendix A presents the dust-to-gas density ratio
at the midplane for runs where the equilibrium state exists. The
spatial shape of the dust layer is associated with the spatial struc-
ture of the gas vertical velocity, which is similar to the structures
in Dullemond et al. (2022).

Our simulations do not clearly reproduce small eddies caused
by the Kelvin—Helmholtz instability (KHI) or a finer spatial
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Fig. 3. Gas vertical velocity v, g,/c; (left) and ratio of dust and gas density (0gusi/0gas)/Zp2c (right) for a run with (Zpyg, a) =
dynamic-dust simulations as a function of time and z/Hg,s at R = 40 au.

profile of vertical velocity caused by the secondary paramet-
ric instability, which can be related to the nonlinear saturation
process of the VSI. This is because our simulation resolution
is insufficient to identify the eddies by the KHI or to resolve
the parametric instability, which may require ~100 cells per gas
scale height (Melon Fuksman et al. 2024) or ~300 cells per gas
scale height (Cui & Latter 2022), respectively.

To see how the final saturated states are reached, we plot in
Fig. 3 the vertical profile of v, g, and paust/Pgas at R = 40 au for
the case displayed in Fig. 2. Before VSI-driven turbulence devel-
ops (¢ < 200P;y,), the dust settles toward the midplane, decreasing
the dust layer thickness. As vertical gas motion begins to grow
(t 2 200P;,), it causes the dust to diffuse vertically to a height of
|zl ~ 1.5H 4. Because the dust layer spread by vertical diffusion
creates a thick VSI-active layer with a high cooling rate, vertical
gas motion caused by the VSI sustains and continues to diffuse
the dust. These structures are steady over ¢ = 500-1000 orbits,
implying that our simulation captures the final saturated quasi-
steady state. In this state, VSI-driven turbulence also dominates
the dust radial motion (see Appendix B).

The vertical distribution of the dust density deviates from
the commonly assumed Gaussian distribution. The upper panel
of Fig. 4 plots the vertical profile of the dust density in the equi-
librium state at R = 40 au. Within the region of |z| < 1.6Hgys,
where VSI-driven turbulence is active, the dust density approxi-
mately follows a Gaussian profile. At higher altitudes, however,
the dust density drops sharply due to the absence of turbulence,
which otherwise counteracts settling. As a result, a dust layer
forms within the turbulence-active region, where dust is more
concentrated than in the initial state. The lower panel of Fig. 4
ShoOwWS pdust/Pgas, Normalized by Zpyg at R = 40 au. This profile
indicates a relatively flat distribution of pqust/pgas; With values
slightly exceeding the initial value Zp,g. Under this condition,
the half-thickness of the dust layer and the dust scale height are
approximately Hye = 1.6Hg,s and Hyyg = 0.83H gy, Tespectively.

The thickness of the dust layer evolves with VSI-driven tur-
bulence, as shown in Fig. 3. The upper panel of Fig. 5 shows
the evolution of 2Hge at R = 40 au, 60 au, and 80 au for the
simulation displayed in Figs. 2 and 3. During the early stage
(t < 200Py;,), the dust layer becomes thinner as the dust set-
tles toward the midplane. After this initial phase, the dust layer
thickness reaches a quasi-steady value of 2Hy; ~ 3—4Hgs.

To assess whether VSI-driven turbulence can sustain the
dust layer, we introduce a theoretical model of dust settling.
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Fig. 4. Vertical profiles of the dust density pg,s normalized by the initial
dust density at the midplane pgusini(z = 0) (upper panel), and ratio of
dust and gas densities pqusi/Pgas NOormalized by the initial dust-to-gas
mass ratio Zpyg (lower panel), at R = 40 au for a run with (Zpyg, a) =
(0.01, 10 pm) in the dynamic-dust simulations. In the upper panel, the
dashed curve shows a Gaussian fitting of pgus Within |z| < Hy,, and the
vertical dotted lines mark the height of the dust scale height Hg,s. The
horizontal dashed and dotted lines in the lower panel mark pgusi/Pgas =
Zmc/2 and Zpyg, respectively. The gray regions in both panels map the
dust layer defined by Hgg.
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Fig. 5. Time evolution of dust layer thickness 2Hy,/Hy,, (upper panel)
and dimensionless dust vertical diffusion coefficient ag;r (lower panel)
for a run with (Zpyg, a) = (0.01, 10 um) in the dynamic-dust simu-
lations with different values of R. The dashed lines in the upper panel
show the grain’s vertical position solved from Eq. (23) for each R.

The equation that describes the evolution of the grain’s vertical
position zgys in the absence of gas turbulence is given by

2
d“Zdust _ QZZ 1 dzgus
= - dust — —— ———.
dr? KOS o d

(23)

This describes the dust vertical dynamics in the absence of gas
motion. The dashed lines of Fig. 5 plot the theoretical prediction
of dust settling using Eq. (23) with zgqus = max {z} and dzq,s/dt =
0 at ¢ = 0. This comparison implies that dust settles undisturbed
toward the midplane until approximately 150P;, at R = 40 au,
after which turbulence inhibits further settling.

Based on the thickness of the dust layer, Hye, we estimate the
dimensionless vertical diffusion coefficient a4g using Eq. (21).
The lower panel of Fig. 5 shows the evolution of agf at R =
40 au, 60 au, and 80 au for the simulation illustrated in Figs. 2
and 3. In the equilibrium state (t > 500P;,), @qg converges to
approximately 2 x 1073, which is consistent with the typical
value derived from the squared vertical velocity dispersion in
VSI-driven turbulence (e.g., Fukuhara et al. 2023). The correla-
tion between these values allows us to measure the correlation
timescale of VSI-driven turbulence (see Appendix C).

In our simulations, the cooling timescale depends on the dust
density with #.q0 o< p(]ulst [see Egs. (19) and (20)]. Therefore,
the VSI-active region maps a region nearly identical to the dust
layer. We show in Fig. 6 the snapshot (left panel) and time evo-
lution (right panel) of the cooling timescale 7., normalized by
the critical timescale f.. The region around the midplane cor-
responds to the VSI-active region, whose profile is similar to the
dust layer’s one shown in the right panels of Figs. 2 and 3.

Because the cooling timescale is a function of the dust den-
sity paust and dust grain size a, one can expect that the condition
to saturate to the equilibrium state where dust settling balances
with diffusion depends on Zpyg and a. To test this hypothesis,
we perform simulations with different values of Zp,g and a. Fig-
ure 7 shows the summary of the simulations in terms of whether
each run shows strong diffusion (check mark) or no diffusion
(cross mark), mapped in the parameter space. When a = 10 um
and 30 wm, the simulations with Zp,g > 0.003 and > 0.03 reach
the equilibrium state where the turbulence diffuses the dust ver-
tically. This is because the high dust density and small grain
size lead to the short cooling timescale [Eqs. (19) and (20)] and
thereby the thick VSI-active layer around the midplane.

At Zpyg < 0.001 for @ = 10 wm and Zpyg < 0.01 for a =
30 pm, the VSI-driven turbulence cannot sustain the dust diffu-
sion, and the dust settles toward the midplane, which is similar to
large grains (a > 100 um). As an example of this case, Fig. D.1 in
appendix D shows the time evolution of the dust layer thickness
for a run with (Zpg, a) = (0.01, 100 wm).

In the settling cases, strong dust clumps can form due to
the streaming instability (e.g., Youdin & Goodman 2005; Li
& Youdin 2021; Lim et al. 2024, 2025). The dashed circles
represent runs where pgust/0Ogas at the midplane exceeds unity,
which leads to the formation of dust clumps through the stream-
ing instability (e.g., Lim et al. 2024). When Zp,g > 0.03 and
a > 100 pm, the dust may form strong clumps near the midplane
because the dust settles in a runaway fashion due to the absence
of VSI-driven turbulence. We note that our simulations do not
resolve the streaming instability because of the absence of the
aerodynamic feedback from dust to gas.

Even if no VSI-active region is present in the initial condi-
tion (empty crosses of Fig. 7), it forms as the dust settles. We
plot in Fig. 8 the evolution of the VSI-active region’s thicknesses
for runs with different values of Zp,g and a. For the runs with
(Zpag, @) = (0.001, 10 um) and (0.01, 100 um), the VSI-active
regions, which are not initially present, form at t =~ 70P;, and
700P;, with thicknesses of ALysy = 1.3H,s and 1.5Hg,, respec-
tively. However, these VSI-active regions are too thin to generate
strong turbulence, and the regions shrink thereafter with dust
settling. This is because the intensity of VSI-driven turbulence
decreases sharply as ALysy falls below 2Hg, (see also Fukuhara
et al. 2023). Even if the VSI-active regions exist initially, the final
state is also different. The runs with (Zpyg, a) = (0.003, 10 pm)
and (0.01, 30 wm) have the same vertical distribution of the
cooling time and therefore the same thickness of the VSI-active
region at the initial condition. In the small dust case, the VSI can
drive turbulence because its intensity is enough to sustain the
thick dust and VSI-active layers. On the other hand, in the large
dust case, the dust layer is too thin to maintain the thick VSI-
active layer needed to drive strong turbulence. This is because
the thickness of the VSI-active layers, as well as of the dust lay-
ers, depends on the turbulence intensity and grain size, and also
the intensity saturates at a certain level. In addition to this fac-
tor, the suppression of turbulence by large dust particles can be
due to large grains settling quickly before turbulence develops,
making the VSI-active layer thin.
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Fig. 6. Left panel: cooling timescale 7., normalized by the critical timescale 7. for a run with (Zpyg, a) = (0.01, 10 um) in the dynamic-dust
simulations as a function of R and z at t = 1000P;,. The solid lines mark 7.0, = #ii- The dashed line indicates R = 40 au. Right panel: time evolution

of fco01/terie fOr the same run as the left panel at R = 40 au.
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Fig. 7. Summary of the dynamic-dust simulations in terms of whether
each simulation shows strong diffusion (check mark) or no diffusion
(cross mark), mapped in the Zp,g—a plane. Runs where the VSI-active
region exists around the midplane in the initial condition are marked
with filled crosses (and check mark), while runs with no VSI-active
region in the initial condition are marked with empty crosses. The
dashed circles represent runs for pqusi/pgas at the midplane that exceeds
unity at the computational end time.

In the diffusion cases, the thicknesses of the dust layer 2Hy,
range from 2Hg,s to 4Hy,, corresponding to dust scale heights
Hguse of ~ 0.6-0.8Hg,. Figure 9 plots the time-average half-
thicknesses of the dust layer, (Hge), versus time-average dust
scale height, (Hgyuy), for runs where dust vertical profiles reach
the equilibrium diffusion states. The dotted curve marks the cor-
relation between Hg, and Hguy given by Eq. (22). This figure
indicates that the relationship between the dust layer thicknesses
and dust scale height in VSI-driven turbulence approximately
follows that for the turbulent vertical mixing-settling balance.

3.2. Equilibrium state with fixed-to-dynamic-dust simulations

The dynamic-dust simulations presented in the previous sub-
section show that VSI-driven turbulence operates and diffuses
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Fig. 8. Time evolution of the VSI-active region’s thickness, ALys1/Hgs,

for runs with different values of the dust-to-gas mass ratio, Zp,g, and
dust grain size, a, in the dynamic-dust simulations at R = 40 au.

dust only when Zpyg > 0.003 and > 0.03 for ¢ = 10 pm and
30 um, respectively. We find that these requirements hold no
matter whether or not VSI-driven turbulence operates initially.
Figure 10 summarizes the fixed-to-dynamic-dust simula-
tions, indicating whether each run exhibits strong diffusion
(check mark) or settling (cross mark) across the parameter space.
The runs with Zpyg and a that reach a strong-diffusion state in
the dynamic-dust simulations also achieve the same state in the
fixed-to-dynamic-dust simulations. The run with (Zpyg, a) =
(0.1, 100 pm) is for a state in which equilibrium has not been
reached and turbulence is not completely eliminated in the sim-
ulated time. In this case, VSI-driven turbulence gradually decays
over roughly 1000P;,, and it is expected that the system will
eventually evolve toward a state where turbulence is suppressed
in the entire region and the dust fully settles on the midplane.
Figures E.1 and E.2 in appendix E illustrate the time evolution
Of v gas and Payst/Pgas at R = 40 au and snapshots of v, g, in
the R—z plane at different times, respectively. Based on these
results, we conclude that runs with the same values of Zp,g and
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runs of diffusion cases in the dynamic-dust simulations. The sym-
bols correspond to runs with (Zpyg, a) = (0.003, 10 wm) (circles),
(0.01, 10 pum) (triangles), (0.03, 10 pum) (crosses), (0.1, 10 pm)
(squares), (0.03, 30 um) (pentagons), and (0.1, 30 pm) (stars). The
dotted line marks the relationship of Hy, and Hy, following Eq. (22).
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Fig. 10. Summary of the fixed-to-dynamic-dust simulations in terms
of whether each simulation shows strong diffusion (check mark) or no
diffusion (cross mark), mapped in the Zp,g—a plane. The empty crosses
plot the runs that have not been calculated for the fixed-to-dynamic-dust
simulations because there is no VSI-active region initially. The triangle
marks plot the runs where evolution is in progress. The dashed circles
represent runs for pgus/pPeas at the midplane that exceeds unity at the
computational end time.

a reach comparable states in both the dynamic-dust and fixed-
to-dynamic-dust simulations. For runs with the large dust (cross
mark), VSI-driven turbulence is rapidly suppressed, reaching a
state where dust continues to settle on the midplane.

To see how it transitions to the equilibrium state, we plot
in Fig. 11 the time evolution of the vertical profile of v, 4,5 and
Pdust/Pgas Tor arun with (Zpyg, a) = (0.01, 10 um) at R = 40 au.
Until ¢ = 0, the spatial profile of the cooling time is fixed to
the initial conditions; thereafter, the dynamic cooling time and
dust are enabled. Immediately afterward, the thickness of regions
where VSI-driven turbulence operates is also narrowed as the
dust settles toward the midplane. Subsequently, the turbulence
and dust reach the equilibrium state where settling and diffusion
are balanced, as shown in Sect. 3.1.

To quantify the evolution of turbulence strength, Fig. 12
shows the time evolution of the squared vertical gas velocity

averaged over the vertical direction, uf,gas, for the two cases pre-
sented in Figs. 11 and E.1. For the strong diffusion case with

(Zpag, a) = (0.01, 10 um), vggas remains at a level of approxi-
mately 2-5 X 1073¢2, even after switching from fixed to dynamic
dust calculations. In contrast, for the run with (Zpyg, a) =

(0.1, 100 um), v2,,s drops to well below 10>¢; within about
1000P;, after the switch to dynamic dust.

For the fixed-to-dynamic-dust simulations, the evolution of
the dust layer thickness is different from that of the dynamic-dust
simulations in Sect. 3.1 because the dust settles with turbulence
already driven. In Fig. 13, we show the time evolution of the dust
layer thickness (upper panel) and dust vertical diffusion coef-
ficient (lower panel) for runs displayed in Figs. 11 and E.I. In
the case of (Zpyg, a) = (0.01, 10 um), the dust layer quickly
relaxes an equilibrium state with a thickness of ~ 3Hg,s, lead-
ing to agif = 1073, This equilibrium state is almost the same as
in the case of the dynamic-dust simulation (see Fig. 5). In the
case of (Zppg, @) = (0.1, 100 um), the dust eventually settles
on the midplane, although it is disturbed by turbulence. The dis-
crepancy from the theoretical prediction (dashed line) suggests
the presence of a positive feedback process. In this process, the
VSI-active region shrinks by dust settling even though the VSI
drives turbulence, leading to weaker turbulence intensity and fur-
ther promoting dust settling. This mechanism is equivalent to the
runaway settling described by Fukuhara & Okuzumi (2024).

4. Discussion
4.1. Determinants of the equilibrium state existence

Our results suggest that the initial vertical distribution of the
cooling timescale does not determine the existence of an equi-
librium state between VSI-driven turbulence and dust. Larger
dust sizes and dust-to-gas mass ratios do not allow VSI-driven
turbulence to operate, even with the same initial cooling rate
distribution (see Figs. 7 and 10).

We expect this condition to depend on the feasibility of bal-
ancing dust settling and turbulent diffusion in equilibrium states.
Our results in this study indicate that VSI-driven turbulence only
reaches a vertical diffusion coefficient of at most ~2 x 10~ when
driven. As expected in Fukuhara & Okuzumi (2024), VSI-driven
turbulence may maintain the dust distribution if the thickness of
the VSI-active region created by the dust under this diffusion
exceeds two gas scale heights.

To test this hypothesis, we calculate the equilibrium ver-
tical diffusion coefficient, @,equi, for different values of the
dust-to-gas mass ratio, Zpg, and dust grain size, a, using the
semi-analytic model of Fukuhara & Okuzumi (2024). This is the
self-consistent model that determines the vertical dust distribu-
tion and VSI-driven turbulence intensity. We apply the model for
the single-sized dust to the disk of this study and obtain the pre-
diction of the equilibrium state where dust settling balances with
VSI-driven turbulent diffusion.

Figure 14 shows @ equi as a function of Zp,g and a. This fig-
ure indicates that the model of Fukuhara & Okuzumi (2024) can
predict the equilibrium state for dust and VSI-driven turbulence.
Therefore, we conclude that the balance between vertical dust
turbulent diffusion and settling determines whether equilibrium
states can be achieved for the VSI-driven turbulence and vertical
dust profile. For the runs with (Zpyg, a) = (0.01, 30 wm) and
(0.1, 100 wm), however, the dust settles toward the midplane
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Fig. 11. Gas vertical velocity v, g,/c (left) and ratio of dust and gas densities (Pgust/Pgas)/Zpog (right) for a run with (Zpyg, a) = (0.01, 10 pm)
in the fixed-to-dynamic-dust simulations as a function of time and z/H,,, at R = 40 au. We fixed the dust and cooling timescale until r = 0 and

switched to dynamic dust after that.
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Fig. 12. Time evolution of vertical mean squared gas velocity, vigas/ 2,
for runs with (Zp,g, @) = (0.01, 10 um) and (0.1, 100 um) in the fixed-
to-dynamic-dust simulations at R = 40 au.

due to the absence of turbulence, contrary to expectations of
the analytic model. This difference may be because the vertical
dust profiles of our simulation deviate slightly from the Gaussian
profile, which is assumed in the semi-analytic model.

4.2. Dust growth in VSI-turbulent disk

We find that the vertical dust distribution in a VSI-dominated
disk depends on both dust grain size and total dust amount. For
small grains, VSI-driven turbulence sustains strong vertical dif-
fusion with agig ~ 1073, while large grains lead to significant
settling due to the absence of such turbulence. These results
suggest that micron-sized grains initially grow under strong VSI-
driven turbulence into (sub)millimeter sizes, after which further
growth occurs in a largely laminar environment. This transition
may promote the formation of kilometer-sized planetesimals via
the streaming instability (e.g., Youdin & Goodman 2005; Li &
Youdin 2021; Lim et al. 2024, 2025) and secular gravitational
instability (e.g., Ward 2000; Youdin 2011; Tominaga et al. 2023).
This dust growth process in VSI-dominated disks has the poten-
tial for efficient planetesimal formation. We plan to explore this
possibility in future work.
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Fig. 13. Time evolution of dust layer thickness 2Hy,/Hy,, (upper panel)
and dimensionless dust vertical diffusion coefficient ;s (lower panel)
for runs with (Zp,g, a) = (0.01, 10 wm) and (0.1, 100 wm) in the fixed-
to-dynamic-dust simulations at R = 40 au. The dashed lines show the
grain’s vertical position solved from Eq. (23).

The VSI-active region is confined not only vertically but
also radially within the disk. In regions where VSI-driven turbu-
lence operates, dust can move inward faster than by radial drift
(see Fig. B.1). At the inner disk region that is optically thick
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tion of the model shown in Fukuhara & Okuzumi (2024), as a function
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area indicates the parameter space where no equilibrium solution exists.
The check, cross, and triangle marks show the summary of the fixed-to-
dynamic-dust simulations, as shown in Fig. 10.

to dust thermal emission, the cooling would be inefficient and
thus suppress the VSI, creating the inner edge of the VSI-active
region (Fukuhara & Okuzumi 2024). At this inner radial bound-
ary, dust can accumulate, as the radial dust velocity inside the
VSI-active region is primarily regulated by radial drift. This is
a potential candidate location where planetesimals could form
efficiently. To evaluate them, hydrodynamical simulations incor-
porating dust dynamics near the VSI-active region’s edge should
be performed.

4.3. Limitations of our simulations

Our simulations have several important limitations that should
be addressed in future work. First, we consider only the colli-
sional timescale as the cooling timescale. In reality, the cooling
rate depends on the optical depth (e.g., Malygin et al. 2017). In
optically thick inner disk regions, radiative diffusion dominates
the cooling process, making cooling inefficient (e.g., Fukuhara
& Okuzumi 2024). This suggests the presence of an inner edge
to the VSI-active region. A steep radial gradient in turbulent
viscosity at such an edge could trigger the Rossby wave insta-
bility (Lovelace et al. 1999; Li et al. 2000, 2001), potentially
forming long-lived vortices that concentrate dust and facilitate
planetesimal formation via gravitational collapse (e.g., Barge &
Sommeria 1995). However, it is unclear whether this edge or
vortex can be sustained in dust-controlled VSI-driven turbulence
because changes in the dust distribution affect the cooling time
distribution. Understanding the role of the VSI-active region’s
edge in planetesimal formation requires three-dimensional
hydrodynamical simulations with dynamically evolving cooling
rates that respond to radial variations in the dust distribution.
Our simulations also assume only single-sized dust parti-
cles. Considering the dust size distribution, the dust size that
can achieve an equilibrium state between dust and VSI-driven
turbulence can vary (Fukuhara & Okuzumi 2024). Our condi-
tion for the equilibrium state would be a condition of effective
dust size that dominates the cooling rate. Recently, Pfeil et al.
(2024) have partially considered the dust growth and size dis-
tribution to simulate VSI-driven turbulence in dynamic cooling
rate. They suggest that the onset of turbulent gas flows requires

a large initial dust scale height, typically resulting from small
dust grains. In contrast, our results suggest that, unless the initial
dust scale height is extremely small, the existence of the equi-
librium state is governed not by it, but by the balance between
turbulent diffusion and dust settling in the saturated state (see
Sect. 4.1). These findings lead us to expect that, even with mul-
tiple dust species of different sizes, the balance between dust
settling and turbulent diffusion still primarily regulates the dust
vertical distribution and the VSI-driven turbulence structure, as
with the single-sized dust*. When small grains still dominate
cooling, an equilibrium state can exist even if the maximum
dust grains are millimeter-sized. Therefore, a requirement of the
VSI on dust size distribution should be evaluated by accounting
for both turbulent diffusion and thermal coupling for differently
sized grains. Specific dust growth processes in nonisotropic tur-
bulence, such as VSI-driven turbulence, have also not been well
investigated. It is necessary to investigate at what point in the
dust growth the VSI-driven turbulence dies in the future.

Furthermore, this study ignores the effects of dust load-
ing, magnetic field, and vertical thermal structure. Dust would
increase the effective gas buoyancy frequency that prevents the
growth of the linear VSI (Lin & Youdin 2017). The gas—dust drag
force can also suppress the VSI and dust diffusion (Lin 2019;
Lehmann & Lin 2022, 2023), and may enable the coexistence
of the VSI and streaming instability (e.g., Schifer et al. 2025;
Huang & Bai 2025). However, we note that the effect of dust
loading would play only a minor role on the equilibrium state
in this study because of paust/Pgas < 1 and 0 (0gust/Pgas) = 0
within the dust layers (Lin 2019; see Figs. 4 and A.l)5 . Moreover,
magnetic fields threading the global disk may suppress the VSI
either directly through magnetic tension or indirectly through
MRI-driven turbulence (Nelson et al. 2013; Latter & Papaloizou
2018; Cui & Bai 2020). The roles of magnetic fields in the VSI
suppression can depend on non-ideal magnetohydrodynamical
effects (ambipolar diffusion, Ohmic resistivity, and Hall effect;
Cui & Bai 2020, 2022; Cui & Lin 2021; Latter & Kunz 2022).
Additionally, a vertical thermal stratification with a colder inte-
rior and a hotter surface can change the structure and intensity of
VSI-driven turbulence in the region around the midplane (Zhang
et al. 2024; Yun et al. 2025a,b). These effects would change the
criterion for the equilibrium state between the VSI and dust, and
thus should be considered in future work.

5. Conclusions

We have investigated how the VSI drives turbulence with a
dynamic cooling timescale and how it maintains dust diffusion.
The local cooling was determined fully dynamically from the
local dust density at each cell and timestep. We performed global
2.5-dimensional hydrodynamical simulations, including the dust
modeled as a pressureless fluid and local B8 cooling rates cou-
pled to the dust density in an axisymmetric disk. We ran two
types of simulations: (i) calculations with dust distribution and
cooling timescale evolved from the beginning of the simulation,

4 Fukuhara & Okuzumi (2024) investigated the equilibrium state of
the dust vertical distribution and VSI-driven turbulence for both dust
grains with a size distribution and single-sized dust grains, using the
semi-analytic model presented in their study.

3 The dust-induced vertical buoyancy frequency, N, g4, which charac-
terizes the effect of dust on the vertical buoyancy stabilizing vertical
motion of the VSI, depends on the ratio of the gas and dust densities
and its vertical gradient, given by N2y o¢ (1 + paust/Pgas) ™" 0:(Paust/Pgas)
[see Eq. (17) of Lin 2019].
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which we call dynamic-dust simulations, and (ii) calculations
with cooling timescale fixed in time and space until turbu-
lence saturates to a quasi-steady state, followed by dynamic
dust and cooling timescale activation, which we call fixed-to-
dynamic-dust simulations. Our key findings are summarized as
follows:

1. From the dynamic-dust simulations, we find that for the
small dust size, there exists the equilibrium state where
VSI-driven turbulent diffusion balances with dust settling
(Figs. 2 and 3). In the equilibrium state, turbulence sustains
the dust layer with a thickness of ~ 3H,,; and an associated
VSlI-active region of similar thickness around the midplane
(Figs. 4 and 6). The dimensionless dust vertical diffusion
coefficient estimated by Eq. (21) reaches = 2 X 1073 (Fig. 5);

2. The ability of the VSI to maintain the equilibrium state for
dust settling and turbulent diffusion depends on the dust
grain size, a, and dust-to-gas mass ratio, Zpyg, (Fig. 7). In the
cases of large grains, the dust settles toward the midplane due
to the absence of turbulence. The VSI-active regions exist for
all runs presented in this study, either from the beginning or
in the middle of the calculation. However, runs of large dust
size and low dust-to-gas mass ratio lead to a thin VSI-active
region and absence of turbulence (Fig. 8).

3. We find that in both dynamic-dust and fixed-to-dynamic-
dust simulations, runs with the same values of a and Zp,g
reach comparable states, regardless of whether turbulence
is present initially or not (Fig. 10). The same equilibrium
state exists for small grains and high dust-to-gas mass ratio
in the fixed-to-dynamic-dust simulations as in dynamic-dust
simulations (Fig. 11). The value of the vertical diffusion
coefficient is ~2 x 1073, which is almost the same as in the
dynamic-dust simulations (Fig. 13);

4. The dependence of the VSI-driven turbulence onset on a
and Zpyg is consistent with the prediction of the semi-
analytic model that determines the vertical dust distribution
and the strength of VSI-driven turbulence in a self-consistent
manner (Fukuhara & Okuzumi 2024; Fig. 14).

Our results suggest that in the VSI-dominated disk, dust grows
under turbulence of different intensities for different dust sizes.
Under this environment, the efficiency of planetesimal formation
would vary with the distribution of the VSI-active regions. In
order to quantify this effect, the detailed process of dust growth
in VSI-driven turbulence should be investigated.
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Fig. A.1. Time-average ratio of dust and gas densities at the mid-
plane, {Oqusi/Pgas)mia> Normalized by the initial dust-to-gas mass ratio,
Zmg, with different values of R for runs of diffusion cases in
dynamic-dust simulations. The symbols correspond to runs with
(Zmog, a) = (0.003, 10 um) (circles), (0.01, 10 pm) (triangles),
(0.03, 10 um) (crosses), (0.1, 10 um) (squares), (0.03, 30 pm) (pen-
tagons), and (0.1, 30 pm) (stars). The horizontal dashed line represents

<pdust/pgas>mid = Zpyg- The dotted lines show <pdust/pgas>mid = 10_3,
1072, and 1071,

Appendix A: Dust concentration at the midplane

Figures 2, 3, and 4 in Sect. 3.1 show that the dust becomes
slightly concentrated within the dust layers. In Fig. A.l, we
present the time-averaged dust-to-gas density ratio at the mid-
plane, {(Oqust/Pgas)mid» for the diffusion runs in the dynamic-dust
simulations. This figure shows that, in most cases, the midplane
dust-to-gas density ratio increases by a factor of approximately
1.05-1.2 compared to the initial value. For a fixed dust grain size,
{Pdust/Pgas)mid /Zpog tends to decrease as Zppg increases. Con-
versely, for a fixed Zpag, (Odust/Pgas)mid/Zp2G tends to increase
as the dust grain size becomes larger. These trends are tentative
and suggest that the degree of dust concentration may depend on
both the initial dust-to-gas mass ratio and grain size.

Appendix B: Dust radial velocity in VSI-driven
turbulence

In Sect. 3.1, we find the quasi-steady state for the dust vertical
distribution and VSI-driven turbulence structure. We also find
that VSI-driven turbulence dominates dust radial motion in the
dust layer. Figure B.1 plots the vertical profile of time mean
dust radial velocity, (Vg qust), for runs illustrated in Figs. 2 and 3,
where Vg qust = Ur.dust SIN 0 + Vg quse €Os 0 is the radial component
of the dust velocity in the cylindrical coordinate. The horizontal
dashed line marks the radial drift velocity of dust due to gas drag,
given by (Whipple 1972; Adachi et al. 1976; Weidenschilling
1977)

25t
Vdustdrift = — 510K 5 (B.1)

1+ St

where 77 is the dimensionless quantity characterizing the pressure
gradient of the gas and vg = RQx is the Keplerian velocity. From

0.02
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Fig. B.1. Vertical profile of the time-averaged dust radial velocity,
(Urdust)/Cs, at R = 40 au for a run with (Zpyg, a) = (0.01, 10 pm) in
the dynamic-dust simulations. The dashed line indicates the predicted
dust drift velocity vaustarire [EQ. (B.1)]. The dotted lines mark the height
of |z| = Hyg.

the radial force balance, 7 is given by

1{c;\dInP
= 2(vK) dInR’ (B2
Our simulations assume the sub-Keplerian accretion disk with
Paas & RP and ¢ o« RY2, yielding = 0.01 with P = pg,ec? [y
RP* and c¢y/vg = Hgys/R = 0.1 for p = =1.0 and g = —-1.0
(see Sect. 2.1 and Table 1). Because the Stokes number takes
values from ~107* to 107% depending on the height, Eq. (B.1)
indicate Ugustdrift ~ —107°-10"%vx = —1075-1073¢,. Figure B.1
shows that in the dust layer (|z] < 1.6Hg,), the dust moves not
according to the radial drift velocity predicted by Eq. (B.1).
Because the dust grain is small, this vertical profile of (vg dust)
traces that of the gas radial velocity. This figure also indicates
that the dust is in circulating motion because pPqysi(Vg dust) can
take a similar value between at z = 0 and |z] = 1.6Hg,, (see Fig.
4). This profile resembles previous simulations including dust
particles (see Fig. 4 of Stoll & Kley 2016).

Appendix C: Correlation timescale of VSI-driven
turbulence

In Sect. 3.1, we estimate the dust vertical diffusion coefficient,
agif, from the dust layer’s thickness. The independent measure-
ments of agg and squared vertical gas velocity, (vigas), motivate
us to estimate the correlation timescale of VSI-driven turbulence.
To estimate the correlation time, 7., We introduce the relation-
ship between aqg and (vf’gas), which is given by (Fromang &

Papaloizou 2006; Youdin & Lithwick 2007)

2
a _ <Uz,gas>
diff = ————
i Cg

TCOI‘I‘QKa (Cl)

where 7., 1s the correlation timescale.

In Fig. C.1, we plot the time mean squared vertical gas veloc-
ity, (vigas)lmid, versus time mean dust vertical diffusion coeffi-
cient, {agig), for the runs of diffusion cases in dynamic-dust sim-
ulations, with different values of R. This figure implies that the
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Fig. C.1. Time mean squared vertical gas velocity at the midplane,
<U§,gas>|mid7 vs. time mean dimensionless dust vertical diffusion coef-
ficient, {(@g4g), with different values of R for runs of diffusion cases
in dynamic-dust simulations. The symbols correspond to runs with
(Zmog, a) = (0.003, 10 um) (circles), (0.01, 10 pm) (triangles),
(0.03, 10 um) (crosses), (0.1, 10 um) (squares), (0.03, 30 pm) (pen-
tagons), and (0.1, 30 um) (stars). The dotted lines show Eq. (C.1) with
TeonrQk = 0.1, 1.0, and 10.0.
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Fig. D.1. Same as the upper panel of Fig. 5, but for a run with
(Zpag, @) = (0.01, 100 um) in dynamic-dust simulations.

VSI-driven turbulence produces 0.1 < TcorrQ2x < 1.0, which is an
intermediate value between the values shown in previous studies
(TeorrQxk ~ 0.2 for Stoll & Kley 2016, and ~20 for Flock et al.
2020).

Appendix D: Cases of no VSI-driven turbulence in
dynamic-dust simulations

In Sect. 3.1, for the dynamic-dust simulations, we find that the
VSI-driven turbulence cannot sustain the dust diffusion for the
lower initial dust-to-gas mass ratios Zpyg and larger dust grain
size a (see Fig. 7). As an example of this case, Fig. D.1 shows
the time evolution of the dust layer thickness for a run with
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(Zpag, @) = (0.01, 100 pum). This figure indicates that the dust
settles continuously toward the midplane due to the absence
of VSI-driven turbulence. Because no turbulence operates, one
expects that this run will never reach equilibrium and lead to a
runaway dust setting.

Appendix E: Cases of progress in
fixed-to-dynamic-dust simulations

Figure 10 in Sect. 3.2 indicates that the run with (Zpg, a) =
(0.1, 100 um) in fixed-to-dynamic-dust simulations does not
reach the equilibrium state within the simulated timeframe. We
present in Fig. E.1 the time evolution of gas vertical velocity,
Uz,gas» and dust-to-gas density ratio, pqust/Pgas» at R = 40 au for
this run. During the fixed cooling timescale phase (i.e., until
t = 0), VSI-driven turbulence develops in a manner similar to
that seen in the run with (Zpyg, @) = (0.01, 10 pm), as shown
in Fig. 11. After switching to dynamic dust, VSI-driven turbu-
lence gradually weakens over approximately 1000P;,. During
this period, the dust layer becomes thinner and contracts toward
the midplane, although some diffusion due to residual turbulence
remains. Eventually, after about 1000P;,, the turbulence is fully
suppressed, resulting in strong dust settling onto the midplane.

However, such a suppression of turbulence depends on the
radial location. Figure E.2 illustrates the spatial snapshots of
the gas vertical velocity at different times for the run with
(Zpag, @) = (0.01, 10 um). The figure indicates that VSI-
driven turbulence is confined to specific regions of the disk. For
instance, a turbulence structure appears around 60 au at 1500P,,
but not around 40 au. Moreover, as these turbulent regions grad-
ually shrink over time, one can expect turbulence to vanish over
the entire disk.
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Fig. E.1. Same as Fig. 11, but for a run with (Zpyg, a) = (0.1, 100 um) in fixed-to-dynamic-dust simulations.
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Fig. E.2. Snapshots of gas vertical velocity, v, gs/cs, for the run displayed in Fig. E.1 as a function of R and z with different values of z.
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