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ABSTRACT

Context. Internal gravity waves (IGWs) are one of the mechanisms that can play a key role in efficiently redistributing angular
momentum in stars along their evolution. The study of IGWs is thus of major importance since space-based asteroseismology reveals
a transport of angular momentum in stars, which is stronger by two orders of magnitude than the one predicted by stellar models
ignoring their action or those of magnetic fields.
Aims. IGWs trigger angular momentum transport when they are damped by heat or viscous diffusion, when they meet a critical layer
where their phase velocity in the azimuthal direction equals the zonal wind or when they break. Theoretical prescriptions have been
derived for the transport of angular momentum induced by IGWs because of their radiative and viscous dampings and of the critical
layers they encounter along their propagation. However, none have been proposed for the transport of angular momentum triggered
by their non-linear breaking. In this work, we aim to derive such a physical and robust prescription, which can be implemented in
stellar structure and evolution codes.
Methods. We adapted an analytical saturation model – which has been developed for IGWs’ nonlinear convective breaking in the
Earth’s atmosphere and has been successfully compared to in situ measurements in the stratosphere – to the case of deep spherical
stellar interiors. This allowed us to derive the saturated amplitude of the velocity of IGWs breaking in stellar radiation zones through
convective overturning of the stable stratification or the instability of the vertical shear of IGWs motion and of the angular momentum
transport they trigger. In a first step, we neglected the modification of IGWs by the Coriolis acceleration and the Lorentz force, which
are discussed and taken into account in a second step.
Results. We derive a complete semi-analytical prescription for the transport of angular momentum by IGWs that takes into account
both their radiative damping and their potential nonlinear breaking because of their convective and vertical shear instabilities. We
show that the deposit of angular momentum by breaking waves increases with their latitudinal degree, the ratio of the Brunt-Vaïsälä
frequency and the wave frequency; and when the density decreases or the Doppler-shifted frequency vanishes. This allows us to bring
the physical prescription for the interactions between IGWs and the differential rotation to the same level of realism as the one used
in global circulation models for the atmosphere.
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1. Introduction

Internal gravity waves (IGWs) are waves that propagate in
stably stratified stellar-radiation zones. Their restoring force
is the buoyancy force. For more than 40 years, they have
been identified as one of the key mechanisms able to effi-
ciently transport angular momentum and chemicals in these
regions (e.g. Press 1981; Schatzman 1993b; Zahn et al. 1997).
Their study is thus of major importance within the ongoing
probe of the internal transport of angular momentum in the
Sun and in stars thanks to space-based helioseismology and
asteroseismology (e.g. García et al. 2007; Mosser et al. 2012,
2024; Deheuvels et al. 2014, 2015, 2020; Van Reeth et al. 2016;
Aerts et al. 2017; Li et al. 2020, 2024). It reveals that the solar
and stellar interiors are the place of a strong extraction of angular
momentum, more intense by two orders of magnitude than what
is predicted by the stellar structure and evolution codes includ-
ing the transport mechanisms related to differential rotation (e.g.
vertical and horizontal shear instabilities and meridional circu-
? Corresponding author; stephane.mathis@cea.fr

lation; Zahn 1992; Maeder & Zahn 1998; Mathis & Zahn 2004;
Mathis et al. 2018) but neglecting IGWs and magnetic fields
(Marques et al. 2013; Ceillier et al. 2013; Cantiello et al. 2014;
Ouazzani et al. 2019). In this framework, IGWs are, along with
magnetic fields, the best candidates to explain the extraction
of angular momentum from the radiative core of solar-type
stars and their internal mixing (e.g. Montalbán & Schatzman
2000; Charbonnel & Talon 2005; Talon & Charbonnel 2005),
in sub-giant stars (Pinçon et al. 2017) and in early-type stars
(Rogers 2015; Rogers & McElwaine 2017; Neiner et al. 2020;
Varghese et al. 2023).

In this context, the key theoretical challenge is to provide
the most realistic and robust prescription possible for the extrac-
tion or deposit of angular momentum by IGWs to be imple-
mented in stellar structure and evolution (SSE) codes, which
compute the evolution of rotating stars (e.g. Meynet & Maeder
2000; Palacios et al. 2003; Marques et al. 2013). An IGW has
three channels to transport momentum and matter: through i)
viscous friction or heat diffusion (e.g. Press 1981; Schatzman
1993b; Zahn et al. 1997; Vadas & Fritts 2005); ii) critical layers,
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which are the place of a resonance between an IGW and a large-
scale (zonal) flow (e.g. Booker & Bretherton 1967; Alvan et al.
2013); and iii) non-linear breaking because of IGWs’ con-
vective or shear instabilities (e.g. Lindzen 1981; Sutherland
2001; Barker & Ogilvie 2010; Barker 2011). While the physi-
cal description of the transport of angular momentum by IGWs
because of their radiative damping has become the standard
way of implementing it in SSE (e.g. Talon & Charbonnel 2005;
Fuller et al. 2014), IGWs breaking in stars came to the fore-
front in several configurations. First, Press (1981) pointed out
that progressive IGWs can break near the centre of solar-type
stars because of their geometrical focusing. This breaking is one
of the main sources of the dissipation of tidal gravity waves
triggered by close-in massive planets in solar-type stars (e.g.
Barker & Ogilvie 2010; Barker 2011), which drives their orbital
evolution (Lazovik 2021). In early-type stars, IGWs excited
by their convective core can break near their surface because
of the low density there (Rogers et al. 2013; Rogers 2015).
In these configurations, specific physical modelling must be
developed to evaluate angular momentum transport triggered by
breaking IGWs, while the standard formalism of linear IGWs
damped by radiative damping is not physically appropriate
anymore.

Such a theoretical modelling has been developed in the
case of the atmosphere of the Earth for convectively excited
IGWs (Lindzen 1981; Holton & Zhu 1984; Lott et al. 2012;
Lott & Guez 2013) to compute their impact on the general
atmospheric circulation. The derived prescriptions are then
implemented in global circulation models (GCMs), where small-
scale transport and mixing processes are not solved directly
but parameterised (e.g. Ribstein et al. 2022; Achatz et al. 2024),
which is a situation similar to that of SSE codes. The predic-
tions of these prescriptions have been successfully compared
to Reynolds stresses measured in the Earth’s atmosphere by
stratospheric balloons (Lott et al. 2023). However, this mod-
elling for the Earth has been built in local Cartesian shallow-
water models, which are not adapted to global spherical shells
such as stellar radiative zones. In this work, we revisited the
formalism developed in geophysics to adapt it to the case of
stars and provide the relevant prescription for SSE codes. In
Sect. 2, we recall the basics of the mathematical modelling
of the adiabatic and dissipative propagation of low-frequency
IGWs, which transport angular momentum. In Sect. 3, we detail
the conditions for the convective and shear-induced breaking of
IGWs, and we derive the triggered vertical transport of energy
and angular momentum. To obtain these results, we adapted
the saturation scheme (built in the case of the Earth’s atmo-
sphere) to the case of spherically thick stellar radiation zones.
In Sect. 4, we discuss the impact of the Coriolis acceleration
and of the Lorentz magnetic force on IGW breaking. Finally, in
Sect. 5, we present the conclusions and the perspectives of this
work.

2. Propagation of low-frequency internal gravity
waves

Internal gravity waves that transport angular momentum effi-
ciently are low-frequency progressive waves (e.g. Schatzman
1993b; Zahn et al. 1997). To study their non-linear breaking
following the path of what has been done in atmospheric
physics by Lindzen (1981), Lott et al. (2012), and Lott & Guez
(2013), the first step is to recall the formalism to model their
propagation.

2.1. Adiabatic propagation

We expand the macroscopic velocity in stellar radiation zones as
follows:

V (r, θ, ϕ, t) = r sin θΩ (r) êϕ + u (r, θ, ϕ, t) , (1)

where Ω is the rotation angular velocity, which is assumed here
to be shellular (Zahn 1992), and u is the velocity field of IGWs.
We introduce the spherical coordinates {r, θ, ϕ} and the corre-
sponding unit vector basis

{̂
e j

}
j={r,θ,ϕ}

.
We adopted the so-called shellular rotation approxima-

tion, where the rotation only (or mainly) varies with r
the radius, since our objective in this work is to pro-
vide prescriptions for state-of-the-art 1D stellar-structure
and evolution codes. These codes, when taking transport
and mixing processes’ parametrisations into account, are
working in this theoretical framework since the work by
Zahn (1992) (e.g. Talon et al. 1997; Meynet & Maeder 2000;
Palacios et al. 2003; Talon & Charbonnel 2005; Marques et al.
2013; Charbonnel et al. 2013; Mathis et al. 2013; Cantiello et al.
2014; Fuller et al. 2014). This implicitly assumes that a strong
transport of angular momentum is ongoing along the horizon-
tal direction and enforcing a weak latitudinal variation of the
angular velocity in stellar radiation zones. In a hydrodynam-
ical theoretical framework, this may be due to hydrodynami-
cal shear instabilities of the horizontal differential rotation (e.g.
Zahn 1992; Maeder 2003; Mathis et al. 2004, 2018; Park et al.
2021) or the action of IGWs (e.g. Mathis 2009). In a magneto-
hydrodynamical (MHD) theoretical framework, this may be due
to MHD instabilities and potential resulting dynamo action (e.g.
Spruit 2002; Fuller et al. 2019; Petitdemange et al. 2023). The
shellular approximation has also been strengthened by the results
obtained by the helioseismic inversions of the rotation profile
of the Sun that revealed a quasi-uniform rotation of the solar
radiative core until 0.25 R�, where R� is the radius of the Sun
(e.g. Thompson et al. 2003; García et al. 2007). A similar trend
is obtained by an asteroseismic probe of the internal rotation
of stars in the whole Hertzsprung-Russell diagram; this reveals
only a weak radial differential rotation in stellar radiative zones,
which is in agreement with what has been observed in the solar
case (e.g. Deheuvels et al. 2012, 2014, 2015, 2020; Kurtz et al.
2014; Saio et al. 2015; Murphy et al. 2016; Aerts et al. 2017, and
references therein).

We solve the linearised momentum equation

Dtu = −
∇p

′

ρ
+
ρ
′

ρ
g, (2)

and continuity equation

Dtρ
′

+ ∇ · (ρu) = 0, (3)

where Dt = ∂t + Ω∂ϕ, ρ and p are the density and the pressure,
respectively, and g is the gravity. Each thermodynamic quan-
tity X (density, pressure, entropy, temperature) is expended as
X(r, θ, ϕ, t) = X (r)+X′(r, θ, ϕ, t), where X is its hydrostatic value
and X′ its perturbation. For low-frequency IGWs, we can adopt
the Cowling approximation (Cowling 1941) and neglect the fluc-
tuation of the gravity.

Finally, we introduce the equation for the transport of heat in
the adiabatic limit

1
Γ1

DtP
′

P
+ ur

d ln P
dr

 − [
Dtρ

′

ρ
+ ur

d ln ρ
dr

]
= 0, (4)

A173, page 2 of 9



Mathis, S.: A&A, 694, A173 (2025)

where Γ1 =
(
∂ ln P/∂ ln ρ

)
S

is the adiabatic exponent at a fixed
macroscopic entropy S .

Each thermodynamic quantity is expended on spherical har-
monics and as Fourier series in time:

X′(r, θ, ϕ, t) =

∞∑
l=0

l∑
m=−l

{
X̂′l,m(r)Ym

l (θ, ϕ)
}

eiωint, (5)

where ωin is the wave frequency in an inertial reference frame.
The wave velocity field is projected on vectorial spherical har-
monics as defined in Rieutord (1987):

u(r, θ, ϕ, t) =

∞∑
l=0

l∑
m=−l

{
ûr;l,m(r)Rm

l (θ, ϕ)+ (6)

ûH;l,m(r)Sm
l (θ, ϕ) + ûT ;l,m(r)Tm

l (θ, ϕ)
}
eiωint,

where
Rm

l (θ, ϕ) = Ym
l (θ, ϕ) êr,

Sm
l (θ, ϕ) = ∇⊥Ym

l = ∂θYm
l êθ +

1
sin θ

∂ϕYm
l êϕ,

Tm
l (θ, ϕ) = ∇⊥ × Rm

l =
1

sin θ
∂ϕYm

l êθ − ∂θYm
l êϕ

(7)

with the following orthogonality relationships:∫
Ω̃=4πRm1

l1
(θ, ϕ) · (Rm2

l2
(θ, ϕ))∗dΩ̃ = δl1,l2δm1,m2 and∫

Ω̃=4πS
m1
l1

(θ, ϕ) · (Sm2
l2

(θ, ϕ))∗dΩ̃ =
∫

Ω̃=4πT
m1
l1

(θ, ϕ) ·(
Tm2

l2
(θ, ϕ)

)∗
dΩ̃ = l1 (l1 + 1) δl1,l2δm1,m2 , where dΩ̃ = sin θdθdϕ,

Ω̃ is the solid angle and ∗ designates the complex conjugate. We
introduced the usual Kronecker symbol δi, j = 1 if i = j, and that
vanishes otherwise. Within this framework, prograde waves are
such that m < 0, while retrograde waves are such that m > 0.

We obtain the system of equations for the radial functions
derived from the projection of the momentum equation on the
vectorial spherical harmonics:

i ρ̄ ω̂ ûr;l,m = −
d p̂′l,m

dr
− ρ̂′l,mḡ,

i ρ̄ ω̂ ûH;l,m = −
p̂′l,m
r

,
i ρ̄ ω̂ ûT ;l,m = 0;

(8)

from the projection of the equation-of-mass conservation on
spherical harmonics:

i ω̂ ρ̂′l,m +
1
r2

∂

∂r
(r2ρ̄ûr;l,m) −

l(l + 1)
r

ρ̄ûH,l,m = 0; (9)

and of the equation for the transport of energy in the adiabatic
limit:

i ω̂
ρ̂′l,m

ρ̄
= i ω̂

1
Γ1

p̂′l,m
p̄

+
N2

ḡ
ûr;l,m, (10)

where ω̂ = ωin + mΩ is the Doppler-shifted frequency. We intro-
duced the total squared Brunt-Vaïsälä frequency N2, which is
related to the combination of the entropy stratification and of the
chemical stratification (Zahn et al. 1997). It can be decomposed
as

N2 = N2
T + N2

µ , (11)

where

N2
T =

gδ

HP
(∇ad − ∇) (12)

and

N2
µ =

gφ

HP
∇µ. (13)

We introduced the pressure height scale HP = |dr/d ln P|;
the gradients ∇ad =

(
∂ ln T/∂ ln P

)
S =cst

, ∇ =
(
∂ ln T/∂ ln P

)
,

and ∇µ =
(
∂ ln µ/∂ ln P

)
with S the macroscopic entropy, T

the temperature, and µ the mean molecular weight; and the
thermodynamics coefficients δ = −

(
∂ ln ρ/∂ ln T

)
P,µ

and φ =

(∂ ln ρ/∂ ln µ)P,T (Maeder & Zahn 1998).
Hereafter, we focus on low-frequency IGWs. This means that

we consider progressive IGWs and not standing gravity modes.
Progressive IGWs are damped because of their thermal damping
(or breaking) before being able to reach the second turning point
after their excitation (i.e. the turning point close to the centre of
the star for a late-type star with an outer convective envelope and
the one close to the surface for an early-type star with a convec-
tive core). On the one hand, they are not able to form standing
gravity modes. On the other hand, they deposit angular momen-
tum where they are damped or where they break (e.g. Zahn et al.
1997). The analytical expression for the critical frequency (ωc),
below which IGWs are progressive, was derived in Alvan et al.
(2015) and is given by

ωc = [l (l + 1)]3/8
∫ rt;2

rt;1

K
N N2

T

r3 dr
1/4

, (14)

where rt;1 and rt;2 are the two turning points in the considered
radiation zone at which ω = N and K is the heat diffusivity. We
thus considered frequencies such that ω < ωc. In addition, we
know that the radiative damping of progressive IGWs scales as
NN2

T /ω
4 (e.g. Zahn et al. 1997, and Eq. (21)). As a consequence,

the larger the ratio N/ω, the stronger the damping and the trans-
port of angular momentum triggered by IGWs. In addition, when
N/ω >> 1, the JWKB asymptotic method (Fröman & Fröman
2005) can be used to solve the radial ODE (Eq. (15)) describ-
ing the radial propagation of a progressive IGW of given latitu-
dinal and azimuthal orders l and m. As a consequence, by low-
frequency waves we mean progressive IGWs, such that ω < ωc
and ω<<N. In the case of main-sequence stars, these frequency
hierarchies also allow us to filter out acoustic waves, which
are at higher frequencies, within the framework of the anelas-
tic approximation.

Then, the system given by Eqs. (8-9-10) reduces to
the Schrödinger-like propagation equation (e.g. Press 1981;
Zahn et al. 1997):

d2Ψl,m(r)
dr2 + k2

r (r)Ψl,m(r) = 0, (15)

where

Ψl,m = ρ̄
1
2 r2ûr;l,m (16)

and

kr(r) =
N
ω̂

kh (r) with kh =

√
l(l + 1)

r
. (17)

When ω̂ << N, one can provide an asymptotic solution to
Eq. (15) using the JWKB solution (Fröman & Fröman 2005):

Ψ =
AΨ
√

kr
exp

[
i ε

∫ r

r0

krdr′
]
, (18)
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where AΨ is an amplitude coefficient. The parameter ε ≡ ±1
determines if the phase of the wave is propagating outward (ε =
−1; the energy then propagates inward; this corresponds to the
excitation of IGWs by an external convective envelope in solar-
type stars) or inward (ε = 1; the energy then propagates outward;
this corresponds to the excitation of IGWs by a convective core).
Using Eq. (16), we obtain the JWKB expression of the radial
component of the velocity:

ûr;l,m (r) = ûr;l,m (r0)
(
ρ (r0)
ρ

)1/2 ( r0

r

)3/2
(

N (r0)
N

)1/2

× exp
[
i ε

∫ r

r0

krdr′
]
, (19)

where r0 is the excitation radius of the considered IGW.

2.2. Quasi-adiabatic propagation

As recalled in the introduction, the current way to model the
transport of angular momentum and the mixing of chemicals
by IGWs in SSE is to take into account their radiative damp-
ing. Their viscous damping is generally neglected since the
Prandtl number comparing the viscosity (ν) to heat diffusion
(K) is small in stellar radiation zones (e.g. of the order of 10−6

in the solar radiative core; Brun & Zahn 2006). In this frame-
work, it is assumed that the heat diffusion acts as a first-order
perturbation of the adiabatic propagation of IGWs (e.g. Press
1981; Schatzman 1993b; Zahn et al. 1997). The vertical wave
number used in the JWKB regime has a small imaginary part
k(1)

r ≡ τ, and the quasi-adiabatic JWKB solution for each thermo-
dynamic quantity or component of the velocity (noted as X̂QA) is
expressed as

X̂QA;l,m (r) = X̂Ad;l,m (r) exp
[
−
τl,m (r)

2

]
, (20)

where X̂Ad;l,m is the corresponding adiabatic JWKB value and

τl,m (r) = [l (l + 1)]3/2
∫ r

r0

K
N N2

T

ω̂4

dr′

r′3
(21)

is the damping rate.

3. Non-linear wave breaking

As in planetary atmospheres, IGWs can break non-linearly in
stellar interiors. The two main sources of non-linear breaking are
IGW-driven shear and convective instabilities (see Press 1981;
Lindzen 1981; Sutherland 2001, respectively).

3.1. Convective wave breaking

The first missing piece in stellar modelling is the breaking
induced by the local convective overturning of the stable strat-
ification (Barker & Ogilvie 2010). This phenomenon has never
been modelled analytically in stellar physics.

To improve the situation, the best strategy is then to turn
to the literature of atmospheric physics. Indeed, this commu-
nity has to model small-scale transport and mixing processes
such as turbulence and IGWs in global circulation models (here-
after GCMs), which are used to predict the long-term evolu-
tion of the climate. Because of the broad range of space and
timescales that have to be considered, the equations for the

small-scale processes cannot be directly solved in the GCMs,
and they have to be parametrised (Ribstein et al. 2022). We also
wish to address this issue in stellar physics; that is, we want to
evaluate the impact of the transport of momentum and chemicals
in SSE codes, which allow us to compute the long-term struc-
tural, chemical, and rotational evolution of stars. In this regard,
relevant theoretical formalism has been developed by Lott et al.
(2012) and Lott & Guez (2013) to evaluate the modification of
atmospheric zonal mean flows by convectively excited breaking
IGWs. In their model, IGWs excited by convective turbulence
–for instance at the top of clouds– non-linearly break, which
triggers a convective instability and overturns the stable strati-
fication. After a transient, the instability saturates, and Lott et al.
(2012) and Lott & Guez (2013) proposed a scheme to compute
the transported momentum. The great interest of the parametri-
sation they obtained for the wave-triggered Reynolds stresses
is that its prediction has been successfully compared to those
observed in situ in the Earth’s atmosphere by stratospheric bal-
loons (Lott et al. 2023).

This methodology can be applied to the case of stellar inte-
riors. However, it has to be adapted to the spherical geometry
of the problem because the Lott et al. (2012) and Lott & Guez
(2013) formalism was developed to be used in local Cartesian
shallow-water models relevant for the thin atmosphere of the
Earth.

3.1.1. Convective breaking and saturation scheme

We introduce the macroscopic entropy S definition

dS = CP

(
dT
T
− ∇ad

dP
P

)
, (22)

where T is the temperature and CP is the heat capacity at con-
stant pressure; we recall that ∇ad = (∂ ln T/∂ ln P)S =cst. For low-
frequency IGWs, we can assume the anelastic approximation
where acoustic waves are filtered out. In this framework, the lin-
earised equation for the transport of heat

ρTDtS = ρTCP

(
1
T

DtT −
∇ad

P
DtP

)
, (23)

reduces to

DtT
′

+ Γ ur = 0, where Γ =
T N2

T

gδ
. (24)

When an IGW propagates in the direction of a critical layer (at
which ω̂ → 0 and kr → ∞), the gradient of the temperature
fluctuation increases (since it scales as kr in the JWKB regime).
At the so-called braking radius rb (derived in the next section),
its amplitude reaches the value of the gradient of the background
temperature (as represented in Fig. 1):

|∂rT
′

(r = rb) | ≈ kr (r = rb) |T
′

(r = rb) | = Γ (r = rb) . (25)

The breaking IGW thus overturns the stable stratification leading
to a convective instability (Lindzen 1981; Sutherland 2001).

At this point, the radial velocity of the IGW reaches its
maximum value, which we call the saturated value following
Lott et al. (2012) and Lott & Guez (2013). To derive its ampli-
tude, we used the heat transport equation (Eq. (24)) that leads
to

|ur | =
1
Γ
|DtT

′

|. (26)
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Fig. 1. Principle of convective wave breaking: an IGW is excited at
r = r0. When propagating towards a critical layer located at r = rc,
the radial gradient of its temperature fluctuation grows with kr until it
overturns the stable equilibrium entropy stratification at the breaking
radius r = rb. This triggers a convective instability.

Using |DtT ′| ≈ ω̂ |T ′| and |∂rT ′| ≈ kr |T ′|, we obtain

|̂ur;l,m|sat =
ω̂

kr
=

ω̂2

Nkh
=

1
[l (l + 1)]1/2

(
ω̂

N

) (
rω̂

)
, (27)

where we used the IGW dispersion relation kr =
(
N/ω̂

)
kh

with kh =
√

l (l + 1)/r. We thus recovered one of the usual
criteria for defining the breaking of waves that states it occurs
when the wave velocity reaches the wave phase velocity (e.g.
Banner & Peregrine 1993; Stansell & Macfarlane 2002). Using
the asymptotic relation uh = (kr/kh) ur, that leads to

|̂uh;l,m|sat =
ω̂

kh
=

1
[l (l + 1)]1/2

(
rω̂

)
(28)

for the horizontal component.
It is interesting to note that these predictions are also in

agreement with the criteria for the threshold for IGW non-
linear breaking introduced by Press (1981), which stated that(
ki/ω̂

)
ûi;l,m > 1 with i ≡ {r, h}.

The condition for wave breaking is that |̂ur;l,m| > |̂ur;l,m|sat.
Using Eq. (19), this means that the waves have been excited with
an initial amplitude, such that(
ρ (rb)
ρ (r0)

)1/2 (
rb

r0

)3/2 (
N (rb)
N (r0)

)1/2

|̂ur;l,m|sat(rb) < ûr;l,m (r0) . (29)

Therefore, for a given value of ûr;l,m (r0), this equation implicitly
determines the value of rb.

3.1.2. Saturated vertical flux of energy and angular
momentum

Using Eqs. (8) and (10), assuming that ω̂ << N, and employing
the anelastic approximation, we express the pressure fluctuation
as a function of the vertical velocity:

P
′

= ε ρ
N2

krω̂
ur. (30)

This allows us to compute the saturated transported monochro-
matic flux of energy for convective wave breaking (CWB):

FCWB
E;l,m (r) =

1
4π

∫
Ω̃=4π

Re
[
P
′

l,m (r, θ, ϕ, t)
]

Re
[
u∗r;l,m (r, θ, ϕ, t)

]
dΩ̃

=
1

4π
1
2
ε ρ

N2

krω̂

(
ω̂2

Nkh

)2

=
1

4π
1
2

ε ρ

[l (l + 1)]3/2

(
ω̂

N

)
(rω̃)3 , (31)

where dΩ̃ = sin θdθdϕ is the elementary solid angle, Re is
the real part, and ∗ is the complex conjugate; while ur;l,m =

ûr;l,m (r) Ym
l (θ, ϕ) eiωint, P′l,m = P̂l,m (r) Ym

l (θ, ϕ) eiωint with P̂l,m =

ε ρN2 ûr;l,m/
(
krω̂

)
where |̂ur;l,m| = |̂ur;l,m|sat (Eqs. (30) and (27),

respectively). In the case of a solar-type star with an external
convective envelope, we find that the energy is injected inward
with ε = −1. In the case of an early-type star with a convective
core, it is injected outward with ε = 1. This allows us to derive
the triggered flux of angular momentum:

FCWB
J;l,m (r) = −

m
ω̂

FCWB
E;l,m (r)

= −
1

4π
1
2

m ε ρ

[l (l + 1)]3/2

(
ω̂

N

) (
rω̂

)3

ω̂
. (32)

When taking this expression and applying it in a local Carte-
sian plane, we recover the expression derived by Lott et al.
(2012) and Lott & Guez (2013). We recall the interest of their
parametrisation, which has been validated by in situ measure-
ments of wave-induced Reynolds stresses in the Earth’s atmo-
sphere by stratospheric baloons (Lott et al. 2023). In the case of
a solar-type star for which ε = −1, we find that a retrograde wave
(m > 0) is extracting angular momentum from the radiative core,
while a prograde one (m < 0) is depositing angular momentum
there. The situation is the opposite in the case of an early-type
star for which ε = 1.

It is important to examine the physical behaviour of the trans-
ported flux of angular momentum. First, as expected, it vanishes
when the IGWs propagate very close to a critical layer where
ω̂→ 0. This means that the angular momentum is deposited very
efficiently close to this layer. Next, we see that the higher the lat-
itudinal degree l, the stronger the deposit. Such a behaviour is
similar to the case of the deposit through the radiative damping,
which is also more efficient for high-degree IGWs.

The transported flux diminishes with the strength of the strat-
ification quantified by N, which means a more efficient deposit.
This can be understood as, at a fixed ω̂, the strongest N, the
strongest the vertical wave number kr, and as a consequence the
vertical gradient of the wave triggered temperature fluctuation
that overcomes the stable equilibrium entropy gradient. In the
specific case where N → 0, as in the centre of solar-type stars,
the asymptotic relation kr ≈ (N/ω̂)kh cannot be used anymore
since we lose the frequency hierarchy 1 <<

(
N/ω̂

)
, and specific

prescriptions must be derived. In this case, the radial buoyancy
force vanishes and any motion potentially leads to a convective
instability (e.g. Barker & Ogilvie 2010).

Finally, a vanishing density (ρ) also leads to a flux that van-
ishes and an efficient deposit of angular momentum. This cor-
responds, for instance, to the case of layers close to the surface
of early-type stars where such an efficient momentum deposit
could drive matter ejection, as in active Be stars (Rogers et al.
2013; Rogers 2015; Neiner et al. 2020).
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3.2. Breaking due to IGW shear instabilities

The great interest of the method proposed by Lott et al. (2012)
and Lott & Guez (2013) is that it allows us to derive the trans-
ported fluxes of energy and angular momentum by IGW convec-
tive breaking by calculating the saturated value of their velocity
from the convective instability criteria.

Since IGWs can also break because of the vertical shear
instability of their own velocity (Garcia Lopez & Spruit 1991),
we can apply the methodology of Lott et al. (2012) and
Lott et al. (2023) to this instability. We first consider the sim-
plest case where the action of the heat diffusion, which weakens
the action of the restoring buoyancy force, is ignored. Following
Alvan et al. (2013), the Richardson criteria for the vertical shear
instability of an IGW is given by

N2∣∣∣∣∣∣∣d
√
< uh · u∗h >θ,ϕ

dr

∣∣∣∣∣∣∣
2 ≤ Ri;c βl,m, where βl,m =

m2

l (l + 1)
, (33)

and Ri;c is the critical Richardson number. The geometrical fac-
tor βl,m comes from the derivation of the Taylor Goldstein Synge
equation for IGWs propagating in vertically sheared shellular
rotation projected on spherical harmonics in spherical geometry
(Alvan et al. 2013). Since we considered low-frequency IGWs
for which asymptotic JWKB solutions apply, we have ||ur || <
< ||uh||, where uh ≡ ûh;l,m (r) Sm

l (θ, ϕ) is their horizontal com-
ponent; we introduced the horizontal average over the sphere <
X >θ,ϕ=

∫
Ω̃=4π X (θ, ϕ) dΩ̃, where we recall that dΩ̃ = sin θdθdϕ

is the elementary solid angle element. The introduction of this
horizontal average is motivated by our goal to evaluate hori-
zontal averages of the transported fluxes of energy and angular
momentum. It is thus more appropriate than a purely local cri-
teria that may be only applied at a given co-latitude. Using the
JWKB identity d/dr ∝ i ε kr, Eq. (33) can be written as

1
Ri;c βl,m

(
ω̂

kh

)2

≤
(
|̂uh;l,m|sat

)2 . (34)

Using the JWKB polarisation relation uh ≈ (kr/kh) ur with kh =
[l (l + 1)]1/2 /r, this leads to the corresponding criterion for the
vertical velocity:

1
Ri;c βl,m

(
ω̂

kr

)2

≤
(
|̂ur;l,m|sat

)2 . (35)

As in the case of the convective breaking, we recover a criteria
whereby the component of the velocity field have to overcome
the corresponding component of the wave phase velocity. These
equations allow us to derive the explicit expression for the satu-
rated value for the squared amplitude of the vertical component
of IGWs:(
|̂ur;l,m|sat

)2
=

1
Ri;c m2

(
ω̂

N

)2 (
rω̂

)2 . (36)

This allows us to obtain the saturated amplitudes of the flux of
energy,

FSWB
E;l,m =

1
4π

1
2

ε ρ

Ri;c m2 [l (l + 1)]1/2

(
ω̂

N

) (
rω̂

)3 , (37)

and angular momentum,

FSWB
J;l,m = −

1
4π

1
2

m ε ρ

Ri;c m2 [l (l + 1)]1/2

(
ω̂

N

) (
rω̂

)3

ω̂
, (38)

along the radial direction, respectively, in the case of shear-
driven wave breaking (SWB).

Given the similar form of the saturated velocity when
compared to the convective breaking, we obtain the same
dependences of the flux of angular momentum as a function
of ω̂, l, N, and ρ. We note a supplementary dependence on m2

due to the geometrical factor βl,m. The larger m is, the stronger
the deposit of angular momentum. We note, however, that this
dependence on m2 does not introduce a supplementary bias
between prograde and retrograde waves. Finally, the deposit
of angular momentum is more efficient for high values of the
critical Richardson number (Ri;c). This can be understood by
looking at Eq. (33): a higher Ri;c diminishes the instability
threshold N2/

(
Ri;cβl,m

)
.

However, the action of heat diffusion is of great importance in
stellar interiors, because it favours the development of vertical
shear instabilities (Townsend 1958; Zahn 1992; Lignières 1999;
Prat & Lignières 2013, 2014). The vertical shear instability cri-
terion becomes

N2∣∣∣∣∣∣∣d
√
< uh · u∗h >θ,ϕ

dr

∣∣∣∣∣∣∣
2

√
< ur · u∗r >θ,ϕ lr

K
≤ Ri;c βl,m, (39)

where we identify the Peclet number Pe ≡( √
< ur · u∗r >θ,ϕ lr

)
/K, which evaluates the ratio between

heat vertical advection and diffusion. At the saturation level
for IGWs for which we reach the instability threshold, we can
identify the radial characteristic length scale lr to 1/kr. This
allows us to derive the scalings for the saturated values of the
vertical components of IGWs’ velocities:

|̂ur;l,m|sat =
1

Ri;c βl,m [l (l + 1)]3/2

(
r2 N

K

) (
ω̂

N

)4 (
rω̂

)
, (40)

energy flux

FSWB
E;l,m =

1
4π

1
2

ε ρ

R2
i;c β

2
l,m [l (l + 1)]7/2

(
r2 N

K

)2 (
ω̂

N

)7 (
rω̂

)3 , (41)

and angular momentum

FSWB
J;l,m = −

1
4π

1
2

m ε ρ

R2
i;c β

2
l,m [l (l + 1)]7/2

(
r2 N

K

)2 (
ω̂

N

)7 (
rω̂

)3

ω̂
. (42)

The key modification in this case is the dependence of the sat-
urated velocity and of the transported fluxes on the heat diffu-
sivity (K). The stronger the heat diffusion, the more efficient
the deposit of angular momentum. This can be understood since
the heat diffusion diminishes the stability of a vertically sheared
flow that favours the IGW shear-instability-driven breaking. The
modified form of the stability equation is the reason for the mod-
ification of the dependence of the flux on ω̂, l, m, and N. If the
involved powers are higher, the trends are, however, the same as
in the case where the action of heat diffusion was neglected.

3.3. Modelling angular-momentum transport

The computed transported flux of angular momentum allows us
to evaluate its evolution (e.g. Zahn et al. 1997; Mathis 2009):ρd

(
r2Ω

)
dt


IGWs

= −
3
2

1
r2 ∂r

[
r2 FJ (r)

]
. (43)
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From the previous section, we know that the flux cannot exceed
its value in the saturated regime when IGW non-linear break-
ing occurs. We can thus model the transported flux of angular
momentum as

F (r) =
∑
ωin,l,m

min
{
−

m
ω̂

FE;l,m (r0) exp
[
−τl,m (r)

]
,

−
1

4π
1
2

m ε ρ

[l (l + 1)]3/2

(
ω̂

N

) (
rω̂

)3

ω̂
,

−
1

4π
1
2

m ε ρ

R2
i;c β

2
l,m [l (l + 1)]7/2

(
r2 N

K

)2 (
ω̂

N

)7 (
rω̂

)3

ω̂

, (44)

where the first flux in the brackets corresponds to its standard
quasi-adiabatic modelling (e.g. Schatzman 1993b; Zahn et al.
1997). This expression is the generalisation of the expres-
sion derived in Lott et al. (2012), Lott & Guez (2013), and
Ribstein et al. (2022) for the studied case of deep spherical stel-
lar regions taking into account both the convective- and vertical-
shear-driven breakings. Its analytical form makes it ready to be
implemented in 1D SSE numerical codes.

4. Taking into account the Coriolis and Lorentz
forces

Early-type stars and young late-type stars are rapid rotators
(e.g. Gallet & Bouvier 2013; Aerts & Tkachenko 2024). In addi-
tion, stellar-radiation zones can be the place of magnetic fields
(stable or unstable) inherited from previous convective phases
where dynamo action has generated magnetic energy (e.g.
Braithwaite & Spruit 2004; Duez & Mathis 2010; Arlt 2014;
Emeriau-Viard & Brun 2017; Bugnet et al. 2021). As a conse-
quence, low-frequency IGWs that transport angular momentum
can be simultaneously modified by the Coriolis acceleration
and the Lorentz force and become magneto-gravito-inertial
waves (MGIWs; Kumar et al. 1999; MacGregor & Rogers 2011;
Mathis & de Brye 2011, 2012; Rui et al. 2024).

In the case where the Archimedean force is larger than
the radial components of the Coriolis acceleration and of the
Lorentz force, the dynamics of MGIWs can be modelled semi-
analytically using the traditional approximation for rotation
and magnetism (TARM; e.g. Mathis & de Brye 2011; Rui et al.
2024).

We now analyse the most advanced semi-analytical model
for the transport of angular momentum by MGIWs in stellar
radiation zones developed by Mathis & de Brye (2012). In this
model, we consider, as a first step, a rotation profile:

Ω (r, θ) = Ωs + δΩ (r) , (45)

which is the sum of a global solid rotation Ωs and of a weak
radial differential rotation δΩ. Next, we choose a purely axisym-
metric azimuthal magnetic field defined as in Malkus (1967):

B (r, θ) =
√
µρr sin θωÂeϕ, (46)

corresponding to a constant Alfvén frequency ωA. If this mag-
netic topology is a very specific simplified one, it allows us to
explore the dynamics of the waves within the radiation zone
as a function of the frequency hierarchies between N, Ωs, and
ωA when {ωA, 2Ωs} << N when taking into account both the
Coriolis acceleration and the Lorentz force in a non-perturbative
way. The interesting point is that more complex models consid-
ering more general axisymmetric differential rotation and mag-
netic field (e.g. Dhouib et al. 2022; Rui et al. 2024) show similar

behaviours to this simplified model, which thus constitutes an
interesting first laboratory.

Within this simplified model, Mathis & de Brye (2011) and
Mathis & de Brye (2012) identified a key modified frequency,

ω2
M = ω2

s − m2ω2
A, (47)

and the magnetic spin control parameter

νM =
2Ωs

ωs

1 − m
ω2

A

Ωsωs

1 −
m2

2
2Ωs

ωs

ω2
A

Ωsωs

, (48)

which allowed us to model the propagation of MGIWs in a
theoretical formalism similar to the non-rotating non-magnetic
case. The only difference is that the associated Legendre poly-
nomial of the spherical harmonics is replaced by a so-called
Hough function Θk,m (cos θ; νM) with an associated horizontal
eigenvalue Λk,m (νM) that reduces to l (l + 1) when Ωs and ωA
vanish. We refer the reader to Hough (1898), Longuet-Higgins
(1968), Lee & Saio (1997), and Townsend (2003, 2020) for their
detailed properties. In this framework, the MGIW-JWKB disper-
sion relation becomes

kr =

(
N
ωM

)
kh with kh =

√
Λk,m (νM)

r
. (49)

The place where ωM vanishes corresponds to a magnetic
critical layer where MGIWs become trapped by the magnetic
field and cannot propagate anymore (e.g. Schatzman 1993a;
MacGregor & Rogers 2011; Mathis & de Brye 2011). As a
consequence, the transport of angular momentum by MGIWs
vanishes.

In the following, we focus on the impact of the Coriolis and
Lorentz forces on the convective breaking of MGIWs. Indeed,
to our knowledge, there is no available general criterion for
the instability of a radial shear in the presence of both rotation
and magnetic field (e.g. Salhi & Cambon 2010; Lecoanet et al.
2010). Inserting the dispersion relation for MGIWs into the heat
transport equation, where we neglect the effects of the Ohmic
heating, the amplitude of the saturated velocity becomes

|̂ur;k,m|sat =
ω̂ ωM

Nkh
with kh =

√
Λk,m (νM)

r
. (50)

Using the polarisation relation (Eq. (30)) within the TARM, we
derive the monochromatic transported flux of angular momen-
tum:

FCWB
J;k,m = −

1
2

1
2

m ε ρ r
ω3

M r2

NΛ
3/2
k,m (νM)

〈
Θ2

k,m (cos θ; νM)
〉
θ
, (51)

where 〈···〉θ =
∫ π

0 ··· sin θdθ. Since the horizontal eigenvalue Λk,m

is larger than l (l + 1) while
〈
Θ2

k,m (cos θ; νM)
〉
θ

is smaller than
the latitudinal average of the corresponding associated Legen-
dre polynomial when the rotation and the magnetic field vanish,
FJ;breaking diminishes in the presence of rotation and magnetism.
This can be understood since we are considering the convec-
tive overturning of the stable stratification here, while rotation
and magnetic field are known to potentially decrease the effi-
ciency of convection for its mode transporting the most heat
(e.g. Stevenson 1979; Augustson & Mathis 2019). When ωM
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vanishes, meaning that the IGW meets a critical magnetic layer,
we find that the flux of angular momentum vanishes.

Following the same methodology as in the non-rotating and
non-magnetic case, we obtain the parametrisation of the angular
momentum transport:

F (r) =
∑
ωin,k,m

min
{
−

m
ω̂

FE;k,m (r0) exp
[
−τk,m (r)

]
,

−
1
2

1
2

m ε ρ r
ω3

M r2

NΛ
3/2
k,m (νM)

〈
Θ2

k,m (cos θ; νM)
〉
θ

, (52)

where we recall the value of the thermal damping in the rotating
magnetic case as derived in Mathis & de Brye (2012):

τk,m = Λ
3/2
k,m

(
νM;m

) ∫
r

K
N2

T N

ω̂ ω3
M

dr′

r′3
. (53)

5. Conclusion and perspectives

In this work, we studied the non-linear breaking of IGWs and the
transport of angular momentum it triggers. We took advantage of
theoretical progress for its modelling in the Earth’s atmosphere,
which were achieved ten years ago in local Cartesian models
(Lott et al. 2012; Lott & Guez 2013) and implemented in global
circulation models (e.g. Ribstein et al. 2022) and whose predic-
tions have been successfully compared to in situ measurements
of Reynolds stresses triggered by IGWs by stratospheric bal-
loons (Lott et al. 2023).

First, we considered the non-rotating and non-magnetic case.
We identified the conditions in which the temperature fluctuation
of an IGW is able to overturn the surrounding stable stratifica-
tion or its velocity becomes unstable because of its vertical shear.
We derived the IGW amplitude for which convective or vertical
shear instabilities occur and the corresponding breaking radius,
even though we should remember that once turbulence is devel-
oping, such a local criterion is an approximation of the reality.
From the instability criteria, we derived the values of the satu-
rated wave velocity necessary to trigger them. This allowed us
to derive the value of the transported flux of energy and angu-
lar momentum. We show that the deposit of angular momen-
tum by breaking waves increases with their latitudinal degree,
the ratio of the Brunt-Vaïsälä frequency and the wave frequency,
and when the density decreases or the Doppler-shifted frequency
vanishes.

As in geophysics, we thus obtain a theoretical, semi-
analytical prescription for the wave-mean differential rotation
interaction, which takes into account the smooth thermal damp-
ing of IGWs and their non-linear breaking simultaneously. In
this vision, IGWs break before reaching critical layers and this
is the reason why the prescription derived in Alvan et al. (2013)
is not taken into account. Such a prescription thus allows us
to bring the modelling of the transport of angular momentum
by waves over long timescales in stellar structure and evolution
numerical codes to the same level of realism as in global circu-
lation models for the Earth’s atmosphere and the prediction of
climate evolution.

Second, we considered the case of rotating magnetised
stellar-radiation zones in which the non-perturbative actions of
the Coriolis acceleration and of the Lorentz force on IGWs must
be taken into account. With simplified assumptions of a weak,
radial differential rotation and an azimuthal magnetic topology
that corresponds to a constant Alfvén frequency, we generalised
the results we obtained in the case where the modification of

IGWs by the Coriolis acceleration and the Lorentz force are
ignored. We considered the regime of the traditional approxima-
tion for rotation and magnetism (TARM) where the radial com-
ponent of the Coriolis acceleration and of the Lorentz force are
dominated by the buoyancy Archimedean force. In this case, a
semi-analytical approach is still possible, and we see that the
transported flux of angular momentum by IGWs’ convective
breaking will diminish when compared to the non-rotating and
non-magnetic case. This can be understood as a consequence of
the fact that rotation and magnetism can inhibit the efficiency of
convection for its mode transporting more heat.

The perspectives of this work can be structured along three
axes. The first one will be to implement the obtained pre-
scription in stellar structure and evolution numerical codes,
where physical prescriptions for the transport of angular
momentum are implemented, and to explore different stel-
lar masses and evolutionary stages (e.g. Charbonnel & Talon
2005; Talon & Charbonnel 2005). Next, more general differ-
ential rotation (Mathis 2009; Dhouib et al. 2021) or magnetic
topologies (Dhouib et al. 2022; Rui et al. 2024) can be con-
sidered. For instance, asteroseismology does not yet provide
any constraint on the latitudinal variation of differential rota-
tion in stellar radiation zones, while their interfaces with adja-
cent convective regions (i.e. stellar tachoclines) can be the seat
of strong horizontal shears because of the transition between
a differential rotation that varies both in radius and latitude in
convection zones and a weaker differential rotation in stellar
radiative regions (e.g. Spiegel & Zahn 1992; Brun et al. 2005,
2011, 2017, 2022). Moreover, the 2D stellar structure and evolu-
tion code ESTER predicts a possible 2D angular velocity profile
in the external radiative envelope of rapidly rotating early-type
stars (e.g. Espinosa Lara & Rieutord 2013; Rieutord et al. 2016;
Mombarg et al. 2023). In these configurations, within the frame-
work of the TARM, generalised Hough functions describing the
latitudinal behaviour of IGWs replace the standard Hough func-
tions, but the main trends described here with our simplify-
ing assumptions should be conserved. Finally, because of the
rapid rotation of young late-type stars and the rapid rotation
and weaker stratification in early-type stars, it will be necessary
to go beyond the TARM and take into account the full Cori-
olis acceleration and Lorentz force (e.g. Dintrans & Rieutord
2000; Gerkema & Shrira 2005; Mathis et al. 2014; Mirouh et al.
2016).
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