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ABSTRACT

While Bayesian inference techniques are standard in cosmological analyses, it is common to interpret resulting parameter constraints
with a frequentist intuition. This intuition can fail, for example, when marginalizing high-dimensional parameter spaces onto subsets
of parameters, because of what has come to be known as projection effects or prior volume effects. We present the method of informed
total-error-minimizing (ITEM) priors to address this problem. An ITEM prior is a prior distribution on a set of nuisance parameters,
such as those describing astrophysical or calibration systematics, intended to enforce the validity of a frequentist interpretation of the
posterior constraints derived for a set of target parameters (e.g., cosmological parameters). Our method works as follows. For a set
of plausible nuisance realizations, we generate target parameter posteriors using several different candidate priors for the nuisance
parameters. We reject candidate priors that do not accomplish the minimum requirements of bias (of point estimates) and coverage
(of confidence regions among a set of noisy realizations of the data) for the target parameters on one or more of the plausible nuisance
realizations. Of the priors that survive this cut, we select the ITEM prior as the one that minimizes the total error of the marginalized
posteriors of the target parameters. As a proof of concept, we applied our method to the density split statistics measured in Dark
Energy Survey Year 1 data. We demonstrate that the ITEM priors substantially reduce prior volume effects that otherwise arise and

that they allow for sharpened yet robust constraints on the parameters of interest.
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1. Introduction

Present and near-future wide-area surveys of galaxies will pro-
vide an unprecedented volume of data over most of the extra-
galactic sky. Examples of these surveys are the Dark Energy
Survey (DES; DESI Collaboration 2016; Sevilla-Noarbe et al.
2021), the Vera C. Rubin Observatory’s Legacy Survey of
Space and Time (LSST; LSST Science Collaboration 2009;
Ivezi¢ et al. 2019), the Dark Energy Spectroscopic Instrument
(DESI) survey (Dark Energy Survey Collaboration 2016), the
space mission Euclid (Laureijs etal. 2011), the 4m Multi-
Object Spectroscopic Telescope (4MOST) (de Jong et al. 2012),
the Kilo-Degree Survey (KiDS; de Jong et al. 2012), the Hyper
Suprime-Cam (HSC; Aihara et al. 2017), and the Nancy Grace
Roman Space Telescope (Eifler et al. 2021). The promise of
precision cosmology with the resulting data can only be
realized by accurately accounting for the nuisance effects
— both astrophysical and in the calibration uncertainty of
data — that become relevant in increasingly complex models.
Examples of astrophysical effects include intrinsic alignments
of galaxies as a nuisance effect for weak lensing analyses
(see Troxel & Ishak 2015 and Lamman et al. 2024 for recent
reviews and Secco et al. 2022; Samuroff et al. 2023; Asgari et al.
2021 and Dalal et al. 2023 for the latest analyses); baryonic
physics that impact the statistics of the cosmic matter den-
sity field, such as star formation, radiative cooling, and feed-
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back (e.g., Cui et al. 2014; Velliscig et al. 2014; Mummery et al.
2017; Troster et al. 2022); galaxy bias and other parameters
describing the galaxy-matter connection (see Schmidt 2021
for a recent review, Scherrer & Weinberg 1998; Dekel & Lahav
1999; Baldauf et al. 2011; Heymans et al. 2021; Ishikawa et al.
2021 and Pandey et al. 2022); and systematic effects on the
baryon acoustic oscillation signal (Seo & Eisenstein 2007,
Ding et al. 2018; Rosell et al. 2021 and Lamman et al. 2023).
Calibration-related nuisance effects include measurement biases
on galaxy shapes (see Mandelbaum et al. 2019 for a review,
MacCrann et al. 2021; Georgiou et al. 2021 and Li et al. 2022),
the estimation of redshift distributions of photometric galaxy
samples (see Newman & Gruen 2022 for a review and
Tanaka et al. 2017; Huang et al. 2017; Hildebrandt et al. 2021;
Myles et al. 2021; Cordero et al. 2022), and systematic clus-
tering of galaxies induced by observational effects (e.g.
Cawthon et al. 2022; Baleato Lizancos & White 2023).

Cosmological inference from survey data is performed
through likelihood analyses. The first step is to predict a model
data vector as a function of parameters (both cosmological and
nuisance) using a theoretical modeling pipeline. The second step
is to infer the posterior probability distribution of the parameters
using the observed data vector as a noisy measurement. Finally,
one obtains a marginalized posterior for a subset of parameters
by projecting out the remaining parameters. The results are sum-
marized in the form of point estimates (best estimate of a param-
eter value) with their confidence errors. It might be desirable for
these marginalized posteriors to have certain properties:
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Fig. 1. Sketches on how the treatment of nuisance parameters can cause systematic errors on the target parameter posteriors. For both panels, we
assume a 2D space where the parameter 6 = (6rurger, Onuisance)- Left: bias due to underfitting a nuisance effect. In a 2D model, let 0 be the real
value of the parameter By, despite the true value of Oxyisance- When Oxyisance 18 a free parameter of the 2D Gaussian model presented in the panel,
the true value of the target parameter is recovered with the 2D Maximum a Posteriori (2D MAP) corresponding to the red mark. With a simpler
nuisance model that fixes €xyisance = 0 and thus underfits the nuisance, the 1D MAP (blue mark) of O, is biased towards negative values as a
result. Right: prior volume effect. In this toy illustration, we show the 2D and 1D marginalized posteriors of a distribution with the 1o and 20
confidence contours with blue and light blue respectively. Such posteriors can, for example, result from a model that is highly non-Gaussian in
the full posterior space. The black dashed line represents the fiducial value, and the intersection of them is inside the 1o~ contour. If we only have
access to the 1D marginalized posterior of Orp,ge, Wwe would hardly estimate the fiducial value with our point estimators. In other words, even if
the posterior in the entire parameter space is centered around the correct parameters, the posterior marginalized over the nuisance parameters can
be off of the correct target parameters. This bias error is called the prior volume effect, and in this paper, we propose a pipeline to overcome it by

constraining systematically the priors on the nuisance parameters.

— Unbiasedness: we require the point estimate of each cosmo-
logical parameter to have a bias, with respect to the fidu-
cial parameters, smaller than some fraction of the width of
the confidence interval (e.g., to be inside the 1o~ confidence
interval or region if the space is two or more dimensions). In
Sect. 2.3.1 we review the point estimators that are currently
used in cosmology.

— Reliability: in repeated trials (with the same realization of
the nuisance, independent noise, and the same fiducial val-
ues for the cosmological parameters), we impose that the
“true” values of a set of cosmological parameters be within
a derived confidence region of those parameters for at least
some desired fraction of time. In other words, the frequentist
coverage of the independent realizations should be consistent
with the confidence level (the idea of matching Bayesian and
frequentist coverage probabilities has been discussed exten-
sively in Percival et al. 2021).

— Robustness: we demand that the previous two requirements
hold across a list of plausible nuisance and physical realiza-
tions of the fiducial configuration (e.g., under two different
fiducial nuisance parameters, we still can recover unbiased
and reliable marginal posteriors on the cosmology).

— Precision: among all the possible priors whose resulting con-
fidence regions fulfill the above requirements, we prefer the
one that, on average, results in the smallest total (i.e., statisti-
cal and systematic) uncertainty on the cosmological param-
eters.

There are two ways in which the treatment of nuisance param-
eters can cause systematic errors and therefore violate these
statements. The first one is to assume a nuisance parameter
model that is overly simplistic, for instance, by fixing a nuisance
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parameter that indeed needs to be free to accurately describe the
observed data. In the left panel of Fig. 1, we present a simple 2D
sketch of this situation. There, the assumption is that a nuisance
parameter, Onyisance, €quivalent to zero leads to an unavoidable
bias on the cosmological parameter GTargell . We refer to this effect
as “underfitting” of the nuisance, following Bernstein (2010).
With the coming cosmological surveys, the complexity of the
data is expected to increase, and therefore, unknown or not mod-
eled nuisance effects could become underfitted.

The second treatment involves assuming a prior distribution
such that the estimated parameters on the marginalized poste-
rior are biased with respect to the “true” values. This system-
atic error is known as prior volume effect or projection effect,
and it is shown in the right panel of Fig. 1. We emphasize
that the prior volume effect is a continuous one (i.e., there are
cases in which this error is larger than others), and it is not lim-
ited to cases where distributions are non-symmetric or exclu-
sively non-Gaussian. To avoid confusion, we limit ourselves
to the definition of prior volume effect stated above, in which
the point estimates calculated from the marginalized posteri-
ors will be substantially offset from the true value being pre-
dicted (for real-life examples of the effect, see, e.g., Secco et al.
2022; Amon et al. 2022 on intrinsic alignments, Sugiyama et al.
2020; Pandey et al. 2022 on galaxy bias, or Sartoris et al. 2020
on galaxy cluster mass profiles. For studies on overcoming
this effect in weak lensing analyses, see Joachimi et al. 2021;
Chintalapati et al. 2022, and Campos et al. 2023).

! Given that our work may be relevant to areas beyond cosmology, we

use the term “target parameter” and “cosmological parameter” inter-
changeably for the rest of this paper.
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Another consequence of the prior volume effect is that
the marginalized coverage fraction (the fraction of marginal-
ized confidence intervals in repeated trials that encompass the
true target parameters) may not be consistent with the associ-
ated credible level. The Bayesian and frequentist interpretations
imply that the full posterior’s confidence region does not nec-
essarily have the same credible region. If this is the case, these
two effects combine when marginalizing, and the marginalized
coverage fraction is less intuitively characterized. This can be
rephrased as follows: the marginalized 1o confidence contours
obtained with repeated Bayesian analyses in an ensemble of real-
izations do not necessarily encloses the fiducial parameter con-
figuration with a frequency of ~68%. The discrepancy may not
constitute a problem from a purely Bayesian standpoint since
Bayesian statistics do not claim to satisfy frequentist expec-
tations. However, this does not change the fact that one may
want to make probabilistic statements about the true value of a
physical parameter and that marginalized parameter constraints
quoted in cosmological publications are interpreted in a frequen-
tist way by a large fraction (if not the majority) of the cosmol-
ogy audience. Projection effects in high-dimensional nuisance
parameter spaces may hence cause a buildup of wrong intuitions
in the inferred parameters. Therefore, in the absence of projec-
tions, we would only find the general mismatch between the
confidence and credible regions of the marginalized posteriors,
and this mismatch can be overcome by using solutions such as
the one presented in Percival et al. (2021) and Chintalapati et al.
(2022).

The situation is further complicated by the fact that a pre-
cise model for nuisance effects with a finite set of parame-
ters and well-motivated Bayesian priors is often not available.
Commonly, at best, some plausible configurations of the nui-
sance effect are known. These could, for example, be a set of
summary statistics measured from a range of plausible hydro-
dynamical simulations (van Daalen et al. 2019; Walther et al.
2021) or a compilation of different models and parameters
that have been found to approximately describe the nuisance,
as is the case for intrinsic alignment (Hirata & Seljak 2004;
Kiessling et al. 2015; Blazek et al. 2019), the galaxy-matter
connection (Szewciw et al. 2022; Voivodic & Barreira 2021;
Friedrich et al. 2022; Britt et al. 2024), and in the calibration
of redshift distributions (Cordero et al. 2022). Additionally,
simulation-based inference techniques, such as simulation-
based calibration (SBC; Talts et al. 2018), have offered an
alternative way to discriminate among priors, and the cos-
mology community has recently applied SBC in a number
of studies (Novaes etal. 2024; Ho et al. 2024; Nguyen et al.
2024; Ivanov et al. 2024; Yaoetal. 2023). SBC does not
make any assumptions about the analytical likelihood functions
(Cranmer et al. 2020), yet it evaluates whether a probabilistic
model accurately infers parameters from data by comparing the
inferred posterior distributions with the priors. However, it has
limitations, such as the fact that the SBC method quantifies
biases in a one-dimensional posterior relative to a baseline prior
distribution using a rank histogram (Yao & Domke 2023). Cur-
rent high-dimensional cosmological models, however, include
multiple nuisance parameters, which requires us to diagnose
biases in the joint distribution.

In this paper, our objective is to make statements about the
marginalized posteriors of the target parameters that fulfill the
above criteria of unbiasedness, reliability, robustness, and pre-
cision. These are pragmatic objectives and not necessarily con-
sistent with common Bayesian approaches. We chose to do this
by defining the prior on nuisance effects in such a way that our
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objectives are met instead of by directly using our prior knowl-
edge of their parameter values. Since the nuisance priors we con-
structed to satisfy these criteria are informed by knowledge of
possible configurations of the nuisance effects and they mini-
mize the systematic and statistical errors, we call them informed
total-error-minimizing (ITEM) priors. How we constructed these
priors has two important consequences for the interpretation of
the resulting parameter constraints:

— In the presence of limited information about the nuisance
effect, the considered realizations can be used to tune the pri-
ors of the nuisance parameters to ensure certain properties of
the resulting constraints on the target parameters. Hence, we
do not assume the ITEM prior directly represents informa-
tion about the nuisance effect or our knowledge about it. It is
merely a tool for interpretable inference of the target param-
eters. As a consequence, we relinquish the ability to derive
meaningful posterior constraints on the nuisance parameters.

— The coverage fraction and bias of any procedure to derive
parameter constraints in a set of repeated experiments will be
sensitive to the “true” values of cosmological and nuisance
parameters that underlie those experiments. Given a set of
plausible realizations of cosmology and nuisances, we can
therefore only ensure a minimum coverage and a maximum
bias of the constraints derived from ITEM priors.

This paper is structured as follows: we start by describing the
general methodology for obtaining ITEM priors in Sect. 2. In
Sect. 3, we investigate the performance of the method in a
test case: cosmological parameter constraints marginalized over
models for non-Poissonian shot-noise in density split statistics
(Friedrich et al. 2018; Gruen et al. 2018). We explore the change
in simulated and DES Y1 results of these statistics when using
ITEM priors defined from a simplified set of plausible nuisance
realizations. Finally, a discussion and conclusions are given in
Sect. 4.

2. Methodology

Assume that some observational data can be described in a data
vector € of N, data points. Let £[0] be a model for this data vector
that depends on a parameter vector 8 of N, parameters, and let C

be the covariance matrix of é In many cases, it is reasonable to
assume that the likelihood £ of finding & given the parameters 6

is a multivariate Gaussian distribution:

2 1 A X
In LE16) = —3 > (& - &10DC;' & - £,10) + C. )
ij

where Cl-_j1 are the elements of the inverse of the covariance
matrix C, and C is a constant as long as the covariance does
not depend on the model parameters. We derived the posterior
distribution P($|0) using Bayes’ theorem:

POI) o LEOTI(O), @

with T1(6) being a prior probability distribution incorporating a
priori knowledge or assumptions on 6.

In many situations, parameters € can be divided into two
types: target parameters 6y and nuisance parameters 6y, as done
in Fig. 1 (frarger and Onuisance TESpectively). This distinction is
subjective and depends on which parameters one would like to
make well-founded statements about (i.e., robust, valid, reliable,
and/or precise estimates). Also, this division is based on which
parameters are needed to describe the complexities of the experi-
ment but are not considered intrinsically of interest. For example,

A178, page 3 of 18



Ried Guachalla, B, et al.: A&A, 693, A178 (2025)

T

\

/1N P

Fig. 2. Basic steps and concepts present in our ITEM prior methodology. In light blue, we summarize the steps of our pipeline, and in green, we

highlight the ingredients of the methodology.

in a cosmological experiment, the target parameters are usually
those describing the studied cosmological model, such as the
A-Cold Dark Matter (ACDM) and its variations. This could, for
example, include the present-day density parameters (€2, with x
representing a specific content of the universe), the Hubble con-
stant (Hyp), and the equation of state parameter of dark energy
(w). On the other hand, the nuisance parameters account for
observational and astrophysical effects, or uncertainties in the
modeling of the data vector.

Recent cosmological analyses have chosen an approximate
nuisance model with a limited number of free parameters for all
these complex effects. These either assume a wide flat prior dis-
tribution over the nuisance parameters or an informative prior
distribution set by simulation and/or calibration measurements
(Aghanim et al. 2020; Asgari et al. 2021; Sugiyama et al. 2022;
Abbott et al. 2022). As we explained in Sect. 1, precarious mod-
eling of nuisance parameters can cause systematic errors, leading
to the following consequences:

— Limited modeling of the nuisance effects: the assumed model
£[6] may not sufficiently describe the nuisance effects. For
example, there could be an oversight of one underlying
source of the nuisance, the model of a nuisance effect may be
truncated at too low an order, or it can be entirely neglected.
This results in an intrinsic bias on the inferred target param-
eters, as would, for instance, be revealed by performing the
analysis on simulated data that include the full nuisance
effect.

— Prior-volume effects: the prior distribution I1(6y) over one
or multiple nuisance parameters could result in biases in the
marginalized posterior when projecting to lower dimensions.

In this work, we introduce a procedure that determines a prior
distribution on the nuisance parameters that ensures the cri-
teria presented in Sect. 1 for marginalized posteriors of the
target parameters. We will call the resulting priors Informed
Total-Error-Minimizing priors, or ITEM priors. In Sect. 2.1, we
describe how to obtain different data vectors given a model and
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plausible realizations of the nuisance effect. In Sect. 2.2, we gen-
erate posteriors for each data vector given three ingredients: the
likelihood of the model, a set of fixed prior distributions for the
target parameters, and a collection of nuisance candidate priors.
In Sect. 2.3 we determine the ITEM prior after requiring the pos-
teriors to account for specific criteria based on maximum biases,
a minimum coverage fraction, and the minimization of the pos-
terior uncertainty. The steps are summarized in Fig. 2.

2.1. Step 1: Obtain a set of data vectors that represent
plausible realizations of the nuisance effect

We assumed that at fixed target (e.g. cosmological) parameters
67, the range of plausible realizations of a nuisance effect is well
represented by a set of n different resulting data vectors:

.f-‘" = &[0r, nuisance realization i], fori=1,...,n. 3)
These could, for example, be based on a model for the nui-
sance effect with different nuisance parameter values. Alterna-
tively, the éi could result from a set of simulations with different
assumptions that produce realizations of the nuisance effect (e.g.,
the impact of baryonic physics on the power spectrum from a
variety of hydrodynamical simulations, as done in Chisari et al.
2018 and Huang et al. 2019). In some other cases, direct mea-
surements of the nuisance effect may be used, and for exam-
ple a bootstrapping of those measurements could yield a set of
possible realizations. The ITEM prior is constructed such (cf.
Sects. 2.3.1, 2.3.2, and 2.3.3) that if the most extreme among
the reasonable nuisance realizations are included in the process,
our desired properties of the posterior derived with the result-
ing ITEM prior are likely to hold for any intermediate nuisance
realizations as well.

For the sake of notation, let us assume that the nuisance real-
izations are given in terms of particular nuisance parameter com-

s

binations 6, of the considered nuisance model: & = élor, 1.
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Fig. 3. Flowchart of the procedure to obtain the ITEM prior. First, a set of m candidate prior distributions is proposed for the nuisance parameters.
Then, the first criterion filters some of the priors by requiring that the bias on the target parameters in a simulated likelihood analysis be less than x*
times its posterior’s statistical uncertainty (see Eq. (6)). Second, we require that the remaining priors result in a minimum coverage y* (see Eq. (8))
over the target quantities. This leads to m’ < m candidate priors, which are finally optimized by minimizing the target parameters’ uncertainty (see

Sect. 2.3.3).

However, we note that this is not an assumption that a model to
be used in the analysis shares those same nuisance parameters.
For the following tests to be meaningful, we require these data
vectors to contain no noise, or noise that is negligible compared
to the covariance considered in the likelihood analysis.

In principle, it is possible to consider more than one realiza-
tion of the target parameters as well (e.g., more than one cosmol-
ogy for the same nuisance parametrization). This extra layer of
complexity can be added to the pipeline, but as a first pass, we
will limit ourselves to a fixed target parameter vector for sim-
plicity, yet suggest doing this in future works.

2.2. Step 2: Generate posteriors for each data vector, with
each of a set of nuisance priors, with and without a set
of noise realizations

We chose our ITEM prior among the space of nuisance priors,
that is, the space of the parameters that describe a family of
considered prior distributions I1(@y). The details of that family
may depend on: the preferred functional form of the priors, on
consistency relations that are a priori known, and on practical
considerations such as limits on the computational power. As
mentioned before, the distinction between target and nuisance
is subjective, and these labels may change between iterations of
the pipeline (i.e., a prior on a target parameter can be fixed for
one analysis, but it can be studied and optimized as a nuisance in
another).

For example, we may search for an ITEM prior among a set
of uniform prior distributions for one particular nuisance param-
eter, I1(Onuisance) ~ U(a, b), where a and b are the lower and
upper bounds, respectively. In that case, we propose to sample
uniformly and independently over both a and b, subject to the
consistency relation that a < b. In practice, we can for example
sample m, lower bounds (a; € [ai,az,...,anm,]) and m;, upper
bounds (b; € [b1,bs,...,b,,]). Besides requiring that a; < b;
for all tested pairs one could demand, if there was some rea-
son to, that other requirements are met, for example a minimum
and maximum value for the prior width b; — g;, or that some
nuisance parameter values are contained within the considered
priors. More generally, we aim to use candidate priors that cover
a reasonable range of nuisance realizations, ensuring that these
realizations are enclosed within a region of non-negligible prob-
ability and can therefore be sampled. A Kullback-Leibler diver-
gence test (Kullback & Leibler 1951) could also be used to help
determine the ranges these priors could span. When combining

all these configurations, we will have up to m,-my, possible priors
with different widths and midpoints.

This idea can be extended to many dimensions, and the com-
bination of all possible priors that could be used will lead to a
total number of priors * denote by m. Therefore, for any given
measurement of the data é this will result in » - m different pos-
teriors on the full set of parameters 6.
P(01€") o< LEO)T;(6y), @)
fori=1,..,nand j=1,...,m.

In the next steps of our pipeline, we generate such sets
of posteriors for different data vector realizations to deter-
mine which priors meet the criteria we outlined in Sect. 1. To
obtain all these posteriors, instead of running a large number of
Monte-Carlo-Markov-Chains (MCMCs) for the n - m total pos-
teriors, we propose to do an importance sampling (Siegmund
1976; Hesterberg 1988) over the posterior derived from the
widest prior (i.e., the prior on the nuisance that encloses all the
other priors on its prior volume). We refer to Sect. 3.4.2 from
Campos et al. (2023) for a summary on importance sampling.
This sampling technique is straightforward when using uniform
priors, but becomes highly time-consuming with more complex
priors. In such cases, neural networks and importance-weighted
variational autoencoders can help accelerate the process. Recent
work on likelihood emulators in cosmology has been proposed
to speed up inference (see, e.g., To et al. 2023). Additionally,
we generate a collection of nys realizations by adding multi-
variate Gaussian noise (according to our fiducial covariance) to
each noiseless é‘i . For this paper, we focus on a family of uniform
priors; however, it is straightforward to generalize our pipeline
to, for example, Gaussian prior distributions or other functional
forms commonly used in cosmological analyses.

2.3. Step 3: Determine the ITEM prior

Our goal is to find a prior on the nuisance parameters that
returns robust, valid, reliable, and precise posteriors for the tar-
get parameters. To determine the ITEM prior, we apply filters to
the considered family of nuisance prior distributions. The first
and second ones are to set an upper limit for the bias and a lower
limit for the coverage fraction of the posterior respectively. The
third and final one is an optimization that minimizes the uncer-
tainty on the target parameters. Figure 3 synthesizes these steps
in a diagram.
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2.3.1. Criterion 1: Maximum bias for the point estimate

Constraints on target parameters are commonly reported as con-
fidence intervals around a point estimate for those parameters.
For example, that point estimate may be the maximum a poste-
riori probability (MAP) estimator, the maximum of a marginal-
ized posterior on the target parameters, or the 1D marginalized
mean (that we will refer as mean for simplicity). To devise a
measure for the bias with respect to the true values of the target
parameters let us return to the exercise that was already men-
tioned in Sect. 1: consider a noise-free realization & of a data
vector, and a data vector model £[6], which we assume to model
the data perfectly, and the fiducial parameters 6 are known. We
use this model to run an MCMC around & as if the latter was a
noisy measurement of the data. If the model £[6] is non-linear
in the nuisance parameters, then for example the MAP of the
marginalized posterior for the target parameters obtained from
that MCMC can be biased with respect to the true parameters
(even though € is noiseless and the model £[6] is assumed to be
perfect).

In Sect. 2.1 we have obtained a set of realizations & (with
i =1, ...,n) of the data, corresponding to n different realiza-
tions of the considered nuisance effects. For each marginalized
posterior from & we can obtain a point estimator. The difference
between these estimates and the true target parameters under-
lying our data vectors will then act as a measure of how much
projection effects bias our inference.

If 7 is the true target vector and 9’T is the vector estimate
from the nuisance realization i, we then use the Mahalanobis
distance (Mahalanobis 1936; Etherington 2019) to quantify the
bias between the two, namely:

xi = O = 8)TC (0 - B, s
where C;I is the inverse covariance matrix of the parameter pos-
terior, which we directly estimate from the chain for the i-th nui-
sance realization. We note that Eq. (5) is related to the y-square
test.

The quantity x; measures how much the point estimate devi-
ates from the truth compared to the overall extension and ori-
entation of the posterior constraints. The first filter we apply to
our family of candidate priors demands all x; to be smaller than
a maximum threshold, which we denote as x*. This means that
we calculate x; for each realization of the nuisance, and we then
determine the maximum:

x = max{x;} 6)
of those Mahalanobis distances. All candidate priors that do not
meet the requirement

(N

will be excluded. In other words, we demand that the prior
results in less than x* bias for any realization of the nuisance
with respect to the target parameter uncertainties. That leaves us
with an equal or smaller number of candidate priors, depend-
ing on the considered threshold quantity x*. For example, in the
DES Y3 2-point function analyses, this threshold was chosen
as 0.30,p (with the subscript “2D” standing for the 68% credi-
ble interval) for the joint, marginalized posterior of Sg and Q,,
(Krause et al. 2021). If none of the considered priors meet the
bias requirement, this suggests that, given the setup of the prob-
lem, a less stringent bias threshold should be chosen and taken
into account when interpreting the posterior.

x<x
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2.3.2. Criterion 2: Minimum frequentist coverage

We now apply a second filter to the candidate priors: a mini-
mum coverage probability for the 1o confidence region of the
marginalized posterior of the target parameters (i.e. the smallest
sub-volume of target parameter space that still encloses about
68% of the posterior). This coverage probability measures how
often the true target parameters would be found within that con-
fidence region in independent repeated trials. In a Bayesian anal-
ysis, it can in general not be expected that this coverage matches
the confidence level of the considered region (in our case 68%).
This has been extensively discussed in Percival et al. (2021), for
example. The presence of projection effects does impact this
additionally when studying the marginalized posteriors.

To measure the coverage probability, we proceed as follows
for a given prior: for each of the npise noise realizations per data
vector Si described in Sect. 2.2, we determine the 1o~ confidence
region (e.g., the contour in the target parameter space or the 1D
confidence limit of each parameter). The fraction of these confi-
dence regions that enclose the true target parameters is an esti-
mate for the coverage probability. We will denote with y; the
fraction corresponding to the i-th nuisance realization. With an
approach similar to our previous filter, we considered the mini-
mum coverage per nuisance realization,
y = min{y,) ®)
and then we required each nuisance realization to have a cover-
age of at least y*,

©))

in order for a candidate nuisance prior to pass our coverage cri-
terion. In other words, we demanded that a prior result in a cov-
erage of at least y*.

It is worth mentioning that the value of y* is not neces-
sarily the probability associated with a confidence level of 1o
(i.e., ~68%) because the coverage fraction will scatter around
that value following a binomial distribution. As an example, for
100 independent noisy realizations, the probability of having z
out of the 100 realizations covering the true parameters will be
P(z) = Bin(z;n = 100, p = 0.68). Therefore, ensuring a min-
imum coverage such that the cumulative binomial distribution
at that value is statistically meaningful should be enough. Using
our same previous example, a coverage of 62 or more out of 100
realizations will happen with 90% probability. The larger the
number of nuisance realizations used to derive an ITEM prior,
the smaller the coverage threshold should be chosen to avoid
false positives of low coverage. The smaller the number of nui-
sance realizations used to derive an ITEM prior, the higher the
coverage threshold should be chosen to avoid false positives of
low coverage.

In the presence of a bias on the target parameters, however,
there will be a mismatch between the coverage probability and
the confidence level of the posterior. If an otherwise accurate
multivariate Gaussian posterior is not, on average, centered on
the true parameter values, any of its confidence regions will have
a lower coverage than nominally expected. To account for this
effect in the coverage test without double-penalizing bias, and
later to find the prior that minimizes posterior volume in a total
error sense, we propose to appropriately raise the confidence
level to be used. For our implementation of this, we made the
assumption of a Gaussian posterior. For an unbiased posterior,
this means that among many realizations of the noisy data vector,
the log-posterior value of the true parameters is a y? distributed

y2y',
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random variable with the number of degrees of freedom equal
to the number of target parameters. In the case of a biased anal-
ysis, the log-posterior of the true parameters instead follows a
non-central y? distribution.

To calculate the required confidence level, we proceeded as
follows:
— We calculated for which value the cumulative distribution
function of a non-central y’-distribution representing the
biased marginalized posterior takes a value of 68%.
— At that value, we evaluated the cumulative distribution func-
tion of a central y?-distribution (with the same number of
degrees of freedom). This will always be higher than 68%.
It is this higher confidence level that we use to calculate the
enlarged “total error” 1o~ confidence region for the noisy real-
izations of our data vectors & and to measure the coverage
probabilities.

The y>-distribution with k degrees of freedom is the distri-
bution of a sum of the squares of k independent standard normal
random variables. Its cumulative distribution function (CDF) is

2
PIERES

CDE(y?; k) = =22~
(%)

(10)

>

where v is the lower incomplete gamma function and I is the
gamma function. In Fig. 4, we plot with a continuous line the
CDF of a y>-distribution with two degrees of freedom (k = 2)
for visualization purposes.

The non-central y?-distribution with k degrees of freedom
is an extension of the central y2-distribution, and it has a non-
centrality parameter A; defined as

i = Or — 87 C7lOr - 6, (11)

where 07 is the true target parameter vector, @VT is the target
parameter estimate for nuisance realization i, and C;' is the
associated inverse covariance matrix. We point out that A; = xl.2
from Eq. (5). In Fig. 4 we show the CDF of two non-central
,\/z-distributions with two degrees of freedom, but different non-
centrality parameters. For CDF(Xz;k = 2,1 =1,2)=0.68, it
is clear that CDF()(Z;k = 2)>0.68. This augmented cumula-
tive probability accounts for the overall bias, including the one
induced by projection effects.

2.3.3. Criterion 3: Minimizing the posterior volume

The candidate priors that have passed our previous two filters fol-
low our definitions of unbiasedness, reliability, and robustness.
The ITEM prior corresponds to the one among them that yields
the smallest posterior uncertainty on the target parameters. This
final selection step is necessary because it is in fact easier to
meet our previous criteria with wide posteriors that result from
unconstrained nuisance priors.

We quantify the target parameter random error by approx-
imating the volume that the 1o confidence contours (68%)
enclose. For a Gaussian posterior of any dimensionality, the vol-
ume would be given in terms of the parameter covariance matrix
C; as (see Huterer & Turner 2001 for a derivation)

Vi=nm det(C,-)l/z, (12)

and for simplicity, we used that formula also for our (potentially
non-Gaussian) posteriors.

We let m’ be the number of candidate priors that passed the
filters listed in Sects. 2.3.1 and 2.3.2. We let V; ; be the volume
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1.0

10

Fig. 4. Cumulative distribution functions of two degrees of freedom
central and non-central y?-distributions. The plotted non-central y>-
distribution shows that for the same significance threshold, the central
x>-distribution will always have a larger CDF.

enclosed by the 1o ellipsoid of the i-th posterior distributions at
the j-th prior, j = 1,...,m’. Then, we considered the maximum
of these volumes across all noiseless data vectors:

V;“ax miax(V;,j). (13)

As done in Sect. 2.3.2, we accounted for the bias when
optimizing the posterior uncertainty by considering the volume
enclosed by the extended central y?-distribution. This allows us
to minimize the total error, including random and systematic
contributions. The re-scaled volume includes a factor equivalent
to (see Appendix A)

Vijoc V- CDF1(0.68; k = Ny, ;)M /2. (14)

We chose the prior that has the minimum volume
Vitem = min(V}"™) as the ITEM prior.
J

3. ITEM priors for density split statistics

In this section we examine the performance of the ITEM prior
when analyzing a higher-order statistic of the matter density field
called Density Split Statistics. We do this as a proof of con-
cept under simplified assumptions, particularly on the nuisance
realization deemed plausible. Readers are referred to Britt et al.
(2024) for more careful analysis of potential nuisance effects rel-
evant for those statistics.

3.1. Density split statistics

We test our ITEM prior methodology in considering as the
relevant nuisance effect the galaxy-matter connection models
employed for the Density Split Statistics (DSS, Friedrich et al.
2018; Gruen et al. 2018 for the Dark Energy Survey Year 1, DES
Y1, analysis). The data vector of DSS is a compressed version
of the joint PDF of projected matter density and galaxy count.
These studies consider two ways of generalizing a linear, deter-
ministic galaxy-matter connection, which is their most relevant
nuisance effect. The first one accounts for an extension of the
Poissonian shot-noise in the distribution of galaxy counts by
adding two free parameters: @y and «;. For simplicity, we call
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Table 1. Parameters used in the simulated likelihood analyses for the & model.

Parameter vector 1

Non-stochasticity

Parameter vector 2 DSS original
Buzzard stochasticity  Prior distribution

Target parameters

Cosmological parameters

Q 0.286 0.286 UI10.1,0.9]
o3 0.820 0.820 U[0.2,1.6]
Nuisance parameters

Tracer galaxies

b 1.54 1.54 U10.8,2.5]
Stochasticity

o) 1.00 1.26 U10.1,3.0]
a) 0.00 0.29 U[-1.0,4.0]

Notes. From left to right, we list the fiducial values and prior ranges (using U to denote a uniform prior) used to simulate the synthetic data for
the two cases of stochasticity. The nuisance realizations and the priors are chosen to be either the same or the derived results from Friedrich et al.
(2018), Gruen et al. (2018). In our work, the cosmological parameters would be the target ones, while the stochasticity parameters would be the
nuisance ones. €,,, S's and b have fixed priors and unchanged values for the parameter vectors.

this the @ model. The second one more simply parametrizes
galaxy stochasticity via one correlation coefficient r. We refer
to this as the r model (for a derivation and explanation of these
models, see Appendix B).

3.2. Simulated likelihood analysis with wide priors

In this subsection, we present results of simulated likelihood
analyses of DSS with the wide prior distributions used in the
original DES Y1 analysis (Friedrich et al. 2018; Gruen et al.
2018). Our study focuses on the five quantities listed in Table 1.
The cosmological parameters are €,,> and og’. The parame-
ters describing the galaxy-matter connection are the linear bias
b*, and the stochasticity parameters a( and ;. These two last
parameters were introduced in the DSS to accurately model the
galaxy-matter connection. However, the study did not introduce
a physically motivated prior distribution of these parameters. For
a more detailed explanation on the @ parameters, including their
physical meaning and origin, we refer to Friedrich et al. (2022).
As a derived parameter, we also considered S g

Sg =0g \/Qm/()?)

Both Q,, and Sg are the target parameters (as presented
in, e.g., Krause et al. 2021), while @y and «@; are the nuisance
parameters whose priors we are optimizing. The prior on b
remains unchanged, since we find its joint posterior with cos-
mological parameters to be symmetric and well constrained, at
least in the case without modeling the excess skewness of the

5)

2 The present-day energy density of matter in units of the critical
energy density.

3 The present-day linear root-mean-square amplitude of relative matter
density fluctuations in spheres of radius 8 2~! Mpc.

* The square root of the ratio of the galaxy and matter auto-correlation
functions on large scales.

5 The parameter Sg has been widely used because it removes degen-
eracies between €, and og present in analysis of cosmic structure.
Some analyses have found there to be a tension between the Sy
measured in the late universe (Aghanim et al. 2020; Heymans et al.
2021; Lemos et al. 2021 and Dalal et al. 2023) and from the CMB
(Raveri & Hu 2019; Asgari et al. 2021 and Anchordoqui et al. 2021),
rendering it of particular interest to have an interpretable posterior for.
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matter density distribution AS 3 as an additional free parameter,
which is the only case we consider here.

The first step of the ITEM prior method is the use of different
realizations of the nuisance. We limit our analysis by considering
two realizations of the stochasticity listed in the second and third
columns of Table 1. The first one corresponds to a configuration
in which there is no stochasticity in the distribution of galaxies,
that is where the shot-noise of galaxies follows a Poisson distri-
bution, which is often assumed to be correct at sufficiently large
scales (but which has been shown to fail at exactly those scales,
see e.g. Friedrich et al. 2018; MacCrann et al. 2018). That is
equivalent to setting « 1.0 and a; 0.0, since these
two values turn Eq. (B.5) into a Poisson distribution. We call
this the Non-stochasticity case. The second corresponds to the
best-fit shot-noise parameters found by Friedrich et al. (2018)
on REDMAGIC mock catalogs (Rozo et al. 2016), constructed
given realistic DES Y1-like survey simulations called Buzzard-
v1.1 (DeRose et al. 2019). These Buzzard mock galaxy catalogs
(Wechsler et al. 2022) have been used extensively in DES analy-
ses (DeRose et al. 2022). The values for the stochasticity param-
eters are ag 1.26 and a; = 0.29. We call this the Buzzard
stochasticity case.

These two realizations should be considered as a simple test
case for the methodology. This work, as mentioned previously,
emphasizes that the resulting ITEM prior is limited because of
the few, and potentially unrealistic, nuisance realizations consid-
ered. There is a wide range of plausible stochasticity configura-
tions that could be taken into account (see e.g. the findings of
Friedrich et al. 2022). In a companion paper (Britt et al. 2024)
we consider diverse realizations of halo occupation distributions
(HODs) to derive such a set of stochasticity configurations.

For our simulated likelihood analysis, we obtain noiseless
data vectors for each nuisance realization from the model pre-
diction (Friedrich et al. 2018) for the Buzzard-measured values
of the stochasticity parameters. Additionally, we used the priors
presented in the last column of Table 1, which are the ones used
originally in the DES Y1 analysis of DSS (Gruen et al. 2018).
To obtain the corresponding posterior, we run MCMCs using
the EMCEE algorithm (Foreman-Mackey et al. 2013), leaving the
stochasticity parameters free with the original broad priors from
the last column in Table 1. We point to Abbott et al. (2023) for
a discussion of the use of posterior samplers. We also run two
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Fig. 5. Marginalized (Q,,, S g) posteriors with 1o~ and 20 contours from
the simulated DSS @ model of synthetic, noiseless data vectors using
the fiducial values and priors from Table 1. The red and blue contours
show the case with 5 degrees of freedom, while the purple and black
contours show the case with 3 degrees of freedom, with @ = [1.0, 1.26]
and a; = [0.0,0.29] respectively.

Qm

additional MCMCs fixing the stochasticity parameters to the val-
ues listed in Table 1 for comparison purposes. In Fig. 5, we show
the four estimated marginalized posteriors of Q,, and Sg. We
find that in the cases in which we considered free stochasticity
parameters, the posterior returns much larger uncertainties over
both cosmological parameters, with a somewhat shifted mean.

Subsequently, we fit a 2D Gaussian distribution centered
at the 2D marginalized MAP and with the chains’ parameter
covariance matrix, and evaluate the off-centering of the chains
from the true cosmological parameters the model was evalu-
ated for when generating the data vector. Figure 6 illustrates the
biases for each chain obtained with the original wide priors on
stochasticity parameters. Both cases are biased: the bias of the
Buzzard stochasticity case (in blue) reaches a value of 0.420p,
more than the defined DES threshold of 0.30»p. The bias, in
both cases, is systematically pointing towards lower and higher
values on Q,, and Sg, respectively.

In an additional case study, we assume an alternative
parametrization of galaxy stochasticity (the » model, introduced
in Appendix B) as a basis, yet still use the data vectors obtained
previously with the @ model. The r model is simpler than the «
model because it only considers one correlation parameter r for
the effect of stochasticity. This test checks whether the condi-
tions demanded by the ITEM formalism can be met even when a
model does not produce the data, which happens often with real
data, and how much information the ITEM prior can recover in
such a case.

The original DSS prior used on r follows a uniform dis-
tribution: II(r) ~ U[0.0,1.0], where r = 1 recovers the non-
stochasticity case (see Appendix B). The sharp upper bound
results in a projection effect as seen in Fig. 7, with posteri-
ors biased towards large values of S, particularly in the non-
stochastic case. We also illustrate the bias for both chains in the
bottom panel of Fig. 6 with the original wide prior on r.
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Fig. 6. Parameter biases in simulated likelihood analyses for the «
model (top) and the r model (bottom). In red and blue, we show the
ellipses for the 2D marginalized constraints of the non-stochasticity
and the Buzzard stochasticity configurations, respectively. These fig-
ures follow Fig. 4 from Krause et al. (2021). For the @ model, these are
centered on their corresponding 2D marginal MAP. Because of prior
volume effects, the marginalized constraints are not centered on the
input cosmology. For the » model, there is a systematic bias in the non-
stochasticity case that is explained by the sharp upper bound from the
prior on r.

3.3. ITEM priors on the density split statistics

In this subsection we detail the procedure to obtain ITEM
priors for two nuisance models: first in Sect. 3.3.1, a simple
approach considering the @ model as a baseline, and second in
Sect. 3.3.2, a case when the data vectors are simulated with the
a model, but analyzed with the r model, leading to a systematic
error.
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Fig. 7. Marginalized posteriors (£,,Sg,7) from the simulated DSS
r model using a non-stochastic parameter vector from the & model.
The fiducial values are represented by the dashed lines. Hence for
TFidueial = max[r] = 1.0, it is in the right edge of the plot. Because r > 1
is unphysical, projection effects cause a systematic offset between the
mean or peak of the 1D marginalized posteriors, particularly in » and
S's, and their input values.
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Fig. 8. Distribution of the candidate priors for the @ model that pass the
first filter. Each rectangle represents a combination of lower and upper
bounds of @ and ;.

3.3.1. ITEM prior for the @ model

In the original DSS work, the nuisance parameters o and «| had
uniform priors. We made the same choice here and only varied
the limits of these priors®.

6 We note that one could also vary, e.g., the mean and width of a
Gaussian prior.
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We started by sampling the candidate priors as done in
the example in Sect. 2.2. We shrank the bounds of the priors
(min[ay], max[ap], min[e] and max[a;]) with a step of 0.1 units
per cut until they reached the closest rounded fiducial value of
the parameter vector:

min[ag] € {0.1,0.2,...,0.9}
max[ap] € {1.4,1.5,...,3.0}

min[a;] € {-1.0,-0.9,...,-0.1}
max[a;] € {0.3,04,...,4.0}.

The final number of candidate priors corresponds to 58 140
when combining each different bound. Next, we apply an impor-
tance sampling to the original 5D wide posteriors described in
Sect. 3.2 and follow the three steps described in Sect. 2 to obtain
the ITEM priors:

First, we estimate, for each candidate prior, the maximum
Mahalanobis distance x from Eq. (6) for the different posteri-
ors. We set the upper threshold to 0.40p for the first filter of
the ITEM priors. A total of 1980 priors had a bias of less than
0.405p (~3% of the original set, indicating that prior volume
related biases are prevalent in this inference problem). In Fig. 8,
we show their distribution on the prior space. These mainly pre-
ferred lower values for the upper prior bound on «;, indicating
that the original asymmetric prior caused a prior volume related
bias.

Second, we run 50 noisy simulated realizations, 25 for each
nuisance realization, following the criterion from Sect. 2.3.2.
These noisy realizations were simulated by adding multivari-
ate Gaussian noise with the covariance matrix from Gruen et al.
(2018) to the noiseless data vectors. We choose the threshold
z = 14 such that the cumulative binomial distribution for inde-
pendent 25 realizations is at least 90% (this corresponds to a
14/25 =56% coverage). Only a small fraction of priors should
thus be excluded due to chance fluctuations in the number of
contours that contain the input parameter values. In this step,
we considered the systematic bias as explained in Sect. 2.3.2. A
total of 1868 out of the 1980 remaining candidate priors quali-
fied under the 1D coverage requirement for both nuisance real-
izations. In Fig. C.3 we show the distribution of the coverages
among the tested priors.

The final step corresponds to the minimization of the error
from Sect. 2.3.3. The resulting ITEM priors for @y and «
are listed in the second row of Table 2. We first note that the
prior widths were reduced to ~48% and 42% their original ones
respectively. In particular, the prior in @y remained centered
around 1.3, while all upper bounds such that max[a;] > 1.1 were
rejected. The biases obtained with the original and ITEM priors
are displayed in Fig. 9. While the bias in Q,, slightly increased,
the one on S'g decreased as expected from the imposed thresh-
old. The coverages for both nuisance realizations did not change
more than +12% with respect to the coverages from the orig-
inal priors. In the last three columns of Table 2, we present
the average standard deviations and the statistical uncertainty of
the target parameters. These were reduced, corresponding to an
improvement that is formally equivalent to an experiment sur-
veying more than three times the volume. Finally, the marginal-
ized distributions are shown in Fig. 10.

We note that in a proper implementation of the ITEM prior
program one should consider an exhaustive list of possible nui-
sance realizations, instead of just the two realizations considered
in our example. In the companion study (Britt et al. 2024), we
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Table 2. Ranges of the original and ITEM priors for the @ model with a maximum bias of 0.407p and a minimum coverage of 56% for both Q,,

and Sg.
Parameter Prior Prior width Bias [oop]  Q, coverage Sgcoverage 0o,  Ts,  V/Voriginal
Original priors
@p U10.1, 3.0] 2.9
0.32/0.42 76%/76% 72%/52%  0.052 0.068 1.00
a U[-1.0, 4.0] 5.0
ITEM prior
@p U10.6, 2.0] 14
0.33/0.39 80% /64% 68%/56%  0.040 0.049 0.58
o U-1.0, 1.1] 2.1

Notes. The bias and error coverage quantities from both nuisance realizations are illustrated for each prior as non-stochasticity/Buzzard stochastic-
ity cases respectively. In the final three columns, we include the average error of the final estimate for €3, and S5 from both nuisance realizations
and the 2D approximated, normalized and re-scaled volume of the 2D marginalized posterior V defined in Sect. 2.3.3.

include shot-noise realizations generated from a range of plausi-
ble HOD descriptions to obtain fiducial stochasticity parameters
and derive a more realistic result than the one presented here.
The nuisance realizations derived there will be used in a more
thorough application of the ITEM prior method in the future.

Due to recent discussions on the impact of using differ-
ent point estimators in cosmological analyses (e.g. Amon et al.
2022), in Appendix C we explore the ITEM priors obtained
when, instead of using the marginalized MAP, we use the MAP
and means as point estimators.

3.3.2. ITEM prior for r model with a different basis model

In this subsection we investigate how the ITEM priors can help
in cases where the assumed nuisance models are not the gener-
ators of the data. We use the same two-parameter vectors from
Sect. 3.3.1 (the non-stochasticity and the Buzzard stochasticity)
and follow the same procedure. However, we use the r model
presented in Appendix B.2 to obtain posteriors. The parameters
considered are €,,, 0g, b and r. We use the same prior distribu-
tion over €,,, og and b, and change the prior on r. We then obtain
two posteriors using the non-stochasticity and the Buzzard real-
ization of the nuisance in the simulated data. Next, we sample
different priors for r: we changed the lower bound min[r] and
kept max[r] fixed to 1.0:

min[r] € {0.00,0.01,...,0.99}.

The total number of priors is 99. Then, we repeat the three steps
of the ITEM prior pipeline.

In this case there is a larger systematic bias due to the sharp
upper bound on r and the nuisance realization from a different
model. In Fig. 11 we show the resulting bias for different lower
bounds on min[r]. Because of the systematic error present in the
data vector, there is a clear trade-off. On one side, for the non-
stochasticity case (red line in Fig. 11), priors with a higher lower
bound on r (from min[r] = 0.9 and above) will be substantially
less biased. This is expected as priors with higher min[r] will
exclusively select values close to r = 1, near the fiducial val-
ues of the parameter vector (we recall that g = 1.0, a1 = 0.0
is algebraically equivalent to r = 1 as shown in Appendix B).
On the other side, the Buzzard stochasticity case (blue line in
Fig. 11) becomes highly biased for min[r] > 0.9. Those pri-
ors on r restrict the parameter space substantially to a “more”
Poissonian configuration of the galaxy matter connection (see

Appendix B), increasing their bias drastically. To account for the
systematic bias, we choose a flexible bias threshold of 0.507p,
which reduces the number of candidate priors to 68.

Subsequently, and as we did in Sect. 3.3.1, we run 50 noisy
simulated realizations, 25 for each nuisance realization using the
same data vectors. We require the noisy realizations to have at
least a 56% 1D coverage for both Q,, and S out of the 25 sim-
ulated realizations. This second filter did not reduce the number
of candidate priors because all of them fulfilled the requirement.

Finally, we determine the ITEM prior by optimizing the total
error from Sect. 2.3.3. In Table 3, we summarize the resulting
prior, with the corresponding biases, coverage, and uncertainties.
We find similar statistics, but we used a prior that is substan-
tially less wide (reduction of 68%). For comparison purposes, in
Fig. 10 we show the marginalized posterior distributions.

4. Discussion and conclusion

In the era of precision cosmology, observations require increas-
ingly complex models that account for systematic astrophysical
and observational effects. Prior distributions are assigned to the
nuisance parameters modeling these phenomena based on lim-
its in which they are plausible, ranges of simulation results, or
actual calibration uncertainty. However, the analyses using such
priors often yield biased or overly uncertain marginalized con-
straints on cosmological parameters due to so-called projection
or prior volume effects. In this paper, we have presented a proce-
dure to overcome projection effects through a pragmatic choice
of nuisance parameter priors based on a series of simulated like-
lihood analyses. We named this the ITEM priors method.

The ITEM approach performs these simulated likelihood
tests in order to find a prior that, when applied, leads to a pos-
terior with some desired statistical properties and interpretabil-
ity. We proposed to divide the parameters of a given model into
two types: the target parameters (the ones of interest) and the
nuisance parameters (the ones to optimize the prior for). Our
approach then finds an equilibrium between the underfitting and
overly free treatment of nuisance effects. This is done by enforc-
ing three requirements on the target parameter posteriors found
when applying the nuisance parameter prior in question in the
analysis:

— The biases on the target parameters need to be lower than a
certain fraction of their statistical uncertainties.
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Fig. 9. Parameter biases of the data vectors with the original and ITEM
priors. The red and blue ellipses show wide contours (same from Fig. 6),
while the yellow and green ones were obtained after enforcing the
0.40p bias threshold and 1D coverage threshold for the 2D marginal-
ized constraints. Both are centered in their respective 2D marginalized
MAP. Due to parameter volume effects, the marginalized constraints
from the baseline prior analysis are not centered on the input cosmol-
ogy. Top: simulated likelihood analysis for the data vector without shot-
noise (op = 1.0, @; = 0.0). Bottom: simulated likelihood analysis for
the data vector with Buzzard stochasticity (ag = 1.26, a; = 0.29).
The dashed horizontal and vertical lines indicate the fiducial parameter
values.

— In the presence of noise, we still need to cover the original
fiducial parameter values a certain fraction of times in some
desired confidence region.

— With these two criteria being met, we prefer nuisance param-
eter priors that lead to small target parameter posterior
volumes.

We tested the ITEM prior pipeline using two different nui-
sance realizations from the density split statistics analysis frame-
work (Friedrich et al. 2018; Gruen et al. 2018). We simulated
two realistic data vectors, where one does not include stochas-
ticity between galaxy counts and the underlying matter density
contrast, and the other considers a specific stochasticity found in
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Fig. 10. Marginalized posterior distributions for the chains from the «
and r models from DSS. These have been plotted with the widened
lo and 20 confidence levels to account for the bias as presented
in Sect. 2.3.2. In the top and bottom panels, we illustrate the non-
stochasticity and the Buzzard stochasticity respectively. The larger con-
tours correspond to the posterior simulated using the original DSS «
model priors. The narrow continuous contours illustrate the one with
the ITEM prior on the @ model, and the discontinuous contours for the
r model.
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Fig. 11. Biases of the non-stochasticity and Buzzard chains for different
lower bounds of TI(r). After a min[r] ~ 0.9, we see a trade-off between
the two stochasticity cases.
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Table 3. Ranges of the original and ITEM priors for the » model with a maximum bias of 0.50p and a minimum coverage of 56% for both Q,,

and Sg.
Parameter Prior Prior width Bias [oop]  Q, coverage Sgcoverage 0o,  Ts,  V/Voriginal
Original prior
r U[0.00, 1.00] 1.00 0.44/0.08 84% /76% 56% /56% 0.039 0.059 1.00
ITEM prior
r U[0.68, 1.00] 0.32 0.50/0.09 84% /76% 56%/56% 0.037 0.053 091

Notes. As in Table 2, the bias and coverage quantities from both nuisance realizations are separated with a backslash.

an N-body simulation based on a mock catalog. For both cases,
we applied the above criteria to a list of candidate priors in order
to limit bias, ensure coverage, and minimize uncertainties. The
result from applying the ITEM prior to the constraining power
on target parameters corresponds to an improvement equivalent
to an experiment surveying more than three times the cosmic
volume. Additionally, we studied the case in which the model
used to treat the nuisance effect is not the same as the one used
to generate the data, a common situation in practice. The range
of the resulting ITEM prior is less than half of the original prior’s
size, resulting in a smaller total uncertainty of the target param-
eters with a similar level of bias and coverage as obtained with
the original prior.

One of the main limitations of this method is that its results
may depend on the fiducial values that are assigned to the param-
eter of interest and that it formally requires a complete set of
plausible realizations of the nuisance effect. In this first study, we
fixed the target parameters and chose just two nuisance realiza-
tions; however, one can extend our method to explore a variety
of target and nuisance realizations in future works that apply it
to actual inference.

Some potential extensions to our work include incorpo-
rating Bayesian evidence to compare and/or select priors in
the different ITEM steps. Modern sampling techniques, such
as the nested sampling algorithm (Skilling 2004) and its
extensions (Chopin & Robert 2010; Brewer et al. 2010; Habeck
2015), provide the Bayes factor as part of their analysis
pipelines. Well-known samplers, such as MultiNest (Feroz et al.
2009) and more recently dynesty (Speagle 2020) and Nautilus
(Lange 2023), have become popular tools within the cos-
mology community. We anticipate their usage will continue
to grow, and therefore implementing the ITEM procedure
should not incur more computational cost than what is usually
invested.

To summarize, in this work, we aimed at exploring an
alternative approach to assigning prior distributions to nuisance
parameters. The method we have presented is flexible, as it
allows us to define requirements and propose priors, given
some set of plausible nuisance realizations, for a reliable and
information-maximizing statistical inference.

Data availability

The Dark Energy Survey Year 1 data (Density Split Statistics)
used in this article is publicly available at https://des.ncsa.
illinois.edu/releases/ylal/density.
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Appendix A: Volume of re-scaled biased confidence
interval

Here we give a derivation for Eq. 14, the re-scaling factor of the
confidence interval volume when accounting for a bias by apply-
ing the change in confidence level according to the prescription
given in Sect. 2.3.2.

The volume of the n-dimensional ellipsoid is given by

2 71.}1/2

R (A.1)

az ... dy,
where q; is the i-th semi-axis.

We assumed the ellipsoid under consideration is the one
defined by the target parameter covariance matrix. What the re-
scaling does it to change the length of the semi-axes by a con-
stant factor, namely by the ratio of the inverse CDF of the non-
central y? distribution with non-centrality parameter equal to the
bias A = x% defined in Eq. B.2, to the inverse CDF of the central
x? distribution.

extended __ 2 ”n/z
= — al .
" nI'(n/2)
(CDF1(0.68; k =n, ) )”’ ?
CDF'(0.68; k = 1,0)
~ (CDF‘I(O.68;k =n, /1))"/2
"\CDF'(0.68:k = n,0))

ap - ... ay

(A.2)

Since the denominator does not depend on the bias A of the
respective prior, it is left out from Eq. 14.

Appendix B: Summary of the DSS and its
stochasticity models

The spatial distribution of galaxies and matter can be described
by their respective density contrast fields

(B.1)

where p(x) is the density at position x and p is the mean density,
of either matter (:m) or galaxies (g).

The distribution of matter §,, cannot be directly observed, but
it is traced by galaxies ¢, distributed in the sky. On large scales,
the relation between galaxies and matter density contrasts can be
approximated as linear expansion

6;} ~b- 6171’ (B2)

with b being the linear galaxy bias.

We started by considering a distribution of galaxies in a fixed
range around a redshift zy, that we call foreground galaxy popu-
lation. The 2D density field of the position of galaxies is obtained
by applying a circular top-hat filter: at redshift z;, we would
count how many of the galaxies are inside of it. With this infor-
mation, the sky can be divided into quintiles by ranked spatial
number density. Next, we add another set of galaxies located at
a higher redshift z; (z; < z) that we call the background galaxy
population.

The light emitted by the background galaxies will be sub-
ject to gravitational shear when passing through the tidal gravita-
tional field of the foreground. The effect will be stronger in zones
where the density of foreground galaxies is higher. To evalu-
ate this, we measure the tangential shear that the background

sources will suffer in each quintile of foreground density. The
observed lensed galaxies will trace the distribution and number
density of the source galaxies. This information is synthesized in
a data vector of both the distribution of foreground galaxies and
the lensing signals.

If galaxy counts and the matter density were perfectly corre-
lated, then a split of the sky by galaxy density would be identical
to a split by the matter density. In a more realistic scenario, how-
ever, there is scatter of galaxy count in a volume at fixed matter
density. Reasons for this include the discrete sampling of the
galaxy density field by individual galaxies, higher order galaxy
bias terms that are averaged over in projection, intrinsic stochas-
ticity in three dimensions, or observational systematics.

It is often assumed that the distribution of galaxy counts N,

traces a smooth field 6, = (1 + bém)ﬁg, which is related to the
matter overdensity ¢,, in that region by a linear bias b, and it is
given by Poisson shot-noise:

P(N,|6,,) = Poisson[N,, (1 + b5,,)N,], (B.3)
where Ng is the mean count of galaxies within the volume of
such a region’. This means that the variance of N, for fixed &,
satisfies

Var[N,|6,]

B4
Noloy) B4

When assuming a deterministic relationship between 6,, and 9,
a consequence is that the variance of N, for fixed 6, is also

Var[N,|6,,]

=1. B.5
Nalowy (B-5)

If the strong assumption of linear, deterministic bias is not ful-
filled, DSS analysis needs to consider more degrees of freedom
in Eq. B.5 to account for the effect of stochasticity.

B.1. @ model: Parametric model for non-Poissonianity

As a way of generalizing the galaxy-matter connection, it is pos-
sible to add two stochasticity parameters, @ and a/, to obtain an
equation for a generalized Poisson distribution:

Var[N,y|0,,]

B.6
Nolom) (B.6)

=@y + @16y,
in which, for @y = 1.0 and @; = 0.0, we recover Eq. B.5.
The original prior distributions for the @ parameters assigned
in the original work from Friedrich et al. (2018), Gruen et al.
(2018) are described in Table 1. The only actual constraint on
stochasticity is that @y > 0, but the boundary 0.1 < @y was
originally motivated with numerical arguments. See Appendix E
from Friedrich et al. (2018) for more details on the derivation for
the other boundaries.

B.2. r model: Correlation r # 1 between galaxy density and
matter density

The second approach used in DSS is the introduction of a free
parameter to the baseline linear bias model: a correlation coeffi-
cient r between the random fields ¢, and 6,, (described in Sect.
IV of Friedrich et al. 2018). This new degree of freedom cap-
tures a possible stochasticity. For = 1 the random fields 6, and

7 Here, Poisson[k, A] denotes the probability of drawing a count k from
a Poisson distribution with mean A.
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Selected priors given a bias threshold
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Fig. C.1. Fraction of the total number of priors from Sect. 3.3.1 that
have a maximum bias smaller than op. In magenta, light blue, and
light green we show the results for the 2D marginal MAP, the MAP, and
the mean estimators respectively.

6m would be perfectly correlated. The covariance of ¢, and 6,,
can be parametrized by the correlation coefficient

y o 00m) (B.7)

(©2)(32)
This can lead to a ¢,, dependence of the ratio in Eq. B.5 and
the general model for the galaxy count:

Var[N,] = N, + N b>Var[6,,], (B.8)

CoV[N,, 6,,] = NbrVar[6,,]. (B.9)

Mathematically, the possible values that r could take are
—1 < r < 1. For galaxies one expects a positive correlation to
matter density, so the original prior for r followed a uniform dis-
tribution I(r) ~ U[0.0,1.0].

Appendix C: ITEM priors with the MAP and mean
estimators

In this appendix we show a complementary ITEM prior analy-
sis using the maximum a posteriori (MAP) and mean as point
estimators on the @ model and contrast their performance with
respect to the marginal MAP estimator used in the main text of
this paper. We use specific colors for each point estimator, as
shown in Fig. C.1.

The question of which point estimator to use for cosmo-
logical analysis is still in debate. DES used both the marginal
MAP and the mean for presenting their summary cosmologi-
cal statistics (Krause et al. 2021; Amon et al. 2022; Secco et al.
2022). Both the MAP and the 2D marginal MAP are non-trivial
to estimate and sensitive to the algorithm used, as studied in
Abbott et al. (2023).

In our study, the MAP was obtained using the maximum
value output from CHAINCONSUMER (Hinton 2016), which
Abbott et al. (2023) found to have a Gaussian kernel density
estimation that leads to ~10% larger errors. On the other hand,
the 2D marginal MAP was estimated using CHAINCONSUMER’s
Gaussian kernel density estimate (KDE) to smooth the marginal-
ized posteriors and therefore estimate the marginal MAP. The
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Fig. C.2. Priors that passed the first filter for each point estimator. In
other words, these priors had a bias less than 0.407p.

estimate of this point is affected by the scale; therefore, after
studying the impact of the bandpass, it was decided to keep the
default values presented by CHAINCONSUMER in their API (kde
= 1.0 in v0.33.0). We use the same candidate priors as in Sect.
3.3.1, but we first studied the op biases for each model realiza-
tion, but now using additional point estimators.

In Fig. C.1, we show the fraction of priors as a function of the
maximum bias of the two stochasticity realizations. The MAP
curve, in blue, resulted in both the lowest and largest maximum
biases possible due to the prior volume effect present on the
whole dimensional space. In magenta we have the 2D marginal
MAP curve. This is the point estimator that returned the most
constrained values of biases (all are covered with ~1.0 o-5p). The
advantage of using the 2D marginal MAP rather than the MAP
as the main statistics in this context is that the 2D marginal MAP
will not return values as biased as the ones calculated using the
MAP in the presence of projection effects. Finally, in green, the
mean estimator had the worst bias due to volume effects happen-
ing when marginalizing the 1D posteriors.

Following Sect. 3.3.1, we used a bias of 0.407p for each esti-
mator. The number of candidate priors that passed those bias
thresholds are listed in Table C.1, and are shown in Fig. 8 and
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Fig. C.3. One-dimensional coverages for the candidate priors that
passed the filter 1 for the different point estimators. In the upper panel
we show the 1D coverage on (,,, while in the lower panel, we display
the 1D coverage on Sg. The histograms have been normalized to con-
trast their distribution along the vertical axis.

Table C.1. Number of priors passing each filter given a point estimator.

Point estimator | Filter 1 | Filter 2

2D marginal MAP 1,980 1,868
MAP 20,160 18,232
mean 1,401 1,400

C.2. The next step in determining the ITEM priors is to study
the fraction of priors that have a minimum frequentist coverage.
The 1D coverage distributions are visible in Fig. C.3. Following
Sect. 3.3.1, we required the candidate priors to have the same
coverage fractions for the noisy realizations, in other words at
least a 56% (14 out of 25 realizations) coverage for Q,, and S’g.
This lower limit on coverages decreased the number of priors
as shown in the last column of Table C.1. The last step of the
ITEM prior implementation is to minimize the total uncertainty
of the posterior. In Fig. C.4, we show the resulting priors on both
stochasticity parameters e and @), which differ depending on
the point estimator.

The ITEM priors for both @y and a; have substantially
smaller widths with respect to the one from the original prior
(see Table 2), especially the case of the mean. In particular, the
upper limit on the parameter «, is reduced to less than half of
the original prior width in all cases. In Table C.2, we display

ITEM Priors

4 -

2D Marginal MAP

MAP

3 - Mean
~ 2

3
[a W) 14
0 -
71 .
00 05 10 15 20 25 30

Prior ayg

Fig. C.4. Distribution of the ITEM priors for the different tested point
estimators.

the main statistics for the ITEM priors obtained using different
point estimators as a reference, and, in Fig. C.5 we show their
marginalized posteriors.

All the biases for both nuisance result in similar values and
we obtained consistent coverages despite the use of varying dif-
ferent priors. The & uncertainties for the ITEM priors and the
total uncertainty V/ Voriginal decreased consistently with the prior
volume reduction. The marginal posteriors from Fig. C.5 are also
in agreement with what we would expect from divergent priors:
the three of them are different.
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Table C.2. ITEM priors for the @ model for different point estimators.

Parameter Prior Prior width  Bias [oop] Q,, coverage Sgcoverage 0q, s, v/ Vorigina]
2D MAP
@ U10.6, 2.0] 1.4

0.33/0.39 80% /64 % 68%/56%  0.040 0.049 0.58
ay Ul-1.0,1.1] 2.1
MAP
@ U10.8, 1.8] 1.0

0.30/0.40 80% /80% 80%/56%  0.037 0.040 0.52
ay Ur-0.3, 0.9] 1.2
mean
@ U10.3, 1.6] 1.3

0.35/0.40 68%/72% 80%/64%  0.033 0.040 0.34
ay UI-0.1, 0.3] 04

N .
S A \/C." ITEM prior (2D marginal MAP) —
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Fig. C.5. Resulting marginalized posteriors for the ITEM priors obtained with different point estimators. Similar to Fig. 10, the 1o and 20
confidence levels had been widened to account for the bias of each case.
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