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ABSTRACT

Aims. We explore the dynamical friction on a test mass in gravitational systems in the quasi-linear formulation of modified Newtonian
dynamics (QuMOND).

Methods. Exploiting the quasi-linearity of QUMOND, we derived a simple expression for the dynamical friction in akin to its Newto-
nian counterpart in the standard Chandrasekhar derivation. Moreover, adopting a mean field approach based on the Liouville equation,
we were able to obtain a more rigorous (albeit in integral form) dynamical friction formula that can be evaluated numerically for a
given choice of the QuMOND interpolation function.

Results. We find that our results are consistent with those of previous works. We observe that the dynamical friction is stronger
in MOND with respect to a baryon-only Newtonian system with the same mass distribution. This amounts to a correction of the
Coulomb logarithmic factor via additional terms that are proportional to the MOND radius of the system. Moreover, with the aid of

simple numerical experiments, we confirm our theoretical predictions and those of previous works based on MOND.
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1. Introduction

Modified Newtonian dynamics (hereafter MOND, Milgrom
1983) is an alternative theory of (classical) gravity that was orig-
inally introduced to solve the missing mass problem on astro-
physical and cosmological scales without resorting to dark mat-
ter theory (hereafter DM). In a Lagrangian formulation (see
Bekenstein & Milgrom 1984), MOND can be amended to a sub-
stitution of the Poisson equation relating the gravitational poten-
tial, @, and mass density, p, with the non-linear field equation:

v. [ﬂ(”m”)vcp] _ 4xGp, )

ao

where the acceleration, scaling as ap ~ 1.2 x 102ms™2, is a
new universal constant; whereas the interpolating function, g,
(which is, in principle, unknown) is monotonic with the asymp-
totic behaviour, as follows:

px) == o~ )
A widely adopted form used for y is:
X
S 3
p(x) s (3)
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According to the equations above, for VO > g, we can recover
the Newtonian limit and Eq. (1) reduces to the Poisson equation.
Vice versa, for VO < ag the system is in the so-called deep-
MOND limit (hereafter, AMOND) and Eq. (1) becomes the p-
Laplace equation:

V- (VO VD) = 47ayGp. 4)

For a given mass density, p, the right-hand-side of the Poisson
equation and Eq. (1) are the same. We can therefore eliminate p,
thereby obtaining the relation:

)gM =gy S, Q)
ap

between the MOND and Newtonian force fields g,, and gy,
where S = V X h(p) is a density-dependent solenoidal field that
zeros-out for systems in spherical, cylindrical, or planar sym-
metry, while it is typically non-zero for more general density
profiles.

MOND has been rather successful in reproducing the
kinematics of galaxies without the need for DM to be
included (Bugg 2015; Zhu et al. 2023). In fact, it has proven
to be a valid alternative to the ACDM paradigm where
the latter is challenged, across a broad range of gravita-
tional problems, such as the structural properties of dwarf
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galaxies (Milgrom 1994; Sanchez-Salcedo & Hernandez 2007;
McGaugh & Milgrom 2013; Asencio et al. 2022); radial accel-
eration relation of galaxies (RAR, Lelli et al. 2017; Mistele et al.
2024b,a); profiles of low-surface-brightness galaxies (Sanders
2021); dynamics of wide binary stars (Hernandez et al. 2012,
2023; Chae 2024); evolution of globular clusters of ultra-diffuse
galaxies (Bilek et al. 2021); and the orbital velocity of interact-
ing galaxy pairs (Scarpa et al. 2022).

MOND has been extensively investigated numer-
ically (Brada & Milgrom 1999; Knebe & Gibson 2004;
Tiret & Combes 2007; Nipoti et al. 2007a,b,c; Sanders 2008;
Wuetal. 2009; Malekjani et al. 2009; Roshanetal. 2021;
Kroupa et al. 2022; Banik etal. 2022; Nageshetal. 2023;
Re & Di Cintio 2023; Sollima et al. 2023), for collisionless
mean field processes; for example: violent relaxation and
phase-mixing in monolithic collapse, galaxy merging, and the
vertical dynamics of disk galaxies. Unfortunately, due to the
non-linearity of the theory (cf. Eq. 1) and, hence, the absence
of the superposition principle, there is much less information
available on the collisional processes (see e.g. Bilek et al.
2021). For example, Ciotti & Binney (2004) used an approach
based on the fluctuations of uniform field to estimate the
MOND two-body relaxation (#,,, Chandrasekhar 1941a,b) and
dynamical friction (¢pr, Chandrasekhar 1943a,b,c) time scales
in the dMOND Ilimit. The outcome of this study (see also
the numerical simulations in Nipoti et al. 2008) shows that a
test mass, M, crossing a purely baryonic system would feel
a stronger dynamical friction (hereafter, DF) force due to the
encounters with the system’s stars in MOND than in the parent

Newtonian system without DM; however, it would undergo
an only slightly more efficient DF than in the equivalent Newto-
nian system (ENS). The is comprised of the baryonic plus DM
system constructed such that the potential is the same as the
purely baryonic MOND model. The Newtonian and MOND DF
time scales tgF and t]h)’IF, are related as:

£IN (6)
1 +R PP

where R is the ratio of the amount of DM to baryons in the ENS.

In MOND, the collisional direct N-body simulations are
intrinsically unfeasible; thus, results such as those given by
Eq. (6) cannot be exhaustively explored via numerical experi-
ments. The reason for this is the absence of a MONDian expres-
sion for the force exerted by a point-like particle. To address
this issue, Milgrom (1986) proposed the approximated expres-
sion for the force exchanged between two masses m; and m;
placed at distance, r,

tl]\)/[F:

Frion mmy  \Gag 7
b2 Nmy+my  r

The latter is however valid only in the far field limit, thus making
it unusable in a direct N-body code, as it lacks a regime bridging
to the Newtonian 1/#2 limit.

More recently, Milgrom (2010) formulated a quasi-linear
MOND theory (hereafter QUMOND), where the governing field
equation is:

voN
V. [v(u)VCbN] = ADM,

ao

®

formally identical to Eq. (1) where now, ®" is the Newtonian
potential generated by the density p through the usual Poisson
equation:

ADN = -V - gV = 47Gp, 9)
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and the new interpolating function v(y) is related to u(x) via:

{x = yv(y)

v
e Mnda

x )

The asymptotic behaviours for v in the Newtonian and in the
dMOND limits are

(10)

V(y) _>y>>l 1’ V(y) <l y—l/Z. (1 1)

We note that Eq. (8) can be rearranged as

1
p=—-—=V-g"/ap)g"]; ¢"=-vo,

4nG
that is, the QuMOND potential satisfies the Poisson equation for
the auxiliary density p. In practice, in QuUMOND, we have to
evaluate the Newtonian potential ®" generated by p, evaluate
its gradient and then via a non-linear algebraic step obtain the
auxiliary MOND density p via Eq. (12) that acts as source for
the potential ®¥.

At variance with the usual MOND formulation, in its quasi-
linear formulation the interpolating function v has a stronger
effect on the form of the gravitational potential than its coun-
terpart u in Eq. (1). For the usual choice (3), we obtain:

4
1+ -.
y

We note that QuUMOND contains a sort of superposition princi-
ple for the auxiliary densities p. It is therefore tempting to try to
derive an expression for the DF force in this context, making use
of purely kinetic arguments as in the original derivation. In this
paper, we first discuss a simple expression of the QuUMOND DF
summing up the contributions of the effective densities for point-
particles of mass, m, interacting with a test mass, with some sim-
ple choices for v. Moreover, we extend the mean field formula-
tion of DF, originally derived in Newtonian gravity by Kandrup
(1983) to the case of QUMOND and discuss the results of simple
numerical experiments.

(12)

13)

| =

+

| =

v(y) =

2. Dynamical friction: Classical approach
2.1. Newtonian case

Before tackling the QuMOND DF formula, we start by
briefly recalling the ingredients of the derivation of its
Newtonian expression (for a more detailed review, see e.g.
Binney & Tremaine 2008 or Ciotti 2021). We consider a test
mass, M, travelling at vy through an infinite background
medium of particles of a mass, m, and (by now constant)
number density, n, with velocity distribution function, f(v). In
each encounter, M and a background particle exchange a force
expressed as F ~ GMm/b?, acting for an interval of time,
At = b/vy, where b is the impact parameter of the dynamical
collision. The associated variation of momentum is Ap = FAt =
GMm/vyb. The rate of collisions of M is then

2nnbdbdx
enc = T

From this, the velocity diffusion coefficient along the trajectory
of M can be written as:

szprszﬁ =27rG2M2m—2nf%.
dt Yy b

= 2nnvybdb. (14)

15)
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In the equation above, the integral in the impact parameter b
diverges for both b — 0 and b — oo (infrared and ultraviolet
divergence, respectively). It is however possible to impose suit-
able cut-offs by, and bp,x. This factor, after integration takes
the form of the Coulomb logarithm (in analogy with the same
quantity in plasma physics) In A, where A = byax /bmin-
Let us now assume that f(v), defined such that
f fx,0)d’xd’v = N (16)
is the total number of particles, is position independent and
isotropic for all velocities. For such a system, the DF force per
unit mass acting on M is given as

d

Sm _ -167°G*n(M + m)mIn A (VM) vy, a7
dr o

where

Vi
P(vy) = f V2 f(v)dv (18)
0

is the so-called fractional velocity volume function (Ciotti 2021).
Therefore, in the assumption of velocity isotropy, only particles
moving slower than M contribute to its slowing down. Moreover
for M > m, in Eq. (17) the factor m(M + m)n becomes Mp,
where p = nm is the background mass density. In Newtonian
systems with DM, two species of particles exert DF on the test
mass M. Following Ciotti (2010), Eq. (17) can be rewritten for a
model with a mass spectrum as

dl)M

Pvy)
dr 3

Vu

= —167°G*n(M + (m))(m)In A

19)

Oy, ,

where In A is a velocity averaged Coulomb logarithm, (i) is the
mean mass of the background particles, and P(vy/) is the total
fractional velocity volume function' of the system. For the case
of interest of a binary mass spectrum (i.e. stars and DM parti-
cles), we have

- _ MH1 + Hz
Y(vy) = M+1 (20)
where M = M/{m) and
Hy(vyy) = Y. (vu) ;r Xy‘PDM(VM)
+ Xy
_ Y. () + x7*Yom(v)
Hy(vy) = (1 +x) T+ o7 21

In the expressions above, x = npm/n. and y = mpy/m, are
the ratios of the number densities and masses of stars and DM
particles, respectively and the Wpys and . their fractional veloc-
ity volume functions. Stars and DM are not at energy equipar-
tition, as the thermalization time scale would exceed the age
of the universe of several order of magnitude due to the small
mass of DM particles. Therefore, both species have the same
velocity distribution dictated by their collective potential, hence
Youm = V. = Ypum. As the DM is constituted by unknown ele-
mentary particles, with typical masses of the order of a few GeV,
we have mpy < m, and npy > n.. The average mass (m) is
expressed as:

1+ xy

m, < My,

(22)

! We note that Ciotti (2010) dubs with velocity volume function Z =
4P,

while
X
Hy(vy) =Y(vu); Ha(vy) = mW(VM), (23)
so that the total fractional velocity volume functions becomes:
Pou) = Hi+ Sy = W) + oy, @4
M M 1+

For systems where the test mass M > m, the latter further sim-

plifies and ¥(vy;) = ¥(vy) and the DF formula can be simplified
to:
d ¥
M 6r2 G oM In ALy (25)
dt vM

In practice, the presence of a DM distribution has enhances
the DF of a factor, pr./p«, With respect to the baryonic sys-
tem with the same phase-space distribution. We note that
Sanchez-Salcedo et al. (2006) also derived a simplified two-
component DF formula for the cases of circular orbits in DM
plus baryons King (1962) cores, concluding that DF is reduced
by the presence of DM of a factor (1 + R)~! with respect to the
case where the (same) mass is in one single component, follow-
ing the light distribution.

2.2. QUMOND case

We first present a naive general expression of the MONDian DF,
making use of the fact that in QUMOND, we have:

Gm\ GMm

F=v|—|——. 26

Y (aobZ) b2 (26)

For each particle of the background system, we defined the so-
called MOND radius as

Gm
M= A —- (27)
ao
With the same arguments of Sect. 2.1, we now find that the
momentum variation of M is:

Ap = (13 /bHGMm[vyb. (28)
The form of the collision rate factor remains unchanged, as it
is a geometric quantity. The diffusion coefficient D, retains the
same definition as in Eq. (15), but with a different integral over
the impact parameter:

Dmax
I, = f v(r3;/b*)*db/b. (29)

Dimin

After substituting the expression in the DF formula, we obtain:

M 621, GPo(M + m) (VM)

dr

vy (30)
M

From Eq. (30) above, we notice immediately that the QuMOND
DF is always larger than its Newtonian equivalent for the same
baryonic mass distribution. This happens because v> > 1, thus
returning a larger factor within the integral over the impact
parameters. In addition, this is also in agreement with the fact
that in MOND theories the far field behaviour of a given mass
distribution falls off less rapidly than in Newtonian gravity, as
implied by the logarithmic trend of the MOND potential.

A150, page 3 of 11
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We now evaluate Eq. (30) for a simple choice of v. Knowing
that v has the asymptotic trends given in Eq. (11) we start with a
simplified form:

v(y) =1+ 1/, 3D

which is essentially the sum of the Newtonian and the deep
MOND régimes. In terms of u, Eq. (31) corresponds to u(x) =
1+ (1 = V1 + 4x)/2x. For such a choice, the correction factor is
v(rl%,[ /b*) = 1 + b/ry, and the integral on the impact parameters
becomes:

I, = In bmax 4 zbmax - bmin " brznax - mein _
'min ™ 2"1%/1
b b?
= InA 4+ 22me e, (32)
M rM

where we assumed by, < ry in the last equality. We note that
the maximum impact parameter by, in the context of New-
tonian gravity is usually assumed to be some (arbitrary) scale
distance? of the system at hand. In the original derivation of
Chandrasekhar (1943a), where the system is infinite, the def-
inition of by,x remains somewhat unclear. Some authors (see
e.g. Van Albada & Szomoru 2020 and references therein) typi-
cally take by, of the order of the average inter-particle distance.
Here, we follow the same assumption, noting that for a star of a
solar mass, the MOND radius ry is roughly 103 AU  this is much
smaller than the typical scale radius of a galaxy, but comparable
to the mean inter-particle distance among stars. This established,
the QuMOND DF then becomes

d b2 b
(ﬂ) ~ - 167 (lnA+ max 2ﬂ]x
dr ey ™
¥
X G2o(M + m)@vM.
v

M

(33)

In practice, at first order in QUMOND, each particle behaves as a
point-like source exerting the usual Newtonian 1/r potential plus
an infinitely extended ‘phantom DM’ halo whose contribution
depends on the specific form of v. Following this approach, the
calculations as shown in Appendix A leads to the same expres-
sion of Eq. (33). We note that Eq. (33) differs from what we
would obtain using the simple derivation of #,;, in Sect. 2 of
Ciotti & Binney 2004; namely, this derivation is proportional
to the crossing time f.os = 1/VGp to evaluate the dynami-
cal friction time scale with the Spitzer (1987) relation tpp =
2t,m/(m + M). This is because their expression of f,, makes
use of the force (7), implicitly assuming the IMOND regime.

Unlike the usual MOND interpolating function u(x), the
form of the QuMOND function v(y) affects the behaviour of the
MONDian force field. Adopting the commonly used Eq. (13)
(see Kroupa et al. 2022), the DF expression becomes:

d P by 1. bpax 2 +1In2
DM 16n? | In A 4 Tmax y Tmax 1y Oma  ZF N2
dr 2}"1%/[ ™ 2 ™ 4
Wy
x G2o(M + m) (:M)vM.

M
(34)

The explicit derivation is given in Appendix B.

2 Such a cut-off length in neutral plasma physics is unequivocally con-
strained by the Debye length, see Spitzer (1965).
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Fig. 1. Ratio of the QuMOND and Newtonian DF coefficients as func-
tion of the stellar density, for R = 0 (top) and 10 (bottom), for the case
of a M = 10° M, test mass. The dependence on the local velocity dis-
persion o is colour coded.

1000

Noteworthy, we observe in both cases that the MOND cor-
rection with respect to the Newtonian baryon only case is pro-
portional to a function of the only by, /rm

(d_M) (d_M) o b b
dr /] qumonn df Jyewe  2ry ™

bz' bmax 1 bmax 1
max W g 2
2rM ™M 2 M 2

(35)

The same term b2, / 2r§,[ always dominates the MOND correc-
tion of DF, regardless of the exact form of v, while the smaller
terms are affected by the particular choice. Recently, a num-
ber of authors (see e.g. Lelli et al. 2017) proposed an expression
for v supported by observational data proportional to the form
of radial acceleration relation. However, its functional form is
rather complex thus making the explicit evaluation of Eq. (30)
particularly cumbersome.

As an example, in the top panel of Figure 1 we show for a
test mass M = 10°M,, the ratio noumonp /Ny of the QuUMOND
and Newtonian dynamical friction coefficient as a function of
the stellar density, p., for different values of the velocity dis-
persion o (see e.g. Binney & Tremaine 2008) indicated in the
figure with the colour map. In the corrective QuUMOND term,
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X = b2, /2r% + bmax /i — 1/21n(bmax/ry) — 2 + In2)/4 of
Eq. (34) and in the standard Coulomb logarithm, we assumed
bmax = (0/Mz)™'3 and bpin = G(M + m)/o2. It is evident that
for an isolated baryon-only system (corresponding to a dark to
luminous matter ratio, R = 0) the DF in QuMOND is augmented
(up to a factor ~10%) at low density, comparable to the typi-
cal intra-galactic density of 107! stars per pc?, with respect to
the Newtonian case. Vice-versa (and as expected) in denser sys-
tems/regions the QuMOND correction is negligible, in particu-
lar for large values of the velocity dispersion, o. Of course, a
fair comparison between Newtonian and MONDian DF has to
be made considering the presence of DM. In the bottom panel
of Figure 1 we show nqumonp/nn for the same values of p.
and o and R = 10 (a typical DM to baryonic matter ratio).
In this case, the Newtonian DF is given by Eq. (25). Remark-
ably, in this case the QuMOND DF is substantially lower than
the Newtonian one including the dark mass contribution (sub-
stantially confirming the results of Sdnchez-Salcedo et al. 2006
for a simplified circular orbit model and of Nipoti et al. 2008;
Roshan et al. 2021 for the dynamics of bars in spiral galaxies),
for almost all astrophysically relevant combinations of stellar
density and velocity dispersion. In the low p. regime (say below
~8Mypc?), the simplified QUMOND DF expression dominates
over its Newtonian counterpart. This leads us to speculate that
DM-dominated low p. systems, such as ultra-faint dwarf galax-
ies, could be used as a testing ground for MOND theories ver-
sus ACDM using the different behaviour of the DF (see e.g.
Bilek et al. 2021; Oehm & Kroupa 2024). We stress the fact that
in finite systems, both in Newtonian gravity and MOND, the
orbital structure (i.e. the velocity anisotropy profile of the back-
ground particle distribution) has a relevant effect on the magni-
tude of DF. For example, a test mass, M, moving on a highly
radial orbit in a radially anisotropic spherical system suffers
less DF than in a systems with isotropic velocity distribution.
In this case, in MOND, where only stars contribute to DF, the
drag is further reduced when M reaches radii where no mass is
present. A similar argument has been applied (among others) by
Angus & Diaferio (2009) to explain in MOND the survival of
the globular cluster systems of the Fornax dwarf spheroidal.

3. Mean field approach

A more rigorous evaluation of the DF expression can be car-
ried out using the mean field formalism developed by Kandrup
(1983) (see also Gilbert 1968 and Kandrup 1980) in the context
of Newtonian gravity that can be applied to any kind of long-
range force, not necessarily obeying the superposition principle.

We consider the usual system of N equal mass m (field) par-
ticles, with coordinates r; and momenta, p; = mv;, described
by the (time-dependent) phase-space distribution function?,
F(r,p;1), a test particle M, with a coordinate, rp = R, and
momentum, p, = P = Muvy,, which perturbs the initial phase-
space distribution 7. By virtue of the third law of dynamics,
such perturbation corresponds to the force decelerating the test
mass, M. We assume the field particles to be statistically uncor-
related in their initial state with Maxwellian velocity distribu-
tion. Moreover, we also take the limit of infinite, homogeneous
distribution of field particles. In his original work, Kandrup
(1983) initially assumed an external potential, @, confining the

3 Note: F is not the one particle distribution function f(r,v) entering
the collisionless Boltzmann equation, but rather the phase-space dis-
tribution of a 6N degrees of freedom Hamiltonian system entering the
Liouville equation.

system (see Appendix C below). We note that MOND sys-
tems with self-consistent gravitational field, gi,, embedded in
an external gravitational field g.y are prone to the so-called
external field effect (hereafter EFE). The latter implies that for
gin < ap < gext the system is purely Newtonian, while for
gin < gext < ap the system behaves as a Newtonian model with
rescaled gravitational constant, G’ = Gag/gext-

Under the assumptions given above, as usual, the average
number density of particles, n = N/Vol, should be taken constant
as N, Vol — co. The dynamical friction force F' g can be therefore
obtained simply as (F")s.

In the same fashion of the special relativistic extensions of
DF (see e.g. Syer 1994 and Chiari & Di Cintio 2023), we shift
to the frame of reference of M such that for the new coordi-
nates, 7, p, the linear evolution operator for 7 takes the form
"f'"(i*i,iai; 1) = —iL[F]. See Egs. (C.7) and (C.9) in the appendix
below for its explicit expression.

The linear formulation of the evolution equation is allowed
since MOND (and therefore QuMOND), although non-linear, is
still a Lagrangian and local* theory. At this stage, it is not neces-
sary to consider explicitly the Bekenstein & Milgrom (1984) (or
Milgrom 2010) Langrangian, since it is enough to consider the
particle’s energies.

The significant difference with respect to the Newtonian case
explored in Kandrup (1983) is that in MOND, we cannot substi-
tute the potentials in a form:

W = Z Wiilri — rjD),

J#I

(36)

due to the non-linearity of MOND implied by the absence of a
Superposition principle. Such potentials however can be rather
calculated in the QuMOND formalism (8).

A general expression for the DF force on the test particle can
be written formally as

N v N
F f drG (T—>z)[ vi-F§°‘],
> [ esire o3

Fy=-p f d= 7o
j=1 i=1
(37)

where G is the Greenian of the operator £ and dX = &*¥rd*Vp
is the differential element in phase space. The details of the
derivation are discussed in Appendix C.

We now sketch the main simplifying hypotheses needed to
perform practically the integrals in Eq. (37). Assuming that the
system under consideration has a finite memory (as implied by
its ergodicity), we can replace the time integration in 7 on the
finite interval [0; 7] with an integration extended over the semi-
infinite interval [0; co). Moreover, making use of the standard
linear trajectory approximation (see e.g. Ter Haar 1977, see also
Syer 1994), allows us to simplify G o(t — 1)[Q] = O(¢t — 7). The
latter is the most delicate step of the present calculation, since
in this approximation, the effects of the different field particles
decouple that is, in principle, not valid in non-linear theory.

4 MOND is local in the sense that the density at point £ equals a dif-
ferential operator acting on the potential in &. Vice versa, for the case
of 1/r* forces with @ # 2, obeying the superposition principle this is
not true (Stein 1970). In practice, for such general long-range interac-
tions, density and potential are related only via integral relation over
the whole domain occupied by the system (Di Cintio & Ciotti 2011;
Di Cintio et al. 2013).
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Fig. 2. Radial profiles of the DF force (per unit mass) in the circular
orbit approximation as given by Egs. (44,46); purple and cyan lines,
respectively.

Under the assumptions listed above, the DF formula

becomes:
doy _ F§ _ 3G*Mpliey, f f fo ) o7)
ad M- 0 urP

2
x|y i d3vd3sdr (38)
2 ) s — ot

where § = v — vy, Q is the phase space volume occupied by
the system and only the field particles slower than V,, induce
the drag, so that we only for account their density, pl,<v,,. At this
stage, the problem is reduced to solving a three dimensional inte-
gral for a given choice of the QuMOND interpolation function,
V.

Eq. (38) in the Newtonian limit (i.e. v — 1) can be solved by
an integration, incrementally applying:

V.= = —476°(s) (39)
3

and

PRI S (40)
s — o7f? s — 7]

thus, we have:

fv ST sd —4nl. (41)

|s — o73 o

Here, the term 07 = b is the standard impact parameter (see again
Binney & Tremaine 2008), thus, the integral

f""d‘r_f‘”db
0 T o b

returns the usual Coulomb logarithm (see e.g. Kalnajs 1972),
while the integral in dPv is rewritten as in the Newtonian case,
therefore yielding Eq. (17).

The QuMOND case is, even for the simple form of v given
in Eq. (31), plagued by its intrinsic complexity. Analogously to

(42)
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the naive formula in Eq. (30) we notice the presence of two fac-
tors of v. In this mean field formalism, the arguments for the
two functions v in (38) are still slightly different. From such dif-
ference —79, we recovers the logarithmic term in 7, as well as
any additional QuMOND term. At variance with the Newtonian
case, which requires some cut-off value only for the integral over
dr, in the QuMOND DF formula of Eq. (38), the integral over
d’s is also diverging; therefore, it requlres a cut-off at byax. This
ylelds terms of the form by, /rm and bmax/ rﬁ,[, which are vastly
in agreement with the simplified approach described in Sect. 2.2.

In the deep MOND regime, where v(y) — y~'/2, we can sim-
plify Eq. (38) as:

doy, UT) s

3Gsz*|<VM
— = - Sd’vd’sdr =
dt W, f f f() 52 v sdr =
1272G*Mp,b? f(v) bis 3 v-D
= Crimangyy 2| o1+ = —b|dv.
v [ 5 [80 (+16n)520] v

(43)

We recall that Sanchez-Salcedo et al. (2006) (see also the
numerical simulations of Bilek et al. 2021), used the circular
orbit approximation and the estimates from Ciotti & Binney
(2004) to formulate a local AIMOND DF expression for a spheri-
cal system where the radial friction on M is expressed as:

dve _ 167> log AG>Mp..(r)
dr v2

(44)

In the expression above, ay, ~ GM../ 72 is the typical Newtonian
acceleration of the system with scale radius ry, and the circular
velocity profile is given (see Milgrom 1983) as a function of the
stellar radial mass profile M., (r), as follows:

ve(r) =

Taking the same assumptions applied in Sanchez-Salcedo et al.
2006, we can simplify Eq. (43) as v and s are generally likely to
be perpendicular, while v and ¥ are almost parallel. This allows
us to then simplify the expression of the term v-(s—o7)/|s—7| in
scalar form and perform the integral in dr before those in veloc-
ity, dv, and in space, ds, having imposed spherical symmetry.
Standard (albeit tedious) algebra then yields

[GagM.(r]"*. (45)

dvc : 127r2G2Mp*(r)b
dr Wy

log2

max

P(ve), (40)

where the dMOND mean square velocity is given (Milgrom
1995) as

o2 = *) = \J4GayM, /81,

for a system with total baryonic mass M, and by« (typically of
the order of the local mean inter-particle distance) is fixed to a
scale radius r;.

In Fig. 2, we show the DF acceleration in the limit of cir-
cular orbits on a mass of M = 2 x 10°M,, as function of the
radial distance, r, as given in Egs. (44) and (46), sinking in a
cored spherical model (cfr. also Eq. 49 in the next section) with
M, =2 x 10" Mg and a core radius of r, = 0.3 kpc, correspond-
ing to the model of a Fornax-like dwarf galaxy considered by
Sanchez-Salcedo et al. 2006. With such a choice of parameters,
the constant AMOND velocity dispersion given by Eq. (47) is
~11km/s. We note that at large radii (e.g. above the core radius

(47
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indicated in Figure by the vertical dashed line), the two expres-
sions are somewhat comparable; however, in the inner part of
the system, the DF is considerably lower in our approximated
formulation. This is because for r — 0, the Lh.s. of Eq. (46)
is mostly dominated by the contribution of W¥(v.), that for the
specific (but questionable) choice of a Maxwellian velocity dis-
tribution is expressed as:

ve

202 )|’

Y(v,) = (47)"! lerf( \/VEU) - \/g % exp

then falls rapidly to zero, while in Eq. (44), it is partially com-
pensated by the factor 1/v2.

Interestingly, the QuMOND N-body simulations of
Bilek et al. (2021) offer a hint that Eq. (44) overestimates the
DF in the inner region of cored systems; whereas at large radii,
the semianalytical estimate of Sdnchez-Salcedo et al. (2006) is
well matched by the simulations. The discrepancy is interpreted
as an effect of the so-called dynamical buoyancy or core stalling
(Banik & van den Bosch 2021) in a nearly harmonic core,
preventing the further sinking of the test particle, M. We note
that in MOND (and in particular in the dAMOND limit assumed
here), an almost constant density core does not exert a harmonic
potential, thereby potentially undermining the core-stalling
argument in MOND simulations. This leads to conjecture
that the intrinsically less effective dMOND DF in the N-body
simulation is indeed responsible for the discrepancy with the
prediction of Eq. (44).

(48)

4. Numerical experiments

To clarify the different behaviour of DF in the QuMOND and
Newtonian gravity model of a given stellar system, it is useful to
perform a simple numerical experiment in a set-up where New-
tonian gravity with DM the friction on the test object, M, would
be negligible, while the gravitational field of the parent system
would be in the MONDian regime, g < ag, over a broad interval
of radii.

We consider a M = 10>M, star cluster moving through a
dwarf galaxy with stellar mass of M, = 2 x 10°M,, and scale
radius of ry; = 0.8 kpc (parameters compatible to those of the
Draco ultra-faint dwarf galaxy, Mashchenko et al. 2006), with a
stellar distribution given by

3 M.r,

eyt @

P (r) =
corresponding to a Dehnen (1993) y-model for y = 0. The asso-
ciated QUMOND gravitational potential given by Eq. (8) is (by
construction) identical to the potential exerted by a Newtonian
system with stellar density, as in Eq. (49), plus a DM halo with
ppMm = p—p. (cfr. Eq. 12). By contrast, the DF force experienced
by M is different in the two paradigms: Newtonian and MOND,
with Eq. (25) displaying the first case® and Eq. (34) the second.

Using the numerical approach discussed in Appendix D, (see
also Pasquato & Di Cintio (2020), Di Cintio et al. (2020, 2022)),
we integrated different orbits under the effect of the same grav-
itational field and the two different DF expressions, under the
assumption of local Maxwellian approximation (i.e. at all radii
the velocity distribution is an isotropic Maxwell-Boltzmann with

5 We recall that in a multimass system (e.g. stars and elementary par-
ticle sized DM), when the test mass, M, is much larger than the mean
mass, (m), then the prefactor of Eq. (17) is dominated by M times the
total mass density, as described in e.g. Ciotti (2021).

QUMOND ——
Newtonian
no DF ——

rg [kpc]

time [Gyr]

Fig. 3. Evolution of the galactocentric radius, r,, for a star cluster orbit-
ing through a dwarf galaxy in Newtonian gravity (green curve) and
QuMOND (blue curve). The thin black line marks the case without
dynamical friction.

velocity dispersion approximated by o = V2||®||). In Figure 3,
we show the evolution of the galactocentric distance, r,, of M
over 12 Gyr for an orbit of initial ellipticity, e = 0.49. The green
and blue curves mark the Newtonian and QuMOND simulations,
respectively, while the black curve is the unperturbed orbit in the
static potential of the model. We observe that while the Newto-
nian DF only minimally alters the orbit of M at around 9 Gyr, in
QuMOND, the test particle suffers a rather strong orbital decay,
with the pergalactic radius falling from ~1.63 kpc down to ~1.2
kpc at 12 Gyr. This is remarkably in agreement with the analyti-
cal estimates of Ciotti & Binney (2004), who predicted a MOND
inspiral time of less than a Hubble time for an object that is con-
siderably more massive than a star to the central regions of a
Draco-like system. This time span is much shorter than its New-
tonian analog and argued that this could be the reason behind the
absence of star clusters in similar dwarf galaxies.

5. Conclusions

We investigated the dynamical friction in the Quasi linear for-
mulation of MOND. Using a simple dimensional analysis, we
find that the expression for the MONDian DF is augmented with
respect to its Newtonian counterpart of a factor proportional to
the MOND radius of the star, ry. This additional term becomes
relevant when the maximum impact parameter (proportional to
the average interparticle distance, Spitzer 1987) is byax > v, as
seen by Egs. (33 and 34). In practice, in a dense star cluster or in
galactic nuclei with a mean stellar density and where the typical
inter-stellar distance is always smaller than ry;, the DF is always
purely Newtonian. Vice versa, in low-density systems, such as
ultra-faint dwarf galaxies (Simon 2019) the by, /rv correction
is always of the order of the Coulomb logarithm, thus enhanc-
ing the (stellar) DF for a system (where, in principle, it should
be negligible). In addition, we find that the explicit form of the
QuMOND correction is dependent on the specific choice of the
interpolating function v. However, the strength of the enhancing
term does not vary significantly for such different forms of v. We
also compared our results with a Newtonian plus DM expression
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obtained from the Ciotti (2010) formalism for DF in presence of
a mass spectrum, confirming that in almost all astrophysically
relevant regimes, the Newtonian DF (in presence of dark matter)
dominates over its MOND counterpart.

Moreover, we have extended the mean field treatment of
DF, pioneered by Kandrup (1983) in the Newtonian case to
QuMOND. In this framework, alternatively to the fluctuation-
based approach by Ciotti & Binney (2004), we recovered an
integral expression that contains the usual dependence on v.
Unfortunately, the explicit evaluation of the DF force becomes
rapidly cumbersome (at variance with the simpler Newtonian
case) even in the IMOND limit; thus, we are forced to integrate
Eq. (38) numerically (specific cases of this will be discussed in a
future work). Working out in QUMOND the two-body relaxation
time (and therefore the DF coefficient of Eq. 6 via the relation
tpr = 2tm/M) with the fluctuation approach in Fourier space
of Ciotti & Binney (2004) may, in principle, be possible; how-
ever, it would imply a double application of the classical Poisson
equation and a single non-linear algebraic step is hindered by the
implicit relation between the Fourier transform of the QuUMOND
potential and the associated auxiliary density . Using the mean
field approach, we worked out an approximate formula, valid
in the deep MOND regime for circular orbits analogous to the
one presented in Sanchez-Salcedo et al. (2006). For the case of a
globular cluster orbiting in a isolated Fornax-like dwarf galaxy,
the two expressions are comparable, at least for radii larger than
the core radius of the dwarf, below which our expression under-
estimates the DF. This result appears to be in agreement with the
N-body simulation of Bilek et al. (2021).

Interestingly, simple numerical integration of a test parti-
cle in a QuUMOND and its Newtonian equivalent system evi-
dence that dynamical friction acts in a different way in the two
paradigms, being considerably stronger in the first if the model
is in a deep MOND regime (such as for DM-dominated dwarf
galaxies). However, we stress the fact that in MOND, we can-
not simply add a semi-analytic DF force to a mean field potential
obtained solving numerically Eq. (1) for a given density (either
imposed extrapolated from particles position) in the same fashion
asin Alessandrini et al. (2014), Arca-Sedda & Capuzzo-Dolcetta
(2014), Di Cintio et al. (2022). Therefore, our simple numerical
estimates could potentially overestimate the MONDian DF. Using
the quasi-linear formulation of MOND could, in principle, allow
us to incorporate the contribution of DF (and possibly density fluc-
tuations on a scale smaller than the particle-resolution) by adding
it before evaluating p to solve Eq. (8) (see Di Cintio 2023). In con-
clusion, it is also important to recall that as a consequence of the
EFE, in systems with giny < gext < 4o, the dynamics is essen-
tially Newtonian with a rescaled G. In those cases, the DF force
would be given by Eq. (17) augmented by the multiplicative fac-
tor (ag/ gext)z. Therefore, a full mean field QuUMOND treatment
including the DF expression (discussed in Sect. 3) is only valid
for an isolated system.
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Appendix A: Effective dark matter halos

Combining Egs. (9) and (8), we evaluate the equivalent matter
distribution from Eq. (12) as

1

1
p=-—=V-g=——V-[vgyl/ao)gy]. (A.D)

4nG

For a point particle, the density becomes p(r) = md&*(r), so that
gy(r) = =Gm/r’r, and

1 Gm Gm m r rl%,l
5= V [ P R = —V |l — —_— . A.2
P="4G [ r rv(aor2 )] 4r [r3 V[ r? )} (A-2)
Substituting the simple interpolation (31), we then find
m r m r
~=—V~(—)+ V~(—)= 8 (r) + , A3
P= 4 ) dnry 2) =" ") 4rryr? (A-3)

where the first term here is the real point particle, and the second
one represents its phantom dark matter halo p,py = p — p. Its
cumulative mass function is

mou(r) = f —drdr = m——. (A4)
Trm ™M

Following the approach of Chandrasekhar, the impulsive force
generated by the particle and its effective DM halo is then

_ GMm(b) _ GMm_ GMm

F b? b?

A.S
I‘Mb ( )
The associated momentum variation is Ap = Fbjvy =
GMm/vy (b‘1 + rg,ll) and then the diffusion coefficient becomes

2 11\
D, = f Ap¥2mnvyddb = 27G2 M2 f (- + —) bdb.
Vv b M
(A.6)

Keeping in mind that b,, < ry < by, the integral can be evalu-
ated as ~ In A + 2byax/rv + b, /2rs;. The QUMOND DF force
is then

d
Y _ oM + m)D,

N(Jo| < UM)v
dt

2 M=
M

bm X brznax .
= —167% |In A +27m% 4 Jmax ) G201 4 m)”TMf 0 f(v)do.
™ 2ry vy, Jo

(A7)

Appendix B: Explicit choice of the QUMOND
interpolating function

If the usual choice (13) of the QuMOND interpolating function
v is used in Eq. (30), we have

1 /1 b? 1 1 p2 B2

2 A 2 _
V(VM/b)—§+ Z+E:V(b)—§+z 1+4%+%
(B.1)

Unfortunately, here we cannot take the usual approximation for
small or large impact parameters b, since the integral runs from
Dmin < "M t0 bmax > ny. Vary large values of by, (say of
the order of the system size), return an important contribution
already in the Newtonian case, in the form of large values of
log A. This must also hold true a fortiori in MOND, as in the

far-field the forces decay as 1/r rather than 1/ r2. Therefore, we
cannot expand v to low-order terms in b/ry.

We must then solve the exact integral f v(b)2db/b, where the
square root term yields

db V1 2
f,/1+4b2/r§47=f T g =
X
= V1 + x2 — arctanh( V1 + x2) + const. =
2
= V1+x2—%lnLl+l+(c0nst—7—2ri),

x2+1-1

(B.2)

where x = 2b/ry. Evaluating Eq. (B.2) for x = 2by,in/rvy — 0
returns approximately

1 1+1 bu
(1+x/2)—~In - Jpp Zmin

_ = +1, B.3
2 0+ -1 " -
while for x = 2by,.x /v — 0 becomes asymptotically
1 1. x+1 Dimax
4+ —|==1 =2 . B.4
(x 2x) 2 x-1 ™ (B.4)
The integral (B.2) is
db bmax bmin
f,/1+4b2/r12v[— ~2 —1In - 1. (B.5)
b M M

The integral over the impact parameters is then evaluated as

1 (db 1 db 1
= — — 2 /2 -
Ib_sz +2f /1+4b/rMb +r§4fbdb_

1 'max max 1 min 1 bz
~—lnba +ba -1 b -+ max _
2 bmin M 2 M 2 27‘1%/1

%wx bmax _ 1111

1
=InA+ 5%+ Diax _ 1

2}"M M 2 1Y 2

(B.6)

Appendix C: Further details on the mean field
approach

For the system of N + 1 particles considered in Section 3
described by the distribution function ¥ (r, p; 7) the average of a
given phase-space observable Q, taken with respect to said dis-
tribution function is

(D) (n) = f F (r,p; NQ(r, p)dzZ, (C.1)

where dX = &*Vrd*Vp is the differential phase-space element.

The initial configuration ¥ is perturbed by the passage of the
(N + 1)-th particle, (our usual test particle). In virtue of the Third
Law of Dynamics, this corresponds to the force decelerating the
test particle once the force due to the unperturbed configuration
Fo is subtracted:

N

- Z F,

i=1

F = Fg"r ~F{"Vr  FY' = (C2)

The field particles are assumed statistically uncorrelated in their
initial state Fo(r, p) = Hf; 1 f(xi, pi). We also assume their veloc-
ity distribution to be a Maxwellian:
f(rip) = N fie)e P2, (C3)
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with temperature 8 and normalization N. The distribution of the
spatial coordinates is chosen such that the field particles are lim-
ited within a certain volume; therefore, it can be also expressed
as fi(r;) = eP™®) with an efficient potential ®;.

For our purposes, we set f] as the limit of an infinite, homo-
geneous distribution of field particles. Such a homogeneous dis-
tribution on a finite volume Vol C R? is given for fi(r;) =
m)(v,,,(r,-), namely, when ®; has the profile of a rigid box.
The average number density of particles can be then defined as

= N/|Vol|. In the limit of an infinite homogeneous system,
this parameters should be taken constant as N, |Vol| — co. The
unperturbed force (F{/")#, vanishes, so that the dynamical fric-
tion F g " can be obtained simply as (F§")#.

The field particles evolves following the time-dependent
Hamiltonian:

2 N

N
H(r,p;1) = 22— D Wim).
=1

i=1

(C4)

As discussed in Sect. (3), we cannot make the usual substitution
of ‘/Vl = Zjii ‘/V,j(ll'l - l'jl) with le(r) = —Gm,-mj/r. This is
because, in MOND, the superposition principle does not hold.
The potentials should be rather expressed in using the QuMOND
formalism (8), so that:

-VW; = mv ('gNl|)gNi, - Z VWi = mgn;. (C.5)
ap

J#L

As a consequence, it is useless to define the forces between cou-
ples of particles F(j — i) = =0y, W;;(Iri—r;]) = =F(i — j), given
that the total QuMOND force on the i—th particle is not simply
F" # 320 F(j — i). The force Fi*' can be calculated instead,
only as

F = —5, Wi(r), (C.6)

where W;(r) is given by the non-linear QuMOND formula (C.5).
The evolution equation is therefore expressed as

N

- >R g—f = —iL[F].

- > pl aj
F=_)
i m; 01‘1 p

(C.7)

The sums here arise from those in the Hamiltonian (C.4). In prac-
tice, the meaning of Eq. (C.7) is just that the position of each
field particle evolves according to the velocity at each instant, as
well as the momentum follows the total force.

Following Kandrup (1983), it is useful to change the phase-
space coordinates by taking the test particle’s reference:

B :=1;—R(@® +R©0), p;:=p;-P@. (C.8)
The evolution operator for # hence takes the form
S oF
F (5, b 1) = —iLIF1+ Y P()- = 1= —iLIF], (C.9)
i=1 opi

where P acts as an apparent force on the i-th particle. Except for
this, in this frame the forces do not change F I?”t =F lf”’ , since even
in MOND they depend only on the respective particles positions.
Moreover, it is useful to define the perturbation F@) := F()-Fo
of the distribution function so that

(D)F = (g, +(Q)s
A150, page 10 of 11

(C.10)

for any quantity Q. This will be used for evaluatmg Eq. (C.2), so
that Ff "= = (F{"")7. The distribution function F evolves as

o, (l)]
(C.11)

Fl(lt + mz

= ~iLIF]+Fo(x,p) Z

-+ V(t)]

where again p;/m; + V() = p;/m;, and the term Ad,/6t; vanishes
in the infinite, homogeneous limit. In principle, keeping the con-
tribution of ® would allow us to investigate in a self-consistent
fashion the MOND EFE, see Sect. 3. At this point, Eq. (C.11)
can be rewritten in its simpler form:

= —iL[F ] + B Z pi - g/ O"P. (C.12)
i=1
Its solution can thus be formally expressed as
() = BFo f drGrr > 0| pi- g,} (C.13)
0 i=1

with the Greenian G, of the operator L. After all the substitution
we have a formal, general expression for the dynamical friction
on the test particle in the form

‘ N
F = f dSFy'F = | dEF('BFo f dGr(t— 1) [va'F7]=
0 i=1
N

__ﬁde%(ZFme dTGL(Tat)[iV, Ff],

Jj=1 i=1

(C.14)

where F; = Fi* + m;0®;/0F; becomes F’" in the infinite homo-
geneous system limit. Here we have exploited the fact that the
full set of N + 1 particles is a closed, classic dynamical system,
so that 3N, F = 0.

To perform the integrals appearing in Eqgs. (C.14), we now
make some simplifying hypotheses. First of all, we perform the
infinite homogeneous limit. Second, if the system has only a
finite memory, we can replace the integration of 7 on [0; #] with
an integration of [0; c0). Moreover, we make use of the stan-
dard linear trajectory approximation, which allows us to simplify
Gs(t — H[Q] = Q(t — 7). Under these approximations, the DF
force becomes

N 00 N
= f d2 {Z F’,~”’<r>)f o (Z vilt =) - Ft = 1))
= 0 i=1

(C.15)

This can be further simplified since (F;F;) = 0 for the off-
diagonal combinations i # j, since the field particles are by def-
inition statistically uncorrelated. We are then left with

N 00
F/"=-p f dxFo ) FE(1) f drvi(t — 1) - F'(1 - 7) =
i=1 0
o N
[ d Ftpt (t — . Ftpt _ =
,Bfo T<; 10y (vite — 1) - (e T))>

Fo
=B fo " dN (70 (it =) -FY'( =)

(C.16)
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We note that the last step is justified only if the N field particles
have all the same mass m, so that they are statistically equivalent
in the initial phase-space distribution. Averaging ¥ for the i =
1 particle, practically means that only the f(r, p;) distribution
function is relevant, and hence

N
(" (v ¥), = [t (v &) [ ] rws o ra™p -

i=1

=m? fng (Vl 'gilw)f(rl,Pl)d3r1d3P1 =
n
=m? fd3r1 fd3V1Nf(Vl)g1|W (Vl gllw) =

=m2%[ f f(V)d3V} [ f v-g! )gMdSrl],

(C.17)

where f(v)) = N e Pl g again the Maxwellian velocity distri-
bution. The mean square speed is thus given by (v*) = 3/mp that
can be substituted to obtain

Fl=- mi”Z)mz f i f f(v)d3v]
3pG2M>?
- ) j; dr f fwWd*v

< [ Fsv ’M v-(s—¥V71) y S
s=v72 ) |s—v,7? s2 2

GMy (GM/aosz) s/s> and s(t — 1) =

f - g - g (Or | =

since g, M(s, 1) =
beingv=v-V.

Appendix D: Numerical methods

The dynamics of a particle confined by a static potential ® under
the combined effect of force fluctuations and friction is given by

the Langevin-type equations

2

% =-VO, —nyw+0F;, v= %
In the most general case, the DF coefficient 7 depends explicitly
on the position and velocity through the phase-space distribution
of the embedding system (also sourcing the potential ®) and 6F
is a fluctuating force per unit mass with distribution and ampli-
tude connected to 7 via a fluctuation-dissipation relation. For the
systems of interest (Newtonian or MOND) we solve Eq. (D.1)
using the Mannella (2004) scheme

(D.1)

X' = x(t + At/2) = x(¥) + %v(l)
o(t + Af) = ¢ [erv(t) + AVO(X) + dy F(x))|
x(t+ A1) = X + %U(I + Ap), (D.2)

written here for simplicity for a 1D system and fixed time step
At, where the coefficients ¢y, c; and d; are given by

A |
nat d = 20,

= 1 — —’ = —’
“ Iy
In the equations above F is sampled from a norm 1 Gaussian and
{ in the case of a delta correlated noise is fixed by the standard
deviation of the distribution of F as

(D.3)

(F(x,)F(x,t")) = 2nl6(t — 1'). (D.4)
In practice, if such distribution is unknown, we would then, fol-
lowing Kandrup et al. (2000), assume ¢ = & where & is the
instantaneous relative (positive) energy per unit mass of the test
particle along the orbit. In the simulations discussed in this paper
the contribution of the fluctuating term is artificially set to O as it
would be negligible for the type of gravitational systems under
consideration. We note that if v = ¢ = 0 Eqgs. (D.2) simply
become the standard Verlet second order scheme in the drift-
kick-drift form.
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