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ABSTRACT

Context. Planet-forming disks go from gas-rich, massive disks made of dust and gas into planetary systems containing only small
amounts dust. This dust is produced by collisions between smaller planetary objects, such as planetesimals, asteroids, and comets. Tra-
ditionally, we talk about protoplanetary (age ∼1 Myr), transitional (∼5–10 Myr), and debris disks (∼10-hundreds of Myr) even though
the overlap between these phases may be relevant.
Aims. We aim to show that in the transition phase of a disk, when the gas surface densities are reduced but not yet negligible, a
seemingly small amount of collisional activity may lead to the production of dust on a level that is observationally relevant by creating
regions characterised by an optical depth of 1 or above. In particular, we aim to show that the hot dust emission component of transi-
tional disks may in fact be debris dust that has been produced in such collisions.
Methods. We developed an analytical model to derive the conditions in which observationally relevant amounts of dust can be pro-
duced. We focussed on the effect of the gas surface density during the transition phase of a disk from fully gas-dominated to the
gas-poor debris stage.
Results. We show that the decrease in the gas surface density has an important effect. It allows for smaller planetesimals to become
collisional, initiating a cascade. At the same time, small particles are not destroyed by collisions. This interrupted cascade is critical in
terms of preserving the produced dust for significant time intervals, allowing for a seemingly minor amount of planetesimal collisions
to be effective in producing detectable amounts of dust.
Conclusions. The warm emission of low amounts of dust in many transitional planet-forming disks might be caused entirely by
second-generation dust, exposing planetary material at a much earlier time than the age that debris disks have traditionally been
characterised by.
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1. Introduction

The classical picture of the formation of a planetary systems
divides the process into a number of steps: (i) the collapse of
a molecular core in a molecular cloud, (ii) disk formation due
to conservation of angular momentum during collapse as well
as due to viscous spreading, (iii) planet formation in the disk by
core-accretion and possibly gravitational instabilities, (iv) clear-
ing out the gas in the disk by a combination of viscous accretion
onto the star, planet formation, and photoevaporative and/or
magnetically driven outflows (winds), and (v) mature planetary
system in which rings of planetesimals can produce dust in col-
lisions, ushering in the debris disk phase of the disk, which can
last for gigayear scales.

Over the years, it has become clear that these processes
are not nearly as sequential and ordered as this simple picture
suggests. Very young disks already contain structures that have
been interpreted in the context of embedded planets (ALMA
Partnership 2015; Valegård et al. 2021). Theoretical models of
planet formation show the process starting early and continuing
over extended periods of time (Drążkowska et al. 2023). Debris
disks can be fully developed at quite young ages of only 10 or
20 Myr (Lagrange et al. 2000).

One of the more puzzling observations in young planet-
forming disks is the observation of a significant component of

near infrared (NIR) emission that is attributed to very warm
dust near typical sublimation temperatures around 1500 K. This
emission is indeed located close to the star (e.g., Benisty et al.
2011). It was originally interpreted as being due to a disk inner
region heated by accretion (Hillenbrand et al. 1992; D’Alessio
et al. 1998, 1999). However, Natta et al. (2001a) and Dominik
et al. (2003a) realised, that the inner edge of a disk is much more
intensely irradiated by that star than a disk surface, leading to
enhanced emission also in disks that are heated solely by stel-
lar irradiation. Even though a full recovery of the measured NIR
emission requires enhanced scale heights in the inner disk, the
basic assumption has been that these processes are responsible
for the observed emission.

Meeus et al. (2001) established that there are two basic types
of spectral energy distributions (SED) for young Herbig disks
that are distinguished by the amount of mid-IR emission, but
that show quite similar properties in the NIR. The assumption
stated that these disks differ in the amount of flaring (group-I
versus group II disks, Dullemond & Dominik (2004)), but that
the properties of the innermost edge of the disk at the subli-
mation point are very similar, with the IR emission amounting
to 10–30% of the stellar flux (Dominik et al. 2003b). However,
eventually it became clear that the group-I disk SED is a symp-
tom of a large inner hole in the disk (Maaskant et al. 2013); this
hole is akin to the one we would expect to be carved out by a
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forming planetary system. The basic picture is then that a mas-
sive planet creates a dust trap in a pressure bump outside the
planetary orbit, keeping most of the dust from flowing into the
inner disk region. Gas can still pass the planetary orbit through
streamers, but the flow of dust would be substantially reduced.
This then throws some doubt on the interpretation of the NIR
excess. Consequently, the question arises of why, even though
there is a nearly empty cavity, the dust suddenly re-appears at
the inner edge, close to the star. In viscous accretion disks, the
accretion timescales are shortest in the inner disk and we would
expect the hole to be largely emptied out.

A number of hypotheses have been put forward to explain
the detected emission, even in the presence of a strongly dust-
depleted gap. Casassus et al. (2013) detected fast streamers in the
cavity of HD 142527. These streamers can be created through the
interaction with the observed companion of that star (Price et al.
2018). If these streamers are narrow and fast, this may account
for the low emission coming from the region between inner and
outer disk. Pinilla et al. (2016) put forward the idea that small
dust grains may sneak through the trap, quickly grow again to
larger sizes that are harder to detect, and then fall apart at the
snowline. There the water ice that may have been binding dust
aggregates evaporates, leading to the sudden appearance of small
grains that drift more slowly. The resulting traffic jam is then
responsible for the observed NIR emission.

In this paper, we explore the idea that the dust seen at the
inner edge of these transition disks is not primary dust funneled
from the dust trap into the inner system, but that it is secondary
dust, produced by the collisions of planetesimals. This would
give these disks at least partially the status of debris disks.

There is a large body of literature on dust production in
debris disks. In addition to a number of analytical estimates
and computations (e.g., Wyatt & Dent 2002; Dominik & Decin
2003; Krivov et al. 2006; Wyatt et al. 2007a,b, 2011; Löhne
et al. 2008; Kobayashi & Tanaka 2010; Kennedy & Wyatt 2010),
numerical modeling of debris disks over long times is an estab-
lished field (e.g., Thébault et al. 2003; Krivov et al. 2005, 2006;
Thébault & Augereau 2007; van Lieshout et al. 2014). Other
works have put the production of debris into the context of a
model starting with a gas-rich disk, focussing on the effect of
the gas on the larger parent bodies for dust production (e.g.,
Kenyon & Bromley 2005, 2008, 2010; Raymond et al. 2011,
2012; Kobayashi & Löhne 2014). The onset of debris formation
in gas-rich disks during planet formation has been proposed in
a set of two papers focussed on the disk of HD 163296 (Turrini
et al. 2019; D’Angelo & Marzari 2022) and studied further in a
parameter study (Bernabò et al. 2022). These are very detailed
models that consider the scattering of planetesimals by the form-
ing giant planets in the system, and they estimate the amount of
dust production resulting from these collisions, zooming in on a
specific disk.

In the present paper, we are asking a more focussed and basic
question, namely: what conditions are needed in order to create
a torus of moderate optical depth in the inner regions of a disk
required to reproduce a low-mass, high scale-height inner disk.
We achieved this by developing an analytical model that cap-
tures the dust production of a cascade in the presence of gas,
while considering that the gas may stop the collisional cascade
for the smallest particles. In particular, we discuss the relevance
of a reduced gas surface density to constrain when such a broken
cascade can occur and consider the relation between the mass
input from collisions and the optical depth of the torus.

In Sect. 2, we show the effect of drag on the collisional cas-
cade, derive the important timescales associated with it, and
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Fig. 1. Proposed model consists of a dust cloud located a distance, R,
from the star (with a width ∆R), suspended in a gaseous medium. A
planet scatters planetesimals out of the midplane, which collide and
fragment. The smallest particles are bound to the gas and slowly set-
tle into the midplane.

show how it breaks the cascade. These effects are applied in
Sect. 3 to derive the size distribution of particles in the system.
In Sect. 4, we calculate the amount of particles needed to cre-
ate a moderately optically thick cloud of dust; alongside it, we
show how much mass flux of incoming planetesimals is needed
to sustain such a structure. In Sect. 5, we evaluate the derived
equations, derive and discuss the outcome and put it into context.
Finally, in Sect. 6, we summarise our conclusions.

2. Effect of gas on the cascade

2.1. Introduction

Figure 1 shows the basic model: close in to the star, a cloud of
dust suspended in the disk gas covers a large solid angle α around
the star. We assume that we are dealing with a torus-like struc-
ture that contains a mix of gas, dust, and planetesimals. A planet
scatters planetesimals into highly inclined orbits, which start to
collide and fragment into smaller and smaller particles. Parti-
cles below a certain size, sb, are tightly bound (coupled) to the
gas and start to move along with it, removing relative velocities
between them, preventing further fragmentation. Instead, these
particles slowly settle into the midplane. Once located in the
midplane, we assume that these particles no longer contribute
to the system. Midplane particles are basically irrelevant for the
amount of stellar radiation reprocessing, because the maximum
amount of stellar radiation they could absorb even under optimal
conditions (optically thick geometrically thin midplane of dust in
an otherwise optically thin disk) becomes extremely small unless
the disk extends all the way to the star. For an inner disk radius
of 0.1 au, that fraction is about 2%. For an inner radius of 1 au
(close to the sublimation radius in the disks of Herbig stars), only
10−3 of the stellar photons are absorbed in the midplane (Natta
et al. 2001a). These numbers are too small compared to the tens
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Fig. 2. Schematic log-log representation of the timescales governing
particles of a certain size (top of the plot) and of the resulting abun-
dances (bottom) of particles at a given size. These abundances are
integrated over the torus, but excluding particles that have fully settled to
the midplane and are treated as irrelevant. The collisional lifetime (yel-
low line) of a particle increases with size. Particles smaller than sb are
tightly bound to the gas, and are dragged into the midplane by gravity
on a settling timescale (light blue) which decreases with particle size.
For larger particles, the inclination of their orbit is damped on a damp-
ing timescale (dark blue), which increases with particle size. Particles
smaller than scc have a damping timescale shorter than their collisional
timescale, removing them from the collisional cascade. The effect of
increasing gas density on these timescales is shown by the dashed lines.

of percent we are looking for. We also assume that these parti-
cles become irrelevant for the collisional cascade as they may
re-coagulate and drift into the sublimation zone.

While the smallest particles below sb couple to the gas and
completely leave their inclined orbits around the star, larger par-
ticles retain their orbit. The effect of gas does however slowly
dampen their inclination, moving them into the midplane as well.
There is some range in the particle sizes which do not couple to
the gas, but for which damping occurs quicker than collisions,
essentially removing them from the cascade as well. The size
above which the collisional timescale is lower, and particles are
in the collisional cascade we refer to as scc. These timescales
and boundary sizes are shown in Fig. 2 and their derivation is
described below.

Since the largest particles are constantly fragmenting, replen-
ishment is needed to sustain such a structure over a longer period.
This replenishment is provided by the young planet scattering
planetesimals into highly inclined orbits. When settling is a
much slower process than collisions, the presence of gas will
cause an accumulation of small particles, reducing the required
mass flux of planetesimals.

2.2. Coupling, settling, and damping

To derive what particles are bound to the gas, we consider the
Epstein drag, given by Armitage (2010) as:

FD =
4π
3
ρgass2vthv, (1)

with ρgas the gas density, s the particle size, v the particle velocity
relative to the gas, and the thermal velocity of gas molecules
(Armitage 2010) given as:

vth =

√
8kBTgas

πµmolmp
. (2)

The timescale over which the gas significantly affects a particle’s
motion, the friction-time, is given by Armitage (2010) as:

tfric ≡
mv
FD
, (3)

with the particle mass m given by

m =
4π
3
ρ•s3, (4)

with ρ• the material density. Using this and Eq. (1), the friction
time becomes

tfric =
ρ•
ρgas

s
vth
. (5)

Particles are considered tightly bound to the gas if their Stokes
number τfric, defined as the friction time times the local Kepler
frequency, is smaller than 1/2 (see Appendix B for the origin of
this definition), as follows:

τfric ≡ tfricΩK < 1/2, (6)

with ΩK the Kepler frequency. From Eq. (3) we find this to be
the case for particles with size

s < sb ≡
1
2
ρgas

ρ•

vth
ΩK
. (7)

Although they are mainly moving along with the gas, these
small particles are being pulled down by gravity, causing them
to settle into the midplane. According to Armitage (2010), the
settling occurs at a settling velocity found from equating the ver-
tical component of gravity to the drag from this vertical motion,
namely:

GM∗m
R2

z
R
=

4π
3
ρgass2vthvsettle. (8)

Using Eq. (4) for the mass of a particle and substituting the
Kepler frequency:

ΩK =

√
GM∗

R3 , (9)

for the settling velocity, we find:

vsettle =
ρ•
ρgas

Ω2
K

vth
sz. (10)

On this basis, the timescale at which a particle settles into the
midplane becomes:

tsettle ≡
z
vsettle

(11)

=
ρgas

ρ•

vth

Ω2
K

s−1. (12)
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This is what happens to small particles which are tightly bound
to the gas. Larger particles do not leave their inclined orbits all
together, but friction causes the inclination to be damped over
the course of multiple orbits. The timescale on which these par-
ticles are pushed into the midplane is twice the friction time (see
Appendix B for the derivation), so the damping time is given by

tdamp = 2
ρ•
ρgas

s
vth
. (13)

2.3. Collisional lifetime

As described by Dominik & Decin (2003), the collisional life-
time, tcoll, of a single particle in the collisional cascade is given
by the volume V , in which the particles are located, divided by
the volume sweeped by the particle per unit time:

tcoll(s) =
V

νvKσtot(s)
, (14)

with νvK as the relative velocity between particles in terms of the
Kepler velocity, vK, and σtot the total collisional cross-section.
Below, we make the implicit assumption that the relative veloc-
ities result from inclinations of the orbits. In reality, a similar
component of relative velocities stems from the eccentricities of
orbits. However, the excitation and damping factors affect both
inclinations and eccentricities in similar ways, so we assume that
the inclinations are a good proxy for the source of relative veloc-
ities. If the smallest particle capable of destroying a particle of
size s has a size of ϵs, the total collisional cross-section of a
particle is given by:

σtot(s) =
∫ spt

ϵs
π
(
s + s′

)2 fcc(s′)ds′, (15)

with fcc(s) the size distribution of particles in a steady-state col-
lisional cascade and spt the size of the largest planetesimal in the
cascade. Then, ϵ is given by Dominik & Decin (2003) as:

ϵ3 =
(νvK)2

4S
−

√
(νvK)4

16S 2 −
(νvK)2

2S
− 1, (16)

with S = 200 J kg−1, a value close to the one suggested for prac-
tical use by Wyatt (2008). As shown by Dohnanyi (1969) and
later elaborated upon by Tanaka et al. (1996), fcc(s) is given by

fcc(s) = f0,ccsγcc , (17)

with f0,cc a constant and γcc = −3.5. Since γcc < −3 the cross-
section is dominated by the smallest grains, and the integral
above is evaluated as:

σtot(s) ≈ ϵ0 f0,ccsγcc+3, (18)

with

ϵ0 ≡ −πϵ
γcc+1/(γcc + 1). (19)

Now, by substituting this into Eq. (20) and using γcc = −3.5, we
find the collisional lifetime of a particle to be:

tcoll(s) =
V
νvKϵ0

1
f0,cc

s0.5. (20)

2.4. Removal from the cascade

Due to the effects of gas described above, particles are removed
from the collisional cascade. First of all, particles which are
tightly coupled to the gas (with s < sb) move with the gas,
removing the relative velocities between them, preventing them
from colliding and fragmenting. Secondly, not well coupled par-
ticles are removed from the cascade if the time it takes for them
to be damped into the midplane is shorter than the timescale at
which they collide. Using Eqs. (13) and (20) we find that this is
the case for particles with:

s < scc ≡

(
1
2
ρgas

ρ•

V
νvKϵ0

vth
f0,cc

)2

. (21)

In general, scc > sb; therefore, all particles larger than scc are
involved in the collisional cascade and produce smaller particles
through fragmentation. The abundance of small particles is what
determines the cloud’s optical depth, since for power-laws with
γ steeper than −3, these dominate the opacity.

3. The broken cascade

3.1. Size distribution of small particles

In the presence of gas, we have now a broken cascade where par-
ticles below a certain size no longer collide and fragment. These
particles are still produced by the fragmentation of larger parti-
cles, but settling is what removes them from the higher regions
of the dust cloud, so that they will no longer contribute to the
optical depth of the cloud. Taking into account the production
and removal of particles, the size distribution of bound particles
fb(s) is given by

d fb(s)
dt

= ϕprod(s) −
fb(s)

tsettle(s)
, (22)

with ϕprod(s)ds the rate at which particles with s ∈ [s, s + ds] are
being produced. The steady-state solution to this equation (see
Appendix A for the complete solution) is

fb(s) = tsettle(s)ϕprod(s), (23)

which is reached after a couple of settling timescales.

3.2. Production rate of small particles

The production rate of these small (s ≪ sb) particles can be
derived by considering the result of the fragmentation of a single
large, unbound particle. As shown by Takasawa et al. (2011) and
O’Brien & David (2003), for instance, the fragments resulting
from high-velocity collisions (such as those in our system) can
be assumed to follow a power-law size distribution, namely:

ffrag(s, s0) = f0,frag(s0)sγf , (24)

with s0 the initial particle’s size, and γf between −3 and −6.
Since we are mainly interested in the production of small
particles, a more negative value for this power-law would be
beneficial. For now we assume the worst case scenario where
γf = −3. Using that, assuming the largest fragment to be half the
size of the initial particle, mass-conservation requires (O’Brien
& David 2003):

m =
4π
3
ρ•s3

0 =

∫ s0/2

smin

4π
3
ρ•s3 ffrag(s, s0)ds (25)
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=
4π
3
ρ•

1
γf + 4

[( s0

2

)γf+4
− sγf+4

min

]
f0,frag. (26)

Since for γf > −4 the large fragments dominate the mass, solving
for f0,frag yields

f0,frag(s0) = (γf + 4)2γf+4s−γf−1
0 . (27)

Particles smaller than scc/2 are produced by all particles in the
collisional cascade: from scc up to the largest planetesimals of
size spt, and the total production rate of particles with sizes in
∈ [s, s + ds] is given by:

ϕprod(s) =
∫ spt

scc

fcc(s0)
tcoll(s0)

ffrag(s, s0)ds0. (28)

Using Eq. (20) for the collision time tcoll, and Eq. (17) for the size
distribution of particles in the collisional cascade fcc, we find:

ϕprod(s) =
νvKϵ0

V
f 2
0,cc

∫ spt

scc

s−4
0 ffrag(s, s0)ds0. (29)

In the case where γf > −4, substitution of Eq. (24) for f0,frag and
using spt ≫ scc yields

ϕprod(s) = 2γf+4 νvKϵ0
V

f 2
0,cc

(
s−γf−4

cc − s−γf−4
pt

)
sγf (30)

≈ 2γf+4 νvKϵ0
V

f 2
0,ccs−γf−4

cc sγf . (31)

Using γf = −3 and substituting Eq. (21) for scc we find:

ϕprod(s) =
8
v2th

(
ρ•
ρgas

)2 (
νvKϵ0

V

)3
f 4
0,ccs−3. (32)

3.3. Replenishment of large particles

As we can see, the amount of small particles is dependent on the
abundance of large, uncoupled particles through f0,cc. To com-
pensate for the constant destruction of these uncoupled particles,
we assume that the largest particles in the cascade are constantly
being replenished by planetesimals being injected into the sys-
tem. This can happen in two ways. If there is a population of
somewhat larger planetesimals with collisional lifetimes equal
to or larger than the lifetime of the disk phase we are talking
about (typically less that 10 Myr), the mass injection into the cas-
cade could simply come from collisions of these planetesimals,
but would require a sufficient amount of these larger bodies to
be present (Löhne et al. 2008; Krivov & Wyatt 2021). These
planetesimals would have to be collisionally excited by planets
early on in the disk. An alternative is that smaller planetesi-
mals with shorter collisional lifetimes are injected continuously
into relevant orbits by interactions with planets in the disk, for
example, by injecting bodies from further out in the disk by a
planet there (Raymond & Izidoro 2017) or simply by scattering a
local planetesimal into a high-inclination orbit (Krijt & Dominik
2011).

Assuming the size of the largest fragment resulting from the
destruction of a particle to be half of that of the initial particle,
the mass flux required to keep up the population of the largest
particles with s ∈ [spt/2, spt], is:

Ṁin =

∫ spt

spt/2

m(s)
tcoll(s)

fcc(s)ds. (33)

Using Eq. (4) for m and Eq. (20) for tcoll, for the mass flux we
find:

Ṁin =
4π
3
ρ•
νvKϵ0

V
f 2
0,cc ln 2. (34)

Solving for f0,cc we can express the abundance of (uncou-
pled) particles in the collisional cascade in terms of the cloud’s
dimensions and the mass flux, namely,

f0,cc =

√
1

ln 2
V
νvKϵ0

Ṁin
4π
3 ρ•
. (35)

Substituting this for f0,cc into Eq. (32), we find the production
rate of small particles to be:

ϕprod(s) =
9

2π2(ln 2)2

1
ρ2

gasv
2
th

νvKϵ0
V

Ṁ2
ins−3. (36)

3.4. The broken distribution

We can now find the distribution of coupled particles by substi-
tuting the equation for the production rate above and Eq. (12)
into Eq. (23) for fb, which yields:

fb(s) =
9

2π2(ln 2)2

1
Ω2

K

1
ρgasρ•vth

νvKϵ0
V

Ṁ2
ins−4. (37)

We can paint a complete picture of the population of dust par-
ticles in the cloud by applying same logic to particles which
are not tightly coupled to the gas, but removed from the cascade
through damping (sb < s < scc). By using tdamp instead of tsettle
we find for these intermediate-size particles

fint(s) =
9

π2(ln 2)2

ρ•

ρ3
gasv

3
th

νvKϵ0
V

Ṁ2
ins−2. (38)

We can now compare two cases: first of all, in the com-
plete absence of gas, a normal collisional cascade emerges
in which planetesimals of size spt are supplied and particles
below smin are removed (by radiation pressure, stellar wind or
Poynting-Robertson drag (Lagrange et al. 2000; Wyatt 2008)).
The complete size distribution is

f (s) =
{

f0,ccs−3.5 smin < s < spt

0 otherwise,
(39)

with f0,cc given by Eq. (35).
Secondly, in the presence of gas, particles smaller than sb

(given by Eq. (7)) are tightly coupled to the gas and follow a
distribution with a steeper slope given by Eq. (37). Furthermore,
intermediate size particles smaller than scc have a reduced abun-
dance, since they are damped into the midplane quicker than
they collide, resulting in the distribution given by Eq. (38). The
complete size distribution for this case is:

f (s) =


f0,ccs−3.5 scc < s < spt

f0,ints−2 sb < s < scc

f0,bs−4 smin < s < sb

0 otherwise,

(40)

with f0,int given by

f0,int =
9

π2(ln 2)2

ρ•

ρ3
gasv

3
th

νvKϵ0
V

Ṁ2
in, (41)

and f0,b by

f0,b =
9

2π2(ln 2)2

1
Ω2

K

1
ρgasρ•vth

νvKϵ0
V

Ṁ2
in. (42)
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4. Required mass flux

4.1. An opaque cloud

As we have shown above, both the amount of particles in the
collisional cascade as well as the amount of coupled particles
is determined by the mass flux Ṁin. To explain observations, a
cloud of particles is needed that is more or less opaque to stel-
lar (optical) radiation. This requires a certain minimum amount
of particles and, consequentially, requires a certain mass flux.
The optical depth of a cloud of dust particles (see Fig. 1 for the
dimensions) following a size distribution given by f (s) between
smin and smax is given by

τg =

∫ smax

smin

σg(s)
V/∆R

f (s)ds, (43)

where we use, for simplicity, the geometric cross section σg for
the absorption of light, given by

σg = πs2. (44)

Using this cross-section and a general power-law f (s) = f0sγ,
integration yields:

τg =
π∆R

V
f0

sγ+3
max − sγ+3

min

γ + 3
. (45)

By solving for f0 we find the minimum amount of particles
needed for a given geometric optical depth as:

f0,min =
V
π∆R

γ + 3

sγ+3
max − sγ+3

min

τg. (46)

If γ < −3 (which is the case for small particles in gas as well as
for particles in the collisional cascade, see Eqs. (17) and (37))
the optical depth is dominated by small particles, and this can be
approximated as:

f0,min =
V
π∆R

−(γ + 3)

sγ+3
min

τg. (47)

4.2. Mass flux in the presence of gas

By equating the amount of small particles f0,b (Eq. (42)) to the
minimum amount of particles required, found from Eq. (47) with
γ = −4, we can find the mass flux required for a given opti-
cal depth in the case where there is gas in the system. This
results in

Ṁin =

√
2π ln 2

3
ΩKV

√
ρgasρ•vthsminτg

νvKϵ0π∆R
, (48)

which can be simplified by making some rough approximations
for the cloud’s structure. First of all, we assume the cloud to be a
torus-like shell section of width ∆R at a distance R to the central
star, with an opening half angle α (see Fig. 1). In this way the
cloud covers a fraction of η ≈ tanα of the total solid angle from
the star. The volume can be approximated as:

V = 4πR2∆Rη. (49)

Furthermore, we approximate the Kepler frequency ΩK (and
consequentially the Kepler velocity with vK = ΩKR) with:

ΩK =

√
GM∗

R3 , (50)

for all particles. Furthermore, the cloud’s height is approximately
H = ηR, and assuming homogeneity the gas density becomes:

ρgas =
Σgas

ηR
, (51)

with Σgas the surface density. Finally, given that the largest par-
ticles are on orbits with inclinations up to α. Therefore, their
vertical velocities can get as high as vK tanα = ηvK. Since it is
mainly these vertical velocity differences that will cause parti-
cles to collide, an appropriate number for the average relative
velocity between particles is of this order of magnitude, which
is why we use ν = η/4 (Lissauer & Stewart 1993, for a typical
inclination of 15 degrees). Using all of this and Eq. (2) for vth,
we can evaluate Eq. (48) to:

Ṁin = 1.7 × 10−4 M⊕ yr−1
(

M∗
M⊙

)0.25 ( R
1 au

)0.25 (
∆R

0.1 au

)0.5

(
Tgas

300 K

)0.25 (
Σgas

1000 kg m−2

)0.5 (
ρ•

1500 kg m−3

)0.25 (
smin

0.1 µm

)0.5

τ0.5
g .

(52)

4.3. Mass flux without gas

The same can be done for the case of a classical debris disk
where there is no dynamically relevant gas in the system, and
all particles are in the collisional cascade. Equating f0,min from
Eq. (47) with γ = −3.5 to f0,cc from Eq. (35), solving for the
mass flux yields:

Ṁin =
ln 2
3π
ρ•νvKϵ0

V
∆R2 sminτ

2
g. (53)

Using the same approximations for V , ν and vK as described
above, this can be expressed as:

Ṁin =2.4 × 10−3 M⊕ yr−1
(

M∗
M⊙

)0.5 ( R
1 au

)1.5 (
∆R

0.1 au

)−1 (
η

0.3

)2

(
ρ•

1500 kg m−3

) (
smin

0.1 µm

)
τ2

g. (54)

4.4. Influence of fragment size distribution

Above, γf = −3 is used for the size distribution of the particles
resulting from a fragmentation event. This is a very conserva-
tive assumption, however, as Takasawa et al. (2011) showed that
γf can be as low as −6 for collisions at the velocities we are
dealing with. As we are mainly interested in the production of
small particles, lower values of γf would be beneficial and would
bring down the required mass flux even further. By solving the
integrals in Eqs. (26), (28) and (43) numerically, we can find
f0,min and f0,b for different values of γf as a function of Ṁin.
Root finding can be used to find the value of Ṁin for which
f0,b = f0,min.

5. Results and discussion

5.1. Mass flux comparison

The equations for the mass flux required for an opaque cloud
(derived in Sect. 4) show the effect of the presence of gas:
using our fiducial parameters (see Table C.1), the presence of gas
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Fig. 3. Required mass flux Ṁin (in earth masses per year) against the cloud’s geometric optical depth τg (left panel). Both the case where there is
no gas (solid line), as well as the one with gas (dashed lines) are given. The latter is plotted for different values of the gas surface density, Σgas. In
the right panel the required mass flux, Ṁin (in earth masses per year), is plotted against the size of the smallest particles, smin. Both the case where
there is no gas (solid line), as well as the one with gas (dashed lines) are given. The latter is plotted for different values of the gas surface density,
Σgas.

decreases the mass flux by a little over an order of magnitude.
More importantly, this mass flux can be brought down further
by decreasing the gas density, since Ṁin ∝ Σ

0.5
gas. This is due to a

decreased surface density increasing the time it takes for a plan-
etesimal to be damped into the midplane, causing scc to increase
and more particles to be involved in the cascade producing small
particles.

In the left panel of Fig. 3, we show how the mass flux scales
with the optical depth, τg, for multiple gas (surface) densities
(solid lines) and when there is no gas at all (dashed black line).
First of all, we can see that in the absence of gas, the required
mass flux scales with τ2

g instead of τ0.5
g in the presence of gas.

In other words: increasing the mass flux has a stronger effect
on the optical depth when there is gas compared to when there
is no gas. Increasing the mass flux increases the abundance of
particles in the collisional cascade, which decreases their col-
lisional lifetime. In the case where there is no gas present, the
lifetime of small particles is their collisional lifetime, and the
decline thereof negatively affects the abundance of small parti-
cles. The lifetime of small particles in gas, the settling timescale,
is unaffected by the mass flux however. Therefore, the effect
of increasing the mass flux on the optical depth is stronger
when there is gas around; or, equivalently, increasing the opti-
cal depth causes a stronger increase in the required mass flux in
the gas-free case.

As a result of this for very low optical depth particles become
very sparse, increasing their collision times enough to make
the no-gas case preferable. At higher optical depths however

settling times are much longer than collision times, and hav-
ing gas around is preferable. Decreasing the gas surface density
by a factor of 1000 has a profound effect and reduces the
required mass flux to as little as 10−5 M⊕ yr−1, an amount that
could be sustainable for millions of years during the disk’s
lifetime.

The right panel of Fig. 3 shows how the required mass flux
changes when the smallest particle size deviates from smin =
0.1 µm. Most importantly, having a smaller smin decreases the
mass flux required for a certain optical depth, since smaller par-
ticles have a higher surface area to mass ratio, meaning the same
mass is more efficient at absorbing light. It should be noted that
we are comparing the gas and no gas cases for equal values of
smin. When there is no gas present, however, small particles are
removed almost instantly due to radiation pressure (Backman &
Paresce 1993); whereas these particles would remain in the sys-
tem when there is gas present. Therefore, the effective value of
smin would be higher in a system without gas than it is in one
with gas, making the latter more preferable.

5.2. Timescales

In Fig. 4, we show the timescales at which particles settle or
damp into the midplane and at which they collide if they were
in the collisional cascade. As described in Sect. 2, small par-
ticles below sb (given by the vertical lines) move with the gas
and are thus removed from the cascade. In this figure we can
also see how intermediate-size particles (sb < s < scc), which
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Fig. 4. Settling (dotted lines), damping (dashed lines), and collisional
(solid lines) timescales for different gas densities. The size below
which damping becomes quicker than collisions becomes smaller with
decreasing gas density. Small particles below sb (thin vertical lines)
do not collide since they move with the gas, the settling which occurs
instead is much slower.

can collide, are essentially removed from the cascade as well
because they are damped into the midplane more quickly than
they collide.

What might not be obvious is why the collisional timescales
change with gas density. Since we require an optical depth of
1, a certain amount of small particles is required. For lower gas
densities, scc increases, causing relatively smaller particles to be
included in the production of small particles. This is more effi-
cient than when only very large particles are producing small
particles; therefore, the value of f0,cc can be lower for the same
production rate and the collisional timescales increase.

5.3. Influence of the fragment size distribution

All the results shown above have the underlying assumption that
the fragment size distribution follows a power law with γf = −3.
As described in Sect. 4.4, this value can be easily modified by
working out the integrals numerically instead of algebraically.
This value not only influences the required mass flux, but affects
how this mass flux changes with gas density as well. This is
shown in Fig. 5, where we plot the required mass flux against
the gas density for different values of γf . As expected, lower val-
ues of γf are more efficient at the production of small particles,
reducing the required mass flux significantly.

As we can see, having γf = −6 instead of γf = −3 reduces
the required mass flux by almost five orders of magnitude for
Σgas = 1000 kg m−3. This decreases the abundance of parti-
cles in the collisional cascade, which increases their collisional
timescale as well. Since f0,cc ∝ Ṁ0.5

in we find tcoll ∝ f −1
0,cc ∝ Ṁ−0.5

in ,
which means that decreasing the mass flux by five orders of
magnitude increases the collisional timescales by about a fac-
tor of

√
100 000 ≈ 300. Since the collisional timescale of the

largest particles in Fig. 4 is about 100 yr, this will become about

Fig. 5. Required mass flux, Ṁin, for an opacity, τg, of 1 as a function
of the gas surface density, Σgas, for different values of the fragment size
distribution power, γf .

30 000 yr, which is still short enough to expect a steady-state
collisional cascade to establish within the disk’s lifetime.

5.4. Caveats

In deriving our results, some crude assumptions have been made.
We assumed the gas to be homogeneous in density, whereas in
reality a vertically isothermal disk will have a Gaussian density
profile around the midplane (Shakura & Sunyaev 1973). This
would cause particles which are just large enough to not bind
to the gas high up in the cloud to do so when crossing the mid-
plane. Therefore, these particles were removed from the higher
regions of the cloud within a single orbital period. However, in
the current picture, these particles would fall in the intermediate-
size range, meaning they are damped into the midplane quicker
than they collide and did not contribute to the production of
smaller particles nor to the cloud’s optical depth in the first place.
Furthermore, for low values of γf , the largest particles in the
collisional cascade dominate the production of small particles,
making these intermediate-size particles even more irrelevant.

We have made another assumption by not taking into account
coagulation in the process of settling. As shown by Armitage
(2010, and references therein), this would significantly speed up
the process of settling, decreasing the lifetime of small particles,
which would increase the required mass flux. However, in the
case for a cloud of dust which is just optically thick (τg ≈ 1),
particles would in general not encounter many others on their
way into the midplane. In case of higher optical depths, and
by extension higher abundance of small particles, coagulation
would have to be taken into account.

Furthermore, we have ignored the presence of particles
which have reached the midplane, while these might still act
as collision partners for larger particles, which are still on their
inclined orbits around the central star. This would increase the
chance of particles colliding in the midplane relative to higher
up in the cloud, which would lead to an increased concentra-
tion of collisional fragments in the midplane. Since we require a
large part of the star to be covered by dust grains, this would be
detrimental to the efficiency of this system. However, most par-
ticles which end up in the midplane are small (through settling)
or intermediate-size (through damping) and since only particles
larger than ϵs are capable of destroying a particle of a size, s,
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most larger particles which are still on their inclined orbits will
not be affected by an encounter with these particles.

6. Conclusions

We have studied the effect of collisions between parent bodies
on strongly inclined orbits on the abundance of small grains in
planet-forming disks that are in transition and show a decrease
in the gas surface density along with significant NIR excess. We
anchored our calculations by requiring the optical depth of the
collisionally produced dust to be of order 1. Our findings are as
follows:
1. The presence of gas in the system causes the smallest parti-

cles to couple to the gas and stop colliding. Because the time
it takes these particles to settle into the midplane is longer
than the average time it takes for these particles to collide in
a collisional cascade, the presence of gas increases the abun-
dance of small particles significantly compared to a gas-free
debris disk.

2. Since (in the gas-rich case) particles are constantly removed
from the higher regions of the cloud by settling, continuous
replenishment is needed. Under very conservative assump-
tions for the fragmentation power law, a mass influx of
2.4 × 10−3 M⊕ yr−1 is required when there is no gas around
and all particles are in the collisional cascade. In the pres-
ence of gas with standard values for the gas surface density,
the increased lifetime of small particles causes this number
to drop by over an order of magnitude to 1.7× 10−4 M⊕ yr−1.

3. In a transition disk, where the gas surface density is strongly
reduced compared to younger disks, the required mass flux
is reduced to about 10−5 M⊕ yr−1. This is due to the fact
that for higher gas densities, the damping of unbound parti-
cles into the midplane is quicker, which increases the particle
size below which this process dominates over the process of
collisions and fragmentation. Therefore, the production and
subsequent abundance of small particles is lower when the
gas density is higher.

4. In deriving these results, we assumed a fragmentation power-
law size distribution with γf = −3. This is a very conserva-
tive value, since values down to −5 or −6 are plausible for
the collisional velocities we are dealing with, which would
be more efficient at producing small particles. Lower values
for this power law lead to a drastic decrease in the required
mass flux of several orders of magnitude, down to values as
low as ∼10−9 M⊕ yr−1. Such mass fluxes appear to be easily
sustainable for extended periods of time in planet-forming
disks.

5. The timescales at which 10 km-sized particles collide are
of the order of 100 yr for γf = −3, which could increase
to about 30 kyr for γf = −6. These timescales are long, but
short enough to expect a steady-state collisional cascade to
establish within a disk’s lifetime.

In summary, we have shown that a collisional cascade in a planet-
forming disk with reduced but non-zero gas surface densities
can produce observable amounts of dust for extended periods
of time. This would make this mechanism a prime candidate for
explaining warm IR excess in transition disks.
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Appendix A: Time dependence of the size
distribution

To solve Eq. (22) for the size distribution of tightly coupled
particles, we can substitute:

u ≡ ϕprod −
fb

tsettle
, (A.1)

with

du
dt
= −

1
tsettle

d fb
dt
, (A.2)

to rewrite the differential equation as:

du
u
= −

dt
tsettle
. (A.3)

This can be solved by integration, resulting in:

u(t) = u(t0)e−(t−t0)/tsettle . (A.4)

Substituting the definition of u again we find

ϕprod −
fb(t)
tsettle

=

(
ϕprod −

fb(t0)
tsettle

)
e−(t−t0)/tsettle . (A.5)

And solving for fb finds

fb(t) = tsettleϕprod −
(
tsettleϕprod − fb(t0)

)
e−(t−t0)/tsettle . (A.6)

Now, in the limit where t ≫ tsettle, the steady-state size distribu-
tion is:

fb(s) = tsettle(s)ϕprod(s). (A.7)

Appendix B: Dust settling and inclination damping

A particle above the midplane, suspended in a gas, experiences
drag. Depending on the situation, the particle moves in either
of two possible ways: (1) the particle is large enough to move
through the gas and follow its inclined orbit around the central
star. Over a multitude of orbits, drag causes the inclination to
decline; (2) the particle couples to the gas, which itself moves
parallel to the midplane, and starts to move with it. Gravity
slowly pulls the particle downwards, causing it to settle into the
midplane.

Only considering the forces in the (vertical) z direction, the
acceleration resulting from drag is given by dividing the Epstein
drag force (Eq. 1) over the particle mass (Eq. 4), resulting in:

FD

m
= −

4π
3 ρgass2vthv

4π
3 ρ•s

3
, (B.1)

= −
ρgas

ρ•

vth
s
v. (B.2)

Furthermore, as described by Armitage (2010), in the limit where
z ≪ R, the gravitational acceleration in z direction is given by:

Fg

m
= −
µ

R2

z
R

(B.3)

= −Ω2
Kz. (B.4)

Using this, the particle’s height above the midplane, z, is given
by:

z̈ +
ρgas

ρ•

vth
s

ż + Ω2
Kz = 0. (B.5)

Substituting tfric from Eq. 5, this evaluates to

z̈ + t−1
fricż + Ω2

Kz = 0. (B.6)

Now using z = A exp rt results in a quadratic equation for r,
which has the solutions

r =
−t−1

fric ±

√
t−2
fric − 4Ω2

K

2
, (B.7)

= −(2tfric)−1 ±

√
(2tfric)−2 −Ω2

K. (B.8)

We can now distinguish the two different cases by the sign of
the square root’s argument. The argument is negative if tfricΩK >
1/2, which corresponds closely to the requirement for a particle
not being bound to the gas given by Armitage (2010) (which uses
tfricΩK > 1). In this case an oscillating motion occurs in the z-
direction: the particle follows it’s inclined orbit and periodically
crosses the midplane. The angular frequency of this motion is√
Ω2

K − (2tfric)−2, meaning the particle’s orbit is slightly slowed
down relative to the Keplerian orbital frequency ΩK. The ampli-
tude of this oscillation, corresponding to the orbit’s inclination,
is exponentially decreases on a timescale:

tdamp = 2tfric. (B.9)

In other words, a particle which is not tightly coupled to the gas
is damped into the midplane on a timescale twice the friction
timescale.

The other case, where tfricΩK < 1/2, describes the settling
of a particle into the midplane: the particle has left it’s inclined
orbit, and instead moves with the gas while slowly approaching
the midplane. The timescales at which this happens, given by
−1/r from Eq. (B.7), are:

−
1
r
=

2tfric
1 ±

√
1 − (2tfricΩK)2

. (B.10)

In the case where tfricΩK ≪ 1/2 (corresponding to a tight
coupling to the gas), this can be expressed as:

−
1
r
=

2tfric
1 ±

(
1 − 2t2

fricΩ
2
K

) (B.11)

=
tfric

1 − t2
fricΩ

2
K

∨
1

tfricΩ2
K

. (B.12)

Since the complete solution is a linear combination of these two
exponential functions, the slowest exponential decay will domi-
nate on longer timescales. For tfricΩK < 1/

√
2, the second is the

largest, so settling occurs on a timescale

tsettle =
1

tfricΩ2
K

. (B.13)

Using tfric from Eq. (5), this evaluates to the settling time as given
by Eq. (12).
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Appendix C: List of symbols

This appendix contains the list of symbols used in this paper.

Table C.1: All symbols used in this paper.

Symbol Description Value(1)

Dust particles
s particle size

smin size of the smallest particles 0.1 µm
sb size below which particles become bound to the gas Eq. (7)
scc size below which the collisional lifetime is longer than the damping timescale Eq. (21)
spt size of planetesimals provided to the system
m mass of a particle Eq. (4)
ρ• material density of dust and larger particles 1500 kg m−2

ΩK Kepler frequency
√

GM∗/R3

vK Kepler velocity
√

GM∗/R
ν the relative velocity between particle relative to vK η/4
σtot total collisional cross-section of a particle Eq. (18)
σg geometric cross-section of a particle Eq. (44)
ϵ relative size of the smallest particle capable of destroying particle of a given size 0.043
ϵ0 −πϵγ+1/(γ + 1)
S material strength/binding energy 200 J kg−1

tcoll collisional lifetime of a particle Eq. (20)
z height of a particle above the midplane

Size distributions
f size distribution f (s) = f0sγ
f0 size distribution scaling constant
γ power-law value for size distributions

fcc, f0,cc size distribution of particles in the collisional cascade Eq. (35)
γcc power-law value for steady-state collisional cascade −3.5

fint, f0,int size distribution of intermediate-size particles Eq. (35)
fb, f0,b size distribution of bound particles Eq. (23)

ffrag, f0,frag size distribution of fragments resulting from the destruction of a larger particle Eq. (26)
γf power-law value for fragment size distribution −3
ϕprod production rate of particles Eq. (28)

Dust cloud
R distance of the dust cloud to the star 1 au
∆R width of the dust cloud measured along a line-of-sight from the star 0.1 au
η fraction of the star surrounded by dust 0.3
τg geometric optical depth of the cloud of dust 1
V dust cloud volume Eq. (49)

Gas & friction
Σgas gas surface density 1000 kg m−2

Tgas gas temperature 300 K
µmol mean molecular mass 2.3
ρgas gas density Eq. (51)
vth thermal velocity of gas molecules Eq. (2)
FD drag force Eq. (1)
tfric friction time of a particle in gas Eq. (5)
τfric relative friction time of a particle in gas Eq. (6)
tsettle settling time of a particle Eq. (12)

General
Ṁin mass flux of planetesimals into the system Eq. (34)
M∗ mass of central star 1 M⊙
G gravitational constant 6.67 × 10−11 N m2 kg−2

kB Boltzmann constant 1.38 × 10−23 J K−1

mp proton mass 1.67 × 10−27 kg
(1) For free parameters, the fiducial value is given. For secondary variables, the equation is given.
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