A&A, 682, A146 (2024)
https://doi.org/10.1051/0004-6361/202348256
© The Authors 2024

tronomy
Astrophysics

Introducing LensCharm

A charming Bayesian strong lensing reconstruction framework

Julian Rijstig1 , Matteo Guardiani®!®, Jakob Roth®*!1®, Philipp Frank?>®, and Torsten Enflin'-%-3

! Ludwig-Maximilians-Universitit Miinchen, Geschwister-Scholl-Platz 1, 80539 Munich, Germany

e-mail: jruestig@posteo.de

2 Max Planck Institute for Astrophysics, Karl-Schwarzschild-StraBe 1, 85748 Garching, Germany
3 Excellence Cluster ORIGINS, BoltzmannstraBe 2, 85748 Garching, Germany
4 Technische Universitit Miinchen, BoltzmannstraBe 3, 85748 Garching, Germany

Received 12 October 2023 / Accepted 6 December 2023

ABSTRACT

Strong gravitational lensing, a phenomenon rooted in the principles of general relativity, grants us a unique window into the distant
cosmos by offering a direct probe into dark matter and providing independent constraints on the Hubble constant. These research
objectives call for the utmost precision in the estimation of the lens mass and the source brightness distributions. Recent strides
in telescope technology promise to provide an abundance of yet undiscovered strong-lensing systems, presenting observations of
unprecedented quality. Realizing the full potential of these advancements hinges on achieving the highest fidelity in both source and
lens reconstruction. In this study, we introduce LensCharm, a novel Bayesian approach for strong-lensing signal reconstruction. Unlike
more prevalent methods, LensCharm enables the nonparametric reconstruction of both the source and lens concurrently, along with
their associated uncertainties. We showcase the distinctive strengths of our approach through comprehensive analyses of both real-
world and simulated astronomical data, underscoring its superiority in achieving precise reconstructions. We have made LensCharm
publicly accessible, envisioning its empowerment of the next generation of astronomical observation reconstructions and cosmological

constraints derived from strong gravitational lensing.
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1. Introduction

Since the path of light is bent by matter, galaxies and galaxy
clusters can serve as powerful cosmic telescopes. Harnessing
this “gravitational lensing” effect serves three purposes: first,
it improves the imaging capabilities of telescopes, making
it possible to resolve sources at high redshifts with higher
signal-to-noise ratios (S/N; see, e.g., Schneider et al. 2006).
The properties of these sources, for instance, their dynamical
properties (see Mo et al. 2010), provide a distinctive view into
the structure of the early Universe (see, e.g., Rizzo et al. 2020).
Second, lensing provides a unique opportunity to investigate the
properties of dark matter. Numerical simulations suggest that
matter forms hierarchically, where smaller structures merge to
from larger halos which serve as hosts for galaxies and galaxy
clusters (see, e.g., Springel et al. 2008). The number of subhalos
(i.e., the smaller structures inside a halo) strongly depends
on the initial velocity dispersion of dark matter (see, e.g., Li
et al. 2017). As small-mass subhalos become detectable through
the lensing effect (see, e.g., Hezaveh et al. 2016; Chatterjee
& Koopmans 2018; Gilman et al. 2019), gravitational lensing
could provide a way to distinguish between dark matter models
(see, e.g. Vegetti et al. 2014; Hsueh et al. 2020). Finally, the
lensing effect can be used to constrain the expansion rate of the
Universe through the measurement of the time delay between
different multiple images (see, e.g., Fassnacht et al. 2002; Treu
& Marshall 2016; Wong et al. 2020)

In the years to come, we anticipate the discovery of new lens-
ing systems, which will become observable with unprecedented

angular resolution. Notably, the dark energy survey, the legacy
survey of space and time conducted by the Vera C. Rubin
observatory and the FEuclid survey are expected to identify
approximately 10° new galaxy-galaxy lens systems (Collett
2015). Additionally, Europe’s Extremely Large Telescope (ELT)
and the James Webb Space Telescope (JWST) will be able to
observe these systems with an unprecedented angular resolu-
tion. Thanks to its exceptional near and mid-infrared imaging
capabilities, JWST already offers a unique window into the early
Universe (see, e.g., Hsiao et al. 2023). Collectively, observations
from JWST and other forthcoming instruments promise to
significantly advance our understanding of the early Universe.
Moreover, these upcoming observations will enhance our ability
to investigate the nature of dark matter, with angular resolution
and the S/N being crucial factors for subhalo sensitivity (Despali
et al. 2022).

These discoveries crucially depend on the capabilities of
lensing models to disentangle and accurately reconstruct the
quantities of interest. Specifically, this task involves simul-
taneously inferring both the lens mass and the source light
distribution, while untangling the lensed source light from the
light emitted by the lens itself. This is a fundamentally under-
constrained problem. Primarily, this is due to the entanglement
of the lensed source light with the light from the lens, com-
pounded by the unknown lens mass and source light distribution.
To accomplish this decomposition task, lensing models need to
rely on prior assumptions, in addition to utilizing the constraints
contained in multiple images. In Sect. 2, we present a compre-
hensive overview of previous models for both for the source
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light and the lensing mass. When aiming to represent complex
light distributions, such as sources in the early Universe, non-
parametric models are indispensable. However, nonparametric
models depend on regularization, which we go on to formulate
in terms of Bayesian prior distributions. Furthermore, the detec-
tion of subhalos within the lens mass distribution can only be
obtained through models which account for deviations from a
simple parametric mass profile. For example, both Vegetti et al.
(2012) and Hezaveh et al. (2016) were able to detect a 10828 M,
and 10%°® M, subhalo, respectively, by employing more com-
plex models than a simple parametric profile. In this way, the
complexity of lensing models enable the discovery of interest-
ing phenomena. However, handling such complexities presents
its own challenges, particularly as models with high number of
parameters can be computationally demanding.

To tackle these challenges, this work introduces the strong
lensing framework, LensCharm, which focuses on four crucial
aspects for resolving the degenerate inverse problem inherent
in strong lensing observations, as follows. First, the LensCharm
framework applies a probabilistic approach to solve the inverse
problem utilizing the NIFTy library (Arras et al. 2019), based
on information field theory (EnBlin et al. 2009). Second,
LensCharm is able to perform joint inference in high dimen-
sions and is able to obtain an approximate posterior distribution
for all parameters. Third, through samples of the posterior dis-
tribution, we are able to derive posterior uncertainties for all
quantities of interests. Lastly, LensCharm provides the flexibil-
ity to model both the lensing mass and the source brightness
distribution using parametric, nonparametric, or hybrid models.
We have derived these models from physically motivated prior
assumptions, ensuring, for example, the positivity of the source
brightness distribution. To demonstrate LensCharm’s capabili-
ties, we present its performance in three distinct scenarios. First,
we conduct a comparative analysis with the publicly available
lensing framework Lenstronomy (Birrer et al. 2015). This com-
parison demonstrates that LensCharm is able to achieve results
that are comparable with state-of-the-art lensing models. Sec-
ond, we test our framework on a simulated JWST dataset. In this
scenario, we illustrate the capability of our hybrid model to accu-
rately capture the source brightness distribution and substruc-
tures within the lensing mass. Lastly, we reconstruct the source
brightness, mass and lens light distribution of the lensing sys-
tem SPT0418-47 employing a real observation of JWST. We have
made LensCharm publicly available! to the scientific community
to contribute to the advancement of strong lensing research.

The remaining of the paper is structured as follows.
Section 2 provides a review on previous lens modeling tech-
niques. In Sect. 3, we describe the components of our lensing
framework. This includes the development of parametric, non-
parametric, and hybrid models, as well as the relationship
between model parameters through the lens equation and the
computation of gradients for efficient parameter reconstruction.
Section 4 describes how to connect the continuous signal field to
the discrete data space. In Sect. 5, we provide a brief overview of
our inference strategy, which is centered on variational inference
and we detail how posterior estimates for quantities of interest
are obtained. Section 6 presents a validation of our strong lens-
ing framework using three distinct datasets. Section 7 gives our
summary and outlines potential directions for future research.

2. Review of lensing models

In this section, our aim is to provide an overview of strong
lensing modeling techniques. We have categorized the models

' https://gitlab.mpcdf.mpg.de/ift/lenscharm
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into two distinct sections: one addressing models for the source
brightness distribution and the other focusing on models for the
lensing mass. We chose these categories as they pertain to inde-
pendent physical quantities, which warrant separate discussion.
In Table 1, we include a comprehensive comparison between the
modeling techniques discussed in this section.

2.1. Source model

In the following, we concentrate on models for sources with an
extended brightness distribution. Modeling these sources poses
greater challenges then modeling point sources. However, their
lensed extended emission also provides more constraints for the
lens mass distribution.

A straightforward approach to model extended sources is
to assume a parametric light distribution. This has the benefit
that the projected light distribution can be evaluated analytically,
which makes these models very efficient. Additionally, the low
dimensionality of the parameter space allows for feasible sam-
pling of the posterior distribution using Markov chain Monte
Carlo (MCMC) techniques. A Gaussian function is one exam-
ple of a simple parametric profile that can be used in this way.
Given that the overall light profile of low-redshift late and early-
type galaxies (see, e.g., Mo et al. 2010) is well described by the
Sérsic profile, this particular profile is also often employed in
parametric source reconstructions.

However, according to the theory of structure formation,
many sources in the early Universe are expected to exhibit
an irregular or asymmetric morphology, which is ascribed to
interactions and mergers. These sources become observable
through strong lensing, providing an opportunity to test theories
of structure formation. Since irregular light distributions are not
fully describable by parametric profiles, accurate source light
reconstruction has to rely on more complex models. Nonpara-
metric models are better suited to tackle complex distributions.
These have been first developed on regular grids by Warren &
Dye (2003) and have been extended to irregular source grids
(see, e.g., Dye & Warren 2005; Vegetti & Koopmans 2009;
Nightingale & Dye 2015). A nonparametric model has the
flexibility of changing its value at each grid-point, whether it is
regular or irregular. Consequently, some sort of regularization
is needed. An overview of regularizations in a Bayesian setting
is provided in Suyu et al. (2006). In this work, the authors
discuss how to obtain smooth source distributions based on
zeroth-order, gradient and curvature penalization. Furthermore,
Vernardos & Koopmans (2022) have recently shown that more
physically motivated regularizations can yield lower residuals
in the reconstructions. While nonparametric models are able to
reconstruct complex light distributions, they are often optimized
by the use of linear inversion techniques. On the one hand,
the use of linear inversion has the benefit of being analytically
solvable, which effectively reduces the source reconstruction to
a matrix application (see, e.g., Vegetti & Koopmans 2009). On
the other hand, however, linear inversion can lead to unphysical
light distributions, for example, negative flux values.

A different approach to model the source brightness distri-
bution is to employ shapelet functions, which form a complete
set of basis functions (Birrer et al. 2015). Since the structural
complexity of shapelets increases with their order, they can pro-
vide an effective regularization, when only lower order shapelets
are included into the modeling. It is often the case that the
number of basis functions, their scale, and their center are set
by hand, which, in turn, requires the introduction of additional
regularization terms (see Tagore & Jackson 2016). Similarly,
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Table 1. Comparison between different strong lensing codes along with their corresponding modeling techniques.

Lensing codes Associated publication

Lens mass model

Source light model

Inference scheme

Pixelens Saha & Williams (1997) nonpar. PS (non)lin. prog.
LTM Broadhurst et al. (2005) par. PS DS
WSLAP+ Diego et al. (2005) hybrid. PS biCG, SVD
SWUnited Bradac et al. (2005) nonpar. PS MAP
Grale Liesenborgs et al. (2006) nonpar. PS genetic algorithm
LensPerfect Coe et al. (2008) nonpar. PS Powell’s method
- Vegetti & Koopmans (2009)  par., multipoles, nonpar. nonpar. NS, DS
Glee Suyu & Halkola (2010) par. PS, nonpar. MCMC
Glafic Oguri (2010) par., multipoles PS, par. DS
LensTool Kneib et al. (2011) par. PS, par. MCMC
GravLens Keeton (2011) par. PS, par. Powell’s method
(Py)AutoLens  Nightingale & Dye (2015) par. PS, par., nonpar. NS
Visilens Spilker et al. (2016) par. PS, par. MCMC
Lenstronomy Birrer et al. (2021) par., multipoles PS, par.,, particle swarm, DS
HerculLens Galan et al. (2022) par., neural net par. HMC
LensCharm (this work) par., nonpar., hybrid par., nonpar., hybrid MGVI, geoVI

Notes. Each code is referenced according to its dedicated publication or initial appearance. Parametric models are indicated with “par.” and can
include shapelets and wavelets functions. We indicate nonparametric models with “nonpar.”, and point source light models with “PS”. Addition-
ally, for inference schemes which obtain a point estimate (maximum likelihood, maximum a posteriori (MAP), etc.), we reference the adopted
minimization scheme if specified. For the minimization schemes, we denoted (non)linear programming by “(non)lin. prog.”, biconjugate gradient,
and singular value decomposition of the linear system defined in WSLAP+ by “biCG”, and “SVD”, nested sampling by “NS”, downhill simplex by
“DS”, and Hamiltonian Monte Carlo by “HMC”. The Metric Gaussian Variational Inference (MGVI) and geometric Variational Inference (geoVI)

algorithms employed by LensCharm are introduced in Sect. 5.

Galan et al. (2021) explored the possibility of modeling the
source brightness distribution with wavelet basis functions,
which can yield accurate source reconstructions, particularly
with high-resolution data.

A different way to specify prior for the source brightness dis-
tribution is to use neural networks (NN), which need to be trained
on a very large sample of source brightness distributions. After
training, the NN can be used to sample sources, which are able to
resemble realistic galaxies (see Holzschuh et al. 2022). Similarly,
a NN can be trained to infer the background source distribution
when the full pipeline of image production also includes the lens
projection (ray-tracing), as demonstrated in Morningstar et al.
(2019) and Chianese et al. (2020). These authors have shown that
this approach results in more accurate results when compared to
a linear source inversion. There are two main drawbacks of using
neural networks trained on specific input sources. First, NNs are
prone to overfitting, mostly because the training set is usually
incomplete or biased. For example, this is the case for early Uni-
verse galaxies of which very few direct observations are known
and for which simulations produce a wild variety of possible out-
puts. Second, it is difficult to get an uncertainty quantification of
the NN reconstructions.

In a recent work conducted by Karchev et al. (2022), the
authors introduced a source model based on Gaussian processes.
The benefit of this approach lies in the flexibility of the Gaussian
process to accurately capture nonparametric source light distri-
butions, while also offering the ability to obtain uncertainties on
the reconstruction. For a review on Gaussian processes, we refer
to Rasmussen & Williams (2006). Also, Karchev et al. (2022)
utilized a sum of radial basis functions with fixed correlation
lengths, termed “layers”, for the Gaussian covariance kernel. By
adjusting the relative weights of these layers, the authors demon-
strated that this model can yield an accurate reconstruction of an
input source brightness distribution.

2.2. Lens model

Models that are used to study the lensing effect of gravitational
lens systems, whether that is for galaxy or galaxy-cluster lensing,
can be categorized into parametric, nonparametric, and hybrid
models. The lensing effect can be formalized in terms of the
mass of the lens, but can also be phrased in terms of the lens-
ing potential or its first derivative the deflection angle field, as
these quantities are related via Poisson’s equation.

The most widely used mass model is the parametric one (see,
e.g., Vegetti & Koopmans 2009; Oguri 2010; Keeton 2011; Kneib
et al. 2011; Suyu et al. 2013; Spilker et al. 2016; Birrer & Amara
2018; Nightingale et al. 2018). A multitude of parametric mass
models exist and a comprehensive overview of these models can
be found in Keeton (2001). The advantages and disadvantages
of using parametric models are analogous to those encountered
when modeling the source light distribution parametrically. The
primary advantage is the efficient MCMC posterior sampling,
due to the low dimensionality of the parameter space and the
availability of an analytical solution to the deflection angle. How-
ever, parametric models have fixed symmetric properties, which
can bias the measurement of different quantities of interest, such
as Hy (see Cao et al. 2022), when the mass model is too simple to
represent the mass distribution of the lens system. This can result
in parts of the lens mass’ complexity being absorbed by other
parts of the model, for example, the external shear component
Etherington et al. (2023).

One way to address these challenges is to model deviations
from the smooth parametric profile, which can also facilitate the
detection of dark-matter substructures. An example of adding
complexities to the parametric profile is to incorporate multi-
pole expansion components (see, e.g., Schneider et al. 2006).
In a recent analysis by Powell et al. (2022), for example, the
authors show that this added complexity is able to improve the
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reconstruction of very long baseline interferometry data com-
pared to model of a simple parametric profile. Another approach
is to introduce corrections to the lensing potential (see, e.g.,
Koopmans 2005; Vegetti & Koopmans 2009; Suyu et al. 2009).
Here, a pixelized, nonparametric lensing potential is added to
an initially smooth mass distribution. The lensing potential
gets iteratively optimized by adding linear corrections. Once
optimized, the lensing potential can be utilized to seed paramet-
ric substructure components. This process has been applied to
successfully identify dark matter substructures in strong lens-
ing systems (see, e.g., Vegetti et al. 2010). In a recent study,
Biggio et al. (2023) explore the possibility to capture devi-
ations from a smooth mass model with the help of sparse
wavelet basis functions, which they are able to jointly optimized
with the parametric profile. In this work, the authors show that
they can effectively model higher-order multipole components,
substructures and perturbations originating from a Gaussian
random field.

A hybrid model for the mass profile of cluster scales is
presented in the WSLAP+ algorithm (see Diego et al. 2005).
The algorithm employs a combination of parametric and non-
parametric models for the mass of the cluster field. Specifically,
it assumes a parametric model, such as a Navarro-Frenk-White
profile, for the cluster members. The profile of the cluster mem-
bers can be further fit by a fixed mass-to-light ratio, which
reduces the dimensionality of the problem. Additionally, a non-
parametric diffuse mass component is modeled using a dis-
cretized field, where the values of the diffuse field are associated
with self-optimized (multi-resolution) grid points. The deflec-
tion angle can be computed from this discretized field using a
fixed matrix. In this way, the reconstruction of the strong lensing
data, given as image positions, can be formulated as a system of
linear equations, analyzable by matrix inversion.

Similarly, the SWUnited algorithm (presented in Bradac
et al. 2005) reconstructs the lensing potential nonparametri-
cally, namely, the potential is described by a discretized field
at potentially non-equidistant grid points (Bradac et al. 2009).
The optimal values of the lensing potential are found by min-
imizing strong and weak lensing constraints, expressed by a
)(2 function, in combination with a regularization term, which
penalizes small fluctuations of the inferred lensing potential. The
deflection angle and the convergence are calculated by finite dif-
ferences and if values between grid points are needed these are
calculated by bi-linear interpolation. The method has recently
been re-implemented with improved modeling capabilities, (see
Torres-Ballesteros & Castafieda 2022).

Lastly, the LensPerfect algorithm by Coe et al. (2008) recon-
structs the deflection angle field nonparametrically by employing
radial basis functions. From the Poisson equation follows that
the deflection angle field has to be curl-free. This constraint can
be used to regularize the model of the deflection angle field.
LensPerfect has, for example, been used to model the lensing
effect of the galaxy cluster MACS0647, which hosts one of the
highest redshift sources observed, Coe et al. (2012).

An interesting approach to nonparametric modeling is pre-
sented in Liesenborgs et al. (2006), where the authors made use
of a genetic algorithm to model the lens mass. The lens plane is
subdivided into a regular grid of pixels, which are, in turn, popu-
lated with Plummer spheres representing the mass profile of the
lens system. The Plummer spheres are subsequently genetically
updated to optimize a figure of merit, where the authors use a
distance measure of back-projected strongly lensed image posi-
tion in the source plane. The algorithm further updates the lens
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mass by subdividing the pixel in regions with previously found
high mass regions. This process is repeated until a predefined
stopping criteria is reached.

3. Model

Reconstructing the source and lens brightness distributions and
the lens mass distribution from the observed image is the main
goal of any strong gravitational lensing analysis. This requires
modeling the light coming from the source, s, and the lens com-
ponents, 1. Furthermore, we have to model the distribution of the
lensing mass, m, which is often divided into a main lens and
substructure components. We also have to model how this dis-
tribution deflects the light coming from the source to produce
the observed data. In principle, both the brightness and the mass
distributions are continuous quantities in space. Unless a para-
metric form is considered, continuous quantities have an infinite
number of degrees of freedom. Therefore, reconstructing them
from finite measurement data is an ill-posed problem and fur-
ther regularization is needed. In Bayesian statistics, additional
regularization can be provided by adding prior knowledge. We
formulate the lensing reconstruction problem as a Bayesian infer-
ence problem and build on information field theory (Enflin et al.
2009; EnBlin 2019) to provide prior knowledge about the con-
tinuous quantities. In this section, we outline our strong lensing
model and describe the prior assumptions encoded in each of the
above model components.

3.1. Bayesian inference for strong lensing

The posterior distribution, $(s,1, m|d), represents our knowl-
edge of s, 1, m after combining the prior with the constraints from
the data d. Mathematically, the posterior is given by:

_ P(d|s,1,m)

P(s,Lm|d) = Pd) P(s,1,m), (1)

where #(s,l,m) is known as the prior distribution and
P(d|s,1,m) as the likelihood. While the prior distribution con-
tains the state of knowledge about the model parameters prior
to the obtained data, the likelihood expresses the probability of
obtaining the data given s,1,m. In the context of strong lens-
ing, the likelihood describes how a foreground mass bends the
light of a background source through the lens equation and
the measurement process that converts this signal into data,
which includes the noise statistics. Finally, $(d) represents
the marginalized likelihood or the Bayesian evidence, which
normalizes the posterior distribution. For any complex strong
lensing model, we cannot evaluate the posterior distribution ana-
lytically. Therefore, we have to rely on numerical algorithms.
To approximate the posterior, we use variational inference (VI),
which allows for models with many parameters. In Sect. 5, we
explain the VI algorithm in detail.

In this work, we model signals as prior distributions in a
Bayesian forward-modeling fashion. In particular, we implement
our forward models as generative models. A generative model is
a transformation g: Qg — € from a latent coordinate frame,
Q¢, to a target coordinate frame, €, in which we want to repre-
sent the signal distribution, £(s). For the sake of simplicity, we
choose random variables in the latent space ¢ to have an a pri-
ori standard-normal distribution. The transformation, g, then has
to be chosen in such a way that s is distributed according to ().
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3.2. Source models

In the following, we describe how the surface brightness distri-
bution of the background source is modeled in LensCharm. In
order to have a physically meaningful source model, we want to
encode some astrophysical insights into our prior. First, bright-
ness distributions are strictly positive and can exhibit significant
variations over many orders of magnitude. Additionally, in most
cases, the source’s brightness profile is localized, meaning that it
is mostly centered around a specific location in the field of view.
Second, the surface brightness fluctuations of the background
source are mostly smooth.

These considerations are encoded in three types of models,
from which the user of LensCharm can choose. This includes
simple parametric models and more complicated non-parametric
models, depending on the amount of features recoverable from
the data. We also propose a combined model, where the main
features in the source brightness distribution are captured by a
parametric model and only deviations from these are learned
non-parametrically. In this section, we describe different source
models highlighting their advantages and disadvantages.

3.2.1. Parametric source profiles

In LensCharm, we implement some of the most common para-
metric models used in the literature. In the following, we give
a brief description of the currently implemented parametric
models. Further custom model can be easily implemented by
the user.

The Gaussian profile implements a positive brightness dis-
tribution, which follows a two-dimensional (2D) Gaussian dis-
tribution with learnable mean and covariance of the form:

I(x,y) = ]Oe—(“(x—xc)z+2b(x—xc)(y—yc)+c(y—yc)2)

where a, b, c are the parameters that control the ellipticity of
the Gaussian, (x.,y.) specifies its center and I, is the central
brightness. This model has only very few parameters and may
be oversimplified in many cases.

The Sérsic profile has been shown (Sérsic 1963) to ade-
quately approximate the brightness distribution of galaxies, as
per:

r 1/n
I(r)y=1, exp[—b,Z [(r_) - 1]],

where [, is the intensity at the half-light radius, r,, while n is
called “Sérsic index” and governs the degree of curvature of
the profile and g is a parameter that steers the ellipticity of the
profile. Additionally, we specify the elliptical radius by:

‘ —g sin 9) (x - xc)
r =

cosf J\y—y.
centered on (x.,y.) and ||| indicates the L? norm. However,
given the prevalent strong interactions between galaxies in the
early Universe, high-redshift galaxies often display an irregu-

lar or clumpy morphology, which cannot be accurately modeled
with either a Sérsic or a Gaussian profile.

2

sin @

(q cos 0

2

3.2.2. Nonparametric source profiles

Many astrophysical sources, including spiral arms, star-forming
regions, and others, are insufficiently described by parametric

models. Therefore, often times we need nonparametric models to
account for features that are not present in the parametric models.
In this work, we make use of nonparametric models for Gaussian
processes developed by Guardiani et al. (2022) and Arras et al.
(2022). Alongside the source brightness distribution, the non-
parametric models are also able to infer its power spectrum. The
power spectrum can be interpreted as a penalization over source
fluctuations and can in this way be related to the penalization
terms described in Suyu et al. (2006), as the gradient and curva-
ture penalization correspond to an assumed power spectrum of
P(k) oc k™% and P(k) o« k™*, respectively.

The Matérn-kernel correlated field (MKF) is based on Gaus-
sian processes. Gaussian processes are a powerful tool for
nonparametric modeling, and have already been used as a source
model by Karchev et al. (2022). They allow complicated source
fields to be represented, while still maintaining smoothness
between neighboring pixels.

Upon denoting a function f(x) on a domain Q, with f, we
define the Gaussian process as the (Gaussian) distribution P(f)
over the space of functions on €,

P(f) = G(f. F),

where F' = (f(x)f(x"))p(s) is the covariance of the process that
correlates the field values in space. For gravitationally lensed
source fields, we can both ensure positivity and smooth logarith-
mic flux variations, by modeling the logarithm of the source flux
s = s(x,y) = log b(x, y) with a Gaussian process, namely,

P(s) = G(5,5), S = (logh(x,y)logb(x',y"))p)-

In order to infer the correlation structure of the source flux field,
we can choose to parametrize the covariance, B. In particular,
if we expect the source distribution to be a priori homogeneous
and isotropic, we can invoke the Wiener-Khinchin theorem to
restrict B to be diagonal in Fourier space. We then introduce field
correlations by convolving the latent-space excitations & € )
with an amplitude model:

s=FlAE,

where F denotes the Fourier transform operator and A the spa-
tial correlation kernel expressed in the latent Fourier coordinates.
The square of the amplitude model A represents the power spec-
trum of the process. Specifically, we choose a Matérn form for
the correlation kernel, parametrized by:

Akl = 21—,
(1+ ()"

where a represents the scale of the Matérn-kernel process, ko
the cutoff wavelength, and ¢ the spectral index of the corre-
sponding power spectrum?. We call the field distribution implied
by this generative prior Matérn-kernel correlated field. Matérn-
like correlation kernels are widely used in Astrophysics and
machine learning because of their flexibility. It has been shown
that Matérn kernels incorporate Gaussian kernels for a set of spe-
cific parameter values and that they can also represent rougher
(i.e., less smooth) processes (Stein 1999).

The correlated field model (CFM) is a model that goes
beyond the MKF. Parametrizing the Gaussian process prior

2 For an intuition on how these parameters influence the prior dis-
tribution, we refer to https://ift.pages.mpcdf.de/nifty/user/
getting _started_4_CorrelatedFields.html
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covariance with a Matérn kernel is often sufficient to model
many astrophysical sources. Sometimes though the data carries
more information about the power spectrum than what can actu-
ally be explained by the set of parameters of the Matérn kernel.
This could happen, for example, in the case of high S/N obser-
vations or when we get more information about specific source
regions (via the lens equation) thanks to multiple images and
magnification. In these cases, we aimed to capture the additional
information contained in the data by a more flexible nonpara-
metric power spectrum. To this end, we used the correlated field
model described in Arras et al. (2022). The CFM allowed us to
reconstruct the field and its power spectrum jointly from the data.
Similarly to the MKEF, the generative model for the amplitude of
the field correlation structure reads

A(lkl) = 1M k] > 0,

where y(log |k]) is an integrated Wiener process. We reconstruct
this Wiener process alongside the signal field. The zero mode
amplitude A(k = 0) is modeled separately as a lognormal dis-
tributed quantity, since the integrated Wiener process y(log k)
is not defined for £k = 0. While in the MKEF, the source bright-
ness spatial power spectrum is limited to a power-law-asymptotic
parametric function, the CFM can capture continuous deviations
from this power law.

3.2.3. Nonparametric perturbations of parametric sources

In general (and especially in order to encode our prior assump-
tion of localization of the source brightness distribution), it is
useful to use a nonparametric model to describe only the per-
turbations around a parametric profile. This is the case for two
main reasons. The first is that such combination resembles more
closely typical astrophysical sources. As previously discussed,
the lensing problem is, in fact, highly degenerate. Having a more
constrained model for the allowed brightness distributions in the
source plane assists in breaking this degeneracy and reconstruct-
ing the most typical sources more easily and accurately. In fact,
Maresca et al. (2021) highlighted how nonparametric models can
often lead to unphysical source disruptions. Having an underly-
ing parametric distribution to constrain the model can help to
mitigate these issues. It must be kept in mind that this intro-
duces a weak bias on the type of sources the algorithm will
be able to recover. For instance, it will be harder for the algo-
rithm to reconstruct a source composed by two nearby, but well
separated galaxies in the source plane if the combined model
is composed by a nonparametric perturbation of a single Gaus-
sian profile. Nevertheless, if we suspect that the actual source
brightness distribution is multimodal or not well localized, we
can include this insight into our prior. In the previous exam-
ple of the two well-separated galaxies this could be done, for
instance, by introducing two Gaussian parametric fields and a
nonparametric perturbation field. The second reason relates to
optimization purposes. Finding the optimal source and lens con-
figuration that gives rise to the observational data is ultimately a
hard optimization problem. The advantage of a combined para-
metric and nonparametric source model is that a more realistic
prior model can improve the inference, reducing the degenera-
cies in parameter space, while simultaneously having sufficient
complexity to model most source distributions accurately.

3.3. Lens mass model

In the following section, we describe our prior models for the
lens mass, which bends the source brightness distribution onto

A146, page 6 of 19

the lens plane. To effectively uncover substructures within the
lensing system and constrain dark matter, it is imperative to
have an accurate and flexible representation of the lens mass.
The mass, which is relevant for the lensing signal, is, under the
thin-lens assumption, described by the convergence:

_ (%)

Kk(x)
z"cril

, 3

which is the surface mass density X(x) scaled by the critical
density X = %%, (see e.g. Meneghetti 2021). The terms
Dy, Ds, and Djs describe the angular diameter distance between
observer and lens, observer and source, and lens and source,
respectively.

In LensCharm, we formulate the lens mass model by directly
modeling the convergence field. In fact, it is comparatively sim-
pler to formulate physical prior beliefs for the convergence —
as opposed to the lensing potential or the deflection angle field
— since many convergence models have been derived from N-
body simulations. In particular, we assume that the convergence
field is a strictly positive and can exhibit significant variations in
magnitude. Furthermore, we assume that in most cases, the con-
vergence profile is localized, and can be modulated by smooth
fluctuations. Similar to the light profile, users of LensCharm
have the flexibility to model the convergence field in the fol-
lowing ways: employing a parametric model, a non-parametric
model, or a hybrid model combining a parametric profile with
nonparametric perturbations.

3.3.1. Parametric mass profiles

In LensCharm, we implemented some of the most common para-
metric models used in the literature. We give a short description
of the mass models which we use in the context of this paper. The
choice of which parametric model to use and the correspond-
ing priors depend on the observation and need to be adjusted by
the user.

The pseudo isothermal ellipsoid (PIE) generalizes the
isothermal spheroid (see, e.g., Binney & Tremaine 2011), allow-
ing the profile to be non-singular and elliptical. Its convergence
is described by:

K(r) = %’(r2 + rg)‘%, 4)

where r is an elliptical radius according to Eq. (2), r. is the
core radius, and b controls the overall strength of the profile.
In the limit of vanishing core radius, the PIE profile falls off
with 7~!'. The PIE has a known analytical solution to the deflec-
tion angle (see Kormann et al. 1994). Furthermore, the SLACS
survey showed that the PIE’s slope is consistent with measured
slope of the mass profile of early-type galaxies (see Auger et al.
2010).

The dual pseudo isothermal ellipsoid (dPIE) extends the PIE
by introducing the truncation radius, r¢, which leads to a slope
approaching =3 beyond the truncation radius. The convergence
profile is given by:

k(r) = g[(rz + rg)_i - (r2 + rtz)_%], (®)]

where r is an elliptical radius, see Eq. (2), r. the core radius, r;
the truncation radius, and b the lens strength. The dPIE has also
a known analytical solution to the deflection angle (see Kormann
et al. 1994).
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The Navarro-Frenk-White (NFW) profile has been found to
well describe the distribution of simulated dark matter halos (see
Navarro et al. 1996). When projected into two dimensions, the
convergence of the NFW profile is described by

1—‘?((}’/}’5)
(r/rs)z_l ’

where r is the elliptical radius according to Eq. (2), b = psrs/Zcrit
the lens strength, which is related to the characteristic density
contrast, py, the scale radius, r,, and the critical density, X (see
Bartelmann 1996). Furthermore, the profile depends on

k(r) =2b (6)

1 (x=1)

tan”! V21 (X > 1) (7)

AM) =17V
(x<1)

tanh™! (VI-x2)
=

In the elliptical case, the NFW profile has no known closed form
solution for the deflection angle.

The external shear aims to model the influence of line-of-
sight structures and galaxies outside the immediate vicinity of
the lensing system (see, e.g., Schneider et al. 2006). The shear
model has two parameters: the shear strength, vy, and its orien-
tation, 6y,. Additionally, for its evaluation we also need to provide
the shear center, x., y., which can be inferred. In the context of
this work, we fixed these coordinates to the lensing center.

3.3.2. Nonparametric profiles and perturbations

As recently demonstrated by Cao et al. (2022) and Etherington
et al. (2023), parametric profiles might lack the necessary com-
plexity to accurately represent the mass profile of real lens
systems and can lead to systematic errors and spurious param-
eter fits. Moreover, the work of Richardson et al. (2022) shows
that dark matter filaments, contributing between 5 and 50 percent
of the matter content in the Universe and not associated with
any specific dark matter halo, can have a significant influence
on the flux ratio signal. To address the challenge of model-
ing these complex mass profiles, we propose the adoption of a
non-parametric convergence model.

As shown in Sect. 3.2, we can incorporate positivity, along
with smooth nonparametric fluctuations, using a lognormal
Gaussian process with an inferable correlation structure. More-
over, similarly to the source light profile, it can be advantageous
to describe the lens mass using a hybrid model, where nonpara-
metric perturbations are modeling deviations from a parametric
profile. Besides providing the algorithm with the possibility to
fit more complex structures, this allows for the inference to be
divided into two phases. In the beginning, only the parametric
model parameters are optimized for. In a second minimization
step, the perturbations are introduced in the model and a joint
reconstruction is achieved. This approach bears similarities to
the method proposed by Koopmans (2005), which involves the
addition of a pixelized nonparametric field to the lensing poten-
tial. However, it is important to note structural differences. In
our method, we introduce the nonparametric field in the con-
vergence, allowing for the inclusion of prior assumptions. These
priors help guiding the inference of the perturbation field by pro-
viding a physically motivated regularization. We show in Sect. 6
how these perturbations are able to account for substructures
and nonparametric features in the lens mass profiles present in
the data. Furthermore, Chatterjee & Koopmans (2018) suggested
that perturbations of the lens can be statistically modeled by a

Gaussian random field. Importantly, our nonparametric and com-
bined models inherently encompass these perturbations, allow-
ing for the inference of the dark matter field’s power spectrum.
Contrary to the multi-stage algorithm proposed in Chatterjee &
Koopmans (2018), we have the capability to jointly model the
Gaussian random field alongside the parametric profile.

3.4. The deflection angle

In order to infer the mass profile from observational data, we
need to link the mass profile to the deflection angle field. The
deflection angle field describes how light rays from the back-
ground source are mapped through the lens equation onto the
lens plane. This field can be computed from the convergence pro-
file using the two dimensional Poisson equation V - @ = 2« (see,
e.g., Meneghetti 2021), which can be solved in Fourier space:

-2ik
Ik|?

a(x) = T“[ ?[x(x)]]. ®)

As mentioned in Sect. 3.3.1, some parametric mass profiles have
a closed-form solution to the deflection angle. However, in sce-
narios where such solutions are not available, especially in the
nonparametric case, we employ Eq. (8) to calculate the deflection
angle field.

3.5. Lens light models

Most galaxy-galaxy lens systems are dominated by a central
early-type galaxy (see, e.g., Barnabe et al. 2009), whose light
profile is well described by a Sérsic profile. Consequently, in
the forthcoming analysis, we adopt a Sérsic profile to model
the lens light, whose parameters we infere alongside the lens
mass and source. This approach has been shown to lead to more
accurate results compared to subtracting it from the data (see,
e.g., Nightingale et al. 2018). Furthermore, we have employed an
exponential disk profile to model the central component of the
elliptical foreground galaxy of SPT0418-47 (see Sect. 6).

The exponential disk models the surface brightness profile of
disk galaxies (see, e.g., Mo et al. 2010). The profile is given by:

I(r) = Iy exp (—ri)

s

where r is an elliptical radius, I the central brightness, and r, the
“scale” length, at which the brightness is e-times smaller then the
central brightness. In this way, the exponential disk profile can
be interpreted as a Sérsic profile with n = 1.

In the LensCharm framework, users also have the option to
employ a more versatile nonparametric light model. However, we
defer the exploration of this possibility to future investigations.

3.6. Lensing operator

Under the assumption that the surface brightness is conserved,
its mapping from the source to the lens plane can be represented
by a linear operation (see, e.g., Meneghetti 2021):

Ls = s(y) = s(x - a(x)), ()
where the surface brightness of the source at a position, s(y),
is related to a location in the lens plane, x, through the lens

equation, y = X — a(X).
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This description is useful to optimize the parameters of the
lens mass and the source model efficiently. In order to use effi-
cient first and second order solvers, we need to evaluate the
gradient of Eq. (9) with respect to both parameter sets:

VU’ = VO' S(y, 0-)
(Vﬂ) sx—ax,p),0) = (Vys(y, O')V,,) . (—a'(x, ,u))’

where we have denoted the lens mass model parameters by u and
the source ones by 0. Koopmans (2005) has shown how to use
a linear approximation to the gradient in order to infer pertur-
bations to the lensing potential. These perturbations have then
been used in order to detect and model substructures in multiple
lensing systems, (see, e.g., Vegetti et al. 2012). In contrast, with
our approach we are able to access the full information contained
in the gradient expression in Eq. (10) without having to rely on
approximations. This enables us to jointly optimize all relevant
parameters of the lensing model, in particular: the source, the
lens mass, and its nonparametric perturbations. For this reason,
more flexible convergence models could be developed in order
to better account, detect, and model substructures.

We implement the mapping of the surface brightness dis-
tribution, described by Eq. (9), via bilinear interpolation. For
a comparison of different interpolation schemes we refer to
Galan et al. (2021). In their work, the authors show that typi-
cally multiple positions in the source plane are unconstrained by
the data. The flux at these positions can only be constrained by
appropriate regularization.

10)

4. Response operator and likelihood

In order to infer the quantities of interests from the data, we need
to specify how the continuous signal field is transformed into dis-
crete data space. This measurement process can be described by
the combined effect of the detector response R and a statistical
model of the measurement noise. The mathematical expression
is given by the measurement equation:

d=RI+n,

where n specifies the noise realization, I is the sky intensity, and
d is the data.

4.1. Response operator

The response describes how the sky signal, I, (e.g. astronomical
source flux) is transformed by the detector. The response opera-
tor can potential model multiple effects and might even depend
on the flux of the observed object. In the examples we show in
Sect. 6, we have simply approximated the detector response with
a point-spread function (PSF), since the focus of this work is to
showcase the lens reconstruction model. Yet, developing a more
accurate measurement model could also improve reconstruction
result, which we leave to future work.

4.2. Likelihood

The likelihood incorporates the noise statistics, as it defines the
probability of the data given the signal £(d|s,1, m, M) in Eq. (1).
Since our inference scheme is based on NIFTy, the LensCharm
user can choose from a set of likelihoods implemented in the
NIFTy package. Within the context of this paper, we only make
use of Gaussian likelihoods. Other possible likelihood choices
include the Poissonian likelihood, the variable-covariance
Gaussian likelihood, and others.
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5. Inference

The estimation of the optimal source and lens and their relative
perturbation-field configurations given the data is a very degen-
erate and high-dimensional problem. In particular, for strong
lensing we would need to be able to calculate £(s,1, m|d, M) in
Eq. (1). While we address the problem of degeneracy in parame-
ter space with our prior models, we tackle the high-dimensional
inference problem using variational inference. This allows us to
model the full joint posterior distribution P(s, 1, m|d, M) instead
of only relying on conditional inference. For example, a com-
monly used inference approach for strong lensing observations is
to fit the lens light first and then subtract this fit from the data. In
a next step, the residual data is modeled to obtain the source light
and the lens mass distribution. In contrast, since we have a model
for the joint distribution #(s, 1, m| d, M), we can more accurately
represent — and, hence, reconstruct — each model component.

In this work, we make use of variational inference. In
variational inference, the usually intractable high-dimensional
posterior probability distribution of the model parameters P(6|d)
is approximated by a variational family of distributions Q,(6|d),
parametrized by some variational parameters a. This varia-
tional family of distributions is then optimized to match the true
posterior by minimizing the Kullback-Leibler divergence:

bl

i Q.(01d)
Du@lP) = [ @ (da) o
Q P(01d)

where €y is the domain of the model parameters. Specifically, we
made use of the Metric Gaussian Variational Inference (MGVT,
Knollmiiller & EnBlin 2020) and geometric Variational Infer-
ence (geoVI; Frank et al. 2021) algorithms. In MGVI, the
variational family of approximating posterior distributions is
Gaussian in a latent-space coordinate system and the covari-
ance is approximated with the inverse of the Fisher metric.
Furthermore, geoVI extends MGVI by solving the inference
optimization problem in a coordinate space in which the met-
ric is approximately Euclidean. This coordinate transformation
allows for non-Gaussian approximating posterior distributions
in the MGVI latent coordinate space, while being still applica-
ble to very high-dimensional problems as the ones considered in
this work. Both MGVTI and geoVI allow for samples to be drawn
from the approximating posterior distribution Q,(6|d) and, there-
fore, to estimate uncertainties and compute posterior expectation
values of the signal fields.

For instance, we can evaluate the mean and the standard
deviation of any desired quantity, g, by calculating the sample
averages:

_ RS
7= aO)g,00 ~ 3 ), 10).
$i=0
X N, (11)
0'; = <(CI(9) - 21)2>Qa(0|d) N1 Z @) -9,
$ i=0

where N; is the number of samples drawn. In the context of
strong lensing models, which employ a nonparametric source
brightness model, the estimation of the uncertainties of the
source reconstruction is nontrivial. For example, the outlined
procedure of Suyu et al. (2006) assumes fixed lens mass param-
eters in order to estimate the uncertainties of the source bright-
ness distribution. Within this framework, we must resort to
nested sampling or similar techniques in order to obtain the
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uncertainties of the source reconstruction which result from the
uncertainties of the lens mass parameters. It is important to
note that such estimations can present significant computational
challenges. In contrast, within the LensCharm framework, we
can, through sampling the approximating posterior distribution
Q. (0\d), directly estimate the uncertainties. This enables us to
efficiently access the correlations between all parameters, in par-
ticular, the correlations between the lens parameters and the
source brightness distribution.

Finding optimal solutions in high-dimensional problems
poses a series of formidable challenges. These encompass
increased computational complexity and challenges arising from
the large search volume, which grows exponentially with the
degrees of freedom. Within the framework we explore in this
work, these challenges are partially addressed by the prior
probability and the adopted variational inference scheme. Never-
theless, the high-dimensional spaces of non linear problems are
often populated by many local optima. geoVI’s sampling strat-
egy helps to escape from some of the local minima arising from
a non-Gaussian posterior (see Frank et al. 2021).

To further improve the efficiency and robustness of our infer-
ence algorithm, we propose an adaptive inference strategy. In
this scheme, we first optimize the parametric profiles and subse-
quently add the non-parametric perturbations to the model. We
test the adequateness of this scheme and find that on the one
hand, starting the optimization with the parametric lens mass
profile leads to faster and more robust solutions. On the other
hand, we do not notice any significant benefit in starting the
optimization with reduced complexity for the source model. In
the following, we adopt the adaptive optimization for the lens
mass model. In this scheme, we initially optimize the parametric
model of the lens mass before transitioning to the full hybrid
model. Simultaneously, we retain the full complexity of the
hybrid model for the source brightness distribution throughout
the optimization.

6. Results

In this section, we showcase the capabilities of LensCharm by
applying it to different datasets. Specifically, we consider three
different examples. In the first, we compare our algorithm with
the publicly available Lenstronomy package on a simulated
dataset provided with the Lenstronomy pipeline®. In the sec-
ond, we create a simulated JWST observation with a detectable
substructure in the convergence to test our lens mass profile
model. Finally, in the third, we reconstruct the source and lens
mass distributions of the lens system SPT0418-47 observed with
JWST.

6.1. Comparison with Lenstronomy

In this section, we compare our modeling approach to
Lenstronomy (Birrer & Amara 2018), a state-of-the-art package
for strong lensing. For the comparison, we use a dataset pro-
vided in a tutorial in the Lenstronomy package. The tutorial
showcases the shapelet basis function reconstruction. The very
same reconstruction is used as a paradigmatic example of the
Lenstronomy pipeline capabilities in Birrer & Amara (2018).

3 https://github.com/lenstronomy/lenstronomy-
tutorials/blob/main/Notebooks/LensModeling/source_
reconstruction_with_shapelets.ipynb (last visited 29-08-2023).
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The data are a synthetic strong lensing observation. This obser-
vation has been generated by inputting the source brightness
distribution of an image of the NGC 1300 galaxy through the
Lenstronomy forward pipeline. The lensed image is convolved
with a Gaussian PSF and corrupted by a simulated normally
distributed measurement noise.

In the publicly available Lenstronomy reconstruction, the
lens mass distribution parameters are not inferred but are set
to the values that produced the mock observation. In contrast,
we both reconstruct the lens and the source simultaneously. Our
source model for this dataset consists of a Gaussian profile with
multiplicative MKF perturbations, while for the lens mass model
we use a PIE with multiplicative CFM perturbations. We evalu-
ated the data reconstruction quality using the reduced y?-statistic
and estimate the source reconstruction accuracy in terms of the
source distortion ratio (SDR), as defined in Joseph et al. (2019)

SDR:lOloglO(”S -
~ Sinput

where a higher SDR signifies a more accurate reconstruction.
We display both of these quantities alongside the data and the
reconstructions of LensCharm and Lenstronomy in Fig. 1.

The reconstructions of both methods are consistent with the
data, as the reduced ,\(2 is in both cases close to unity. Further-
more, we can analyze the noise-weighted residuals (NWR):
NWR = Idata - Imodel ,

O4q

where Igy, is the data counts and Ijoqge is the flux predicted
by the model. We find in Fig. 1 that the NWRs are distributed
according to a standard normal distribution, as expected. Con-
sidering the source brightness distribution, both algorithms yield
comparable reconstructions of the large-scale features. More-
over, notably, both reconstructions are able to recover the arcs
and the central bulge of the source galaxy. This is reflected by
the comparable SDR values for both reconstructions, which is
slightly higher for the LensCharm reconstruction. This differ-
ence is explained by two features of the reconstructions. First,
in the outskirts of the Lenstronomy reconstruction, low-flux
fluctuations are sometimes negative. This is not the case in the
LensCharm reconstruction, as the prior doesn’t allow for neg-
ative flux values and the Gaussian profile suppresses the flux in
regions of low input brightness. Second, while the Lenstronomy
reconstruction is largely smooth, the LensCharm reconstructions
show more small-scale features, some of which correspond to the
ones in the ground truth input source brightness distribution.

In contrast to the Lenstronomy reconstruction, which keeps
the lens parameters fixed during the inference of the source
parameters, with LensCharm reconstruction we infer the lens
parameters jointly alongside those of the source. Considering the
lens mass reconstruction, we find that the CFM perturbations are
suppressed. Additionally, we find that the posterior parameters of
the PIE model closely match the input parameters that generated
the data, as can be viewed in Fig. 2.

In addition to reconstructing the source flux and lens con-
vergence, LensCharm also provides estimates for the associated
uncertainties in these parameters. We estimate the accuracy of
the uncertainties by examining the uncertainty-weighted residu-
als (UWRs), given by:

UWR = input — C_Imodel i
Oy
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Fig. 1. Reconstruction of simulated strong lensing data of NGC 1300 from Birrer & Amara (2018). Top panels: data, distribution of the noise-
weighted data residuals for both LensCharm and Lenstronomy where the gray dashed line depicts a standard normal distribution, input source,
and distribution of the uncertainty weighted residuals of LensCharm evaluated at reconstructed source flux above 0.5 (from left to right). Middle
panels: results of the LensCharm reconstruction: lensed source reconstruction, residuals between the lensed light and the data, source reconstruc-
tion, and residuals between the input source and the LensCharm reconstruction (from left to right). Bottom panels: results of the Lenstronomy

reconstruction, which follow the same order as the middle panels.

where ginpye is the ground truth of the input quantity of interest,
Gmodel 15 the estimator of the same quantity obtained from the
reconstruction, and o, is its standard deviation. We display a his-
togram of the UWRs for the source reconstruction in the top right
panel of Fig. 1. The UWRs in the source plane provide a quantifi-
cation of the reliability of the posterior uncertainties expressed
by os. As a matter of fact, as shown in Table 2, approximately
75% of the reconstruction residuals fall within one standard
deviation, o, (for flux values higher than 0.5). However, this
fraction decreases for lower flux levels, as expected (see follow-
ing section). This effect is partly driven by the sharp cut in the
input image which generated the data, which is not accurately
described by our physically motivated model. Moreover, from
the UWR distribution we observe a slight overestimation of the
input source flux in the source reconstruction. This overestima-
tion can be attributed to the presence of unphysical negative flux
values in the input image, deliberately left unaccounted for by
our model. These factors contribute to an increased error budget,
subsequently diminishing the precision of the uncertainty esti-
mation. In the following section, we discuss additional aspects
concerning the accuracy of the uncertainty estimation.
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Table 2. Fraction of source plane residuals falling within 1, 2, and 307
of the estimated standard deviation of the source reconstruction shown
in Fig. 1 for different contour lines.

Contour level log 20 30

0.1 0.548 0.795 0.969
0.5 0.750 0.966 0.989
2.0 0.852 0.988 0.998

6.2. Simulated JWST observation

We test our model with a simulated JWST observation. Since
actual galaxies are expected to exhibit brightness and mass dis-
tributions that diverge from our model, we deliberately chose a
source brightness distribution and a lens mass distribution that
do not originate from the reconstruction model.

In order to have access to a realistic source brightness dis-
tribution, we took a source from the Hubble deep field (HDF)
(Beckwith et al. 2006) catalog Rafelski et al. (2015). We per-
formed a deconvolution and denoising procedure on the HDF
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Fig. 2. Marginalized posterior distribution of the lens model parame-
ters for the simulated strong lensing data of NGC1300, estimated using
80 samples. The dashed lines depict the input parameters of the lens
model used to generate the synthetic data.

observation to generate a smooth source brightness distribu-
tion, following the process described by O’Riordan et al. (2023).
Subsequently, we project the smooth source through the lens
mass distribution, which consists of a main deflector and a
substructure. The main deflector follows a dPIE proﬁle4, see
Eq. (5). The substructure mass, which we place on the arc of the
lensed images to ensure detectability, follows a NFW profile, see
Eq. (6). We assume a substructure mass of 5 x 10'° My, which
is comparable to a substructure mass previously detected in an
observation of the Hubble Space Telescope (Vegetti et al. 2010).
We calculate the mass according to Duffy’s concentration-mass-
relation (Duffy et al. 2008) for a lens at redshift z = 0.4.

We simulate a JWST NIRCam observation of the F200W
filter, with a pixel resolution of 0.031 arcsec®. We convolve
the lensed source light with the corresponding PSF, which we
calculate employing the WebbPSF library (Perrin et al. 2014).
Furthermore, we add uncorrelated Gaussian random noise to the
image. The standard deviation of the noise of the data, denoted
by o, is determined according to the procedure described in
O’Riordan et al. (2019). In this procedure, we calculate the stan-
dard deviation according to a predefined S/N. As suggested by
O’Riordan et al. (2019), the S/N ranges from [50—-500] in real
observations. Consequently, we set the S/N to an intermediate
value of 200.

Similarly to the previous example, we model the source
by a Gaussian profile with multiplicative MKF perturbations.
For the lens mass we assume a PIE profile with multiplicative
CFM deviations, since we expect that substructures can be better
represented with the help of a fully flexible power spectrum.

4 The parameters of the profile are set to b = 2,4 = 0.68,r, =
0.047,r, = 1.85,0 = 1.23°, x. = 0.03, y. = 0.05.

5 https://jwst-docs.stsci.edu/jwst-near-infrared-
camera/nircam-observing-modes/nircam-imaging (last visited
05-09-23).

The results of the reconstruction can be viewed in Fig. 3.
We find that the model is able to reconstruct the data up to
the noise level, as the chi-squared statistic approaches unity,
XZ = 0.99. From Fig. 4, we can conclude that the reconstruction
of both lens and source plane flux is unbiased. The remain-
ing spread between the underlying lensed source flux and its
deconvolved reconstruction is within one standard deviation of
the noise, o,. Inspecting the source reconstruction, depicted in
the first row of Fig. 3, we conclude that the model accurately
captures large-scale features of the source, but we also observe
subtle discrepancies in small-scale features. These discrepancies
are reflected in the spread of the source flux reconstruction for
larger flux values, as depicted in the upper panel of Fig. 4. We
attribute this phenomenon to the noise in the data and the effect
of the PSF, which distributes flux over the kernel’s support, con-
sequently reducing information on finer scales. This increases
the influence of the prior on the reconstruction, which favors
smoother source brightness distributions, leading to discrepan-
cies where larger fluctuations are present in the input source.
The same effect can also be seen in the lens-plane flux compar-
ison (lower panel in Fig. 4). Here the PSF attenuation leads to
a decrease of high flux values and an increased spread for lower
flux values.

Comparing the reconstructed convergence, depicted in the
last row of Fig. 3, to the ground truth we find that the algorithm
is able to recover the general shape and large-scale features of
the convergence profile. However, when considering the main
lens mass profile, we found two regions with significant resid-
uals. First, we notice a difference in the center of the lensing
mass. The lens mass is effectively only constrained in regions
where the extended source brightness distribution is lensed to.
Consequently, broadening the model to regions with low data
counts inevitably requires some degree of extrapolation (see,
e.g., Nightingale & Dye 2015, for further discussion). In the
center, where there are fewer data constraints, only the inte-
grated 2D mass density contributes to the deflection angle. This
justifies the larger residuals in the central area, as different
mass distributions in this area produce the same lensing signal.
This is also confirmed by the higher relative uncertainty. Fur-
thermore, we observe a discrepancy between the ground-truth
convergence and its reconstruction in regions larger than the
dPIE’s cutoff radius (r, = 1.85). Here, the data does not pro-
vide sufficient constraints for the convergence model; hence, the
CFM perturbations cannot account for the flatter profile of the
PIE model.

Considering the substructure, we find that the CFM perturba-
tions are able to pick up the location of the substructure. On the
other hand, the reconstruction of the substructure by the CFM
perturbations lead to two types of residuals. First, a residual
at the substructure’s central position. Second, there are corre-
lated residuals distributed across the lensing mass field. Notably,
these correlated residuals are similar in scale to the reconstructed
substructure. These two residuals are related. The localized para-
metric NFW profile in the synthetic data exhibits a steep increase
of mass towards its center, which needs to be modeled by the
CFM perturbations. However, the CFM prior favors relatively
smooth perturbations and hence it only is able to partly recover
this localized substructure. Such model inconsistencies can be
leveraged to identify substructures within the lensing mass. For
example, by repeating the inference with a model that includes
a substructure profile at the indicated by the CFM model fluc-
tuations and then use model comparison (e.g., evidence lower
bound) measures to validate the insertion of the substructure.
We defer this exploration to future investigation.
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Fig. 3. Reconstruction of simulated strong lensing observation with JWST. Top panels: input source model is depicted next to its reconstruc-
tion, which is the mean of the source flux averaged over the approximating posterior. Next, we display the relative uncertainties estimated from
posterior samples. Lastly, the residuals between the input and the reconstruction are displayed (described from left to right). Middle panels:
simulated JWST data, its reconstruction, relative uncertainty of the reconstruction, and normalized data residuals. Bottom panels: input con-
vergence, its reconstruction, the relative uncertainty of the convergence reconstruction, and the residuals between the input convergence and its

reconstruction.

When considering the relative uncertainty of the lensed
flux (see middle row of Fig. 3), we observe a notable relative
uncertainty in the position of the central image. Because the
central light component is de-magnified, it becomes challeng-
ing to distinguish it from the measurement noise. Furthermore,
the position of the central light is highly sensitive to the lens-
ing mass. Consequently, the uncertainty in the lensed light is
influenced by the uncertainties in the lens mass parameters, high-
lighting the capacity of the LensCharm framework to uncover
and explore the cross-correlated uncertainties.

Finally, we analyzed the estimated uncertainties by examin-
ing the UWRs for the source reconstruction, shown in Fig. 5.
We find that the uncertainties accurately represent the differ-
ence between input and reconstructed source in regions of high
to medium source flux. However, we find that the difference in
the uncertainty weighted residuals increases as the lower the
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source flux values become. In these regions, the data offer fewer
constraints, as the lensed source flux cannot be definitely distin-
guished from the measurement noise. Moreover, we note that the
posterior distribution of the source flux reconstruction is non-
Gaussian and that VI is known to underestimate uncertainties.
For all these reasons, the estimated uncertainties do not closely
follow the 68,95,99.7-rule for flux contour lines, as shown in
Table 3. For instance, we get higher fractions in regions in which
the data are more informative and progressively lower fractions
in less-informative regions.

6.3. JWST observation

We applied our lensing framework to real data, specifi-
cally, to a JWST observation of SPT0418-47. The observation
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Fig. 4. Scatter plots for the source and lens flux of the reconstruc-
tion depicted in Fig. 3. Top panel: pixel-wise comparison between the
input source flux and its reconstruction. Bottom panel: similar pixel-
wise comparison between the unconvolved lensed input source flux and
its reconstruction. In both panels, the solid black line depicts the one-
to-one correspondence between model and input flux. Furthermore, in
the bottom panel, the dashed black lines depict the standard deviation
of the noise ;.

was taken as part of the Targeting Extremely Magnified
Panchromatic Lensed Arcs and Their Extended Star formation
(TEMPLATES)®. SPT0418-47 is a strong lensing system with a
lensing galaxy at redshift z = 0.263 and source light at redshift
z = 4.2248, as identified by observations by the Atacama Large
Millimetre/submillimetre Array (Weif3 et al. 2013). A reconstruc-
tion by Rizzo et al. (2020) suggested the source to be isolated
and dominated by self rotation, whereas an analysis by Peng
et al. (2023) revealed, based on H-alpha detection, the source
light to be emitted by two companion galaxies. We reconstructed
the data of the NIRCam observation in the F356W filter, which
makes it possible to resolve the two galaxies, as demonstrated by
Cathey et al. (2023).

6 Early release science program under the program ID 1355,
https://www.stsci.edu/jwst/science-execution/program-
information?id=1355 (last visited 29-08-2023).
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Fig. 5. Uncertainty weighted residuals (UWR) for the source recon-
struction depicted in Fig. 3. Top panel: UWR alongside contour levels
of the reconstructed source flux, indicated by the white lines. Bottom
panel: UWR for pixels above the depicted contour line levels.

Table 3. Fraction of source plane residuals falling within 1, 2, and 307
of the estimated standard deviation of the source reconstruction shown
in Fig. 3.

Contour level lo 20 30
0.1 0.573 0.808 00913
0.5 0.755 0.948 0.986
2.0 0.835 0965 0.992

Notes. The fractions are evaluated within contour lines of the recon-
structed source flux depicted in Fig. 5.

6.3.1. Super-resolution, background subtraction, masking,
PSF, and noise model

The TEMPLATES program observed SPT0418-47 in the F356W
filter with two dithers. Here, we use the information contained
in the difference between these two dithers to super-resolve the
JWST reconstruction. This can be achieved by using the out-
put of the second JWST pipeline step, which calculates, among
other quantities, a world coordinate system for the two shifted
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Fig. 6. Reconstruction of the JWST NIRCam observation of SPT0418-47 in the F356W filter. Top panels: source reconstruction and its relative
uncertainty (left to right). Both these quantities are obtained by sampling the approximating posterior. We depict the caustics with solid lines. The
remaining two panels show the data used for the reconstruction, which are the outputs of the second JWST pipeline step. Middle panels: lensed
light distribution resolved on the finer pixel grid (we include the critical lines as solid lines), followed by the lens light which is also displayed on
the finer pixel grid. The last two middle panels show the sum of the lens light and the lensed source light convolved by the PSF and integrated
onto the data resolution. Bottom panels: reconstructed convergence profile, next to its relative uncertainty. The last two bottom panels depict the
residuals between the data and the lens plane flux reconstruction, where the white boxes depict the masks used for flux which is unassociated with

the lensed light.

observations (see Bushouse 2020). In order to achieve super-
resolution, we built our lens plane brightness distribution model
on a grid with a finer resolution than the JWST data. While the
pixel size of the F365W filter is 0.063 arcsec, we chose a pixel
resolution for the model’s lens plane of 0.0315 arcsec. From
the world coordinate system, we calculated the fractional shift
of the two dithers with respect to the lens plane. Subsequently,
we shifted the higher resolved lens brightness reconstruction to
the respective data using a Lanczos kernel. The shifted high-
resolution image is then convolved with the PSF, which we
calculate with the help of the WebbPSF library. Finally, the
surface brightness is integrated to the data resolution.

The second JWST pipeline step also includes background
subtraction (see Bushouse 2020). However, we noticed a discrep-
ancy in the scales between the two datasets, suggesting that the
subtraction step might have not completely worked. To address
this issue, we introduce an additional parameter that account
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for the mean flux for each data set, which we infer alongside
the remaining degrees of freedom. These two values, which we
assume to be normally distributed around the mean of the two
datasets, help compensate for potential errors arising from the
background subtraction procedure.

Furthermore, we followed Cathey et al. (2023) and applied
masking to two objects located at the coordinates (04:18:39.4,
—47:51:52.81) and (04:18:39.6, —47:51:54.76). These two objects
are close to the lensed arcs and could potentially be part of the
companion galaxies lensed by SPT0418-47. However, we fol-
lowed the conclusion drawn by Cathey et al. (2023) and consider
these objects not to be part of the lensing system. Addition-
ally, since we have taken a larger field-of-view, we masked two
objects located well outside the lensing system at the coordinates
(04:18:39.9, —47:51:49.65) and (04:18:39.51, —47:51:57.0). The
masking step ensures that they are not incorporated into our
modeling process.
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We assumed that the noise of the data products of the JWST
pipeline follows a Gaussian distribution, where the standard
deviation is provided by the total error array’, which saves the
square root of the quadratic sum of all variances in the pipeline.

6.3.2. Lensing model

In order to reconstruct the source brightness distribution of the
lensing system, we employed two Gaussians with MKF per-
turbations to model the two galaxies in the source plane. In a
previous reconstruction, we observed that a single Gaussian with
MKEF perturbations was able to reconstruct the light distribution
of both source galaxies. However, to facilitate a more accurate
source reconstruction, we subsequently decided to utilize two
Gaussian profiles. We set the prior mean of the center, x., y., of
the two Gaussians to the estimated central positions of the two
source galaxies found in the previous source reconstruction. This
ensures a well-informed starting point for our modeling process.
Similarly to Cathey et al. (2023), we model the light emitted by
the lensing galaxy by a composite model consisting of a Sérsic
and an exponential disk component. However, our methodol-
ogy differs from that of Cathey et al. (2023), who subtract their
model’s lensing light profile from the observational data. In our
study, we simultaneously optimized the lens light model along-
side the lens mass and the source light. This joint optimization
strategy is advantageous, as it preserves the noise characteristics
of the observational data. Finally, we reconstructed the lens mass
by employing the PIE model with CFM perturbations.

6.3.3. Results

The outcome of this reconstruction is shown in Fig. 6. Our algo-
rithm effectively captures the lensed-light emission, as evident

7 https://jwst-pipeline.readthedocs.io/en/stable/jwst/
error_propagation/main.html (last visited 05-09-2023).

from the absence of structural residuals in this area. However,
for both datasets, the reduced )(z—statistic falls short of reaching
unity. In order to see that these discrepancies do not originate
from our data combination strategy, we reconstructed the two
NIRCam observations separately. From these reconstructions
(both displayed in Figs. A.l1 and A.2), we find similar recon-
struction statistics and discrepancies. We can attribute these to
two possible explanations, which warrant further investigation.
First, the lens light model does not completely capture the com-
plexity of the lens as we find substantial residuals at the center.
Although we find that the masking the central residuals only
reduces the reduced y?> marginally. Second, the standard devi-
ation derived from the JWST pipeline might underestimate the
actual noise level present in the data. This could explain the
high value of the reported y’-statistic. Both these problems
could be addressed by a more accurate modeling of the JWST
pipeline and a more complex lens light model. However, this
inquiry lies beyond the scope of our present paper, which pri-
marily aims to showcase the strong lens modeling capabilities
of the LensCharm framework. Therefore, we defer this aspect to
future investigations.

Our analysis reveals that the convergence mass profile is
closely aligned with the PIE profile. The deviations from the
parametric PIE profile are displayed in Fig. 7. We find that the
main contribution of these mass deviations is to modify the
asymptotic slope of the isothermal profile along different angu-
lar directions. Moreover, we notice a moderate perturbation near
the lensed arc, which could hint at the presence of a substructure
at this location. However, conclusive confirmation or refutation
of this hypothesis demands for further investigation. Regarding
the source light distribution, also shown in a zoom-in view in
Fig. 7, we find good structural agreement with the reconstruc-
tion by Cathey et al. (2023), with two main differences. First,
the reconstruction by Cathey et al. (2023), which is based on
shapelet basis functions, leads to negative flux values, which
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are not observed in our reconstruction. Second, we find that
our reconstruction has sharper features for both source galax-
ies. From this, can see that one of the galaxies seems to be an
edge-on disk galaxy, while the other galaxy’s light profile is more
complex and has sharp details. Interestingly, if we compare these
features with the reconstruction of the same system made by
Cathey et al. (2023) using multiple filters, we find similar details.
These independent and morphologically similar reconstructions
hint at the validity of both methods. Nevertheless, it is worth
noting that LensCharm was in this case able to recover the high
resolution details of the source using a much smaller dataset. We
defer the study of multifrequency strong lensing observations to
future investigations.

7. Conclusions and future works

In this work, we present LensCharm, a novel strong gravitational
lensing modeling framework. Within this framework, users can
choose to model the lens mass and the source brightness distribu-
tion with either a parametric, nonparametric, or a hybrid model.
The nonparametric models are based on Gaussian processes,
which have been previously applied in the context of strong
lensing, for example, by Karchev et al. (2022). We have shown
how to incorporate physical insights into LensCharm models and
how this can improve the reconstructions. Moreover, the param-
eters of our models can be reconstructed jointly, as we make use
of the probabilistic programming framework NIFTy. Leverag-
ing fast second order solvers and variational inference, we are
able to obtain an approximate posterior distribution for our high-
dimensional nonparametric models, which takes into account
cross-correlations between all model parameters. Furthermore,
we can use the approximate posterior distribution resulting from
variational inference to obtain uncertainties on quantities of
interest, which include the source surface brightness and the
convergence profile of the lens. To give a demonstration of
LensCharm capabilities, we have applied it to three different
strong lensing observations.

First, we have compared our reconstruction to a state-of-
the-art lensing framework Lenstronomy. We have shown that
we are able to achieve high-resolution reconstructions of the
source, while circumventing some problems which can occur
with other approaches and that can lead, for instance, to negative
reconstructed flux.

We then applied our framework to a simulated JWST obser-
vation. Here, we have shown how to jointly reconstruct a realistic
source brightness distribution together with the underlying lens-
ing mass distribution. To test the robustness of the pipeline, we
have inferred the system using a different lens mass distribution
model than the one used to produce the synthetic observation.
This mimicks the analysis of a real observation for which the real
lens mass distribution is unknown and might deviate from the
model. While the proposed hybrid model was able to reconstruct
the source with high accuracy, the adopted convergence model
was not fully able to reconstruct the substructure to high reso-
lution. To address this problem, LensCharm offers the ability to
include new prior models for the convergence. Such an explo-
ration might lead to improved substructure detections, which
may enable probes into the nature of dark matter.

Finally, we have applied our algorithm to a real JWST obser-
vation obtained from the TEMPLATES program. This recon-
struction is to some extent preliminary, as it serves as a proof
of concept of the capabilities of LensCharm. A more complete
analysis could include multiple filters and a better instrument
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model, for instance. We defer this work to future investigations.
Even though this study is preliminary, our reconstruction frame-
work leads to an image of the source brightness distribution,
a companion galaxy system at redshift z = 4.2248 (for source
reconstruction comparison see Cathey et al. 2023) of an unprece-
dented high resolution. LensCharm has been made publicly
available® to enable the next generation of strong gravitational
lensing research.
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Appendix A: Single data reconstruction of
SPT0418-47 NIRCam observation

As discussed in Section 6.3, when reconstructing the source
flux of the SPT0418-47 galaxy system from the two different
datasets jointly, we observe that the data residuals are incom-
patible with the assumed noise statistics. This is summarized by
the y2-statistic values being larger than one. In order to test the
hypothesis that these residuals are indeed not a result of an error
in combining the two dataset into a single reconstruction, we
repeated the reconstruction using only one dataset at the time.
We display the independent reconstructions for dataset 1 and
dataset 2 in Fig. A.1 and in Fig. A.2, respectively.

We find that the y?-statistic of the independent reconstruc-
tions is close to the value obtained in the combined reconstruc-
tion. This hints toward the fact that the pipeline is indeed robust
with respect to using both datasets in a joint fashion. Further-
more, we notice a slight difference in the light distribution of one
of the companion source galaxies. This discrepancy can be asso-
ciated with a region in the data that has been partly masked by
the JWST pipeline. In combination with the fact that the residual
x’-statistic is far from 1 — even when neglecting the lens light
residuals at the center — this difference seems to suggest that
the data noise level is underestimated. We leave a more accurate
analysis of this mismatch to future investigations.
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Fig. A.1. Reconstruction of the JWST NIRCam observation of SPT0418-47 in the F356W filter using only the first data set. Top row: Source
reconstruction with its relative uncertainty, both of these quantities are obtained via sampling the approximating posterior. The remaining panel
displays the single data used for the reconstruction, which is part of the output of the second JWST pipeline step. Middle panels: Reconstructed
lensed light distribution resolved on the finer pixel grid, followed by the lens light which is also displayed on the finer pixel grid. The last panel
depicts the summation of the lens and lensed source light convolved by the PSF and integrated onto data resolution. Botfom panels: Reconstructed
convergence profile, next to its relative uncertainty. The last bottom panel of the depicts the residuals between the data and the lens plane flux
reconstruction, where the white boxes depict the masks used for flux which is unassociated with the lensed light.
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Fig. A.2. Reconstruction of the JWST NIRCam observation of SPT0418-47 in the F356W filter using only the second data set. The panels display
the same quantities as in Fig. A.1.
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