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ABSTRACT

The electron cyclotron maser instability (ECMI) of extraordinary mode waves was investigated with the parameters observed in Saturn’s
kilometric radiation (SKR) sources. Previous studies employed simplified dispersion relations, and did not consider the excitation of
the relativistic (R) mode. This mode is introduced by considering the relativistic effect in plasmas consisting of both cold and hot
electrons. Using particle-in-cell simulations, we investigated the excitation of R and X modes based on the measured data. Using the
reported value of the density ratio of energetic to total electrons ne/n0 = 24%, the most unstable mode is the R mode. The escaping
X-mode emissions are amplified only if the energetic electrons are dominant with ne/n0 ≥ 90%. For these cases, only the X mode is
excited and the R mode disappears due to its strong coupling. The results are well in line with the linear kinetic theory of ECMI. The
properties of both the R and X modes are consistent with the observed SKR emissions. This raises questions about the nature of the
measured electric field fluctuations within “presumed” SKR sources. The study provides new insights into the ECMI process relevant
to SKR emission mechanisms.

Key words. planets and satellites: gaseous planets – radio continuum: planetary systems – masers – waves – plasmas –
methods: numerical

1. Introduction

Saturn’s kilometric radiations (SKRs) represent intense radio
emissions originating from the kronian auroral region, consid-
ered to be the counterpart of the auroral kilometric radiations
(AKRs) on Earth (see, e.g., Kaiser et al. 1980, 1981; Gurnett
et al. 2004; Kurth et al. 2005; Lamy et al. 2009). The radia-
tions are observed in the kilohertz to megahertz frequency range,
and the radiated powers of 108–1010 W. Furthermore, SKRs are
closely related to Saturn’s magnetosphere dynamics (Jackman
2011; Kimura et al. 2013), and have been extensively studied.

Saturn’s kilometric radiations are often strongly polarized
with narrow beaming angles and high intensity (Lamy et al.
2008, 2018), indicating coherent emissions generated by electron
cyclotron maser instability (ECMI; Wu & Lee 1979; Wu 1985;
Treumann 2006; Bingham et al. 2013). The instability excites
escaping modes at gyro-frequencies (∼Ωce) via a gyro-resonant
wave-particle interaction, driven by electrons with anisotropic
velocity distribution functions (VDFs; see Ning et al. 2021a,b,
for recent studies). The ECMI is now widely applied to planetary
and stellar radio emissions.

The Cassini spacecraft measures the radio waves with the
Radio and Plasma Wave Science (RPWS, Gurnett et al. 2004)
instrument and the electrons with the Cassini Plasma Spec-
trometer Electron Spectrometer (CAPS/ELS, Linder et al. 1998;
Young et al. 2004) in Saturn’s magnetosphere. Since 2010,
researchers have reported several crossings of SKR sources
by Cassini, identified with the cutoff frequency of the spec-
trum close to or slightly lower than the local Ωce (e.g.,

Kurth et al. 2011; Mutel et al. 2010; Lamy et al. 2010, 2018;
Menietti et al. 2011).

As has previously been reported, SKR sources are character-
ized by a low ratio of plasma oscillation frequency to electron
gyro-frequency (ωpe/Ωce < 0.1), in accordance with the ECMI
conditions (ωpe/Ωce < 1, Wu & Lee 1979). The emissions
mainly propagate quasi-perpendicularly to the background mag-
netic field with linear polarization near the sources, consistent
with the X-mode properties. The energy conversion rate from
electrons to radiations is ∼1% (Lamy et al. 2011). The abun-
dances of energetic and cold electrons are comparable with each
other (Schippers et al. 2011).

The measurement of electron VDFs is crucial to the study
of the ECMI process. In the first encounter of the SKR source
by Cassini in 2008, Mutel et al. (2010) found that the cold and
hot electrons can be fitted with a Kappa and a Dory-Guest-
Harri (DGH, Dory et al. 1965) distribution, respectively. They
further calculated the corresponding ECMI growth rates of
X-mode emissions with the linear kinetic theory, and suggested
that the ECMI process can efficiently amplify this escaping
X mode below Ωce, along directions perpendicular to the
magnetic field. Menietti et al. (2011) investigated the ECMI
process of another SKR source using a similar method and
obtained the same results. They also suggested that O-mode and
Z-mode waves can be generated.

However, these studies on the ECMI of SKRs followed Mutel
et al. (2007) and employed the dispersion relations of pure rel-
ativistic energetic electrons. They estimated the correction to
the dispersion relation with a scale factor when calculating the
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Fig. 1. Evolution of electron VDFs and energy profiles of the simulation with ne/n0 = 24%. Panels a–c: snapshots of the VDFs at the start (a,
t = 0 ω−1

pe ), middle (b, 100 ω−1
pe ), and end (c, 200 ω−1

pe ) of the simulation. Panel d: Temporal variations of energies of the six fluctuated field
components. The black line represents the decline of the electron kinetic energy (−∆Ek). The energies are normalized to the initial kinetic energy
of the total electrons. The gray dashed line represents the exponential fitting of the energy profiles. The vertical dotted line in (d) indicates the
separate time (120 ω−1

pe ) of the linear stage and the saturation stage.

growth rates of the X and Z modes, rather than solving the dis-
persion matrix to calculate the real frequency and the growth
rate in a self-consistent manner. As reported by Mutel et al.
(2010) and Menietti et al. (2011), the density ratio of the ener-
getic to the total electrons was fitted as ne/n0 = 20–24%. With
this range of ne/n0 (and other comparable values), one obtains
very different dispersion relations. For waves perpendicular to
the magnetic field, the gyro-resonance condition is simplified
as ω = nΩce/γ < nΩce. When adopting the cold-plasma dis-
persion relation deduced from the magneto-ionic theory, the
ECMI process cannot amplify the fundamental X mode with
the cutoff frequency (ωX) being larger than Ωce. For pure ener-
getic electrons, the X-mode cutoff is less than Ωce and thus can
grow via ECMI (e.g., Winglee 1983, 1985; Pritchett 1984a;
Robinson 1986).

For plasmas consisting of both the cold and energetic elec-
trons, another important mode may emerge. This mode, first
deduced by Pritchett (1984b), appears in the range of Ωce/γ <
ω < Ωce. It is relevant to the relativistic effect, and is therefore
called the relativistic (R) mode (Strangeway 1985, 1986). Our
present study shows that the R mode becomes the most unstable
mode, and is probably relevant to SKR. However, it is trapped
and cannot escape. This mode has not been considered in studies
on SKR sources, to the best of our knowledge.

According to the earlier reports on the crossings of SKR
sources by Cassini, both cold and hot components of electrons
exist with comparable densities (Schippers et al. 2011). This
raises questions concerning the applicability of the oversim-
plified dispersion relations adopted by Mutel et al. (2010) and
Menietti et al. (2011), which did not consider the existence of
the R mode. For this study, we conducted fully kinetic elec-
tromagnetic particle-in-cell (PIC) simulations with the electron
VDFs and plasma parameters reported by Menietti et al. (2011)
to investigate the extraordinary modes (including R, X, and Z)
and their coupling within SKR sources. We conducted a para-
metric study on ne/n0, and applied the kinetic linear theory to
verify and explain the PIC simulations.

2. Numerical method and parameter setting

As reported by Menietti et al. (2011), the frequency ratio was
ωpe/Ωce = 0.046, and the VDFs of both the cold and hot

electrons were written as

f0 =
1

(2π)3/2v30
exp

− u2

2v20

 (1)

and

fe =
1

j!(2π)3/2v2⊥v∥

(
u2
⊥

2v2⊥

) j

exp

− u2
⊥

2v2⊥
−

u2
∥

2v2
∥

 , (2)

respectively, where j = 11, u represents the momentum per
mass, and v∥ (= 0.11c) and v⊥ (= 0.038c) represent the thermal
velocity of the DGH distribution along parallel and perpendic-
ular directions. The density ratio of the energetic to the total
electrons was fitted to be ne/n0 = 24%. Considering the uncer-
tainties of the source measurements, we conducted a parametric
study of ne/n0. The models and parameter settings are presented
below.

2.1. PIC simulations

We employed the Vector-PIC (vPIC) code developed by the
Los Alamos National Laboratory (LANL). The code employs a
second-order, explicit, leapfrog algorithm to update the positions
and the velocities of charged particles, along with a full Maxwell
description of the electric and magnetic fields via a second-order
finite-difference time-domain solver (Bowers et al. 2008, 2009).

We performed 2D3V (two spatial dimensions with three
velocity components) simulations in the xOz plane with peri-
odical boundary conditions and a uniform background magnetic
field (B0 = B0êz). The simulation domain was set to Lx = Lz =
2048∆, the grid length to ∆ = 0.019 λDE, and the time step to
∆t = 0.0097 ω−1

pe .
Two components of electrons were included. Their distribu-

tion functions are described by Eqs. (1) and (2), and the center
of the VDF of energetic electrons is at v⊥ ∼ 0.18 c (Fig. 1a).
The thermal velocity of the low-energy electrons was set to
v0 = 0.01c (∼50 eV). The charge neutrality was maintained
by including thermal protons with a realistic proton-to-electron
mass ratio of 1836 and the same temperature (with the thermal
velocity vp = v0/

√
1836). We included 1000 macroparticles per

cell for each component of the electrons and 500 for the protons.
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Fig. 2. Wave dispersion diagrams of electric and magnetic fields with ne/n0 = 24% and θkB = 90◦, during the interval of [100, 200] ω−1
pe . The six

field components are provided in panels a–f and the separated LH and RH components in panels g–h.

2.2. Linear analysis of ECMI

Following the analysis of Pritchett (1984b), we employed the δ
function below to describe the two components of electrons,

f =
(
1 −

ne

n0

)
δ(u⊥)δ(u∥) +

ne

n0
δ(u⊥ − ur)δ(u∥), (3)

where ur refers to the momentum of the energetic electrons.
In accordance with the PIC simulation, we assumed the waves
propagate in the xOz plane with B0 = Bzêz. For simplicity, only
the perpendicular propagating waves with k∥ = 0 were studied.

With the VDF presented above, we derived the elements
of the plasma dispersion tensor (Eq. (A.1)) and obtained the
frequencies and the growth rates of the ECMI modes by numer-
ically solving their determinant. We analyzed the dispersion
relations, the ECMI growth rates, and the polarization of the X
and R modes. The results are presented in the appendix.

3. PIC simulations

We present the PIC simulations with the reported SKR source
parameters as the reference case with (ne/n0 = 24%) to show
the excitation and properties of extraordinary modes (R, X,Z),
followed by the parametric study on ne/n0 to explore its effect.

3.1. Results with measured parameters (ne/n0=0.24)

According to the energy profiles presented in Fig. 1d, the wave
excitation and further evolution can be divided into two stages,
the linear (0–120 ω−1

pe ) stage and the saturation (120–200 ω−1
pe )

stage. In the linear stage, the energies of ∆Bz (= Bz − B0) and
Ey rise rapidly, reaching the level of 10−2 Ek0 (Ek0 is the ini-
tial kinetic energy of total electrons). The electron kinetic energy
(Ek) declines in accordance with the growth of the ECMI modes.
The energies of other field components are much weaker, being

∼10−5 Ek0. In the saturation stage, the energies of all the fields
rise gradually. In total, ∼3.4% of Ek0 was converted to wave
energies.

Figures 1a–c present the evolution of the electron VDFs. The
two components are initially separated. Within 100–200 ω−1

pe ,
the shell-like hot electrons diffuse in the phase space, later
developing a butterfly-like morphology. Meanwhile, the cool
Maxwellian electrons are significantly energized along the per-
pendicular direction.

We performed a fast Fourier transform (FFT) analysis on
each field component. In Figs. 2a–f, we show theω−k dispersion
diagrams for perpendicular-propagating waves with θkB = 90◦
(the angle between k and B0), along which the ECMI waves are
the most amplified. The strongest wave appears in the Ey and Bz
components, with frequencies of ∼0.98 Ωce, in accordance with
the dispersion relation of the R mode as shown in the Appendix.
This mode can be identified as the transverse electromagnetic
wave with significant Ey and Bz components and an insignificant
Ex component. The property of the simulated R mode is in line
with the linear kinetic theory (see Appendix A.2).

To separate the left-hand (LH) and right-hand (RH) polar-
ized components of the R mode, we processed (Ex, Ey) with the
following equation:

ELH,RH =
1
√

2
(Ex ± iEy). (4)

The results are presented in Figs. 2g–h. The intensities of the LH
and RH components are comparable to each other, indicating a
strong linear polarization.

According to the energy profiles in Fig. 1d, the total energy
of the R mode is ∼0.034 Ek0, and its growth rate can be fitted
as Γ = 5.57 × 10−3 Ωce. The fundamental O mode is slightly
amplified in Ez and By. Its total energy is weaker than the R mode
by approximately two orders of magnitude.
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Fig. 3. Energy profiles and growth rates for differ-
ent simulation cases. Panels a–e: energy profiles
of the six fluctuated field components for the
cases with ne/n0 = 0.1, 0.5, 0.7, 0.9, and 1.0.
The energies are normalized to the respective ini-
tial kinetic energy of total electrons of each case.
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In this case, only the R mode can be amplified, with no
significant growth of X. The results can be clearly understood
with the linear kinetic theory. As shown in the Appendix, the
R mode is the most unstable at k ∼ Ωce/c with a maximal growth
rate of 0.006 Ωce, and linearly polarized in Ey with Ex/iEy ∼ 0
(Figs. A.1a–c). The growth rates of the X mode remain at 0 with
its cutoff being larger than Ωce.

3.2. Effect of ne/n0

Considering the uncertainties of the electron measurement of
Cassini CAPS/ELS, we varied the values of ne/n0 from 10% to
100% to investigate the conditions for X-mode excitations. For
cases with a ne/n0 > 10%, the simulations lasted for 200 ω−1

pe ,
and for the ne/n0 = 10% case, the simulation lasted for 300 ω−1

pe .
In Figs. 3a–e, we plotted the energy profiles of each case.

As introduced in Sect. 3.1, we divided the whole ECMI pro-
cess into two stages, the linear stage and the saturation stage.
For each case we observed a sharp rise of Ey in the linear stage.
The energy conversion rates from the electron kinetic energy
to the waves is ∼10−2. With a higher ne/n0, the wave excita-
tion is more impulsive, with a short linear stage. For cases with
ne/n0 ≥ 50%, we observed a gradual decline of the field ener-
gies and −∆Ek (= Ek0 − Ek), suggesting further damping of the
amplified waves. Figure 4 displays the evolution of the VDFs in
different cases. With a larger ne/n0, the VDF of the hot elec-
trons diffuses faster, and the cold electrons are more efficiently
accelerated. The VDFs do not change much after 50–100 ω−1

pe .
For each case, we performed a FFT analysis of the fluc-

tuated fields to show the amplified wave modes (Fig. 5). The
waves in Ex and Ez are not shown here since they are very weak.
For cases with ne/n0 ≤ 70%, the R mode is the most intensive,
while no significant X mode appears. With increasing ne/n0,
the R-mode dispersion curve becomes flatter and closer to that
of the X mode. With ne/n0 ≥ 90%, the two dispersion curves

merge, indicating their strong coupling; this leads to the signif-
icant excitation of the X mode with a lower cutoff frequency of
ωX ∼ 0.97 Ωce.

We plotted the growth rates (Γ) of the simulated R mode (or
the X mode for the cases with ne/n0 = 90 and 100%) by fitting
the energy curves (Fig. 3f). The values of Γ rise from 0.0032 to
0.018 Ωce with ne/n0 from 10% to 100%. With the linear kinetic
theory (see Fig. A.2), we obtained comparable growth rates for
the R (for the cases with 0 < ne/n0 < 100%) and the X mode
(for the case with ne/n0 = 100%), which rise from 4.59 × 10−3

to 1.14 × 10−2 Ωce.
According to our PIC simulations, the X mode is excited

only if the energetic component is dominant (ne/n0 ≥ 90%).
The characteristics of the X mode in the case of ne/n0 = 100%,
including the growth rate, polarization, and wave fields (see
Figs. 3e, 4e, and 6), are consistent with the linear kinetic the-
ory (Figs. A.1d–f). In this case, the X mode becomes saturated
within the first 50 ω−1

pe , mainly in Ey and Bz, and much less so
in Ex. The energy conversion rate from energetic electrons to
the X mode is ∼3%, and the growth rate is ∼0.018 Ωce, simi-
lar to that obtained by the linear kinetic theory (∼0.014 Ωce; see
Fig. A.1e). According to Figs. 6g–h, the amplified X-mode waves
are linearly polarized with comparable LH and RH intensities.

With the linear kinetic theory (see Appendix A.3), for the
case with ne/n0 = 90%, the growth rate of the X mode is 0.
This is inconsistent with the corresponding PIC simulation pre-
sented above. This can be explained by the evolution of the
VDFs (Fig. 4d). Almost all of the cool electrons are energized
in the simulation within the first 50 ω−1

pe , and their VDFs over-
lap with the hot component. This makes it difficult to distinguish
the two components in the phase space, leading to an equivalent
case with ne/n0 = 100%. This explains why the simulation with
ne/n0 = 90% is in line with that of ne/n0 = 100%. In other cases
with less energetic electrons, the two components of the VDF are
still separated until the end of the simulation, and the X mode
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Fig. 5. ω − k dispersion diagrams of Ey at
θkB = 90◦ during the saturation stage for
different cases.

cannot grow. Further discussion is provided in the following
section.

4. Conclusion and discussion

The present study investigates the excitation of the R and
X modes based on the in situ observation of SKR sources
reported by Menietti et al. (2011). Both PIC simulations and
linear theory analysis were performed, and the results are in line

with each other. With the given set of parameters, the trapped
R mode is amplified as the dominant mode, while the escaping
X mode cannot grow. The growth rate of the R mode increases
with a ne/n0 of 10–70%. The X-mode emissions can only be
amplified if the electrons are dominated by hot components
(ne/n0 = 90% and 100%) with the cutoff frequency less than
Ωce and the growth rate ∼0.018 Ωce. According to our PIC
simulations, both the X and R modes can be characterized
with similar frequencies (∼Ωce), polarization (linearly polarized
in Ey), growth rates (10−2 Ωce), and energy conversion rates
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(1–3%). The properties can be well explained using the linear
kinetic theory.

As the kinetic theory suggests, the X mode can be amplified
only with ne/n0 = 100%. In other cases with 0 < ne/n0 ≤ 90%,
the R mode is the most unstable and the X mode cannot grow.
In our simulation with ne/n0 = 90%, we observed significant
declines of wave energies after the linear stage, with the cold
electrons significantly accelerated at 50ω−1

pe . We propose a multi-
step process to explain the X-mode excitation in this case (and its
inconsistency with the linear theory): the R-mode waves are first
amplified via ECMI, then interact strongly with the cool elec-
trons and become damped soon via the gyro-resonant absorption.
This results in the bulk acceleration of the minor cool electrons,
which then become the “hot” component. This leads to an effec-
tive “ne/n0 = 100%” case, and thus the strong coupling of the
R and X modes and the strong excitation of the X mode. This
means that the non-escaping R mode plays a crucial role in the
dynamic evolution of electron VDFs and the excitation of the
X mode.

However, with the actual measured parameters, we obtained
significant excitation of the trapped R mode rather than the
escaping X-mode radiation. This does not explain SKR observed
from a distance. We propose two possibilities to explain this
problem:

1. The measured electron VDFs are not the direct driver
of ECMI due to the poor resolution. The CAPS/ELS instru-
ment measures the electrons of different pitch angles using eight
detectors, which rotate for approximately 3 min to cover 2π sr
of the sky. The temporal resolution is much larger than the
timescales of the wave growth (∼100ω−1

pe ). It is hard to mea-
sure electrons right before the excitation of ECMI since the
VDFs diffuse rapidly at a timescale of 50–100 ω−1

pe . There-
fore, the ECMI of SKRs may not be induced by the measured
electron VDFs.

2. The in situ observation cannot distinguish the R and
X modes in the source region. According to our simulations
and the linear theory analysis, both the R and X modes are
identified as transverse electromagnetic waves with ω ∼ Ωce, lin-
early polarized in Ey. These properties are consistent with the
observed SKR emissions. With the Cassini in situ measurements
of the electric field only, it is difficult to distinguish the two wave
modes. In other words, it is possible that the enhancement of the

fluctuating electric fields observed by Cassini near or within the
sources is actually the trapped R mode, rather than the generally
believed escaping X mode.

Saturn’s kilometric radiation has long been considered to
be the analogy of the AKR from the geo-magnetosphere. Sim-
ilar problems were present when applying the ECMI mechanism
to AKRs. It is believed that AKRs are generated from low-
density cavities with no cold electron population. According to
the PIC simulations of the finite source cavity (Pritchett 1986;
Pritchett & Winglee 1989; Pritchett et al. 2002), the generated
X-mode radiations could escape from the cavities via mode con-
version at the boundaries. Although the presence of such cavity
structures has not been conclusively identified in SKR sources,
this could be a possible explanation for SKR.

In the present simulations, we employed periodical boundary
conditions to model the excitation of the wave modes, assuming
the electrons are uniformly distributed in a large spatial scale. No
replenishment of the electron free energy was included in this
model. We will conduct simulations with various setups of the
source configurations to examine their effect on the generation
process of SKR.

The ECMI growth rates of the X and Z modes in SKR
sources have been studied by Mutel et al. (2010) and Menietti
et al. (2011). As we pointed out in Sect. 1, previous studies
employed oversimplified dispersion relations with inappropriate
assumptions and did not consider the R mode. In this paper,
we performed PIC simulations to study the excitation of the
three extraordinary modes (R, X, and Z), focusing mainly on the
R mode and its effect on the excitation of the X mode. We also
performed linear analysis of the plasma kinetic theory to obtain
the dispersion relations and wave growths. The results are in
agreement with the PIC simulations.

The R mode is dominant in most cases with both the cold
and hot electrons, reaching energies of ∼0.03 Ek0. This mode
is trapped between plasma layers delimited by the two electron
gyro-frequencies (Ωce/γ, Ωce), yet it may be converted to escap-
ing emissions when propagating in inhomogeneous plasmas. In
addition, the R mode can be absorbed by electrons, leading to the
acceleration and heating of plasmas, which, in turn, can modify
the dispersion relations. Further simulations should investigate
the heating and acceleration process due to the R mode and its
coupling with the escaping X mode.
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Appendix A: Linear analysis of plasma kinetic
theory

A.1. Dispersion tensor

We followed Pritchett (1984b) to derive the dielectric tensors of
plasmas with the VDF given by the δ function (Eq. (3)). For per-
pendicular propagating waves, the elements of plasma dispersion
tensors were simplified as

ςxx = 1 − r′
ω2

pe

ω2 − 1
− r

∞∑
n=−∞

n2ω2
pe

ξ2ωb

(
2ξJnJ′n −Gr

ωJ2
n

b

)

ςxy = ir′
ω2

pe

(ω2 − 1)ω

+ ir
∞∑

n=−∞

nω2
pe

ωξb

[
JnJ′n + ξ(JnJ′′n + J′2n ) −Gr

ωJnJ′n
b

]
= −ςyx

ςyy = 1 −
k2c2

ω2 − r′
ω2

pe

ω2 − 1

− r
∞∑

n=−∞

ω2
pe

ωb

[
2J′2n + 2ξJ′nJ′′n −Gr

ωJ′2n

b

]
ςxz = ςzx = ςyz = ςzy = 0

ςzz = 1 −
k2c2

ω2 − r′
ω2

pe

ω2 − r
ω2

pe

γrω2

(A.1)

,
where r = ne/n0, ξ = kur/Ωce, r′ = 1 − r, Gr = γr − 1/γr,

γr = (1 + u2
r/c

2)1/2, b = γrω − nΩce, and Jn(ξ) refers to the usual
Bessel function of order n.

The following equation was solved to obtain both the fre-
quency and growth rate of each extraordinary mode (X, Z, or R):

ςxxςyy − ςxyςyx = 0. (A.2)

A.2. ECMI of X and R with ne/n0 = 24%

To understand the PIC simulations, we first conducted linear the-
ory analysis with the parameters of SKR sources reported by
Menietti et al. (2011). We set ur = 0.18 c, γr = 1.016, ne/n0 =
24%, and ωpe/Ωce = 0.046.

With a given k, we obtained four sets of complex roots
ω = ωr + iΓ of Eq. (A.2), representing different branches of the
wave modes (see Fig. A.1(a–b)). The dispersion curves of the
X mode lie in the range of ωr > Ωce with a zero growth rate.
The slow branch of the extraordinary mode (Z) is below Ωce/γr.
Within the range ofΩce/γr < ωr < Ωce and k ≲ Ωce/c, there exist
two conjugate roots of the R mode (R1 and R2). The maximum
absolute value of their growth rates is 0.006 Ωce. With increas-
ing k (> Ωce/c), R1 and R2 are decoupled and approach their
respective resonant frequency, that is, ∼Ωce and Ωce/γr.

The perpendicular-propagating extraordinary waves are
mainly carried by Ex and Ey. The polarization was determined
by

Ex

Ey
= −
ςxy

ςxx
. (A.3)

Figure A.1(c) displays the variations in Ex/iEy with k for each
extraordinary mode. With increasing k, Ex/iEy rises from −1 to
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Fig. A.1. Dispersion relation (a, d) and growth rates (b, e) of the
extraordinary wave modes according to the kinetic linear theory, with
ne/n0 = 24% (upper panels) and 100% (lower panels). The blue and red
lines refer to the X and Z modes; the purple and yellow lines refer to the
two branches of the relativistic modes (R1 and R2). Panels (c) and (f)
present the corresponding intensity ratio of Ex/iEy for each mode.

0 for the X mode and from 0 to infinity for the Z mode. The
Ex/iEy of R coincides with that of the X mode, with k < Ωce/c,
and with that of the Z mode, with k > Ωce/c.

With ne/n0 = 24%, R is the most unstable mode, with the
highest growth rate at k ∼ Ωce/c; where the three modes are basi-
cally linearly polarized with Ex/iEy ∼ 0, the X mode cannot be
amplified via the ECMI process.

A.3. Parameter studies on ne/n0, ωpe/Ωce, and ur

We varied ne/n0 from 0 to 100%, keeping the other parameters
fixed (Fig. A.2). With ne/n0 = 0, we obtained the magnetoionic
cold-plasma dispersion relation with two branches (X and Z),
with no instability.

With ne/n0 > 0, we obtained conjugate pairs of solutions for
the R1, R2, and Z modes, and only those with positive growth
rates are presented. The unstable R1 and R2 modes appear within
Ωce/γ < ω < Ωce and their growth rates rise with ne/n0. With a
higher abundance of energetic electrons, the X mode has a lower
cutoff (ωX) and its dispersion curve becomes closer to that of the
R mode. The X mode is always stable with ωX > Ωce if ne/n0 <
100%.

With ne/n0 = 100%, the dispersion curve of the R and X
modes merge together, with the cutoff ωX < Ωce. In this case, the
X mode can be amplified via ECMI with the highest growth rate,
∼0.011 Ωce. As Figure A.1(d–f) shows, the X mode is linearly
polarized in Ey (Ex/iEy ∼ 0) with k ≳ Ωce/c, and has the highest
growth rate at k ∼ Ωce/c. In summary, the linear theory suggests
that the R mode is unstable if both cold and hot components are
present, while the X mode can only be amplified with ne/n0 =
100%.

We further expanded the parameter study by varyingωpe/Ωce
and ur while fixing ne/n0 (=24%). We find that the R mode is
always dominant. With increasing ωpe/Ωce (from 0.01 to 0.25)
or ur (from 0.05 to 0.3 c), the dispersion curves of the R mode
appear in a broader range of frequencies with increasing growth
rates.
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Fig. A.2. Dispersion relation (upper panels) and growth rates (lower panels) of the extraordinary wave modes (X, R1, R2, and Z) with varying
ne/n0.
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