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ABSTRACT

The ESA global astrometry space mission Gaia has been monitoring the position of a billion stars since 2014. The analysis of such
a massive dataset is challenging in terms of the data processing involved. In particular, the blind detection and characterization of
single or multiple companions to stars (planets, brown dwarfs, or stars) using Gaia astrometry requires highly efficient algorithms. In
this article, we present a set of analytical methods to detect and characterize companions in scanning space astrometric time series as
well as via a combination of astrometric and radial velocity time series. We propose a general linear periodogram framework and we
derive analytical formulas for the false alarm probability (FAP) of periodogram peaks. Once a significant peak has been identified,
we provide analytical estimates of all the orbital elements of the companion based on the Fourier decomposition of the signal. The
periodogram, FAP, and orbital elements estimates can be computed for the astrometric and radial velocity time series separately or in
tandem. These methods are complementary with more accurate and more computationally intensive numerical algorithms (e.g., least-
squares minimization, Markov chain Monte-Carlo, genetic algorithms). In particular, our analytical approximations can be used as an
initial condition to accelerate the convergence of numerical algorithms. Our formalism has been partially implemented in the Gaia
exoplanet pipeline for the third Gaia data release. Since the Gaia astrometric time series are not yet publicly available, we illustrate
our methods on the basis of HIPPARCOS data, together with on-ground CORALIE radial velocities, for three targets known to host a
companion: HD 223636 (HIP 117622), HD 17289 (HIP 12726), and HD 3277 (HIP 2790).
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1. Introduction

The Gaia mission started its nominal operations in 2014 to mon-
itor the positions of a billion stars. The amount of data generated
by the spacecraft is massive and their calibration and analysis
represent a vast processing challenge. In this context, the com-
puting time dedicated to the analysis of each target is necessarily
limited and efficient analysis methods have to be developed. In
this article, we present efficient analytical methods for detect-
ing and characterizing companions (planets, brown dwarfs, or
stars) in astrometric time series as well as via a combination of
astrometric and radial velocity time series. This study is part of
an effort to improve the Gaia exoplanet detection pipeline and,
more specifically, the MIKS-GA1 algorithms (Holl et al. 2022).
The methods presented here have been partially integrated in
MIKS-GA for the third Gaia data release (DR3).

The least-squares or Lomb-Scargle (LS) periodogram (Lomb
1976; Scargle 1982) and subsequent generalizations (e.g., Ferraz-
Mello 1981; Zechmeister & Kürster 2009) are powerful tools in
the search for periodicities in uneven time series and widely

? We provide an open-source implementation of the methods pre-
sented in this article: the kepmodel python package, installable with pip
or conda. The sources are available at https://gitlab.unige.ch/
jean-baptiste.delisle/kepmodel.
1 MIKS-GA: multiple independent Keplerian solution using a Genetic
algorithm.

used in many branches of astronomy. In the context of two-
dimensional (2D) astrometry (i.e., when both sky coordinates
are measured at once, with a similar level of precision), the LS
periodogram has also been used to search for periodicities on
each coordinate independently (e.g., Black & Scargle 1982) or
jointly (e.g., Catanzarite et al. 2006). More sophisticated peri-
odograms have also been developed in the case of 2D astrometry,
for instance, the phase distance correlation periodogram (Zucker
2019). However, to our knowledge, these approaches have not
been extended to the case of scanning space astrometric mis-
sions, such as HIPPARCOS and Gaia. Here, we propose a general
linear periodogram framework to efficiently locate the periods of
candidate companions among scanning space astrometric time
series alone and among astrometric and radial velocity time
series combined. We additionally derive an analytical false alarm
probability (FAP) criterion to assess the significance of the can-
didates. This periodogram and FAP framework builds on the
previous works of Baluev (2008) and Delisle et al. (2020a),
which were primarily focused on the analysis of radial velocity
time series.

Once a companion is detected and its period is known,
the next step is to determine the complete set of parameters
describing its orbit. This is usually achieved using numerical
methods, such as least-squares minimization (or likelihood max-
imization) algorithms, or Markov chain Monte-Carlo. However
these numerical methods can be expensive in terms of comput-
ing time, especially if the initialization of the parameters is far
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Fig. 1. Scan angle convention for Gaia (θ) and HIPPARCOS (ψ).

from the solution. Here, we propose an analytical method that
can efficiently determine approximate orbital elements, which
may be used as the initial conditions for numerical methods. It
relies on the Fourier decomposition of the time series. Indeed,
for an eccentric orbit, the signature of the companion has some
power at the orbital period, but also at the harmonics of the
orbital period. In particular, the amplitude at the first harmon-
ics is approximately proportional to the eccentricity. We used
such properties to derive all the orbital parameters from a linear
least-square fit with sinusoids at the orbital period and its first
harmonics. Similar methods have been developed in the context
of astrometry with the cancelled space interferometry mission
(SIM), (Konacki et al. 2002) and radial velocities (Correia 2008;
Delisle et al. 2016). In this work, we extend the method proposed
in Delisle et al. (2016) to the case of scanning space astrometry
as well as to the case where astrometry and radial velocities are
combined.

This article is organized as follows. In Sect. 2, we present
the scanning space astrometric method and the expected astro-
metric signature of an unseen companion orbiting a star. Then,
we define in Sect. 3 a general linear periodogram for an astro-
metric time series and its combination with radial velocities and
we derive analytical approximations of the corresponding FAP.
We obtain in Sect. 4 analytical formulas to derive an approxi-
mation of all the orbital parameters once the period is known.
We illustrate our methods in Sect. 5 to reanalyze the astromet-
ric and radial velocity time series of three stars known to host
companions. While our methods have been developed in view of
analyzing Gaia data, we had to fall back to illustrating them on
the basis of HIPPARCOS data, since Gaia astrometric time series
will not be publicly available before DR4. Finally, we discuss in
Sect. 6 the possible uses of these methods.

2. Scanning space astrometry and Keplerian
motion

2.1. Coordinates and scan-angle

Scanning space astrometric missions such as HIPPARCOS or
Gaia do not directly measure the instantaneous declination (δ)
and right-ascension (α) of a star in the ICRS frame. They instead
measure the abscissa, sAL, of the star along a scan direction with
great precision, while the perpendicular coordinate, sAC, is deter-
mined with a much lower precision. The measured coordinates
(sAL, sAC) depend on the scanning direction which is represented
with a different convention between Gaia and HIPPARCOS (see
Fig. 1). The Gaia scan angle θ is the angle between the north
(increasing δ) and the along-scan direction (increasing sAL),
while the HIPPARCOS scan angle ψ is the angle between the

along-scan direction and the East (increasing α). We thus have:

ψ =
π

2
− θ,

sAL = δ cos θ + α∗ sin θ +$ΠAL

= δ sinψ + α∗ cosψ +$ΠAL,

sAC = δ sin θ − α∗ cos θ +$ΠAC

= δ cosψ − α∗ sinψ +$ΠAC, (1)

where α∗ = α cos δ is the modified right-ascension, $ is the
parallax, and ΠAL, ΠAC are the parallax factors. Across scan
observations can actually be treated the same way as along
scan observations by defining θ′ = θ − π/2 and ψ′ = ψ + π/2.
In the following, we assume that all the observations (Gaia or
HIPPARCOS, along or across scan) are converted to follow the
Gaia along-scan convention

s = δ cos θ + α∗ sin θ +$Π. (2)

The instantaneous coordinates of the star (δ, α∗) evolve due to
the proper motion of the system barycenter and to potential com-
panions. The proper motion can be expressed as a polynomial
expansion over time, so the coordinates follow

δ(t) = δ0 +

kmax∑
k=1

µ(k)
δ tk + δK(t),

α∗(t) = α∗0 +

kmax∑
k=1

µ(k)
α∗ t

k + αK(t), (3)

where (δ0, α
∗
0) is the position of the system barycenter at the ref-

erence epoch (t = 0), kmax is the degree of the expansion of the
proper motion, µ(k)

δ , µ(k)
α∗ are the coefficients of this expansion,

and (δK , αK) is the Keplerian part of the signal (due to compan-
ions). In most cases, only a linear proper motion is accounted for
(kmax = 1), and we simplify the notations as µδ = µ(1)

δ , µα∗ = µ(1)
α∗

2.2. Keplerian astrometric signal

Here, we consider a star that is orbited by a single companion,
assuming that the orbit is Keplerian. This Keplerian motion is
given by

δK = Ax + Fy,
αK = Bx + Gy, (4)

where

x = cos E − e,

y =
√

1 − e2 sin E, (5)

with e as the eccentricity, E the eccentric anomaly, and A, B, F,
G the Thiele-Innes coefficients

A = as(cosω cos Ω − sinω sin Ω cos i),
B = as(cosω sin Ω + sinω cos Ω cos i),
F = as(− sinω cos Ω − cosω sin Ω cos i),
G = as(− sinω sin Ω + cosω cos Ω cos i), (6)

where ω, Ω, and i are the argument of periastron, longitude of
ascending node, and inclination of the orbit, respectively, and as
is the semi-major axis of the orbit of the star around the center
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of mass of the system, expressed in mas. The eccentric anomaly
is implicitly expressed as a function of time through the Kepler
equation

E − e sin E = M = M0 + 2π
t
P
, (7)

where M is the mean anomaly, M0 is the mean anomaly at the
reference epoch, and P is the orbital period.

2.3. Fourier decomposition of a Keplerian astrometric signal

The Keplerian part of the astrometric signal is P-periodic and
can be decomposed as a discrete Fourier series

δK =
∑
k∈Z

dkeiknt,

αK =
∑
k∈Z

akeiknt, (8)

with n = 2π/P as the planet mean-motion. We introduce the
complex coordinate,

ζ = x + iy = cos E − e + i
√

1 − e2 sin E, (9)

and the complex coefficients,

Pδeiφδ =
A − iF

2
,

Pαeiφα =
B − iG

2
, (10)

such that

δK = Pδ

(
eiφδζ + e−iφδ ζ̄

)
,

αK = Pα

(
eiφαζ + e−iφα ζ̄

)
. (11)

We then write the Fourier decomposition of ζ in the following
form:

ζ(t) =
∑
k∈Z

ζkeikM =
∑
k∈Z

ζkeikM0 eiknt, (12)

where

ζk =
1

2π

∫ 2π

0
ζe−ikMdM (13)

are functions of the eccentricity only. The coefficients dk and ak
are then easily expressed as functions of the coefficients ζk

dk = PδeikM0
(
eiφδζk + e−iφδζ−k

)
,

ak = PαeikM0
(
eiφαζk + e−iφαζ−k

)
. (14)

The coefficients ζk can be computed numerically (see
Appendix A). They can also be computed analytically as power
series of the eccentricity. We go on to rewrite Eq. (13) as an
integral over the eccentric anomaly, E,

ζk =
1

2π

∫ 2π

0

(
cos E − e + i

√
1 − e2 sin E

)
× e−ik(E−e sin E)(1 − e cos E)dE. (15)
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Fig. 2. Fraction of the signal power in the fundamental and in the first
harmonics for a radial velocity time series and an astrometric time
series.

This expression can then straightforwardly be developed in
power series of the eccentricity and integrated over E. We obtain
for the first terms:

ζ0 = −
3
2

e,

ζ1 = 1 −
1
2

e2 + O
(
e4

)
,

ζ−1 =
1
8

e2 + O
(
e4

)
,

ζ2 =
1
2

e −
3
8

e3 + O
(
e5

)
,

ζ−2 =
1

24
e3 + O

(
e5

)
. (16)

At low eccentricity, the leading Fourier coefficients of δ and α
are found at the orbital period. The amplitude of the first harmon-
ics (half the orbital period) terms is proportional to the eccentric-
ity. Higher order harmonics have a much lower amplitude (higher
powers of the eccentricity). In the following, we aim to detect the
presence of a companion using a linear periodogram approach
where we approximate the Keplerian signal with the fundamen-
tal frequency only. Then, once the companion is detected and its
orbital period is known, we estimate the remaining parameters by
approximating the Keplerian signal using the fundamental and
the first harmonics. These two approximations remain valid for
low to moderate eccentricity. In order to assess the domain of
validity of this approach, we estimated the fraction of the signal
power that lies in the fundamental and in the first harmonics. We
show, in Fig. 2, these power fractions as a function of the eccen-
tricity. As a comparison, we also provide the same fractions in
the case of a radial velocity Keplerian signal. The details of these
derivations are presented in Appendix A. As expected, we see in
Fig. 2 that at low eccentricity, the power of the signal is con-
centrated in the fundamental frequency both for a radial velocity
signal and an astrometric signal. However, the behavior of both
kinds of signal differs at higher eccentricity. For the radial veloc-
ities, the power fraction in the fundamental drops to zero when
the eccentricity reaches 1. Therefore, for a radial velocity signal,
the linear periodogram approach (with a single frequency) has
a significant loss of sensitivity for high eccentricity signals (see
also Baluev 2015). To circumvent this issue, more complex peri-
odogram definitions have been proposed in the literature (e.g.,
Baluev 2013, 2015; Zucker 2018). In the case of astrometry, the
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power fraction in the fundamental also decreases with eccentric-
ity, but it always remains above about 80 %. Therefore, the linear
periodogram approach remains fairly sensitive even for highly
eccentric orbits, and a more complex periodogram approach
would probably be less beneficial than in the radial velocity case.

While a high power fraction in the fundamental improves the
detection sensitivity of the linear periodogram, it also reduces
the ability to characterize the companion’s eccentricity and argu-
ment of periastron. Indeed, the fundamental frequency alone
does not contain sufficient information to derive these parame-
ters. Therefore, one can only derive the eccentricity and argu-
ment of periastron with good precision for a signal that has
significant power in the harmonics. This applies in particular
to our analytical method (Sect. 4) but, more generally, indepen-
dently of the method, we expect the eccentricity and argument of
periastron to be characterized with less precision using astrom-
etry than using radial velocities, for a similar signal to noise
ratio (S/N).

3. Periodogram and false alarm probability

3.1. General linear periodogram

Here, we adopt a periodogram approach to detect the signa-
ture of a companion and estimate its orbital period. Following
Baluev (2008); Delisle et al. (2020a), we define a general lin-
ear periodogram by comparing the χ2 of the residuals of a linear
base model, H , with p parameters and enlarged linear model,
K , of p + d parameters, further parameterized by the angular
frequency, ν. The linear base model,H , follows:

H : mH (βH ) = ϕHβH , (17)

where βH is the vector of size p of the model parameters, ϕH
is a n × p matrix, and n is the number of points in the time
series. Typically, this base model includes five linear parame-
ters, including the position, the proper motion, and the parallax
(see Eqs. (2), (3)):

βH = (δ0, α
∗
0, µδ, µα, π),

ϕH =


cos θ1 sin θ1 t1 cos θ1 t1 sin θ1 Π1
cos θ2 sin θ2 t2 cos θ2 t2 sin θ2 Π2
...

...
...

...
...

cos θn sin θn tn cos θn tn sin θn Πn

 , (18)

but any additional linear parameters might be included. For
instance, a quadratic proper motion can be accounted for by
adding the columns t2 cos θ, t2 sin θ in ϕH .

The enlarged model K(ν) follows

K(ν) : mK (ν, βK ) = ϕK (ν)βK , (19)

where βK = (βH , β) is the vector of the p + d linear parameters,
and ϕK (ν) is the n× (p + d) matrix whose p first columns are the
columns of ϕH , and whose d last columns are functions of the
angular frequency, ν.

In the case of radial velocities (see Baluev 2008; Delisle
et al. 2020a), we would typically have d = 2, with the additional
columns of cos νt and sin νt, to account for any possible phase of
the potential companion. This definition implicitly assumes that
the signature of the companion is dominated by the fundamen-
tal frequency (see Sect. 2.3). In the astrometric case, the same
approximation is achieved with the d = 4 additional columns:
cos θ cos νt, sin θ cos νt, cos θ sin νt, and sin θ sin νt. These four

terms allow us to account for any possible phase and for the pro-
jection of the orbit over both axes (see Eqs. (2), (3)). Thus, we
typically use

βK =
(
βH , βδ,c, βα,c, βδ,s, βα,s

)
, (20)

ϕK (ν) = (ϕH , cos θ cos νt, sin θ cos νt, cos θ sin νt, sin θ sin νt) ,

where βK is the vector of the p + 4 parameters, and ϕK is the
(n × (p + 4)) matrix obtained by horizontal concatenation of ϕH
and the four additional columns.

We denote by χ2
H

and χ2
K

(ν) the χ2 of the residuals after a
linear least squares fit with a covariance matrix C of the models
H and K(ν), respectively:

χ2
H

= (s − ϕHβH)T C−1(s − ϕHβH),

χ2
K

(ν) = (s − ϕK(ν)βK)T C−1(s − ϕK(ν)βK). (21)

The covariance matrix, C, may account for all sources of cor-
related and uncorrelated noise, and in particular the instrument
systematics.

In the general case, the periodogram is a function z(ν) =
f (χ2
H
, χ2
K

(ν)). A general linear periodogram z is thus defined
by the models, H and K(ν), and the function f . For instance,
the widespread GLS periodogram (see Ferraz-Mello 1981;
Zechmeister & Kürster 2009) is defined as

zGLS(ν) =
χ2
H
− χ2

K
(ν)

χ2
H

. (22)

Baluev (2008) proposed four alternative definitions of the peri-
odogram. In the following, we focus on the GLS periodogram
since it is more widely used, but similar derivations can be found
in Appendix B for these alternative definitions.

3.2. False alarm probability

Once the periodogram is computed, it is useful to compute the
p-value of the highest peak (FAP), defined as:

FAPmax(Z, νmax) = Pr{max
ν<νmax

z(ν) > Z | H}, (23)

where Z is the value of the maximum peak of the periodogram
computed on the data. In this section, we provide analytical
approximations of the FAP for the GLS periodogram of Eq. (22).
Similar approximations for the alternative periodogram defini-
tions and their precise derivation is provided in Appendix B.

The model H is defined as in Eq. (17), where the n × p
matrix ϕH is user-defined, and the model K is defined as in
Eq. (20). The periodogram is computed in the range of frequen-
cies ]0, νmax] (i.e., 0 excluded and νmax included). The FAP is
approximated by (see Baluev 2008):

FAPmax(Z, νmax) ≈ 1 −
(
1 − FAPsingle(Z)

)
e−τ(Z,νmax), (24)

where analytical expressions for FAPsingle and τ(Z, νmax) are
given in Table 1 (d = 4). These expressions depend on the
rescaled frequency bandwidth, W, defined as

W =
νmax

2π
Teff , (25)

where Teff is the effective time series length. We provide in
Appendix B analytical estimates of Teff in the general case of
correlated noise. In the simplest case of white noise, that is, for
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Table 1. False alarm probability for the GLS periodogram (see Eq. (22))
following the method of Baluev (2008).

d FAPsingle(Z) τ(Z, νmax)

– 1 −
B(Z; d/2, nK/2)

B(d/2, nK/2)
γW (1 − Z)

nK−1
2 Z

d−1
2

2 (1 − Z)
nK
2 γW (1 − Z)

nK−1
2
√

Z

4
(
1 +

nK
2 Z

)
(1 − Z)

nK
2 γW (1 − Z)

nK−1
2 Z

3
2

6
(
1 +

nK
2 Z +

nK
2

(
nK
2 + 1

)
Z2

)
(1 − Z)

nK
2 γW (1 − Z)

nK−1
2 Z

5
2

Notes. The factor W is the rescaled frequency bandwidth defined in
Eq. (25), B(a, b) is the beta function, B(x; a, b) is the incomplete beta
function. The factor γ = Γ

(
nH
2

)
/Γ

(
nK+1

2

)
, where Γ(s) is Euler’s gamma

function, can be approximated by γ ∼
(

nH
2

) d−1
2 for nH ≥ 10.

a diagonal covariance matrix C = diag(σ2), the effective time
series length can be approximated by

Teff ≈

√
4π

(
t2 − t2)

, (26)

where t and t2 are weighted means with weights σ−2
i /

∑
j σ
−2
j .

This expression is proportional to the weighted standard devia-
tion of the measurement times.

The FAP estimate that we obtain here rely on the correct esti-
mation of the power, Z, of the highest peak in the considered
range of angular frequency ]0, νmax]. When computing the peri-
odogram, we should thus sample ν with a sufficiently small step
size to determine Z with a good precision. Moreover, it is also
important for the following steps to correctly identify the period
of the highest peak, which also requires for the periodogram
to be correctly sampled. The width of periodogram peaks is
typically 2π/Teff (in angular frequency). Each peak should be
sampled with a sufficient number of points to obtain a good esti-
mation of the peak height. A standard procedure in the literature
is to sample the angular frequency linearly with a step size of
2π/noT where T is the total time span of the observations (which
is a proxy for Teff), and no & 10 is the oversampling factor. The
maximum angular frequency νmax, or equivalently the minimum
period Pmin, is user-defined. By increasing the size of the fre-
quency range, we increase the probability of obtaining a higher
peak by chance (null hypothesis), which is why the FAP esti-
mate takes into account the maximum frequency, νmax, through
the rescaled frequency bandwidth, W.

3.3. Combining astrometric and radial velocity time series

We now consider the case where both astrometric and radial
velocity time series are available for a source. We extend to this
case the periodogram and analytical FAP approach described
above. In the following, we assume that the calendars of astro-
metric and radial velocity observations are independent and that
the noise affecting both time series is independent.

The general linear periodogram framework described above
is compatible with heterogeneous time series (such as astrom-
etry and radial velocities). We define the full dataset as a
concatenation of the astrometric and radial velocity datasets:

t = (ta, trv),
y = (s, v), (27)

where ta and trv are the astrometric and radial velocities calen-
dars respectively, s is the time series of astrometric abscissa,
and v is the radial velocity time series. Vectors t and y both
have length n = na + nrv. Since we assumed the noise affecting
both time series to be independent, the full covariance matrix is
block-diagonal:

C =

(
Ca 0
0 Crv

)
. (28)

Considering the linear models ma(βa) = ϕaβa for the astromet-
ric time series and mrv(βrv) = ϕrvβrv for the radial velocity time
series, the corresponding full linear model is written as

m(β) = ϕβ, (29)

with

β = (βa, βrv),

ϕ =

(
ϕa 0
0 ϕrv

)
, (30)

and the corresponding χ2 is written as:

χ2 = (y − ϕβ)TC−1(y − ϕβ)

= (s − ϕaβa)TC−1
a (s − ϕaβa)

+ (v − ϕrvβrv)TC−1
rv (v − ϕrvβrv)

= χ2
a + χ2

rv, (31)

since ϕ and C are block-diagonal.
The base model H can thus be defined completely inde-

pendently for the astrometry and the radial velocities. As men-
tioned in Sect. 3.1, for the astrometry, the base model typically
includes five linear parameters (see Eq. (18)). In the radial veloc-
ity case, the base model typically includes instruments offsets
and might additionally take into account drift terms (typically
linear, quadratic, or cubic trends) or activity indicators (R′HK,
FWHM, etc.).

The enlarged modelK(ν) includes four additional linear pre-
dictors for the astrometry and two additional predictors for the
radial velocities:

ϕK ,a = (ϕH ,a, cos θ cos νta, sin θ cos νta, cos θ sin νta, sin θ sin νta),
ϕK ,rv = (ϕH ,rv, cos νtrv, sin νtrv). (32)

We thus have d = 6 additional parameters in the model K(ν),
compared toH . The periodogram z(ν) is then computed accord-
ing to the definition of Eq. (22), or one of the alternative
definitions of Appendix B. The FAP approximation is very simi-
lar to the case of astrometry alone (Sect. 3.2) or radial velocities
alone (see Baluev 2008; Delisle et al. 2020a). Furthermore, we
have:

FAPmax(Z, νmax) ≈ 1 −
(
1 − FAPsingle(Z)

)
e−τ(Z,νmax), (33)

where analytical expressions for FAPsingle and τ(Z, νmax) are
given in Table 1 (d = 6). The rescaled frequency bandwidth, W,
is still defined as (see Eq. (25))

W =
νmax

2π
Teff , (34)
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but the effective time series length Teff is now approximated as
(see Appendix B):

Teff ≈
8
√
π

15


√
λ+ +

√
λ− +

√
λrv

−

(√
λ+λ− +

√
λ+λrv +

√
λ−λrv

)2

(√
λ+ +

√
λ−

) (√
λ+ +

√
λrv

) (√
λ− +

√
λrv

)
 . (35)

The expressions of λ+, λ−, and λrv are provided in Appendix B
in the general case of correlated noise. In the white noise case
(diagonal covariance matrices Ca = diag(σ2

a), Crv = diag(σ2
rv)),

we find:

λ+ = λ− = t2
a − ta

2
,

λrv = t2
rv − trv

2
, (36)

where tk and t2
k (k = a, rv) are weighted means with weights

σ−2
k,i /

∑
j σ
−2
k, j. The expression for the effective time series length

is thus a combination of the weighted standard deviations of the
measurement times of both time series.

4. Analytical determination of orbital parameters

Once a significant peak has been identified in the periodogram,
we may attribute this peak to the presence of a companion. The
periodogram peak provides an estimate of the companion period
and the next step is usually to derive the other parameters. This
step is usually performed using numerical algorithms (local min-
imization methods, MCMC, genetic algorithms, etc.). In order to
improve the performances of such methods, a good initial guess
of the parameters is very valuable. We thus adapt the method
we developed for the radial velocities (see Delisle et al. 2016) to
the case of an astrometric signal (Sect. 4.1) and to the combina-
tion of astrometry and radial velocities (Sect. 4.2). An analogous
method was developed in the case of interferometric astrome-
try by Konacki et al. (2002). The principle of the method is to
deduce the orbital parameters from the amplitudes and phases
of the signal at the period and first harmonics of the planet. For
instance, the amplitude of the k-th harmonics scales as ek, so
the ratio between the amplitudes of the first harmonics and the
fundamental period provides insights into the eccentricity.

4.1. Astrometric time series

We assume here that the orbital period of the companion has
been correctly determined with the periodogram approach. We
define a new linear model similar to the one used for the peri-
odogram (Eq. (20)) but including both the mean motion n =
2π/P and the first harmonics 2n:

ϕ = (ϕH ,
cos θ cos nt, sin θ cos nt,
cos θ sin nt, sin θ sin nt,
cos θ cos 2nt, sin θ cos 2nt,
cos θ sin 2nt, sin θ sin 2nt),

β = (βH ,
βδ,1,c, βα,1,c,

βδ,1,s, βα,1,s,

βδ,2,c, βα,2,c,

βδ,2,s, βα,2,s). (37)

The corresponding χ2 is written as

χ2 = (s − ϕβ)TC−1(s − ϕβ), (38)

and is minimized for

β = Cβϕ
TC−1s, (39)

where Cβ is the covariance matrix of the parameters

Cβ =
(
ϕTC−1ϕ

)−1
. (40)

By definition, we have (see Eq. (8)):

d1 ≈
1
2

(
βδ,1,c − iβδ,1,s

)
,

a1 ≈
1
2

(
βα,1,c − iβα,1,s

)
,

d2 ≈
1
2

(
βδ,2,c − iβδ,2,s

)
,

a2 ≈
1
2

(
βα,2,c − iβα,2,s

)
. (41)

We then define (see Eqs. (14), (16)):

ρδ = 2
d2

d1
= 2eiM0

ζ2 + e−2iφδζ−2

ζ1 + e−2iφδζ−1

= eiM0

(
e −

e3

4
−

e3

24
e−2iφδ

)
+ O

(
e5

)
,

ρα = 2
a2

a1
= eiM0

(
e −

e3

4
−

e3

24
e−2iφα

)
+ O

(
e5

)
, (42)

and

ηδ = 2
d2

d2
1

=
e

Pδ
e−iφδ + O

(
e3

)
,

ηα = 2
a2

a2
1

=
e

Pα
e−iφα + O

(
e3

)
. (43)

These expressions are very similar to the radial velocity case (see
Delisle et al. 2016). We thus follow the same lines to deduce the
planet’s orbital parameters. At first order in eccentricity, we find
(see Eq. (42)):

ρk ≈ eeiM0 , (44)

so the eccentricity e and mean anomaly M0 could be directly
deduced from the amplitude and phase of ρk. However, a better
precision can be achieved by taking into account the terms of
order 3 in eccentricity. Following Delisle et al. (2016), we first
determine a crude approximation of φk:

φ̂k ≈ − arg (ηk) . (45)

Then, defining the coefficients rk as:

rk =
1
4

(
1 +

cos(2φ̂k)
6

)
, (46)
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Fig. 3. Accuracy of our analytical estimates of e and M0 (see Sect. 4.1) assuming the Fourier decomposition of the signal to be perfectly known.
We plot the range of deviations from the true eccentricity (top) and mean anomaly (bottom) as a function of the argument of periastron, ω, and the
true eccentricity, e.

we obtain the same cubic equation for e as in the radial velocity
case (see Eq. (42) and Delisle et al. 2016):

|ρk | ≈ e − rke3, (47)

whose unique solution in the interval [0, 1] is given by (see
Delisle et al. 2016):

êk =
1
hk

cos
(
π + arccos (3hk |ρk |)

3

)
, (48)

with

hk =

√
3rk

2
. (49)

Then, the mean anomaly M0 can be deduced using (see Eq. (42)):

M̂0 k = arg(ρk) − arg
1 − ê2

k

4
−

ê2
k

24
e−2iφ̂k

 . (50)

With this method, we obtain two estimates for e and M0 –
one corresponding to the motion against the declination and one
corresponding to the motion against the right ascension. We then
need to combine these estimates. A simple average could be
used, however, depending on the scanning law, one of the esti-
mates could be much more precise than the other. We would thus
rather perform a weighted average, with weights computed by
propagating the errorbars of the linear fit. The details of this error
propagation and weighting method are detailed in Appendix C.
In order to test the accuracy of our analytical estimate of e
and M0, we generated sets of orbital parameters and provided
to our algorithm the exact values of the Fourier decomposition
of the corresponding astrometric signal: d1, d2, a1, a2. We then
compared the eccentricity, ê, and mean anomaly, M̂0, estimated
from these Fourier coefficients using our algorithm, with the true
parameters e and M0. We show in Fig. 3 the results of this com-
parison as a function of the true eccentricity, e, and argument of
periastron, ω. For each couple, e, ω, we generated a grid of incli-
nation, i, and longitude of the node, Ω, and plotted the maximum
deviations over this grid in Fig. 3. We see that the analytical esti-
mates of e and M0 remain very close to the true values even at
high eccentricity, with a maximum deviation of about 0.05 for
the eccentricity and 1 deg for the mean anomaly at e = 0.95. The
method could be further refined by using a Newton-Raphson cor-
recting algorithm, as proposed in Delisle et al. (2016). However,
in practice, the accuracy of the method is mainly limited by the

precision of the determination of the Fourier coefficients d1, d2,
a1, a2, which we neglected in this test.

Once P, e and M0 are known, the orbit is then fully character-
ized by computing the Thiele-Innes coefficients, which are linear
parameters (see Eqs. (4)–(6)). We first solve the Kepler equation
(Eq. (7)) to compute the eccentric anomaly E. Then we compute
the vectors x, y according to Eq. (5), and solve the linear problem
(see Eq. (4)):

ϕ = (ϕH ,
x cos θ, x sin θ,
y cos θ, y sin θ) (51)

to obtain estimates for A, B, F, and G.

4.2. Combining astrometric and radial velocity time series

The method described in Sect. 4.1 to derive an estimate of the
eccentricity, e, and of the mean anomaly at reference epoch,
M0, can be extended to the case of a combination of astro-
metric and radial velocity time series in a straightforward way.
We still assume that the orbital period of the companion has
been correctly determined with the periodogram approach and
we define a linear model including the fundamental frequency
(mean motion n = 2π/P) and the first harmonics (2n), for both
time series:

ϕa = (ϕH ,a,
cos θ cos nta, sin θ cos nta,
cos θ sin nta, sin θ sin nta,
cos θ cos 2nta, sin θ cos 2nta,
cos θ sin 2nta, sin θ sin 2nta),

βa = (βH ,a,
βδ,1,c, βα,1,c,

βδ,1,s, βα,1,s,

βδ,2,c, βα,2,c,

βδ,2,s, βα,2,s),
ϕrv = (ϕH ,rv,

cos ntrv, sin ntrv,
cos 2ntrv, sin 2ntrv),

βrv = (βH ,rv,
βrv,1,c, βrv,1,s,

βrv,2,c, βrv,2,s). (52)
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We obtain the best-fitting parameters βa, βrv, as well as the
covariance matrices Cβa , Cβrv by minimizing the corresponding
χ2. We derive the values of ρδ, ρα, ηδ, ηα (see Eqs. (42)–(41))
from the astrometric parameters βa. We also derive (see Delisle
et al. 2016):

ρrv =
V2

V1
,

ηrv =
V2

V2
1

, (53)

with

V1 =
1
2

(βrv,1,c − iβrv,1,s),

V2 =
1
2

(βrv,2,c − iβrv,2,s). (54)

We then use the method described in Delisle et al. (2016) and
Sect. 4.1 to obtain the estimates êk and M̂0 k from the values of ρk
and ηk (k = δ, α, rv). These three estimates are finally combined
to obtain ê and M̂0, using the error propagation and weighting
method detailed in Appendix C.

Following the same line as in Sect. 4.1, we performed a linear
fit of the astrometric time series to obtain estimates of the Thiele-
Innes coefficients (A, B, F, and G). Similarly, we performed a
linear fit of the radial velocity time series to obtain estimates of
Kc = K cosω and Ks = K sinω. These estimates should again
be combined to obtain a set of four parameters describing the
orbit, in addition to the three parameters already determined
(P, e, M0).

The astrometry is sensitive to all the orbital parameters but
has a degeneracy between two symmetric solutions for the argu-
ment of periastron ω and the longitude of the node Ω (ω′ =
ω + π, Ω′ = Ω + π). On the contrary, the radial velocities are not
sensitive to the inclination, i, and the longitude of the node, Ω,
but allow us to break the degeneracy by providing an estimate
of the argument of periastron, ω. To combine the parameters
obtained from astrometry and radial velocities, we introduce the
following parameters:

U = (as,AU sin i)2 cos 2ω,

V = (as,AU sin i)2 sin 2ω. (55)

These parameters can be derived both from the astrometric
parameters,

Ûa =
(Â2 + B̂2) − (F̂2 + Ĝ2)

$̂2 ,

V̂a = −2
ÂF̂ + B̂Ĝ

$̂2 , (56)

and the radial velocity parameters,

Ûrv =
1 − ê2

n̂2

(
K̂2

c − K̂2
s

)
,

V̂rv = 2
1 − ê2

n̂2 K̂cK̂s. (57)

We followed the same approach as in Appendix C to propa-
gate the covariance matrices of the linear fits and performed a
weighted average of the two estimates of U and V . From the
weighted estimates Û, V̂ , it is straightforward to derive esti-
mates for as sin i and ω. For the argument of periastron, ω, two

solutions are actually possible since U and V depend on 2ω,
but we chose the one that is closest to the radial velocity esti-
mate (obtained from K̂c, K̂s). The two remaining parameters
only depend on the astrometry and can be chosen arbitrarily. For
instance, Ω can be estimated with

Ω̂ = arctan
(
B̂ cosω − Ĝ sinω, Â cosω − F̂ sinω

)
, (58)

and cos i can be estimated using (e.g., Popović & Pavlović 1995):

cos î =
m

k + j
, (59)

with

m = ÂĜ − B̂F̂ ≈ a2
s cos i,

k =
1
2

(
Â2 + B̂2 + F̂2 + Ĝ2

)
≈ a2

s
1 + cos2 i

2
,

j =
√

k2 − m2 ≈ a2
s
sin2 i

2
. (60)

5. Applications

We go on to illustrate our methods with a reanalysis of the
astrometric and radial velocity time series of three stars known
to host a companion: HD 223636 (HIP 117622), HD 17289
(HIP 12726), and HD 3277 (HIP 2790). We used HIPPARCOS
data (with the reduction of van Leeuwen 2007) for the astrom-
etry and CORALIE data for the radial velocities. We binned
HIPPARCOS data over one-day intervals and excluded the bins
with a resulting uncertainty larger than 2.5 mas.

An upgrade of CORALIE was performed in 2007 to improve
the overall transmission of the instrument. This upgrade affected
the instrumental zero point and the overall instrument stability
(Ségransan et al. 2010). We thus actually considered the data
taken before and after the upgrade as coming from two differ-
ent instruments (COR98 before and COR07 after). We modeled
the noise as the quadratic sum of the individual measurements
errors, as provided by the instruments reduction pipelines, and an

additional instrumental jitter: σ̃i =

√
σ2

i + σ2
inst.. Such a model-

ing process allows us to account for both stellar and instrumental
noises that are not already modeled by the reduction pipelines.
We thus defined three jitter terms: σHIP for HIPPARCOS data
and then σCOR98 and σCOR07 for CORALIE data. We initially
set the default values σCOR98 = 5 m s−1 and σCOR07 = 8 m s−1,
which correspond to the observed scatter of a set of bright
and stable solar type stars monitored on a regular basis with
CORALIE since 1998. For HIPPARCOS, we used a default value
of σHIP = 0 mas. We let the three jitter values vary at the end of
the analysis to adapt to the specificity of each dataset.

We applied a similar procedure for each target, using our
open source python package kepmodel2. We analyzed the astro-
metric and radial velocity time series both independently and
jointly. We computed the periodogram and associated FAP
according to Delisle et al. (2020a) (radial velocities) and Sect. 3
(astrometry and joint analysis). All the periodograms were com-
puted using the normalized power of Eq. (22) and by sampling
the angular frequency linearly in the range [2π/50 000, 2π/0.9]
(rad day−1) with 50 000 values, such that the oversampling factor
is always above 10. We then extracted from the periodogram the

2 https://gitlab.unige.ch/jean-baptiste.delisle/
kepmodel
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Fig. 4. Periodogram of the HIPPARCOS astrometric time series of
HD 223636.

Table 2. Fit parameters for HD 223636.

Astrometry

Guess Fit Fit Incl. jitter

π (mas) 19.45 19.66 ± 0.39 19.70 ± 0.51
∆δ (mas) −33.8 −32.3 ± 1.6 −31.8 ± 2.1
∆α∗ (mas) 77.2 78.1 ± 1.0 78.5 ± 1.3
µδ (mas yr−1) −75.56 −75.35 ± 0.42 −75.35 ± 0.53
µα (mas yr−1) 197.58 197.96 ± 0.84 198.2 ± 1.0
σHIP (mas) – – 0.64 ± 0.21

P (days) 1049 1011 ± 32 1004 ± 37
M0 + ω (deg) 242.2 243.4 ± 3.4 243.0 ± 4.2
as (mas) 12.37 12.27 ± 0.43 12.48 ± 0.59
e 0.272 0.257 ± 0.059 0.261 ± 0.086
ω (deg) 125 100 ± 24 92 ± 29
i (deg) 118.2 118.0 ± 2.7 117.1 ± 3.9
Ω (deg) 38.0 37.7 ± 2.7 37.3 ± 3.4

logL –40.00 –39.41 –35.81

Notes. The reference epoch is 2 448 500 BJD.

period corresponding to the highest peak and applied our ana-
lytical methods to estimate the other orbital parameters, using
Delisle et al. (2016; radial velocities) and Sect. 4 (astrometry and
joint analysis). We then adjusted the values of all the param-
eters by performing a local maximization of the likelihood L
using the L-BFGS-B algorithm provided by the scipy python
package. This algorithm makes use of the partial derivatives of
the likelihood with respect to the parameters, which we com-
puted analytically. We estimated errorbars on the parameters by
extracting the diagonal of the inverse of the Hessian matrix of the
likelihood. We then repeated the fitting procedure but addition-
ally adjusting the values of the instrumental jitter terms. Finally,
we computed the periodograms and FAP of the residuals of the
joint model, considering the astrometric and radial velocity time
series independently or jointly.

5.1. HD 223636

We first considered HD 223636 (HIP 117622), which was found
to host a companion at about 1008 days by Goldin & Makarov
(2007), based on an analysis of the HIPPARCOS time series. No
radial velocities are available for this target and we thus only
reanalyzed the HIPPARCOS time series. The periodogram of the
astrometric data is shown in Fig. 4, where we clearly see a very
significant peak (FAP = 3 × 10−5) around 1050 days.

010
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Fig. 5. Astrometric orbit of HD 223636.
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Fig. 6. Periodogram of HIPPARCOS astrometric residuals of HD 223636
after fitting for its companion.

We show in Table 2 the parameters obtained using our analyt-
ical estimation method (initial guess), after a local maximization
of the likelihood and after a second fit, including the jitter term.
We observe that the initial guess of the parameters is very close
to the maximum likelihood estimate. When adjusting the jit-
ter, we obtain a value of about 0.64 mas, while the average
HIPPARCOS errorbar (over one day bins) is about 0.93 mas.
Accounting for this jitter significantly increases the uncertain-
ties on all the parameters, and allows to have a better assessment
of the actual precision on these parameters. We note that the final
uncertainty on the argument of periastron, ω, is large (29 deg),
while the other angles have errorbars below 5 deg. The set of
parameters is chosen as to avoid strong correlations between
these angles. In particular, the phase of the planet on its orbit is
modeled using the mean argument at the reference epoch M0 +ω
instead of the mean anomaly M0 (which is anti-correlated with
ω) or the mean longitude λ0 = M0 + ω + Ω (which is correlated
with Ω). The astrometric orbit corresponding to the maximum
likelihood parameters (including jitter), is shown in Fig. 5 super-
imposed with HIPPARCOS measurements. The periodogram of
the residuals is shown in Fig. 6, where no significant peak is
found (FAP = 0.89).

5.2. HD 17289

The second target, HD 17289 (HIP 12726), was also found to host
a companion by Goldin & Makarov (2007) using HIPPARCOS
astrometry alone. The companion was later confirmed and better
characterized by Sahlmann et al. (2011) using both HIPPARCOS
astrometry and CORALIE radial velocities. This system
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Table 3. Fit parameters of HD 17289.

Astrometry RV Joint model

Guess Fit Fit Incl. jitter Guess Fit Fit Incl. jitter Guess Fit Fit Incl. jitter

π (mas) 20.73 20.41 ± 0.34 20.34 ± 0.56 – – – 20.39 20.49 ± 0.33 20.39 ± 0.58
∆δ (mas) −175.0 −170.6 ± 2.3 −170.4 ± 3.4 – – – −167.3 −170.9 ± 1.9 −170.3 ± 3.1
∆α∗ (mas) −129.3 −128.9 ± 2.3 −128.6 ± 3.8 – – – −118.4 −125.5 ± 1.7 −125.1 ± 2.7
µδ (mas yr−1) −39.27 −39.42 ± 0.41 −39.42 ± 0.65 – – – −37.74 −39.35 ± 0.40 −39.29 ± 0.68
µα (mas yr−1) −26.37 −26.22 ± 0.38 −26.16 ± 0.59 – – – −26.40 −26.26 ± 0.36 −26.13 ± 0.59
σHIP (mas) – – 1.43 ± 0.34 – – – – – 1.57 ± 0.34

γCOR98 (m s−1) – – – 34931.9 34942.1 ± 2.3 34942.1 ± 5.0 34931.5 34942.4 ± 2.3 34942.3 ± 5.0
γCOR07 (m s−1) – – – 35187.0 34957.6 ± 6.6 34954.8 ± 9.1 35186.8 34956.4 ± 6.5 34954.2 ± 9.1
σCOR98 (m s−1) – – – – – 17.9 ± 3.5 – – 17.9 ± 3.5
σCOR07 (m s−1) – – – – – 0.0 ± 6.6 – – 0.0 ± 6.5

P (days) 570.3 567.2 ± 4.7 570.5 ± 7.0 570.34 562.03 ± 0.19 562.00 ± 0.27 570.34 561.99 ± 0.18 561.98 ± 0.27
M0 + ω (deg) 135 141 ± 16 129 ± 29 185.53 162.40 ± 0.54 162.71 ± 0.80 185.59 162.28 ± 0.53 162.65 ± 0.80
as (AU) 0.662 0.665 ± 0.064 0.66 ± 0.10 0.06635 0.06181 ± 1.7 × 10−4 0.06176 ± 3.4 × 10−4 0.157 0.557 ± 0.019 0.576 ± 0.034
e 0.596 0.656 ± 0.061 0.65 ± 0.10 0.5641 0.5326 ± 0.0020 0.5311 ± 0.0039 0.5637 0.5330 ± 0.0020 0.5314 ± 0.0039
ω (deg) 71 55 ± 15 46 ± 29 54.26 52.24 ± 0.30 53.04 ± 0.40 54.40 52.27 ± 0.30 53.06 ± 0.40
i (deg) 149.0 151.3 ± 7.6 154 ± 13 – – – 154.98 173.63 ± 0.22 173.84 ± 0.36
Ω (deg) 348 353 ± 14 346 ± 27 – – – 48.0 4.3 ± 1.9 5.2 ± 3.1
logL –81.14 –72.66 –65.20 –1496.57 –141.12 –117.52 –1858.53 –218.30 –184.31

Notes. The reference epoch is 2 450 000 BJD.

is actually a binary star, with a mass ratio of about 2 between
the primary and the companion, leading to a contrast of about
1 : 180 in the visible, which slightly affects the radial-velocity
measurements. This issue is discussed in details in Sahlmann
et al. (2011) and is beyond the scope of our study. Here, we
use the same HIPPARCOS and CORALIE data as Sahlmann
et al. (2011). The CORALIE data consist of 29 measurements
(22 COR98 and 7 COR07).

We show in Fig. 7 the periodogram of the astrometric data
alone, the radial velocities alone, as well as the joint peri-
odogram. In the three cases, a significant peak is detected around
570 days. Since the time span of CORALIE measurements
(11.3 yr) is much longer than the time span of HIPPARCOS
measurements (3.2 yr), the radial velocity peak is much nar-
rower. The joint periodogram shows a very similar shape as
the radial velocity periodogram, but provides stronger evidence
for the existence of a companion (FAP = 3 × 10−8 and 10−3,
respectively).

Table 3 provides the parameters obtained at the different
steps of our procedure using astrometry alone, radial velocities
alone, and both datasets together. In all three cases, our ana-
lytical method provides a good initial guess of the parameters.
When using the radial velocities alone, the provided value for
the semi-major axis, as, is actually the minimum semi-major
axis (as sin i), which is equivalent to assuming an inclination of
90 deg. Since the actual inclination is about 174 deg (sin i ≈ 0.1),
this explains the factor of 10 difference with regard to the astro-
metric or joint value. The other parameters show coherent values
between astrometry and radial velocities. When using astromet-
ric data alone, the parameters ω and Ω present two degenerated
solutions (ω, Ω) and (ω + π, Ω + π). In order to ease the com-
parisons, we chose the solution that is the closest to the value of
ω obtained with radial velocities. However, it should be kept in
mind that there is no way to break this degeneracy using astrom-
etry alone. We observe that while the inclination, i, and longitude
of the node Ω are not constrained by radial velocities, we obtain
a much higher precision on these parameters with the joint fit
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Fig. 7. Periodograms of the HIPPARCOS time series (astrometry, top),
CORALIE time series (RV, middle), and joint periodogram (bottom) of
HD 17289.

than using astrometry alone. This is because of the correlations
between these two parameters and the other orbital parameters,
which are much better constrained by the radial velocities than
the astrometry.

The astrometric orbit corresponding to the maximum
likelihood parameters (including jitter), superimposed with
HIPPARCOS measurements, is shown in Fig. 8, while the
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Fig. 8. Astrometric orbit of HD 17289.
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Fig. 9. Phase-folded RV time series of HD 17289.

phase-folded radial velocity model, superimposed with
CORALIE measurements, is shown in Fig. 9. Finally, the
periodograms of the residuals are shown in Fig. 10, where no
significant peak is found (FAP > 0.66).

5.3. HD 3277

The last system we analyzed is HD 3277 (HIP 2790). It was first
listed by Tokovinin et al. (2006) as an uncertain spectroscopic
binary based on few CORALIE measurements and Sahlmann
et al. (2011) confirmed the presence of a companion using addi-
tional CORALIE measurements as well as HIPPARCOS data.
The primary component is a G8 star while the companion is an
M-dwarf. We analyzed the same data as in Sahlmann et al.
(2011), namely, HIPPARCOS data and 14 CORALIE measure-
ments (10 COR98 and 4 COR07).

The periodograms and FAP of the astrometric and radial
velocity time series are shown in Fig. 11. We observe a non-
significant peak around 46 days in the radial velocities peri-
odogram (FAP = 0.16). This high FAP value can be explained
by the poor sampling of the radial velocity time series, which
consists of only 14 points split among two instruments. To test
this hypothesis, we recomputed the periodogram and FAP of
the radial velocity time series but assuming the offset between
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Fig. 10. Periodograms of the residuals of the HIPPARCOS time series
(astrometry, top), CORALIE time series (RV, middle), and joint peri-
odogram (bottom) of HD 17289, after fitting for its companion.
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Fig. 11. Periodograms of the HIPPARCOS time series (astrometry, top),
CORALIE time series (RV, middle), and joint periodogram (bottom) of
HD 3277, after fitting for its companion.

COR98 and COR07 to be negligible, and found a more signif-
icant FAP of 0.015. A peak is also visible in the astrometric
periodogram at the same period, but it is not the highest one,
and the FAP is very high (0.73). The joint periodogram is very
similar in shape to the radial velocities periodogram but the
associated FAP is significantly lower (5 × 10−8).
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Table 4. Fit parameters of HD 3277.

RV Joint model

Guess Fit Fit Incl. jitter Guess Fit Fit Incl. jitter

π (mas) – – – 34.26 34.37 ± 0.50 34.38 ± 0.56
∆δ (mas) – – – −750.5 −752.6 ± 1.9 −752.6 ± 2.1
∆α∗ (mas) – – – 525.9 522.2 ± 2.1 522.3 ± 2.3
µδ (mas yr−1) – – – −165.99 −166.52 ± 0.42 −166.53 ± 0.45
µα (mas yr−1) – – – 116.29 115.73 ± 0.47 115.76 ± 0.52
σHIP (mas) – – – – – 0.50 ± 0.38

γCOR98 (m s−1) −14272.8 −14691.8 ± 4.2 −14687.6 ± 4.2 −14272.8 −14691.8 ± 4.2 −14687.6 ± 4.2
γCOR07 (m s−1) −14837.0 −14693.5 ± 4.7 −14694.9 ± 2.3 −14837.0 −14693.5 ± 4.7 −14694.9 ± 2.3
σCOR98 (m s−1) – – 3.7 ± 3.2 – – 3.7 ± 3.2
σCOR07 (m s−1) – – 0.0 ± 2.0 – – 0.0 ± 2.0

P (days) 46.11119 46.15131 ± 2.2 × 10−4 46.15116 ± 1.6 × 10−4 46.11119 46.15131 ± 2.2 × 10−4 46.15116 ± 1.6 × 10−4

M0 + ω (deg) 44.16 70.50 ± 0.15 70.37 ± 0.13 44.16 70.49 ± 0.15 70.37 ± 0.13
as sin i (AU) 0.0172900 0.016563 ± 1.8 × 10−5 0.0165860 ± 8.2 × 10−6 0.0172900 0.016563 ± 1.8 × 10−5 0.0165860 ± 8.2 × 10−6

e 0.21570 0.28532 ± 9.4 × 10−4 0.28437 ± 6.3 × 10−4 0.21570 0.28532 ± 9.4 × 10−4 0.28437 ± 6.3 × 10−4

ω (deg) 350.76 320.55 ± 0.24 320.69 ± 0.18 350.76 320.56 ± 0.24 320.69 ± 0.18
i (deg) – – – 126.8 167.5 ± 2.0 167.5 ± 2.2
Ω (deg) – – – 223.5 264.8 ± 9.0 265.5 ± 9.9

logL –13101.91 –48.98 –46.64 –13152.82 –87.78 –85.13

Notes. The reference epoch is 2 450 000 BJD.
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Fig. 12. Astrometric orbit of HD 3277.

Since the 46 days signal is not detected using astrometry
alone, we only applied our procedure to the radial velocities
and the joint model. The parameters we obtained are shown in
Table 4. As for previous systems, our analytical method provides
a good initial guess of the parameters, which is then refined by
maximizing the likelihood. The most challenging parameter is
the inclination, which is only constrained by the astrometry, for
which the initial guess is within 40 deg of the maximum likeli-
hood value. This slight discrepancy is not surprising considering
the low S/N of the signal in the astrometric time series (high FAP,
other more significant peaks in the periodogram). The maximum
likelihood astrometric and radial velocity models, superimposed
with the corresponding data, are shown in Figs. 12 and 13. The
periodograms of the residuals are shown in Fig. 14, where no
significant peak is found (FAP > 0.77).
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Fig. 13. Phase-folded RV time series of HD 3277.

6. Discussion

In this work, we present a set of methods to detect and character-
ize companions (planets, brown dwarfs, and stars) in astrometric
or radial velocity time series, or both. We propose a general
linear periodogram framework with an analytical method to
compute the associated FAP. We additionally provide an ana-
lytical method to obtain an estimate of the orbital parameters
once the period of the companion has been determined (from
the periodogram approach). These methods can be applied to
astrometric data alone, radial velocities alone, but also when
combining both detection techniques.

Being based on analytical approximations, our methods are
very efficient in terms of computational cost. This is of particular
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Fig. 14. Periodograms of the residuals of the HIPPARCOS time series
(astrometry, top), CORALIE time series (RV, middle), and joint peri-
odogram (bottom) of HD 3277, after fitting for its companion.

interest in the context of the Gaia space mission, considering
the amount of generated data. It should be noted that these
approximate analytical methods are complementary with more
precise numerical methods. For instance, in Sect. 5, we use
our analytical estimate of the orbital parameters as a starting
point for a likelihood maximization algorithm. More generally,
both the periodogram-FAP approach and the orbital parameters
approximation can be used to improve the convergence speed
of numerical algorithms, such as Markov chain Monte-Carlo,
genetic algorithms, and so on. In particular, our analytical esti-
mate of orbital parameters has been implemented in the genetic
algorithm of the official Gaia pipeline for the detection of
planets (MIKS-GA, see Holl et al. 2022).

Indeed, a primary objective of this article is to provide
building blocks for the detection and characterization of plan-
ets using Gaia astrometry alone as well as in combination with
on-ground radial velocities. Since the Gaia collaboration will
not publish astrometric time series before DR4, we were not
able to illustrate our methods on Gaia sources hosting plane-
tary companions. We instead chose to reanalyze the HIPPARCOS
astrometric time series of three stars known to host a stellar com-
panion: HD 223636 (HIP 117622), HD 17289 (HIP 12726), and
HD 3277 (HIP 2790). Using HIPPARCOS astrometry and pub-
licly available CORALIE radial velocities, we obtained results
similar to the literature. In these examples, we found that the

joint periodograms (astrometry + radial velocities) were very
similar to the periodogram of the radial velocity alone. This is
because the S/N of the companion is much higher in CORALIE
radial velocities than in HIPPARCOS astrometry. Therefore, a
combined periodogram might not actually appear necessary to
find the companion period in these cases. However, since Gaia
will provide much higher precision astrometric time series and
with a much longer time span than HIPPARCOS, the contribution
of astrometry and radial velocities will be more balanced.

Finally, it should be noted that while we assume white noise
in our illustrations (Sect. 5), our methods are derived in the more
general case of correlated noise. Indeed, radial velocities are
known to be affected by stellar activity, which is often modeled
using Gaussian processes (i.e., correlated noise models). Other
sources of noise, such as the spectrograph calibration noise, can
also introduce correlated noise in the radial velocity time series
(e.g., Delisle et al. 2020b). In the case of astrometric data, the
stellar activity signature is expected to be much smaller than for
radial velocities (Lagrange et al. 2011). However, the attitude cal-
ibration of the satellite might introduce correlated noise in the
astrometric time series. In the case of Gaia, the correlated noise
contribution remains to be investigated and characterized, but
once this is done, our framework is readily equipped to account
for it.
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Appendix A: Power fraction in the fundamental and
harmonics

In this appendix, we compute the power fraction that is
found in the fundamental and in the harmonics for a radial
velocity (Appendix A.1) and an astrometric Keplerian signal
(Appendix A.2).

A.1. Radial velocity signal

We follow Baluev (2015) to define the total power of a Keplerian
radial velocity signal VK(t) = K(cos(v(t) + ω) + e cosω) as:

Ptot. =
1
P

∫ P

0
V2

K(t)dt

=
K2

2

(
1 − e2

) (
1 − β2 cos 2ω

)
, (A.1)

where

β =
e

1 +
√

1 − e2
, (A.2)

and v is the true anomaly. The Fourier expansion of this signal is
(e.g., Delisle et al. 2016):

V0 = 0,

Vk =
KeikM0

2

(
Xkeiω + X−ke−iω

)
(k , 0), (A.3)

where Xk is the Hansen coefficient X0,1
k which only depends on

the eccentricity e and is defined has

Xk(e) =
1

2π

∫ 2π

0
eive−ikMdM. (A.4)

The power in the harmonics are thus:

P0 = 0, (A.5)

Pk = 2VkV̄k =
K2

2

(
X2

k + X2
−k + 2XkX−k cos 2ω

)
(k > 0).

Finally the power fraction in the k-th harmonics (k > 0) is:

Rk =
Pk

Ptot.
=

X2
k + X2

−k + 2XkX−k cos 2ω(
1 − e2) (1 − β2 cos 2ω

) . (A.6)

As shown by Baluev (2015), the ratio R1 is linked with the detec-
tion efficiency of the classical periodogram (which only uses the
fundamental frequency) compared to a more complex Keplerian
periodogram (which uses the full information contained in the
signal).

The power fraction Rk depends on the eccentricity and
(weakly) on the argument of periastron. For a given eccentric-
ity, the extrema of the power fraction correspond to 2ω = 0 or π.
We define

R+
k =

X2
k + X2

−k + 2XkX−k(
1 − e2) (1 − β2) ,

R−k =
X2

k + X2
−k − 2XkX−k(

1 − e2) (1 + β2) , (A.7)

such that Rk is always between R+
k and R−k (the order depending

on k and e). In Fig. 2, we plot the possible range of values ofRk as
a function of the eccentricity, for k = 1, 2 (fundamental and first
harmonics). For this plot, we evaluated the Hansen coefficients
by numerical integration over the eccentric anomaly (see Delisle
et al. 2016, Appendix A).

A.2. Astrometric signal

Here, we follow the same approach as in the radial velocity
case. Since the astrometric signal has two dimensions, we define
the total power of the signal as the sum of powers along both
directions:

Ptot. =
1
P

∫ P

0

(
δ2

K(t) + α2
K(t)

)
dt

=
1

2π

∫ 2π

0

(
(Ax + Fy)2 + (Bx + Gy)2

)
dM. (A.8)

We have

1
2π

∫ 2π

0
x2dM =

1
2π

∫ 2π

0
x2 (1 − e cos E) dE

=
1

2π

∫ 2π

0
(cos E − e)2 (1 − e cos E) dE

=
1
2

+ 2e2, (A.9)

1
2π

∫ 2π

0
y2dM =

1 − e2

2π

∫ 2π

0
sin2 E (1 − e cos E) dE

=
1 − e2

2
, (A.10)

1
2π

∫ 2π

0
xydM =

√
1 − e2

2π

∫ 2π

0
(cos E − e) sin E (1 − e cos E) dE

= 0, (A.11)

thus:

Ptot. =

(
1
2

+ 2e2
) (

A2 + B2
)

+
1 − e2

2

(
F2 + G2

)
=

a2
s

4

((
2 + 3e2

) (
2 − sin2 i

)
+ 5e2 sin2 i cos 2ω

)
. (A.12)

The Fourier expansion of δK and αK is provided in
Eqs. (8), (14), from which we deduce the power in the k-th
harmonics (k > 0):

Pk = 2δkδ̄k + 2αkᾱk

=
A2 + B2 + F2 + G2

2

(
ζ2

k + ζ2
−k

)
+

(
A2 + B2 − F2 −G2

)
ζkζ−k

=
a2

s

2

((
ζ2

k + ζ2
−k

) (
2 − sin2 i

)
+ 2ζkζ−k sin2 i cos 2ω

)
. (A.13)

In contrast to the case of radial velocities, the Keplerian astro-
metric signal is not centered, which implies that the power of the
constant part (k = 0) is not zero, that is,

P0 = δ2
0 + α2

0 = ζ2
0

(
A2 + B2

)
=

9
8

a2
se2

(
2 − sin2 i + sin2 i cos 2ω

)
. (A.14)

In practice, the constant part does not contain any informa-
tion about the companion because the reference position of the
primary always needs to be adjusted at the same time as the
orbit. Therefore, in the following, we normalize the power in the
harmonics by the useful total power:

Ptot. − P0 =
a2

s

8

((
4 − 3e2

) (
2 − sin2 i

)
+ e2 sin2 i cos 2ω

)
, (A.15)
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which is equivalent to re-centering the Keplerian astrometric
model. We then define the power fraction as

Rk =
Pk

Ptot. − P0

= 4

(
ζ2

k + ζ2
−k

) (
2 − sin2 i

)
+ 2ζkζ−k sin2 i cos 2ω(

4 − 3e2) (2 − sin2 i
)

+ e2 sin2 i cos 2ω
. (A.16)

This fraction depends on e, ω and i. For a given eccentricity, the
extrema of the fraction appears for 2ω = 0, π and i = π/2. We
thus define

R+
k = 2

(ζk + ζ−k)2

2 − e2 ,

R−k =
(ζk − ζ−k)2

1 − e2 , (A.17)

such that Rk is always between R+
k and R−k . We then need to eval-

uate the coefficients ζk to compute these fractions. We use the
same method as for the Hansen coefficient (Appendix A.1). We
estimate the integral of Eq. (15) numerically by sampling E in
[0, 2π],

ζk ≈
1
N

N−1∑
j=0

(
cos E j − e + i

√
1 − e2 sin E j

)
× e−ik(E j−e sin E j)(1 − e cos E j), (A.18)

with E j = 2π j/N. A very good precision is achieved using
N = 100 (see Delisle et al. 2016), which is the value we use to
compute the fractions shown in Fig. 2.

Appendix B: Periodogram definitions and
computation of the FAP

In this appendix, we provide details on the computation of the
periodogram FAP in the case of astrometric data alone and in
the case of a combination of astrometric and radial velocity time
series. The FAP computation takes into account correlated noise.
Our approach is very similar to the one used in Delisle et al.
(2020a) for radial velocity time series. It is an extension to the
correlated noise case of the method of Baluev (2008), which
assumed white noise.

In addition to GLS periodogram defined in Eq. (22), Baluev
(2008) proposed four alternative periodogram definitions:

z0(ν) =
1
2

(
χ2
H
− χ2

K
(ν)

)
, z1(ν) =

nH
2

χ2
H
− χ2

K
(ν)

χ2
H

,

z2(ν) =
nK
2

χ2
H
− χ2

K
(ν)

χ2
K

(ν)
, z3(ν) =

nK
2

ln
χ2
H

χ2
K

(ν)
, (B.1)

where nH = n − p and nK = n − (p + d). The definitions z1,2,3
are actually related to each other and to the GLS periodogram.
Indeed, we have:

z1(ν) =
nH
2

zGLS(ν),

z2(ν) =
nK
2

zGLS(ν)
1 − zGLS(ν)

,

z3(ν) = −
nK
2

ln(1 − zGLS(ν)). (B.2)

Table B.1. False alarm probability for the two definitions
(Eqs. (22), (B.1)) of the periodogram power (see Baluev 2008).

z d FAPsingle(Z) τ(Z, νmax)

zGLS – 1 −
B(Z; d/2, nK/2)

B(d/2, nK/2)
γW (1 − Z)

nK−1
2 Z

d−1
2

2 (1 − Z)
nK

2 γW (1 − Z)
nK−1

2
√

Z

4
(
1 +

nK
2 Z

)
(1 − Z)

nK
2 γW (1 − Z)

nK−1
2 Z

3
2

6
(
1 +

nK
2 Z +

nK
2

(
nK
2 + 1

)
Z2

)
(1 − Z)

nK
2 γW (1 − Z)

nK−1
2 Z

5
2

z0 –
Γ(d/2,Z)
Γ(d/2)

We−ZZ
d−1

2

2 e−Z We−Z
√

Z
4 (1 + Z)e−Z We−ZZ

3
2

6
(
1 + Z + Z2

2

)
e−Z We−ZZ

5
2

Notes. The factor W is the rescaled frequency bandwidth defined in
Eq. (B.5), B(a, b) is the beta function, B(x; a, b) is the incomplete
beta function, Γ(s) is Euler’s gamma function, and Γ(s, x) is the upper
incomplete gamma function. The factor γ = Γ

(
nH
2

)
/Γ

(
nK+1

2

)
can be

approximated by γ ∼
(

nH
2

) d−1
2 for nH ≥ 10.

In the following, we only consider the GLS (Eq. (22)) and the
definition z0 (Eq. (B.1)) of the periodogram, but all the results
on the GLS also apply to z1,2,3 (using Eq. (B.2)).

The FAP can be bounded by (see Baluev 2008, Eq. (5))

FAPmax(Z, νmax) ≤ FAPsingle(Z) + τ(Z, νmax), (B.3)

and approximated by (see Baluev 2008, Eq. (6))

FAPmax(Z, νmax) ≈ 1 −
(
1 − FAPsingle(Z)

)
e−τ(Z,νmax), (B.4)

where Z is the maximum periodogram power, FAPsingle(Z) is the
FAP in the case in which the angular frequency ν of the puta-
tive additional signal is fixed, τ(Z, νmax) is the expectation of the
number of up-crossings of the level Z by the periodogram (see
Baluev 2008). Computing FAPsingle(Z) and τ(Z, νmax) requires
us to specify the definition of the periodogram z(ν). Baluev
(2008) proposed several definitions and derived the correspond-
ing formulas for FAPsingle(Z) and τ(Z, νmax). These results are
summarized in Table B.1, for the definitions of the periodogram
of Eqs. (22), (B.1). The only quantity left to compute is the fac-
tor W, which is the rescaled frequency bandwidth, defined as
(see Baluev 2008)

W =
A(νmax)
2π(d+1)/2 , (B.5)

where

A(νmax) =

∫ νmax

0
dν

∫
x2<1

√
xTM(ν)x
(xTx)d dx. (B.6)
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The d × d matrix M(ν) is defined as follows (see Delisle et al.
2020a)

Q = ϕTC−1ϕ, S = ϕTC−1ϕ′,

R = ϕ′TC−1ϕ′,

QH = ϕT
H

C−1ϕ, SH = ϕT
H

C−1ϕ′,

QH ,H = ϕT
H

C−1ϕH ,

Q̃ = Q − QT
H

Q−1
H ,HQH , S̃ = S − QT

H
Q−1
H ,HSH ,

R̃ = R − S T
H

Q−1
H ,HSH ,

M = Q̃−1
(
R̃ − S̃ TQ̃−1S̃

)
, (B.7)

where x′ = ∂x/∂ν. Baluev (2008) also defined the effective time
series length as

Teff =
A(νmax)

π(d−1)/2νmax
, (B.8)

such that

W =
νmax

2π
Teff . (B.9)

From Eqs. (B.6) and (B.8), we obtain

Teff =
π(1−d)/2

νmax

∫ νmax

0
dν

∫
x2<1

√
xTM(ν)x
(xTx)d dx. (B.10)

In the following we derive analytical approximations for Teff in
the case of astrometric data alone (Appendix B.1) and in the case
of astrometric and radial velocity data (Appendix B.2). The case
of radial velocities alone was already treated in Delisle et al.
(2020a).

B.1. Astrometric time series

In the case of astrometric data alone, we have d = 4 and

ϕ(ν) = (cos θ cos νt, sin θ cos νt, cos θ sin νt, sin θ sin νt). (B.11)

We thus replace this expression in the definitions of Q, S , and R
(Eq. (B.7)). As an example, for Q1,1 we obtain

Q1,1 =
1
8

∑
i, j

C−1
i, j

(
cos(νti − νt j − θi − θ j) + cos(νti − νt j − θi + θ j)

+ cos(νti − νt j + θi − θ j) + cos(νti − νt j + θi + θ j)
+ cos(νti + νt j − θi − θ j) + cos(νti + νt j − θi + θ j)
+ cos(νti + νt j + θi − θ j) + cos(νti + νt j + θi + θ j)

)
. (B.12)

We follow Baluev (2008); Delisle et al. (2020a) and neglect
aliasing effects. In this approximation all the terms in Q, S , and
R that contain a sine or cosine of νti + νt j ± θi ± θ j average out
when summing over i, j. Similarly, the terms containing a sine or
cosine of θi + θ j± νti± νt j average out. Finally, the terms contain-
ing sin(νti − νt j ± (θi − θ j)) can also be neglected. Indeed, in the
low frequency limit (|νti − νt j ± (θi − θ j)| � 1), the sine vanishes,
while in the high frequency limit (|νti − νt j ± (θi − θ j)| � 1), the
sine average out. Using these approximations, we obtain

Q ≈ q+U+ + q−U−,
S ≈ s+V+ + s−V−,
R ≈ r+U+ + r−U−, (B.13)

with

q± =
1
4
〈cos(ν∆t ± ∆θ)〉 ,

s± =
1
8
〈Σt∗cos(ν∆t ± ∆θ)〉 ,

r± =
1
4
〈Πt∗cos(ν∆t ± ∆θ)〉 ,

U+ =
1
2


1 0 0 −1
0 1 1 0
0 1 1 0
−1 0 0 1

 , V+ =
1
2


0 1 1 0
−1 0 0 1
−1 0 0 1
0 −1 −1 0

 ,

U− =
1
2


1 0 0 1
0 1 −1 0
0 −1 1 0
1 0 0 1

 , V− =
1
2


0 −1 1 0
1 0 0 1
−1 0 0 −1
0 −1 1 0

 ,
〈X〉 =

∑
i, j

C−1
i, j Xi, j,

Σt (i, j) = ti + t j,

∆t (i, j) = ti − t j,

Πt (i, j) = tit j,

∆θ (i, j) = θi − θ j, (B.14)

and ∗ denotes the Hadamard (or elementwise) product.
Following Baluev (2008); Delisle et al. (2020a), we addition-

ally assume that Q̃ ≈ Q, S̃ ≈ S , R̃ ≈ R, and

M(ν) = Q−1
(
R − S TQ−1S

)
. (B.15)

Replacing Eq. (B.13) in Eq. (B.15), we find

M(ν) ≈ λ+U+ + λ−U−, (B.16)

with

λ± =
r±
q±
−

(
s±
q±

)2

. (B.17)

The eigenvalues of M are thus λ±, both with a multiplicity of 2.
In order to determine the effective time series length Teff

(Eq. (B.10)) we then need to evaluate the integral

Id(ν) =

∫
x2<1

√
xTM(ν)x
(xTx)d dx. (B.18)

As shown by Baluev (2008), for a matrix M with eigenvalues λi
(i = 1, . . . , d), the integral I is linked to the surface-area Πd of
the d-dimensional ellipsoid with semi-axes 1/

√
λi, through

Id = Πd
√

det M. (B.19)

Moreover, since in our case the eigenvalues have even multiplic-
ities, the surface area can be expressed in terms of elementary
functions (see Tee 2005). Following the method described in Tee
(2005), we obtain

Π4 =
4π2

3
1

λ+λ−

(√
λ+ +

√
λ− −

√
λ+λ−

√
λ+ +

√
λ−

)
, (B.20)

and

I4 =
4π2

3

(√
λ+ +

√
λ− −

√
λ+λ−

√
λ+ +

√
λ−

)
. (B.21)
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The effective time series length is thus (see Eq. (B.10)):

Teff =
π−3/2

νmax

∫ νmax

0
I4(ν)dν

=
4
√
π

3νmax

∫ νmax

0

(√
λ+ +

√
λ− −

√
λ+λ−

√
λ+ +

√
λ−

)
dν. (B.22)

Finally, following Delisle et al. (2020a), we approximate the inte-
gral over the angular frequency ν by replacing q±, s±, and r± by
their average over the range ]0, νmax]. We have:

q± =
1
νmax

∫ νmax

0
q±(ν)dν

=
1
4

〈
cos

(
νmax∆t

2
± ∆θ

)
∗sinc

(
νmax∆t

2

)〉
,

s± =
1
8

〈
Σt∗cos

(
νmax∆t

2
± ∆θ

)
∗sinc

(
νmax∆t

2

)〉
,

r± =
1
4

〈
Πt∗cos

(
νmax∆t

2
± ∆θ

)
∗sinc

(
νmax∆t

2

)〉
, (B.23)

and we make the following approximations

λ± ≈
r±
q±
−

(
s±
q±

)2

,

Teff ≈
4
√
π

3


√
λ+ +

√
λ− −

√
λ+λ−√

λ+ +

√
λ−

 . (B.24)

B.2. Astrometric and radial velocity time series

In the case of a periodogram taking into account both astrometric
and radial velocity time series, we have d = 6 and:

ϕ(ν) =

(
ϕa(ν) 0

0 ϕrv(ν),

)
(B.25)

with

ϕa(ν) = (cos θ cos νta, sin θ cos νta, cos θ sin νta, sin θ sin νta),
ϕrv(ν) = (cos νtrv, sin νtrv). (B.26)

Assuming the covariance matrix, C, to also be block diagonal,

C =

(
Ca 0
0 Crv,

)
, (B.27)

the contributions of the astrometry and radial velocities in the
matrix Q, S , R, and M are completely separated and these matri-
ces are also block diagonal. Neglecting aliasing effects as in
Baluev (2008); Delisle et al. (2020a), and Appendix B.1, we find

Q ≈ q+U′+ + q−U′− + qrvU′rv,
S ≈ s+V ′+ + s−V ′− + srvV ′rv,
R ≈ r+U′+ + r−U′− + rrvU′rv,

M ≈ λ+U′+ + λ−U′− + λrvU′rv, (B.28)

where

U′± =

(
U± 0
0 0

)
, V ′± =

(
V± 0
0 0

)
,

U′rv =

(
0 0
0 Urv

)
, V ′rv =

(
0 0
0 Vrv

)
,

Urv = 1, Vrv =

(
0 1
−1 0

)
, (B.29)

q±, s±, r±, and λ± are defined according to Eqs. (B.14), (B.17),
and (see Delisle et al. 2020a)

qrv =
1
2
〈cos ν∆rv〉 ,

srv =
1
4
〈Σrv∗cos ν∆rv〉 ,

rrv =
1
2
〈Πrv∗cos ν∆rv〉 ,

λrv =
rrv

qrv
−

(
srv

qrv

)2

,

〈X〉 =
∑
i, j

C−1
rv (i,j)Xi, j,

Σrv (i, j) = trv i + trv j,

∆rv (i, j) = trv i − trv j,

Πrv (i, j) = trv i trv j. (B.30)

The eigenvalues of M are thus λ+, λ−, and λrv, each with mul-
tiplicity 2. Following the same steps as in Appendix B.1, we
compute the surface-area Π6 of the 6D ellipsoid with semi-axes
1/
√
λi using the method of Tee (2005) and find:

Π6 =
8π3

15
1

λ+λ−λrv

√λ+ +
√
λ− +

√
λrv

−

(√
λ+λ− +

√
λ+λrv +

√
λ−λrv

)2(√
λ+ +

√
λ−

) (√
λ+ +

√
λrv

) (√
λ− +

√
λrv

)
 . (B.31)

We deduce

I6 = Π6
√

det M

=
8π3

15

√λ+ +
√
λ− +

√
λrv

−

(√
λ+λ− +

√
λ+λrv +

√
λ−λrv

)2(√
λ+ +

√
λ−

) (√
λ+ +

√
λrv

) (√
λ− +

√
λrv

)
 , (B.32)

and approximate the effective time series length as

Teff ≈
8
√
π

15


√
λ+ +

√
λ− +

√
λrv

−

(√
λ+λ− +

√
λ+λrv +

√
λ−λrv

)2

(√
λ+ +

√
λ−

) (√
λ+ +

√
λrv

) (√
λ− +

√
λrv

)
 ,

(B.33)

with λ± defined as in Eq. (B.24) and

λrv ≈
rrv

qrv
−

(
srv

qrv

)2

,

qrv =
1
2
〈sinc νmax∆rv〉 ,

srv =
1
4
〈Σrv∗sinc νmax∆rv〉 ,

rrv =
1
2
〈Πrv∗sinc νmax∆rv〉 . (B.34)

A172, page 17 of 18



A&A 667, A172 (2022)

Appendix C: Error propagation and weighted
average for the eccentricity and the mean
anomaly

In this appendix, we provide details on the error propagation
method used to combine the estimates of the eccentricity and
mean anomaly at reference epoch obtained in Sect. 4.1 (astrom-
etry alone) or Sect. 4.2 (astrometry and radial velocities). We
actually rather combine the estimates of f = e cos M0 and g =
e sin M0. For each estimate, we first linearize the problem in the
form

dĥk =
∂ĥk

∂β
dβ, (C.1)

where h = f , g and k = δ, α (astrometry alone) or k = δ, α, rv
(astrometry and radial velocities). The vector β is the complete
set of parameters obtained after a linear fit (β = βa or β = (βa, βrv)
depending on the considered case). Then, we propagate the
covariance matrix Cβ of the linear parameters to approximate
the covariance matrix C ĥ of ĥ

C ĥ ≈

(
∂ĥ
∂β

)T

Cβ

(
∂ĥ
∂β

)
. (C.2)

Finally, we compute the weighted average as

ĥ = σ2
ĥ
uTC−1

ĥ ĥ,

σ2
ĥ

= uTC−1
ĥ u, (C.3)

with u = (1, 1), or (1, 1, 1), depending on the considered case.
The partial derivatives ∂ĥk

∂β
needed to apply this method can

be derived from Eqs. (42)-(50). We have

d f̂k = cos M̂0 kdêk − ĝkdM̂0 k,

dĝk = sin M̂0 kdêk + f̂kdM̂0 k, (C.4)

with

dêk =
d|ρk | + ê3

kdrk

1 − 3rkê2
k

,

d|ρk | =

βk,2,cdβk,2,c + βk,2,sdβk,2,s

β2
k,2,c + β2

k,2,s

−
βk,1,cdβk,1,c + βk,1,sdβk,1,s

β2
k,1,c + β2

k,1,s

 |ρk |,

drk =
1

12
sin(2φk)dφk,

dφk = 2
βk,1,sdβk,1,c − βk,1,cdβk,1,s

β2
k,1,c + β2

k,1,s

−
βk,2,sdβk,2,c − βk,2,cdβk,2,s

β2
k,2,c + β2

k,2,s

. (C.5)

Moreover, we have (see Eq. (50))

M̂0 k = arg(ρk) − arctan(bk, ak), (C.6)

with

ak = 1 − rkê2
k ,

bk =
ê2

k

24
sin(2φ̂k). (C.7)

We thus derive:

dM̂0 k =
βk,2,sdβk,2,c − βk,2,cdβk,2,s

β2
k,2,c + β2

k,2,s

−
βk,1,sdβk,1,c − βk,1,cdβk,1,s

β2
k,1,c + β2

k,1,s

−
akdbk − bkdak

a2
k + b2

k

,

dak = − ê2
kdrk − 2rkêkdêk,

dbk =
1
12

(
êk sin(2φ̂k)dêk + ê2

k cos(2φ̂k)dφ̂k

)
. (C.8)
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