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ABSTRACT

Cosmography is used in cosmological data processing in order to constrain the kinematics of the universe in a model-independent
way. In this paper, we first investigate the effect of the ultraviolet (UV) and X-ray relation of a quasar on cosmological constraints.
By fitting the quasar relation and cosmographic parameters simultaneously, we find that the 40~ deviation from the cosmological
constant A cold dark matter (ACDM) model disappears. Next, utilizing the Pantheon sample and 31 long gamma-ray bursts, we
make a comparison among the different cosmographic expansions (z-redshift, y-redshift, E(y), log(1 + z), log(1 + z) + k;;, and Padé
approximations) with the third-order and fourth-order expansions. The expansion order can significantly affect the results, especially
for the y-redshift method. Through analysis from the same sample, the lower-order expansion is preferable, except the y-redshift and
E(y) methods. For the y-redshift and E(y) methods, despite adopting the same parameterization of y = z/(1 + z), the performance
of the latter is better than that of the former. Logarithmic polynomials, log(1 + z) and log(1 + z) + k;;, perform significantly better
than z-redshift, y-redshift, and E(y) methods, but worse than Padé approximations. Finally, we comprehensively analyze the results
obtained from different samples. We find that the Padé, ;) method is suitable for both low and high redshift cases. The Padé, ) method
performs well in a high-redshift situation. For the y-redshift and E(y) methods, the only constraint on the first two parameters (g, and

Jo) is reliable.
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1. Introduction

Cosmography has been widely used to restrict the state of
the kinematics of our universe employing measured distances
(Visser 2015; Dunsby & Luongo 2016; Capozziello et al. 2019,
2020). It is a model-independent strategy which only relies
on the assumption of a homogeneous and isotropic universe
which is described by the Friedman-Lemaitre-Robertson-Walker
(FLRW) metric well (Weinberg 1972). Its methodology is essen-
tially based on expanding a measurable cosmological quan-
tity into the Taylor series around the present time. In the
beginning, the luminosity distance was expanded into a z-
redshift series which estimated the cosmic evolution at z -
0 well, but it failed at high redshifts (Chiba & Nakamura
1998; Caldwell & Kamionkowski 2004; Riess et al. 2004; Visser
2004). The poor performance at high redshifts of the z-redshift
expansion strongly affects the results (Vitagliano et al. 2010).
Cattoén & Visser (2007) pointed out that the lack of valid-
ity of the Taylor expansions for the luminosity distance could
settle down at approximately z -~ 1. However, there are two
main problems associated with the use of the above expan-
sion and analysis of the cosmic data (Capozziello et al. 2020).
One is the inability to distinguish the evolution of dark energy
from the cosmological constant A. Higher precise redshift
data found from future surveys will be helpful to address this
problem (D’ Agostino & Nunes 2019; Bonilla et al. 2020; Lusso
2020). The other issue is the convergence problem caused by
data that are far from the limits of Taylor expansions, lead-
ing to a severe error propagation, which reduces the cosmog-

raphy predictions (Cattoén & Visser 2007; Busti et al. 2015).
In order to solve this problem, several approaches have been
proposed. According to the construction method, it can be
divided into two categories. One would be using the auxil-
iary variables to reparameterize the redshift variable through
functions of z, for example y-redshift (Chevallier & Polarski
2001; Linder 2003) and E(y) (Rezaei et al. 2020). The other
way would be to consider a smooth evolution of the involved
observables by expanding them in terms of rational approxi-
mation, for example Padé (Gruber & Luongo 2014; Wei et al.
2014; Capozziello et al. 2020) and Chebyshev rational polyno-
mials (Shafieloo 2012; Capozziello et al. 2018a).

In order to avoid the convergent problem of the series at high
redshifts, it is better to replace the parameter z with y = z/(1 +
7) (Chevallier & Polarski 2001; Linder 2003; Vitagliano et al.
2010). By making such a transformation, z € (0, oo) can be
mapped into y € (0, 1). In theory, employing the y-redshift
series method, high-redshift observations could be used for cos-
mology, that is, type Ia supernovae (SNe Ia), gamma-ray bursts
(GRBs), and quasars. However, Zhang et al. (2017) found that
both the z-redshift and y-redshift methods have a small biased
estimation by employing the Joint Light-curve Analysis (JLA)
sample (Betoule et al. 2014) and combining the bias-variance
tradeoff. It means that Taylor expansion can describe the SNe
Ia well. Whilst they also found that a y-redshift produces larger
variances beyond the second-order expansion. Then based on
the y-redshift expansion, Rezaei et al. (2020) attempted to recast
E(z) as a function of y = z/(1 + z) and they adopted the
new series expansion of the E(y) function to compare dark
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energy models. From the numerical results, they found that
the restriction on two of the cosmological parameters, decel-
eration parameter gy and jerk parameter jj, are much tighter
than that of other two parameters sy and ly. This point is in
line with the previous claim of Zhang et al. (2017). Thus replac-
ing a z-redshift with a y-redshift may only alleviate the diver-
gence when z tends to infinity and it could not completely
solve the convergence problem. In recent works (Lusso et al.
2019; Risaliti & Lusso 2019), a new expansion of the luminos-
ity distance-redshift relation in terms of the logarithmic poly-
nomials has been used for cosmography. In such a way, a
z-redshift was replaced by log(1 + z). Employing the logarith-
mic polynomials, Risaliti & Lusso (2019) found a 40 tension
with the ACDM model from a high-redshift Hubble diagram of
SNe Ia and quasars. Lusso et al. (2019) confirmed this tension
with SNe Ia, GRBs and quasars using two model-independent
methods (y-redshift and the logarithmic polynomials). After that,
Bargiacchi et al. (2021) improved a new logarithmic polynomial
expansion by introducing orthogonal terms. This new method
and the corresponding results have received enough attention
(Speri et al. 2021). At the same time, different opinions were
voiced (Yang et al. 2020; Banerjee & Colgdin 2021).

Involving the rational approximation, the Padé approxi-
mation being the most usual rational approximation method
can be regarded as a generalization of the Taylor polynomial.
However, it often gives a better approximation of the func-
tion than truncating its Taylor series, and it may still work
where the Taylar series do not converge (Weietal. 2014).
Until now, due to its excellent convergence properties, the Padé
approximation has been widely used in cosmology (Aviles et al.
2014; Demianski et al. 2017; Capozziello & Ruchika Sen 2019;
Capozziello et al. 2020). Recently, Capozziello et al. (2020) crit-
ically compared the two main solutions of the convergence prob-
lem for the first time, that is to say the auxiliary variables
(y1 = 1 —aand y; = arctan(a”! — 1)) and the Padé approxima-
tions. They found that even though y, overcomes the issues of yj,
the most viable approximation of the luminosity distance dy (z)
is still given by adopting Padé approximations. In addition, they
also investigated two distinct domains involving Monte Carlo
analysis on the Pantheon sample, H(z), and shift parameter mea-
surements, and they conclude that the (2,1) Padé approximation
is statistically the optimal approach to explain low- and high-
redshift data, together with the fifth-order y,-parameterization.
At high redshifts, the (2,2) Padé approximation can be essen-
tially ruled out. In addition to the Padé approximation, there
are some other methods that can be used in cosmology
instead of Taylor expansions, for example Chebyshev series
(Capozziello et al. 2018a; Zamora Mundz & Escamilla-Rivera
2020). Until now, there has not been a detailed numerical anal-
ysis for the abovementioned six methods (z-redshift, y-redshift,
E(y), logarithmic polynomials, orthogonalized logarithmic poly-
nomials, and Padé approximations) using high-redshift data.

In this paper, we try to confirm the effect of the quasar rela-
tion on the cosmographic constraint using the Pantheon sam-
ple and 1598 quasars in terms of the logarithmic polynomials
and the Padé ;) approximation. First, we reconsider the param-
eters vy, 3, and §, which were obtained from the observed quasar
relation as free parameters, to explore the situation of 40 ten-
sion. Based on previous research on the Padé approximation
(Capozziello et al. 2020), we chose to use the Padé, ;) method
which has excellent convergence to carry out cross checks. A
brief introduction to Padé’s excellent convergence has been pro-
vided in the previous section. We also compare the Padé, )
method with other cosmographic expansions including the loga-
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rithmic polynomials combining the Pantheon sample and a new
high-redsihft GRB sample including 31 LGRBs (Wang et al.
2022). We also provide a detailed numerical analysis for the dif-
ferent expansions in terms of the values for the Akaike infor-
mation criterion (AIC) and the Bayesian information criterion
(BIC). A fiducial value Hy = 70 km s~! Mpc~! is adopted in this
paper.

The outline of this paper is as follows. In Sect. 2, we
describe the observational data sets that are used in our anal-
yses. Section 3 briefly introduces the different cosmographic
approaches and the model selection method. We discuss the
effect of the quasar relation on the cosmographic constraints
in Sect. 4. The comparison results of different cosmographic
approaches are depicted in Sect. 5. Finally, conclusions and dis-
cussion are presented in the last section.

2. Observational data sets
2.1. Pantheon

This sample consists 1048 sources covering the redshift
range 0.01 < z < 2.26 (Scolnicetal. 2018). This sample,
as a set of latest SNe la data points, was provided by a
number of SN surveys including CfA1-4 (Riess etal. 1999;
Jha et al. 2006; Hicken et al. 2009a,b, 2012), the Carnegie super-
nova (SN) project (CSP; Contreras et al. 2010; Folatelli et al.
2010; Stritzinger et al. 2011), the Sloan Digital Sky Survey
(SDSS; Frieman et al. 2008; Kessler et al. 2009; Sako et al.
2018), the Pan-STARRS1 (PS1; Rest et al. 2014; Scolnic et al.
2014), the supernova legacy survey (SNLS; Conley et al. 2011;
Sullivan et al. 2011), and the Hubble Space Telescope (HST;
Riess et al. 2004, 2007, 2018; Suzuki et al. 2012; Graur et al.
2014; Rodney et al. 2014) SN surveys. According to the red-
shift range, these surveys have overlapping redshift ranges of
0.01 < z<0.10 for CfA1-4 and CSP; 0.1 < z < 0.4 for SDSS;
0.103 <z £ 0.68 for PS1; 0.3 < z < 1.1 for SNLS; and 1.0 <
z for HST. We note that SNe Ia have a nearly uniform intrin-
sic luminosity with an absolute magnitude around M ~ —19.5
(Carroll 2001) which promote it to a well-established class of
standard candles. The difficulty in the cosmological applications
lies in the identification of absolute magnitude M, due to differ-
ent sources of systematic and statistical errors. In this work, we
only consider the systematic error. The observations used, red-
shift z, distance modulus u, and corresponding 1o error o, are
provided by Scolnic et al. (2018) and can be publicly obtained
from the website'. The observational distance modulus £ops(SN)
was calculated with the following formula (Tripp 1998),

/Jobs(SN) =mp— M + ax —ﬁC+AM+AB, (1)
where « is the coeflicient of the relation between the luminos-
ity and stretch, and S is the coefficient of the relation between
the luminosity and color. These two parameters were retrieved
by using the beams with bias correction (BBC) method. We note
that x; and c are the light-curve shape parameter and the color
of the SN, respectively; Ay, is a distance correction based on the
host galaxy mass of SN; and A is a distance correlation based on
predicted biases from simulations. Furthermore, M is the abso-
lute B-band magnitude of a fiducial SN Ia with x; = 0 and ¢ =
0. Generally, a standard marginalization over M was performed
(Carroll 2001; Betoule et al. 2014; Scolnic et al. 2018).

! https://github.com/dscolnic/Pantheon/
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2.2. GRBs

Gamma-ray bursts are promising high-redshift probes (i.e.,
Wang et al. 2015, 2016; Wei & Wu 2017; Caoetal. 2022;
Demianski et al. 2021; Hu et al. 2021). This sample is a compi-
lation of 31 LGRBs ranging from 1.45 < z < 5.91. Similar to SNe
Ia, this sample shows a plateau phase caused by the same physi-
cal mechanism (Wang et al. 2022). Wang et al. (2022) consider a
special case in which the energy injection from electromagnetic
dipole emission of millisecond magnetars is larger than the exter-
nal shock emission. The corresponding light curves of X-ray
afterglow show a plateau with a constant luminosity followed by
a decay index of about —2 (Dai & Lu 1998; Zhang & Mészdros
2001). The relation between the luminosity Ly and end time #;, of
the plateau can be well described by the correlation
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where log = log), L is the plateau luminosity, 7, is the end time
of the plateau, and k; and b; are two free parameters. Due to
the lack of GRBs at low redshifts, the Hubble parameter data
constructed by Yu et al. (2018) were used to calibrate the Ly—
t, correlation via the Gaussian process (GP) method. The cali-
brated results of the Ly—t;, correlation are k; = —1.02 = 0.12 and
by = 1.69 = 0.13. Considering the systematic error o, = 0.22
for the GRB Gold sample, Wang et al. (2022) used the calibrated
Lo—t, correlation to derive the observational distance modulus
Uobs and the corresponding errors. In this work, we directly used
the results in Table 2 of Wang et al. (2022). We would like to
specify that us(GRB) and its uncertainty can be derived from
(Wang et al. 2022)

5 47TF()
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2.3. Quasars

The quasar sample consists of 1598 objects in the redshift
range (0.04, 5.1) with high-quality UV and X-ray flux measure-
ments. The quasar relation between the UV and X-ray emis-
sion of quasars can be employed to turn quasars into standard
candles, which can be easily described by a formula log Lx
= ylogLyy + B, where v and g are two free parameters. This
quasar relation has been found from optically and X-ray active
galactic nucleus samples with the slope parameter y around
0.5 to 0.7 (Vignali et al. 2003; Strateva et al. 2005; Steffen et al.
2006; Justetal. 2007; Green etal. 2009; Young et al. 2009,
2010; Jin et al. 2012; Risaliti & Lusso 2015; Lusso & Risaliti
2016; Zhao & Xia 2021). More descriptions about adopting the
UV and X-ray correlation of quasars to constrain cosmological
parameters can be found in Sect. 4. Due to the lack of quasars
at low redshifts, the calibration of parameters y and 3 uses other
low-redshift observations, that is SNe Ia. Here, we regard them
as free parameters and fit them simultaneously with cosmologi-
cal parameters. The values for z, Fyv, Fx, and or,, provided by
Risaliti & Lusso (2019) are used.

52.5

— ACDM
37.51 [+ [ SNela
| GRBs
35.011+ Quasars
0 1 2 4 5 6

3
Redshift z

Fig. 1. Hubble diagram of SNe Ia, GRBs, and quasars. The picture
includes 1048 SNe Ia of the Pantheon sample, 31 LGRBs, and 1598
quasars. The black solid line is a flat ACDM model with Q, = 0.3
and Hubble constant Hy = 70 km s~! Mpc~'. Distance moduli and cor-
responding errors are provided by Risaliti & Lusso (2019) which were
calculated by the calibrated UV and X-ray correlation using the low-
redshift SNe Ia.

We plot the Hubble diagram of SNe Ia, GRBs, and quasars,
as shown in Fig. 1. In discussing the impact of the quasar rela-
tion on cosmological constraints, we used the same sample of
Risaliti & Lusso (2019), including SNe Ia and quasars, referred
to as the SN-Q sample. When comparing different cosmological
expansion methods, we use the combined sample. The maximum
redshift of 31 LGRBs is higher than that of the Pantheon sam-
ple. Therefore, compared to the Pantheon sample, the combined
sample can be regarded as a high-redshift sample.

3. Method

In this section, we briefly introduce the different cosmographic
techniques and the model selection method. Cosmography is
an artful combination of kinematic parameters by the Taylor
expansion with an assumption of large-scale homogeneity and
isotropy. In this framework, the evolution of the universe can
be described by some cosmographic parameters, such as Hubble
parameter H, deceleration g, jerk j, snap s, and lerk / parameters.
The definition of them can be expressed as follows:

1 a
" Ha
)
Initially, the luminosity distance is expanded as z-redshift
series (Weinberg 1972; Chiba & Nakamura 1998; Visser 2004).
The z-redshift method is completely applicable at z < 1. As the
observed redshift increases, the z-redshift exhibits poor behavior
which prompts researchers to find new ways to this problem.
Many cosmographic approaches have been proposed in order
to obtain as much information as possible from higher-redshift
observations directly, among which the representative ones are
y-redshift, E(y), log(1 + z), log(1 + z) + k;;, and Padé approxi-
mations. These methods have been widely used in cosmological
applications (Wang et al. 2009; Wang & Wang 2014; Wei et al.
2014; Demianski et al. 2017; Capozziello & Ruchika Sen 2019;
Yin & Wei 2019; Capozziello etal. 2020; Lietal. 2020;
Rezaei et al. 2020; Cai et al. 2022). Next, we briefly introduc-
tion these methods.

la . 1a 1 d

g=-——-— -2 ==

a
H:—, 5 3 4
a H=a H° a H%a

3.1. Cosmographic expansions

We first introduce the standard model as a guide. Considering the
flat ACDM model, the luminosity distance dy, can be calculated
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from

c(1+7z) fz dz
dp = ,
Ho  Jo Q.1 +2)3 +(1-Qp)

where c is the speed of light, Hj is the Hubble constant, and Q,
is the matter density.

(6)

z-redshift. The z-redshift method is the earliest Taylor series
used in cosmology. The luminosity distance can be conveniently
expressed as

c 1 1
dL(@) = — |2+ 5(1 = q0)z" — (1 = qo = 3¢5 + jo)2’
L(2) Ho [z+2( 40)z 6( g0 = 3q5 + jo)z
1
* 5 (2 - 2g0 - 1545 — 15q5 + 5jo + 10go o + 50) 2*

1
+ ﬁ)( -6+ 6qo + 81¢) + 165¢3 + 105, + 102

- 27jo = 110go jo — 1053 jo — 15goso — 1150 — lo)z5

+0(z%)], (7)

(Cattoén & Visser 2007; Capozziello et al. 2011), where Hy, qo,
Jo, So, and [y are the current values. The first two terms above
are Weinberg’s version of the Hubble law which can be found
from equation (14.6.8) in the book by Weinberg (1972). The
third term and the fourth term are equivalent to that obtained
by Chiba & Nakamura (1998) and Visser (2004), respectively.

y-redshift. Mathematically, z-redshift expansion should be
performed near a small quantity, that is the low redshift z « 0. At
that time, with the increase in SN data, the highest redshift was
already greater than 1.00. Cattoén & Visser (2007) pointed out
that the use of the z-redshift for z > 1 is likely to lead to a conver-
gent problem, that is to say any Taylor series in z is guaranteed to
diverge for z > 1. In order to relieve this mathematical problem,
they introduced an improved parameterization y = z/(1 + z). The
luminosity distance was written as follows:

c 1 1 .
wo) =5 [y = 50 =30 + 2 (11 = 5q0 + 35 — jo)*

1 , .
*52 (50 = 7jo — 26q0 + 10q0jo + 2143 — 154 + s0) y*
1 2 3 4 .
+ 20 (274 — 15440 + 141q5 — 135¢, + 105q; — 47 jo
+10j3 + 900 jo — 10543 jo — 15g050 + 950 — o) y°
+00°)]. ®)
E(y). Also using the improved parameterization y = z/(1 + z),
Rezaei et al. (2020) reconstructed the E(z) as a function of y-
redshift. The form of the function E(z) can be described as
follows:
1 .
E() =1+ +q0)y + 5 (2~ 45 +240 + o)y’
1 . .
i3 (6 + 345 — 3¢5 + 640 — 4qojo + 3jo — So) y’
1 . ) .
+ ﬂ( —15¢ + 1243 + 25¢% jo + Tq050 — 4j5 — 160 jo
— 123 + Iy — 450 + 12 + 24q0 + 24)y4
+00). ©)
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The corresponding luminosity distance can be obtained by using
follow formula:

_c(l+2) N dz’.
W= =g~ ) B

Padé polynomials. The Padé polynomials (Steven & Harold
1992) was built up from the standard Taylor definition and can
be used to lower divergences at z > 1. It often gives a bet-
ter approximation for the function than truncating its Taylor
series, and it may still work where the Taylar series does not
converge (Wei et al. 2014). Due to its excellent convergence
properties, the Padé polynomials have been considered at high
redshifts in cosmography (Gruber & Luongo 2014; Wei et al.
2014; Demianski et al. 2017; Capozziello et al. 2018b, 2020).
The Taylor expansion of a generic function f(z) can be described
by a given function f(z) = f:;) ciz', where ¢; = fi(0)/i!, which
is approximated by means of a (n, m) Padé approximation by the
radio polynomial (Capozziello et al. 2020)

(10)

; .
i=0 4iZ'

an :—;
(@) L+ 30, by

(1)
there are a total (n+m+ 1) number of independent coefficients. In
the numerator, we have n + 1 independent coefficients, whereas
in the denominator there is m. Since, by construction, by = 1 is
required, we have

f@ = Pun(2) = O(2). (12)

The coefficients b; in Eq. (11) were thus determined by solving
the follow homogeneous system of linear equations (Litvinov
1993):

D bicuike; = =boCusk; (13)
j=1

which is valid for k = 1, ..., m. All coefficients g; in Eq. (11) can
be computed using the formula

i
a; = Z bi kCpik-
=0

In terms of the investigations of Capozziello et al. (2020) on the
Padé polynomials, we finally chose to use the Padé, 1) approx-
imation and Padé,) approximation to represent the third-
order polynomials and the fourth-order polynomials, respec-
tively. More detailed information about the selections of the
specific polynomials can be found in Capozziello et al. (2020).
We subsequently provide the corresponding luminosity distances
(Capozziello et al. 2020):

(1) Padé(z’l)i

4 =< [z(6(—1 + o) + (=5 = 2jo + qo(8 + 390))2) |
t Hy =23 + 7+ joz) +2q0o(3 + 2+ 3qo2)

(14)

(15)
(2) Padé 2 ):
diu(2) = HLO[6Z(10 +97 - 6q37 + S0z — 2q5(3 + 72)

—qo(16 +192) + jo(4 + (9 + 6q0)z))/(60 + 24z

+ 650z — 222 + 4j27* = 9g57* — 3507

+6q32(=9 + 42) + ¢3(=36 — 114z + 192%)
+ jo(24 + 6(7 + 8q0)z + (=7 — 23q0 + 643)z>)

+qo(—=96 — 36z + (4 + 3so)zz))}. (16)
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log(1+2z). The logarithmic polynomials, log(l + z), were
recently proposed by Risaliti & Lusso (2019) and then adopted
to test the flat ACDM tension (Lusso et al. 2019; Yang et al.
2020). The new form of the relation between the luminosity dis-
tance and the redshift should be written as

dr (z) =k ln(lO)Hi X [log(l +2) +ay log2(1 +2)
0

+azlog®(1 +2) + ag log*(1 + 2) [ + O[log’ (1 + 2)];

(17)
here, k, a;, as, and a4 are free parameters.

log(1+z) + k;;. According to the previous logarithmic poly-
nomials, Bargiacchi et al. (2021) modified the expression of the
luminosity distance to make cosmograpgic coefficients with no
covariance. They named this method orthogonalized logarithmic
polynomials. The modified expression of the luminosity distance
is

di(2) = kln(lO)Hi X {log(l +2) + ar log*(1 + 2)
0
+as [k32 10g2(1 +2z)+ 10g3(1 + z)]
+ ay [kap log(1 + 2) + k3 log* (1 + 2) + log*(1 + 2)| }

+0log’(1 +2)|,
(18)

where the coefficients k;; are not free parameters and they are asso-
ciated with our used data set. They were determined through the
procedure described in Appendix A of Bargiacchi et al. (2021).

3.2. Statistical analysis and selection criteria

Using the luminosity distance derived from the different cosmo-
graphic techniques, we can obtain the corresponding theoretical
distance modulus
d
=5log —— +25. 19

HMih og Mpc (19)
The best fitting values of the free parameters are achieved by
minimizing the value of x?,

a? 0)

2 (Hobs(@) = pn(Pi, 20))
e=Y ,
i=1

where 07;(z;) represents the observational uncertainties of the dis-
tance modulus and P; represents the free parameters to be fitted.
For the Pantheon sample, the parameter o; only includes the sta-
tistical error. In the GRBs sample, the parameter o-; not only con-
tains statistical errors but also takes the intrinsic dispersion oy
of the Lo—t,, correlation into account. For the combination of dif-
ferent datasets, the corresponding X%mal is equal to the sum of y?
of each dataset. Using the combination of SNe Ia and GRBs as
an example, the x7 ., i

X%‘otal = X%Nela +XéRBs' (21)
The likelihood analysis was performed employing a
Bayesian Monte Carlo Markov chain (MCMC; Foreman-
Mackey et al. 2013) method with the emcee® package. We used
the getdist package (Lewis 2019) to plot the MCMC samples.

2 https://emcee.readthedocs.io/en/stable/

Out of necessity, we briefly introduce the model compari-
son methods used. We note that AIC and BIC are the last set of
techniques that can be employed for model comparison based
on information theory, and they are widely used in cosmologi-
cal model comparisons; AIC and BIC are defined by Schwarz
(1978) and Akaike (1974), respectively. The corresponding def-
initions read as follows:

AIC =2n+x2.,
BIC = nlog N + x2,.,

(22)
(23)

where 7 is the number of free parameters, N is the total number
of data points, and y2. is the value of y calculated with the
best fitting parameters. The model that has lower values of AIC
and BIC will be the suitable model for the employed data set.
Moreover, we also calculated the differences between AAIC and
ABIC with respect to the corresponding flat ACDM values to
measure the amount of information lost by adding extra parame-
ters in the statistical fitting. Negative values of AAIC and ABIC
suggest that the model under investigation performs better than
the reference model. For positive values of AAIC and ABIC, we
adopt the judgment criteria of the literature (Capozziello et al.
2020):

— AAIC(BIC) € [0,2] indicates weak evidence in favor of
the reference model, leaving the question on which model is the
most suitable open;

— AAIC(BIC) € (2,6] indicates mild evidence against the
given model with respect to the reference paradigm; and

—AAIC(BIC) > 6 indicates strong evidence against the given
model, which should be rejected.

4. Potential deviation from ACDM from quasar data

Risaliti & Lusso (2019) found a 40 deviation from ACDM
via the Hubble diagram of SNe Ia and 1598 quasars. Then
Lusso et al. (2019) confirmed the tension between the ACDM
model and the best cosmographic parameters at 40 with SNe Ia
from the Pantheon sample and quasars, and at > 40 with SNe
Ia, quasars, and GRBs. These two works both used a calibrated
quasar relation between the UV and X-ray luminosity which can
be parameterized as (Avni & Tananbaum 1986)
log(Lx) = ylog(Luv) +5. (24)
where Ly is the rest-frame monochromatic luminosity at 2 keV
and Lyy is the luminosity at 2500 A. We note that y and S are
fixed (Risaliti & Lusso 2019), and then they were used for the
cosmological constraints. The details on the calibration of quasar
relation between the UV and X-ray luminosity are provided in
Risaliti & Lusso (2019). In this section, we fit the quasar relation
and cosmographic parameters simultaneously.

Utilizing Eq. (24), we derived the theorietical X-ray flux
(Hu et al. 2020; Khadka & Ratra 2020b):

&([Fuvlidilzi]) = log(Fx)
= y(og Fyy) + (y — ) log4n

+2(y - Dlogdy + . (25)

Here, F, and Fyy represent the X-ray and UV flux, respectively.
For the Padé, 1) approximation and logarithmic polynomials, the
corresponding luminosity distances d; were calculated by utiliz-
ing Egs. (15) and (17), respectively. For the quasar sample, the
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best fitting values of our used parameters can be obtained by
minimizing the corresponding XzQ’

1598 o . 2
XZQ _ Z((log(FX)l ¢(£5UV]1,dL[Zl])) +1n<27rs,-2)), 26)

i=1 i

where the variance 51‘2 consists of the global intrinsic scatter ¢ and

the measurement error o; in (Fy);, that is s? = 6% + o-iz. Com-

pared to ¢ and o'iz, the error of (Fyy); is negligible. The function
¢ corresponds to the theoretical X-ray flux obtained by Eq. (295).
Combining Egs. (17), (25), and (26), we can obtain the fitting
results, thatis & = 0.23 £0.01,y = 0.63 + 0.01,8 = 7.42 + 0.32,
k=099 = 0.01, a, = 3.08 £ 0.17, a3 = 3.70 = 1.10, and
as = —1.20%)59. The corresponding confidence contours are
shown in Fig. 2. In Fig. 3, we plotted the 3D confidence ellip-
soid for parameters space (a,, as, and a4) and the corresponding
2D projections on panels a; — as, ay — aq, and a3 — a4. The solid
orange lines show the relation between parameters a,, as, and
ay. It is easy to find that the constrained results of the 2D pro-
jections are consistent with the flat ACDM model within the 20
level. The results of the 3D confidence ellipsoid are consistent
with the flat ACDM model within the 30 level. Through analyz-
ing Figs. 2 and 3, we confirm that considering correlation param-
eters 0, v, and B as free parameters, the 40 tension between the
ACDM model and the best cosmographic parameters from the
SN-Q sample reduce to 30

While using the Padé( ;) approximation, we checked the
influence of the quasar relation on the cosmological constraints.
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for the parameters space (9, v, B, k, az, as,
as as and a4) from the SN-Q sample utilizing the
log(1 + z) method.

We first provide the constraints considering a free quasar rela-
tion. Then combining that with the following two special cases,
the effect of the slope parameter v is studied. One case is the fit-
ting parameters go and jj in the case of fixed parameters ¢, v, and
B. The other is to refit gg and j by changing the setting of the
fixed parameter y within a 1o~ error (0.005). The fixed parame-
ters 0, vy, and g are given in terms of the best fitting results from
1598 quasars in a flat ACDM model. By substituting Eqgs. (25)
into (26), and replacing d; with Eq. (6), we obtained the best
fits, that is Q,, = 0.65t8:{g, 0 =023 =001,y =0.62 + 0.01,
and B = 7.60 + 0.28. This result is consistent with previous
research within a 1o error (Lusso & Risaliti 2016; Melia 2019;
Salvestrini et al. 2019; Khadka & Ratra 2020a, 2022; Liu et al.
2020; Wei & Melia 2020). Here, it is worth noting that the 1o
errors of the y best fit from previous research are both larger
than 0.01. Figure 4 shows the fitting results with a free quasar
relation. The best fits are 6 = 0.23 = 0.01, v = 0.64 = 0.01,
B = 7.17f8:§§, qo = —0.67 + 0.04, and jy = 2.43f8:i(1). This result
is in line with the previous results obtained by the logarithmic
polynomials. The corresponding go— jo projection is also plotted
in Fig. 5 as a gray contour. In addition, we also show the confi-
dence contours of the other two special cases. (1) When we chose
0 = 0.23,y = 0.62, and 8 = 7.60 (best fits from 1598 quasars
in a flat ACDM model), the results are go = —0.82 + 0.05 and
Jo = 499", which is represented by the red contours in Fig. 5.
There exists more than a 40 tension with the flat ACDM. (2) In
only changing y = 0.625, the new resultis go = —0.58 £ 0.03 and
jo = 1.19%93% which is described by the blue contours of Fig. 5.

-0.31
We find that the y value changes from 0.62 to 0.625 (within a 1o



J. P. Hu and F. Y. Wang: High-redshift cosmography

10

as
o

-10

4

y

N
A
]
’ /
/.\ \
)
y
- N
A
‘ ‘
)

Y

y
4 )
| ’ "‘
// ' ///
T N -
3t/ \ J N
\ ) L 1
) y
- -

022 023 024  0.62 0.64 0.66 65 7.0 75 80  —07 —06 7 3 4
6 12 B 9o Jo

[
‘
[
700
\
[ \ A
\ \ ]
\ /

y

® \
/ N
- AN

g Q@

X
Q
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B, qo, and jo) from the SN-Q sample using the Padé, ;) method.

error of 0.01), and the 40 tension disappears. This result is con-
sistent with the ACDM model within a 1o level. We find that the
quasar relation can obviously affect the cosmographic constraint,
especially the slope parameter y.

5. Results

Firstly, we performed an analysis of the used samples, including
the redshift distribution and the constraints on €, in the spa-
tially flat ACDM model, as shown in Fig. 6. From the redshift
distribution, we found that SNe Ia are mainly distributed in low

4.0

3o Fig. 3. 3D confidence ellipsoid (1o, 20,
and 30) for the parameters space (a,, as,
and ay4) and the corresponding 2D projec-
tions on panels a, —as, a; —ay, and az —ay
from the SN-Q sample using the log(1 +z)
method. The solid orange line shows the
relation between two and three parame-
ters in the log(1 + z) model. In 2D projec-
tions, red and black points correspond to
Q,, = 0.30 and Q,, = 0.40, respectively.
In the 3D confidence ellipsoid, the purple
point corresponds to Q,, = 0.30.

. Free
7 =y =062
.y =0.625

-1.0 -0.9 -0.8

Fig. 5. Confidence contours (1o, 207, and 30°) for the parameters space
(o and jo) from the SN-Q sample utilizing the Padé, ;) method. The red
point represents (—0.54, 1) the value given by the Planck 2018 results
(Planck Collaboration VII 2020).

redshift (z < 1), and GRBs and quasars are mainly distributed
in high redshift (z > 1). The best fits of €, are all near 0.29
with a 1o error of 0.01. This result will be used in subsequent
comparisons. Below, we show the main results.

A comparison with different cosmographic methods as
another main work also yields many meaningful results. We plot-
ted the Hubble diagram of SNe Ia and GRBs, as well as the
corresponding theoretical lines with different methods or differ-
ent expansion orders, as shown in Fig. 7. The upper two panels
and the lower two panels use the Pantheon sample and a com-
bination of the Pantheon sample and 31 LGRBs, respectively.
Expansion orders of the right two panels and the left two panels
are the third order and the fourth order, respectively. By ana-
lyzing Fig. 7, we found that as the expansion order increases,
the difference between the prediction lines of different methods
becomes blurred. However, the results of the y-refshift method
are obviously different from other methods. This is one of the
reasons why we studied the y-redshift with different expansion

AT71, page 7 of 13
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orders separately. The corresponding best fitting results and sta-
tistical information (an . AIC, BIC, AAIC, and ABIC) of the
Pantheon sample and the combined sample are listed in Tables 1
and 2, respectively.

In Table 1, among the results of the third-order expansion,
the smallest values for AAIC and ABIC were all obtained by the
Padé, ;) method, that is AAIC = 0.83 and ABIC = 1.85. Also,
AAIC and ABIC of the z-redshift method are close to the values
of the former. The ones of the y-redshift and the E(y) methods are
AAIC =72.48 and ABIC = 73.50, and AAIC = 8.29 and ABIC =
9.31, respectively, which are both larger than 6. The latter values
are significantly better than the former. From the results of the
fourth-order expansion, the smallest values for AAIC and ABIC
are 1.63 and 3.67, which are given by the z-redshift method.
Utilizing the Padé, ) method, we found that AAIC = 7.89 and
ABIC = 10.02, which are larger than what was found for the
other methods. The results for the y-redshift and E(y) meth-
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ods are similar. Combining the results of third-order expansion
with the results of firth-order expansion, the minimum values of
AAIC and ABIC from Table 1 are AAIC = 0.83 and ABIC = 1.85,
which were obtained by the Padé, ;) method. Through analyzing
statistical information in Table 1, it is easy to find that, except for
the y-redshift and E(y) methods, the values of AAIC and ABIC
increase with the expansion order. In comparison to other meth-
ods, the influence of the expansion order on the results for the y-
redshift method is more obvious. For the Pantheon sample (low
redshift case), the third-order expansion of y-redshift and E(y)
methods and Padé;») can be rule out based on the values for
AAIC and ABIC.

In Table 2, one can notice that there is no convergent result
from the combined sample using the third-order expansion of
the z-redshift method. From the third-order results, the values
for AAIC and ABIC obtained by the Padé, ), log(1 + z), and
log(1+2z)+k;; methods are very close, and they are all less than 2.
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Table 1. Best fitting results obtained from the Pantheon sample using different cosmographic techniques.

5.80

Method Parameters )(fnm AlIC BIC AAIC  ABIC
ACDM Q,, =0.289 1067.49  1069.49 1070.51 0 0
Third-order 90 Jo
b4 -0.55+0.03 0.71 = 0.17 1066.44 1070.44 107248  0.95 1.97
y 0.27 + 0.08 -21.2719 1137.97 114197 114401 7248 73.50
E(y) -0.76 + 0.05  4.50*33 1073.78 1077.78 1079.82  8.29 9.31
Padé, 1 -0.65 £ 0.04 2.18*930 1066.32  1070.32 107236  0.83 1.85
k as as
log(1 +2) 1.00 + 0.01 3.09 £ 0.12  3.33 + 041 1064.84 1070.84 1073.90  1.35 3.39
log(1+2) +k; 1.00 £ 0.01  3.99 + 0.05 3.34*0% 1064.82 1070.82 1073.88 133 337
Fourth-order q0 Jo 5o
Z -0.59 + 0.04 11839 0.88*149 1065.12  1071.12 1074.18  1.63 3.67
y -0.99%7 17.73:337 389.8071399 1067.05 1073.05 1076.11  3.56 5.60
E(y) -0.51 = 0.11  —1.4773% -37.08+2341 1067.78 1073.78 1076.84  4.29 6.33
Padé, ») -0.62 + 0.06 1.58*)% 3.04473 1071.47 1077.47 1080.53  7.89  10.02
k a as ay
log(1 +2) 0.99 + 0.01 3.14702 2.957167 0.84 £ 3.73 1064.79 1072.79 1076.87  3.30 6.36
log(1+2z)+k; 0.99 + 0.01 399 £ 0.06 331 +£042 0.89 +3.64 1064.78 1072.78 1076.86  3.29 6.35
Table 2. Best fitting results obtained from the combined sample using different cosmographic techniques.
Method Parameters X AIC BIC AAIC  ABIC
ACDM Q,, =0.290 1105.12  1107.12 1108.15 0 0
Third-order 4o Jo
z _ _ _ _ _ _ _
y 0367058 -22.69*,99 1246.71 1250.71 1252.78 143.59 144.63
E) ~0.81 + 0.05 5.17*03 1129.65 1133.65 113572 2653 2757
Padé,, ) -0.66 + 0.04  2.3070:8 1103.35 1107.35 1109.42 0.23 1.27
k a as
log(1 +2) 1.00 + 0.01 3.08 £ 0.11  3.40%03 1100.97 110697 1110.07 -0.15 1.92
log(1 +z)+k; 1.00 = 0.01 4.0245¢ 3.39 + 0.37 1100.96 110696 1110.06 -0.15 1.91
Fourth-order 90 Jo S0
b4 -0.56 + 0.03  0.9470% 0.23%081 1103.84 1109.84 111294  2.72 5.96
y -1.19 £ 0.15  25.42*38 584.90*13020 1121.21 112721 113030  20.09 23.33
E(y) -0.42 + 0.01 -3.7629) -59.03#}52¢0 1108.61 1114.61 1117.71 7.49 10.73
Padé ) -0.63 £ 0.05 1.77*3% 445747 1101.61 1107.61 1110.71 0.49 2.56
k a a3 ay
log(1 +2) 0.99 + 0.01 3.12%1% 31149 0.5372% 1100.94 1108.94 1113.07 1.82 6.48
log(1 +2)+k; 0.99 + 0.01 3.99 £ 0.14  3.17;97° 478*1%8 1100.93 1108.93 1113.06 1.81 6.47
Five-order q0 Jo o lo
y -0.36*005 -12.903%0 379+ 94 —4170 = 1100 110497 111297 1117.11 5.85 8.96

For the Padé, ;) method, the values for AAIC and ABIC are 0.23
and 1.27, respectively. For the log(1+2z) and log(1 +z) +k;; meth-
ods, the corresponding results are AAIC = —0.15 and ABIC =
1.92, and AAIC = -0.15 and ABIC = 1.91, respectively. The

results obtained from the y-redshift and E(y) methods are both
larger than 6. For the fourth-order case, the minimum values,
AAIC = 0.49 and ABIC = 2.56, were obtained by the Padé, »)
method. The results of the y-redshift and E(y) methods are still

AT71, page 9 of 13



A&A 661, A71 (2022)

Jo

. \ “‘\“
\ /\

-200

& -400

-600 ) / \

~2000 Z PN N\

4 { [ . [\

\ | / \

o —4000 { [\
- ( \ \ / \
-6000f | \ / \

08 -05 -02 20 -10 0  -600 —400 —200 7000 —4000
9o Jo So lo

50

48
46
44
42

40

Combined sample, y = —=%

T+2)
38 — ACDM

—— Three-orders

36 ---- Four-orders

—— Five-orders

e SNela

34 « GRBs
0 1 2 4 5 6

3
Redshift z

Fig. 8. Comparison between different expansion orders using the y-redshift method. Right panel: confidence contours (1o~ and 2¢°) for the parame-
ters space (qo, jo, So, and ly) from the combined sample. Blue points are SNe Ia from the Pantheon sample. Purple points are 31 LGRBs constructed

by Wang et al. (2022).

greater than 6 and those for the former are worse. Minimum val-
ues of AAIC and ABIC in Table 2 are also given by the Padé, i,
method. Looking through the results of Table 2, we found that
the main conclusions obtained from the Pantheon sample are
both confirmed by employing the combined sample including
the Pantheon sample and 31 LGRBs (high-redshift case). In the
case of high redshift, the fourth-order expansions of y-redshift
and E(y) are also excluded.

And we also found some interesting results. There is no con-
vergent result using the third-order expansion of the z-redshift
method, but the fourth-order expansion can be used to obtain a
good result. The Padé; 5y method, which is ruled out in the case of
low redshift (Pantheon sample), also has a good result. It demon-
strates that itis important to choose the suitable expansion method
and order based on the sample used. In Table 2, we present the
constraints of the fifth-order expansion and the corresponding
Hubble diagram from the combined sample using the y-redshift
method, as shown in the left panel and the right panel of Fig. 8,
respectively. The best fits are go = —0.3670.03, jo = —12.9073%0,
so = 379.04 £ 94.00, and [, = —4170 = 1100. The values for
AAIC and ABIC are equal to 5.85 and 8.96, which are smaller than
what was obtained by the third-order expansion and fourth-order
expansion. To understand the influence of the expansion order on
the results more intuitively, the third-order and the fourth-order
expansions are also plotted in the right panel of Fig. 8. We find
that the theoretical line of higher order is closer to that of the flat
ACDM model. At the same time, from the results of the y-redshift
method in Table 2, we confirm that the values for AAIC and ABIC
decrease with the expansion order increase.

All confidence contours corresponding to Tables 1 and 2 are
shown in Figs. A.1-A.4. Figures A.1 and A.2 were obtained by
utilizing the Pantheon sample for the third order and the fourth
order, respectively. Figures A.3 and A.4 are similar to Figs. A.1
and A.2, except that the combined sample is used for the former.
In order to better display the results of comparison, we drew
the consequences of the same parameters in a graph. The results
of y-redshift are not tight and deviate significantly from other
results. So we plotted the y-redshift results in a single graph.
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6. Conclusions and discussion

In this paper, we first investigate the effect of the quasar
relation between the UV and X-ray luminosities on the cos-
mographic constraints using the logarithmic polynomials and
Padé, 1) methods. Then based on the Pantheon sample and 31
LGRBs, we critically compare six kinds of cosmographic meth-
ods, that is z-redshift, y-redshift, E(y), log(1 +z), log(1 +z) + k;j,
and Padé polynomials. By investigating the effect of the quasar
relation on the cosmographic constraint, we were able to find
that the quasar relation can obviously affect the cosmographic
constraint, especially the slope parameter y. The change in the
v value by 0.005 makes the 40" tension disappear. And until
now, the best fits of the calibrated y have been in the range
(0.612, 0.648), which was obtained from the latest quasar sam-
ple using different calibrated methods (Risaliti & Lusso 2019;
Wei & Melia 2020; Li et al. 2021; Zheng et al. 2021). In terms
of our study, the y value changes from 0.612 to 0.648, and the
tension changes significantly. This indicates that the 40 or 30
tension between the ACDM model and the best cosmographic
parameters from the SN-Q sample may be uncertain. In order
to better constrain the cosmographic parameters, we need more
precise data of quasars to yield a tighter quasar relation. A next-
generation X-ray, such as eROSITA (Lusso 2020), will provide
us more copious and precise data for quasars which could help
us solve this puzzle.

Our other main interest is to compare different cosmographic
techniques by combining new high-redshift data. We adopted the
AIC and BIC selection criteria as tools for inferring the statisti-
cal significance of a given scenario with respect to the ACDM
model. The corresponding results are shown in Figs. 7, 8 and
Tables 1, 2. By analyzing the theoretical lines produced by dif-
ferent methods and different orders, we found that increasing
the order makes the theoretical predictions obtained by differ-
ent methods closer to the predictions of the ACDM model with
Q,, = 0.29. Among them, the increase in the order has the most
obvious influence on the y-redshift method. This can also be
found from the changes in AAIC and ABIC. For the Pantheon
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sample, Padé, 1) turns out to be the best-performing approxima-
tion in the third- and fourth-order expansions. The third-order
expansions of the y-redshift and E(y) methods can be ruled out.
For the combined sample, the Padé, ;) approximation still per-
forms well. The third- and fourth-order expansions of the y-
redshift and E(y) methods are both excluded. The E(y) method is
better than the y-redshift method. On the contrary, the log(1 + z)
and log(1 +z) + k;; methods have good performance in these two
expansion orders. Combining all of the results, we found that
the Padé, 1y method is suitable for low and high redshift cases.
The Padé(, 5y method performs well in high redshift situations.
The performance of the E(y) method is better than that of the
y-redshift method. The log(1 + z) and log(1 + z) + k;; methods
are better than the z-redshift, y-redshift, and E(y) methods, but
worse than Padé approximations. Except for the y-redshift and
E(y) methods, the values of AAIC and ABIC increase with the
expansion order. But the constraints of the y-redshift and E(y)
methods may be problematic, that is, the high-order coefficients
are abnormal. To minimize risk, one might only constrain the
first two parameters (go and jo), and the other parameters could
be marginalized in a large range (Zhang et al. 2017; Wang et al.
2022).
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Appendix A: 10 and 20 contours in the 2D parameter space utilizing
different expansion orders and datasets
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Fig. A.1. Confidence contours (1o and 20) for the cosmographic parameters space using the Pantheon sample and the third-order expansion.
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Fig. A.2. Confidence contours (10~ and 20) for the cosmographic parameters space using the Pantheon sample and the fourth-order expansion.
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Fig. A.3. Confidence contours (1o and 20) for the cosmographic parameters space using the combined sample and the third-order expansion.
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Fig. A.4. Confidence contours (10~ and 20) for the cosmographic parameters space using the combined sample and the fourth-order expansion.
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