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ABSTRACT

Context. The large-scale hydromagnetic dynamo mechanism is often assumed to rely on the existence of a resistive phase shift be-
tween the kinetic and magnetic components of waves. It is not clear how this mechanism could effectively operate in hot, low-density
plasma, where the electrical resistivity is extremely low.
Aims. We show that non-stationarity, a common factor in plasma turbulence (e.g., in the interstellar medium caused by random super-
nova explosions), allows inducing a strong large-scale electromotive force (EMF) by the plasma flow and significantly enhances the
dynamo effect.
Methods. We adopted the simplest approximation in which plasma evolution is modelled with a set of incompressible magnetohy-
drodynamic equations with a random, Gaussian, and non-stationary forcing to explicitly demonstrate the role of non-stationarity in
the large-scale dynamo process. The EMF was calculated analytically in the limit of large magnetic Prandtl numbers (low magnetic
diffusion in comparison with plasma viscosity) and strong magnetic fields for the non-stationary turbulence and the standard diffusive
mechanism.
Results. We show that the EMF induced by the effects of non-stationarity can typically be expected to dominate the dynamo mech-
anism (over the diffusive phase shift generation) by several orders of magnitude. This is confirmed by the explicit calculation in two
example cases for the interstellar medium in the Milky Way galaxy and hot accretion disks such as those of active galactic nuclei.
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1. Introduction

The effect of a hydromagnetic dynamo, that is, the spontaneous
generation of magnetic fields by plasma flow, is commonly
invoked in the dynamical pictures of astrophysical systems, in
particular in the cases of magnetized hot accretion disks or the
interstellar medium (ISM). The flow can be driven for instance
by supernova bursts, as in the case of galaxies (cf. Ferrière 1992;
Brandenburg & Subramanian 2005) or by the development of
violent instabilities such as the magneto-rotational instability
in accretion disks (cf. Balbus & Hawley 1991a,b). The condi-
tions for energy transfer from the kinetic energy of the turbu-
lent plasma flow to the magnetic energy at large scales require a
lack of reflexional symmetry in the flow (cf. e.g., Steenbeck et al.
1966; Roberts 1994; Moffatt & Dormy 2019), which in natu-
ral systems is satisfied by differential rotation. The turbulent
mechanism of dynamo action, which is typically thought to be
responsible for the generation of large-scale fields, is the so-
called α-effect, which is based on non-linear interactions of the
small-scale fluctuating components of the turbulent state that
generate the large-scale electromotive force (EMF). However,
in the standard approaches, this mechanism relies on the phase
shift between the kinetic and magnetic components of turbulent
fluctuations, which is generated by plasma resistivity. In other
words, this mechanism becomes ineffective in low-resistivity
plasma, and typically, only the small-scale dynamo is invoked
(cf. e.g., Schekochihin et al. 2002, 2004a,b although it is known
that large-scale dynamo action is not excluded and evidence for
the possibility of large-scale dynamos even for stationary flows

exists (cf. e.g., Alexakis 2011; Brandenburg & Subramanian
2005).

In hot plasma, the density ρ is extremely low and thus the
kinematic viscosity ν = µ/ρ is high because the dynamic vis-
cosity µ is almost independent of density in the limit ρ → 0, as
already recognized by Maxwell (1867). It follows that η � ν is
satisfied, or that the magnetic Prandtl number Pm = ν/η � 1 is
large. It is the aim of this short paper to clearly demonstrate that
the non-stationarity is capable of significantly enhancing the α-
effect, that is, generating the large-scale EMF from small-scale
fluctuations. The model considered here is very simple, based on
incompressible magnetohydrodynamics (MHD), with a random,
Gaussian, non-stationary forcing, which is a great simplification
with respect to the real flows, which feature differential rotation,
density stratification, self-gravity, and so on. This allows us to
obtain analytic results. Nevertheless, despite the great simplifi-
cations, the result is generic in the sense that small-scale tur-
bulence, which exhibits chirality and non-stationarity, induces
an efficient large-scale dynamo process. Non-stationarity has
already been shown to be a dynamically significant factor in the
interstellar plasma turbulence for example by Korpi et al. (1999)
and even for turbulent dynamo action (Mizerski 2018a,b, 2020).
However, the former study was purely numerical and did not
involve dynamo action, whereas the latter studies contain a lim-
iting assumption of weak magnetic fields (small Hartmann num-
bers) and hence weak Lorentz force, which is mostly irrelevant
in the case of hot, low-density turbulent plasma. In contrast, we
consider here the opposite limit of strong magnetic fields. The
effect of the Lorentz force is therefore strongly pronounced in the
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dynamo process. Explicit analytic results are rather rare, espe-
cially in the non-linear limit of a strong magnetic field. Even in
the stationary case, the calculated EMF is therefore a new result.

2. Mathematical formulation

The evolution of the magnetic fields induced by the complex
flow of an incompressible conducting fluid is governed by the
following dynamical equations:

∂U
∂t

+ (U · ∇) U = f − ∇Π + (B · ∇) B + ν∇2U, (1a)

∂B
∂t

+ (U · ∇) B = (B · ∇) U + η∇2B, (1b)

∇ · U = 0 ∇ · B = 0, (1c)

where the velocity field of the fluid flow is denoted by U(t, x), the
magnetic field by B(t, x), and the total pressure Π = p/ρ+ B2/2,
and without loss of generality, we assume ∇ · f = 0; ν and η
denote the viscosity and magnetic diffusivity (proportional to the
electrical resistivity) of the fluid, respectively. For the sake of
simplicity, we rescaled the magnetic field in the following way:
B/√µ0ρ → B, so that the factor of 1/

√
µ0ρ is lost, where ρ

denotes the fluid density, and µ0 is the magnetic permeability of
vacuum.

Next, denoting by angular brackets 〈·〉 the ensemble mean,
we assume that the forcing f is homogeneous and isotropic but
chiral (helical) and Gaussian with zero mean, 〈 f 〉 = 0 and is
fully defined by the following correlation function:〈

f̂i(k, ω) f̂ j(k′, ω′)
〉

=

[D0

k3 Pi j(k) + i
D1

k5 εi jkkk

]
δ(k + k′)∆

(
ω,ω′; ω̃

)
, (2)

where the function ∆ (ω,ω′; ω̃) describes its statistical temporal
properties,

∆
(
ω,ω′; ω̃

)
=

{
∆s (ω,ω′) in the stationary case

∆ns (ω,ω′; ω̃) in the non-stationary case
(3a)

∆s
(
ω,ω′

)
= δ(ω + ω′), (3b)

∆ns
(
ω,ω′; ω̃

)
=
δ(ω + ω′ + ω̃) − δ(ω + ω′ − ω̃)

2i
, (3c)

and is chosen in such a way that in the non-stationary case, the
correlations in real space have a simple sinusoidal time depen-
dence 〈 fi(x, t) fi(x′, t)〉 ∼ sin(ω̃t). Moreover, D0 and D1 are con-
stants, the upper hat denotes a Fourier transform (cf. Eq. (4)
below), and Pi j(k) = δi j − kik j/k2 is the projection operator on
a plane perpendicular to the wave vector k; δi j is the Kronecker
delta, that is, the unity matrix, and εi jk is the Levi-Civita sym-
bol. The D1 term is the helical part of the forcing, introducing
chirality into the flow. It can be easily shown that D0 > 0 and
D1 ≤ kD0 for all k (cf. e.g., Moffatt & Dormy 2019 and Mizerski
2021a).

The non-helical part of the correlation function is inversely
proportional to the third power of the wave number. This scaling
exponent was shown by Yakhot & Orszag (1986) to correspond
to the Kolmogorov-type turbulence in the absence of a mag-
netic field. Similar arguments can be put forward to show that
the helical part must be inversely proportional to the fifth power
of the wave number in order to reproduce the helicity spectrum
for an isotropic, homogeneous, and stationary turbulence (cf.
Brissaud et al. 1973; Chen et al. 2003; Mizerski 2021a).

Furthermore, we assume that the turbulence is forced only
at small scales, that is, within the wave number band k > k` =
2π/`, where ` denotes the size of the most energetic turbulent
eddies, in other words, the forcing does not possess a large-scale
component,

f (x, t) =

∫ ∞

k`
d3k

∫ ∞

−∞

dω f̂ (ω, k)ei(k·x−ωt). (4)

We consider the situation in which U, B and p are turbulent
fields, spatially homogeneous on scales ≤`. We introduce the fol-
lowing standard decomposition for turbulent flows into the mean
and fluctuating parts:

U = 〈U〉 + u, B = 〈B〉 + b, p = 〈p〉 + p′, (5)

and assume scale separation between the mean and fluctuating
quantities. Therefore we treat the mean fields such that 〈U〉, 〈B〉 ,
and 〈p〉 are locally uniform, but vary weakly on scales much
greater than `, that is, greatly exceeding the scales of the vigor-
ous background turbulence.

The mean induction equation takes the form

∂ 〈B〉
∂t

= ∇ × (〈U〉 × 〈B〉) + ∇ × 〈u × b〉 + η∇2 〈B〉 , (6)

and we identify the term E = 〈u × b〉 as the large-scale elec-
tromotive force (EMF). We adopt the “first-order smoothing
approximation” (FOSA; cf. Moffatt & Dormy 2019), in which
squares and products of fluctuating quantities are ignored, and
for clarity, we neglect all effects associated with the mean flow
〈U〉 in order to concentrate solely on the influence of the non-
stationarity of turbulence on the α-effect. A consequence of the
scale separation is that the gradients of means in the equations
for fluctuations are negligible, thus the equations for the Fourier
transforms of the turbulent fluctuations û and b̂ can be written in
the form (cf. Moffatt & Dormy 2019)

−iσ(q)ûi(q) = f̂i(q), b̂i(q) = −
k · 〈B〉
ω + iηk2 ûi(q), (7)

with

σ(q) = ω + iνk2 −
(k · 〈B〉)2

ω + iηk2 , (8)

and we have eliminated the pressure from the Fourier trans-
formed velocity equation with the use of the projection oper-
ator Pi j(k) defined below (3c). We also introduced a short
four-component notation q = (ω, k). Scale separation assump-
tion, although common in mean field dynamo theory, elimi-
nates shearing instabilities, since the effect of the mean velocity
shear on the dynamics of fluctuations is eliminated. Hence tur-
bulence is driven solely by the forcing. In addition, the shear-
current effect (Krause & Rȧdler 1980; Rogachevskii & Kleeorin
2004), the so-called cross-helicity dynamo (Yokoi 2013), and
the cross-helicity effect coupled with the mean magnetic strain
(Yoshizawa 1990; Yokoi 2013) are also excluded by the scale
separation assumption, likewise the effects of turbulent diffu-
sion. Especially the latter can be important, as turbulent diffu-
sion could account for an enhancement in the shift between the
kinetic and magnetic components of waves and thus induction
of the large-scale magnetic field via the standard, well-known
mechanism or vivid amplification of magnetic energy via non-
linear effects associated with the action of the Lorentz force
(cf. Mizerski 2021a,b). Nevertheless, we concentrate here on the
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α-effect, as it is proportional to the lowest-order derivative of
the mean magnetic field, and in this sense, may be expected to
be dominant in many situations (cf. Moffatt & Dormy 2019). As
mentioned in the introduction, the FOSA assumption allows us
to obtain analytic results in the limit of strong magnetic fields,
which are rather rare in the dynamo theory, and thus a clear esti-
mation of the relative strength of the dynamo effect generated by
non-stationarity.

Substitution for ûi from the first equation in Eq. (7) into the
second one allows us to express the fluctuational magnetic field
b̂i by the forcing f̂i in an explicit way. Consequently, the large-
scale EMF can be expressed in the following way:

Ei = εi jk

〈
u jbk

〉
= εi jk

∫
d4q

∫
d4q′

〈
û j(q)b̂k(q′)

〉
ei[(k+k′)·x−(ω+ω′)t] (9a)

εi jk

〈
û jb̂′k

〉
= εi jk

k′n 〈B〉n(
ω′ + iηk′2

)
σ(q′)σ(q)

〈
f̂ j f̂ ′k

〉
, (9b)

where in the second expression, we used a short notation for
b̂′k = b̂k (ω′, k′) and similarly for f̂ ′k .

Hot, low-density plasma such as the ISM or plasma in some
accretion disks is characterized by high values of the magnetic
Prandtl number,

Pm =
ν

η
� 1. (10)

In the following, the mean EMF is explicitly calculated in the
asymptotic limit defined by Eq. (10). In addition, strong mag-
netic fields, that is, large Hartmann numbers,

M =
〈B〉`
√
νη
� 1, (11)

are assumed (for details, see the Appendix A). In many astro-
physical applications, the Hartmann numbers Ml = 〈B〉l/

√
νη

are still large for a wide range of dynamical length scales l � `;
cf. Sect. 4 and estimates for the ISM and hot accretion disks.

3. Stationary, high-Pm turbulence

In stationary turbulence, the force correlations Eq. (2) are given
by (cf. also Eqs. (3a) and (3b))〈

f̂i(k, ω) f̂ j(k′, ω′)
〉

=

[D0

k3 Pi j(k) + i
D1

k5 εi jkkk

]
δ(k + k′)δ(ω + ω′). (12)

We now introduce the latter formula into Eq. (9a), which yields

E
(s)
i = 2D1η 〈B〉n

∫
d4q

knki

k3

1(
ω2 + η2k4) |σ(q)|2

, (13)

where we have made use of the fact that for any even function of
ω, for instance, fe(ω), the integral

∫ ∞
−∞

ω fe(ω)dω = 0 vanishes.
Introducing new variables

$2 =
ω2

νηk4 , M 2 =
〈B〉2

νηk2 , (14)

and using the relation∫
knki

k2 f
(
cos2 θ

)
dΩ̊

= π

∫ 1

−1
f (X2)

{
δni

(
1 − X2

)
+ δn3δi3

(
3X2 − 1

)}
dX, (15)

with Ω̊ denoting the solid angle and θ the meridional angle in
spherical coordinates (k, θ, ϕ), one can express the EMF in the
following way:

E
(s)
i =

4πD1

ν
√
νη
〈B〉i

∫ K

k`

dk
k5

∫ 1

−1
dX

∫ ∞

−∞

d$G ($, X,M ) , (16)

where

G ($, X,M )

=
X2

$4 +$2 [(
Pm + Pm−1) − 2M 2X2] +

(
1 + M 2X2)2 . (17)

In the above we also introduced the upper cut-off K for
the Fourier spectra, which in natural systems appears due to
enhanced dissipation of energy at small scales; in particular, vis-
cous dissipation of kinetic energy in Kolmogorov-type turbu-
lence introduces the cut-off K = 2π(U/ν)3/4L−1/4, with L being
the size of the entire system and U the large-scale velocity mag-
nitude, hence typically k` � K and the resistive cut-off, associ-
ated with magnetic diffusion, at Pm � 1 exceeds K by several
orders of magnitude. In the asymptotic limit Pm � M 2 � 1,
which we assume to be satisfied for all k` ≤ k ≤ K in order to
make analytical progress, one obtains

E
(s)
i ≈

4π2D1

ν2 〈B〉i

∫ K

k`

dk
k5

∫ 1

−1

X2dX(
1 + M 2X2)

≈
8π2D1

Pm 〈B〉2
〈B〉i

∫ K

k`

dk
k3 ≈

4π2D1

Pm 〈B〉2 k2
`

〈B〉i . (18)

On defining the α(s) coefficient

E
(s)
i = α(s) 〈B〉i , (19)

we finally obtain for the case of stationary, high-Pm, strongly
magnetized turbulence

α(s) ≈
4π2D1

Pm 〈B〉2 k2
`

· (20)

An interesting observation can be made based on the fact that the
α-effect is known to consist of two main contributions from the
kinetic and magnetic helicities, that is, α ∼ 〈−u · ∇ × u + b · ∇ ×
b〉 (cf. Pouquet et al. 1976; Yokoi 2013). In an analogous way
as above, both contributions can be evaluated in the considered
high-Pm limit, and the contribution from the magnetic helicity

4π2D1

ν + η

2
√
νη

〈B〉

∫ K

k`
dk

1
k2 arctan


√
〈B〉2

νηk2

 , (21)

turns out to dominate the kinetic helicity contribution, which is
of the same sign, but O(Pm−1) times weaker. This emphasizes
the fact that in the studied limit, the fluctuational Lorentz force,
which plays a crucial part in the dynamo process, leads to the
so-called essentially nonlinear dynamo (cf. Tobias et al. 2011;
Mizerski 2021b).

4. Non-stationary, high-Pm turbulence

The real astrophysical turbulence is practically never stationary.
As a first step towards more realistic models, we therefore con-
sider the non-stationary forcing in a simple form defined by〈

f̂i(k, ω) f̂ j(k′, ω′)
〉

=

[D0

k3 Pi j(k) + i
D1

k5 εi jkkk

]
δ(k + k′)∆ns

(
ω,ω′; ω̃

)
, (22)
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with the function ∆ns(ω,ω′; ω̃) given in Eq. (3c). Introduction
into Eq. (9a) leads to

E
(ns)
i = D1 〈B〉n

∫
d4q

knki

k5

[
e−iω̃t(

−ω + ω̃ + iηk2)σ(k,−ω + ω̃)σ(k, ω)

−
eiω̃t(

−ω − ω̃ + iηk2)σ(k,−ω − ω̃)σ(k, ω)

]
. (23)

The latter integral is evaluated in the Appendix A in the asymp-
totic limit of large Pm and strong magnetic fields Pm �M 2 �

1 with the additional simplifying assumption

ω̃ �
η

`2 , (24)

and by the use of Eq. (15), which yields

E
(ns)
i = α(ns) 〈B〉i , α(ns) ≈ −

(
3 − 2

√
2
)
π3D1ω̃〈B〉

7ν(νη)3/2k7
`

. (25)

The assumption in Eq. (24) on the one hand ensures that the
evolution of the mean EMF is very slow, much slower than the
turbulent fluctuations, but on the other hand, it implies weak
non-stationarity. Nevertheless, even in this restrictive limit (the
timescale of magnetic diffusion is extremely long), the α-effect
induced by non-stationarity in high-Pm, strongly magnetized
plasma is likely to be significantly stronger than the stationary,
diffusive one since the ratio∣∣∣∣∣∣α(ns)

α(s)

∣∣∣∣∣∣ ≈ 3 − 2
√

2
896π4

ω̃`2

η
M3 (26)

exceeds unity when

ω̃`2

η
>

896π4

3 − 2
√

2
M−3 ≈

5 × 105

M3 · (27)

The latter is, in fact, a rather mild restriction, since by assump-
tion, M � 1 and even 106M−3 < 1 is typically satisfied in
hot, low-density plasma. For example, in the case of the ISM
of the Milky Way galaxy, with the aid of Beck et al. (1996) and
Brandenburg & Subramanian (2005), we can take the following
characteristic values:

νISM ≈ 1017 m2

s
, ηISM ≈ 103 m2

s
, 〈B〉ISM ≈ 0.5 nT, (28a)

`ISM ≈ 1018 m, ρISM ≈ 10−21 kg
m3 , (28b)

which lead to PmISM ≈ 1014 � 1, MISM ≈ 1012, and
hence 5 × 105M−3 ≈ 5 × 10−31 for the ISM; `ISM was taken
as the supernova scale at which the turbulence is stirred (cf.
also Schekochihin et al. 2004a). A second example involves
active galactic nuclei (AGN), that is, hot accretion disks
around the supermassive central black holes in spiral galax-
ies, for which we take the following characteristic values (cf.
Brandenburg & Subramanian 2005; Modjaz et al. 2005):

νAGN ≈ 103 m2

s
, ηAGN ≈ 10−1 m2

s
, 〈B〉AGN ≈ 5 µT, (29a)

`AGN ≈ 107 m, ρAGN ≈ 10−2 kg
m3 . (29b)

This leads to PmAGN ≈ 104 � 1, MAGN ≈ 104, and hence 5 ×
105M−3 ≈ 5 × 10−7 for the AGNs.

In both example cases, that is, for the ISM and for the AGN,
the particular assumption Pm � M 2 made in order to facili-

tate and explicitly calculate the Fourier integrals is not strictly
satisfied for all values of the wave number k. Nevertheless, the
result highlights the importance of non-stationarity of turbulent
magnetized plasma, since even weak non-stationarity leads to a
significant enhancement of the α-effect.

5. Conclusions

The most important disadvantage of our theory is naturally the
simplification of the physical model, the assumptions of isotropy,
and the homogeneity of the turbulent flow, which are necessary
in order to provide explicit analytic results. Real turbulence in
natural hot, low-density plasma is anisotropic and inhomoge-
neous due to the action of differential rotation, gravity, density
stratification, and so on. Nevertheless, despite the great sim-
plification, our analysis clearly showed the importance of non-
stationarity of the high-Pm turbulence in the large-scale dynamo
process, which could easily dominate the standard α-effect based
on the creation of a phase shift between the velocity and mag-
netic turbulent fluctuations by the very weak magnetic diffu-
sion. It follows that non-stationarity should never be neglected
in investigations of the high-Pm plasma, where the standard dif-
fusive α-effect mechanism is weak.
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Appendix A: Calculation of the (23) integral

Using the assumption ω̃ � η/`2, the large-scale EMF in non-
stationary turbulence (23) can be expressed as follows:

E
(ns)
i =2D1ω̃ cos (ω̃t) 〈B〉m

∫
d4q

kmki

k5

1

|σ(q)|2
(
ω − iηk2)2

1+

σ(q)

(
ω − iηk2

)2
+ (k · 〈B〉)2

|σ(q)|2
(
ω − iηk2)


+ 2D1η sin (ω̃t) 〈B〉n

∫
d4q

knki

k3

1(
ω2 + η2k4) |σ(q)|2

.

(A.1)

Next, using the variables (14) and the formula (15) integration
over the azimuthal angle in the wave vector space leads to

E
(ns)
i

=
4πD1

(νη)3/2 ω̃ cos (ω̃t) 〈B〉i

∫ K

k`

dk
k7

∫ 1

−1
dX

∫ ∞

−∞

d$
[
H1 ($, X,M )

+H2 ($, X,M ) + M 2H3 ($, X,M )
]

+
4πD1

ν
√
νη

sin(ω̃t) 〈B〉i

∫ K

k`

dk
k5

∫ 1

−1
dX

∫ ∞

−∞

d$G ($, X,M ) ,

(A.2)

where

H1 ($, X,M ) =
X2

W
−

2Pm−1X2(
$2 + Pm−1)W , (A.3a)

H2 ($, X,M ) =
X2

(
$2 + Pm−1

) (
$2 − 1 −M 2X2

)
W2 , (A.3b)

H3 ($, X,M )

=

[
$4 −$2

(
3Pm−1 + 3 + M 2X2

)
+ Pm−1

(
1 + M 2X2

)]
X4(

$2 + Pm−1)W2 ,

(A.3c)

W = $4 +$2
[(

Pm + Pm−1
)
− 2M 2X2

]
+

(
1 + M 2X2

)2
,

(A.3d)

and we have recognized the last integral in Eq. (A.1) next to
sin(ω̃t) as the same as Eq. (13), hence the result in Eq. (16) with
the function G ($, X,M ) defined in Eq. (17) was used. We now
evaluate each of the integrals in Eq. (A.2) separately, in the limit
Pm �M 2 � 1,∫ K

k`

dk
k7

∫ 1

−1
dX

∫ ∞

−∞

d$H1 ($, X,M )

≈
π
√
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M 2X4(
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2
√

Pm〈B〉2k4
`

, (A.4a)
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π2 (νη)3/2

12Pm3/2〈B〉3k3
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, (A.4b)
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2
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π2〈B〉

28νk7
`

, (A.4c)

and the G-integral is the same as in the stationary case; cf. Sect.
3. It is now a straightforward task to write down the leading order
form of the EMF,

E
(ns)
i = −

4
(
3 − 2

√
2
)
π2D1

56νηk4
`

M
Pm

ω̃

ηk2
`

〈B〉i cos (ω̃t)

+
4π2D1

Pm 〈B〉2 k2
`

sin(ω̃t) 〈B〉i , (A.5)

hence at the leading order for small ω̃ (for times t � 1/ω̃),

E
(ns)
i ≈ −

(
3 − 2

√
2
)
π3D1ω̃ 〈B〉

7ν(νη)3/2k7
`

〈B〉i . (A.6)
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