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ABSTRACT

Partially ionized plasmas are found in many different astrophysical environments. The study of partially ionized plasmas is of great
interest for solar physics because some layers of the solar atmosphere (photosphere and chromosphere) as well as solar structures,
such as spicules and prominences, are made of these kinds of plasmas. To our knowledge, despite it being known that the adiabatic
coefficient, γ, or the first adiabatic exponent, Γ1 , depend on the ionization degree, this fact has been disregarded in all the studies
related to magnetohydrodynamic waves in solar partially ionized plasmas. However, in other astrophysical areas, the dependence
of γ or Γ1 on the plasma ionization degree has been taken into account. Therefore, our aim here is to study how, in a plasma with
prominence physical properties, the joint action of the temperature, density, and ionization degree modifies the numerical values of
the first adiabatic exponent Γ1 which affects the adiabatic sound speed and the period of slow waves. In our computations, we have
used two different approaches; first of all, we assume local thermodynamic equilibrium (LTE) and, later, we consider a non-local
thermodynamic equilibrium (non-LTE) model. When comparing the results in the LTE and non-LTE cases, the numerical values of
Γ1 are clearly different for both and they are probably strongly dependent on the assumed model which determines how the ionization
degree evolves with temperature. Finally, the effect of the ionization degree dependence of Γ1 on the period of slow waves has been
determined showing that it can be of great importance for seismological studies of partially ionized solar structures.
Key words. magnetohydrodynamics (MHD) – Sun: filaments, prominences – Sun: oscillations

1. Introduction
The thermodynamics of partially ionized gas (Ballester et al.
2018a) differs from that of fully ionized or fully neutral gas.
The differences are due to the number of free particles as well
as to the fact that the energy associated with ionization and
recombination becomes an extra energy source or sink for the
gas. Then, in the most general case, in the expression of the
specific internal energy, apart from kinetic energy, the energies stored (or released) from ionization (recombination), excitation (de-excitation), dissociation, etc. should also be taken into
account. The adiabatic coefficient, γ, depends on the state of the
plasma through the internal energy; therefore, it depends on the
ionization fraction and its ionization is due to the fact that part of
the energy input is invested in ionization, instead of an increasing
gas temperature. Therefore, the consideration of a constant value
for γ would overestimate the gas temperature and it is very relevant to determine how the numerical value of the adiabatic coefficient changes, for instance, with the ionization degree (Clayton
1984; Prialnik 2000; Hansen et al. 2004; Leake & Arber 2006;
Priest 2014; Ballester et al. 2018b). Then, under some assumptions, a general expression for the adiabatic coefficient, γ, as a
function of the ionization degree can be obtained (Prialnik 2000).
This approach has been taken into account in studies
related with different astrophysical topics using, mostly, the
adiabatic exponents, Γ1 , Γ2 , and Γ3 , introduced by Eddington
(1918, 1919, 1926) and Chandrasekhar (1939). The expressions
for quantities, such as the specific heats of the gas, needed

to compute these adiabatic exponents were derived under
different assumptions such as radiation included, different
stages of ionization, mixtures of different gases, etc., by
Fowler & Guggenheim (1925), Möglich et al. (1939), Biermann
(1942), Rosa & Unsöld (1948), Krishna Swamy (1961),
Bhatnagar et al. (1963), Mihalas (1965), Cox & Giuli (1968),
Mihalas & Mihalas (1984), and Weiss et al. (2004) (see Lobel
2001 for a more extense information).
For instance, Black & Bodenheimer (1975) studied the
hydrodynamic evolution of rotating interstellar clouds and, since
the energy equation involves the internal energy, they considered a specific internal energy which included contributions from
translational kinetic energies of hydrogen and helium, dissociation and ionization energies of hydrogen, ionization energies for
helium, the contribution to radiation, and the contribution from
molecular hydrogen. They used the Saha equation to compute
the ionization degrees, and the final expression for the internal
energy was used to compute the total specific heat as a function
of temperature and to solve the hydrodynamic equations numerically. Decampli et al. (1978) discussed the ortho-para hydrogen ratio in dense clouds. They used the partition function of
the hydrogen molecule to compute the specific heat, cv , and
the first adiabatic exponent Γ1 , and they obtained the temperature dependence of Γ1 for different mixes of ortho- and parahydrogen. Lobel et al. (1992) discussed the significance of the
adiabatic exponents and obtained expressions to calculate these
exponents in a stellar atmosphere including simultaneous singleionization of different elements and a radiation field. Later,
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Lobel (2001) included photoionization due to radiation in a
new formalism developed to compute the adiabatic exponent Γ1 ,
when studying the dynamic stability of stellar atmospheres. Furthermore, they also considered the departures from LTE by using
a non-LTE Saha equation which allows one to compute the ionization fractions through a departure coefficient b j included in
the Saha equation which becomes the Elwert equation (Elwert
1952; Lobel 2001). Vandenbroucke et al. (2013) focused on the
connection between micro- and macroscopic physics in hydrodynamical simulations of an ionizing gas related to the study
of the low-density interstellar medium of galaxies. They used
an internal energy made of kinetic and ionization energies, a
temperature-dependent mean mass per particle, µ(T ), and the
Chianti database to compute the temperature-dependent specific
internal energy, u(T ), and the adiabatic index, γ(T ), for a mixture
of 92% hydrogen and 2% helium. Prialnik (2000) considered a
specific internal energy made of kinetic and ionization energy
terms and, assuming LTE, used the Saha equation to compute
the ionization degree, i. Then, a general expression for the adiabatic coefficient, γ, could be obtained once the adiabatic condition dQ = 0 was imposed. This expression displays the dependence of γ on the ionization potential, χ, the temperature, T , and
the ionization degree, i, and shows that γ goes from 5/3 at i = 0
(neutral gas) to 5/3 at i = 1 (fully ionized gas) through a minimum which can have a value close to 1. A different approach was
followed by D’Angelo & Bodenheimer (2013) who made 3D
radiation hydrodynamics calculations of the envelopes surrounding young planets. They assumed LTE as well, and considered a
more complex expression for the specific internal energy involving translational, rotational, and vibrational states of molecular
hydrogen, translational energies for hydrogen and helium atoms,
dissociation energy of molecular hydrogen, and ionization energies of hydrogen and helium atoms. Using this specific internal energy, they computed the temperature dependence of the
first adiabatic exponent Γ1 . Vaidya et al. (2015) performed astrophysical fluid simulations of thermally ideal gases not having a
constant adiabatic index and considered translational, rotational,
vibrational, ionization, and dissociation energy terms in the specific internal energy. They assumed LTE conditions to compute
the ionization degree and the temperature-dependent adiabatic
exponent Γ1 . Finally, de Avillez et al. (2018) followed a similar
approach in simulations of the thermal evolution of plasmas in
order to determine the temperature dependence of the total internal energy and of the adiabatic index. All of the abovementioned
cases are adiabatic, except D’Angelo & Bodenheimer (2013),
who considered a viscous term in the energy magnetohydrodynamic (MHD) equation.
However, and to our knowledge, the dependence of the adiabatic coefficient or the adiabatic exponents with the ionization degree has received almost no attention in studies of MHD
waves in partially ionized plasmas of the solar atmosphere.
Only Settele et al. (1999a,b) considered the effect on magnetoacoustic-gravity waves of the depth variation of the adiabatic
coefficient, γ, depending on the depth-dependent ionization. The
consideration of the adiabatic coefficient or the adiabatic exponents dependence on the ionization degree and its effects on slow
waves is an important issue since the observed prominence oscillations have mostly been interpreted in terms of MHD waves.
Therefore, our main aim here is to point out how the numerical value of the adiabatic coefficient or the first adiabatic
exponent are modified in a partially ionized plasma with solar
prominence physical properties, as well as to study its effects on
the period of slow waves. To this end, we consider a mixture
made of hydrogen and helium, adiabatic processes, and we also
consider the cases of LTE and non-LTE which allow us to make
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comparisons between the obtained results. However, we would
like to point out that the LTE assumption is not adequate for a
prominence plasma which, in general, is far from LTE. The nonLTE ionization in prominences is dominated by the hydrogen
Lyman and Balmer continuum photoionization where the continuum radiation fields strongly depend on the solar-disk radiation illuminating the prominence, which is quite different from
LTE conditions. In spite of this, the consideration of these two
extreme cases is useful to understand how these two completely
different physical descriptions of a prominence plasma affect the
behavior of the first adiabatic exponent and the period of slow
waves.
The layout of the paper is as follows: first of all, we consider the case of a constant adiabatic coefficient γ in the LTE
case using a Saha equation adapted to the considered mixture;
secondly, assuming again LTE, we consider the case in which Γ1
depends on the ionization degre and we compare the results of
this case with the previous one; and subsequently, we consider
the non-LTE case and we compare the results obtained for the
LTE Γ1 with those obtained for Γ1 in the non-LTE case. In all
the cases, we have studied the behavior of the different parameters considered with the temperature and, also, we point out how
the period of slow waves was modified in the different cases considered. Finally, we draw our conclusions.

2. Equilibrium and basic equations
For our study, we consider an equilibrium configuration made of
an unbounded homogeneous prominence plasma composed of
hydrogen and helium, with a helium abundance of 10% which is
fully neutral. The ionization degree, i, is defined as i = nnHe , where
ne is the electron density number and nH is the total hydrogen
density number (nH i + np ), while for pure hydrogen this ionizan
tion degree is equivalent to nHp . The reason to consider this mixture is that it has been used by Heinzel et al. (2015) to infer the
ionization degree, i, for a broad range of temperatures and pressures using 1D non-LTE radiative transfer models (Heinzel et al.
2014), and we take advantage of this information when considering the non-LTE case later.
Following Guidry (2019), the mean mass per particle for this
mixture can be computed from

−1
X


µ̃ =  (1 + i j Z j )Y j  ,
(1)
j

where i j is the ionization degree of the species j, Z j is the atomic
X
number for species j, and Y j = A jj is the abundance of species
j divided by the atomic mass A j . In our case, the abundances
of hydrogen and helium are X = 0.9 and Y = 0.1, respectively;
therefore, our mean mass per particle is
µ̃ =

1
1
=
,
(1 + i) 0.9 + 0.025 0.925 + 0.9i

(2)

where i is the ionization degree for hydrogen because in cool
prominence plasmas the helium is weakly ionized mostly due
to photoionizations and this can be neglected in comparison to
electron density due to hydrogen ionization.
When hydrogen is fully ionized, i = 1 and µ̃ = 0.547,
while when hydrogen is fully neutral, i = 0 and µ̃ = 1.08.
The mean mass per particle can also be computed following
Kippenhahn et al. (2012), and it is
µ̃ =

µ̃0
,
1+E

(3)
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Fig. 1. Left panel: comparison of ionization degrees, i, computed from the Saha equation for our mixture (red) and for a gas of pure hydrogen (blue).
Right panel: comparison of the mean mass per particle, µ̃, for our mixture (red) and for a gas of pure hydrogen (blue). Also, ρ0 = 4 × 10−11 kg m−3
and χ = 13.6 eV.

where µ̃0 is the mean mass per particle of the neutral mixture,
in our case µ̃0 = 1.08, and E is the number of free electrons per
atom which is given by E = Xiµ̃0 in our case (Kippenhahn et al.
2012), where X is the hydrogen abundance and i is the hydrogen
ionization degree, and we obtain

where χ is the hydrogen ionization potential, me is the electron
mass, and h is Planck’s constant. Equation (5) can be substituted
in Eq. (6) to obtain
 χ 
Xi2
H (2πme )1.5 (kT )1.5
=
exp
−
,
(7)
1 − i ρ0
kT
h3

Our plasma, with constant pressure, p0 , density, ρ0 , and temperature, T 0 , is threaded by a uniform magnetic field along
the x direction, and B0 = B0 î with a B0 constant. Next,
we start from the single-fluid equations for a partially ionized
plasma, ignoring the effect of gravity and including ambipolar diffusion (Forteza et al. 2007; Soler et al. 2009; Soler 2010;
Ballester et al. 2018a). The single-fluid approximation assumes
a strong coupling between ions, electrons, and neutrals so that
all the species effectively behave as one fluid. In this approximation, the basic MHD equations are written in terms of total
quantities, while the effect of the interactions between the various species remains in the form of several nonideal terms.
For instance, the influence of ion-neutral collisions is present
through the so-called ambipolar diffusion effect, which acts as
a diffusive mechanism for the magnetic field. The single-fluid
approximation is appropriate when studying MHD waves in partially ionized plasmas as long as the wave frequency remains
lower than the ion-neutral collision frequency. The basic singlefluid equations are as follows:
Dρ
= −ρ∇ · u,
(8)
Dt
Du
1
ρ
= −∇p + (∇ × B) × B,
(9)
Dt
µ
∂B
= ∇ × (u × B) − ∇ × (η∇ × B)
∂t
+ ∇ × {ηA [(∇ × B) × B] × B} ,
(10)
Dp
= −γp∇ · u + (γ − 1) L,
(11)
Dt
ρRT
,
(12)
p=
µ̃

which is a second order polynomial in the ionization degree, i.
Figure 1 (left panel) compares the ionization degree for a gas of
pure hydrogen and our mixture and it can be seen that there is a
negligible difference in the ionization degree for both plasmas;
this slight difference is due to the fact that for a pure hydrogen
gas, X = 1 and µ̃0 = 1, and we recover the standard Saha equation. Figure 1 (right panel) compares the mean mass per particle
for the same plasmas showing a difference between both µ̃ due
to the fact that for pure hydrogen µ̃ = 1/(1 + i), which is also
slightly different from the mean mass per particle for our mixture shown in Eq. (4).

L = − j · E∗ .

µ̃ =

1
1.08
=
,
1 + 0.972i 0.925 + 0.9i

(4)

as before, which shows that both expressions are completely
equivalent. Once the expression for the mean mass per particle
has been obtained, we can write the expression for the equation
of state corresponding to our mixture
p0 =

ρ0 kT 0 ρ0 kT 0
=
(1 + 0.972i),
µ̃H
µ̃0 H

(5)

where p0 is the equilibrium pressure, ρ0 is the equilibrium density, k is the Boltzmann constant, T 0 is the equilibrium temperature, and H is the atomic mass unit.
On the other hand, when considering the LTE case, the ionization degree for our mixture is computed using a modified
version of Saha’s equation which, following Kippenhahn et al.
(2012), is
 χ 
µ̃0 Xi
1 (2πme )1.5 (kT )2.5
i
=
exp
−
,
(6)
1 − i µ̃0 Xi + 1
p0
kT
h3

D
where Dt
= ∂t∂ + u · ∇ denotes the material or total derivative, ρ
is the mass density, p is the thermal pressure, T is the temperature, u is the velocity vector, B is the magnetic field vector, γ is
the adiabatic index, µ is the magnetic permeability, η and ηA are
the coefficients of Ohmic and ambipolar diffusion, respectively,
R is the gas constant, and µ̃ is the mean mass per particle. Equations (8)–(12) are the continuity, momentum, induction, energy,
and state equations, respectively. In Eq. (11), L represents the
net effect of all the sources and sinks of energy which in our
case only includes the generalized Joule heating and is given by

(13)
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The generalized Joule heating j · E∗ takes plasma heating into
account due to the dissipation of electric currents by both Ohmic
and ambipolar diffusion. The expression of j · E∗ is
2

j · E∗ = µη jk + µηC j⊥ ,

(14)

where ηC is the so-called Cowling’s (or total) diffusivity given
by
ηC = η + |B|2 ηA ,

900
Period (s)

2

1000

(16)

(18)

where R is the gas constant, then, from Eq. (18) the period for
slow waves, P, is given by
P=

1

kx R 2

µ̃
γT 0

! 21

,

(20)

where once a numerical value for the longitudinal wavenumber, k x , has been assumed, the first factor is a constant. Equations (18) and (20) are the same as for the case of a fully ionized
plasma; however, for a partially ionized plasma, the difference
is in the numerical values of the mean mass per particle and the
adiabatic coefficient due to the variation of both with the ionization degree. In the following, in all our computations, related
with partially ionized plasmas, we consider a constant density,
ρ0 = 4 × 10−11 kg m−3 , typical of quiescent prominences.
2.1. Constant γ

In many studies related to partially ionized plasmas, the value
of the adiabatic coefficient, γ, is assumed to be constant, independent of the plasma ionization degree, and equal to 5/3. To
compute the ionization degree, we assumed LTE although this
assumption, which implies a strong interaction between matter and radiation as in stellar interiors, is not fully realistic for
prominence conditions, as has been stated in the Introduction. In
solving Eq. (7), we can obtain the ionization degree as well as
A159, page 4 of 10
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Fig. 2. Period of slow waves as a function of the temperature for a constant γ = 5/3. Also, k x = 10−6 m−1 , ρ0 = 4 × 10−11 kg m−3 .

(17)

with k x , the longitudinal wavenumber characterizing propagation along the magnetic field, and cs , the sound speed given by
s
γRT 0
cs =
,
(19)
µ̃

2π

300
T0 (K)

Thus, Ohmic diffusion is responsible for the dissipation of parallel currents, while Cowling’s diffusion, that is to say the joint
effect of Ohmic and ambipolar diffusion, is responsible for the
dissipation of perpendicular currents.
Once Eqs. (8)–(12) were linearized and, considering only
propagation along the magnetic field, we Fourier-analyzed our
perturbations. Also, combining the resulting equations, we
obtained the dispersion relation for slow waves propagating
along the magnetic field, which is (Barceló et al. 2011)
ω = ±k x cs ,

600

400

and jk and j⊥ are the components of the current density parallel
and perpendicular to the magnetic field, respectively, that can be
computed as follows:
1 [(∇ × B) · B] B
µ
|B|2
1 B × [(∇ × B) × B]
j⊥ =
·
µ
|B|2

700

500

(15)

jk =

800

the mean mass per particle, µ̃, as functions of temperature, and
from Eq. (20), the period behaves as
P=

2π
1

k x (R γ) 2

µ̃
T0

! 12

,

(21)

then wavelengths which are typically observed in prominence
oscillations correspond to wavenumbers, which are in the
range 10−8 −10−6 m−1 (Terradas et al. 2002; Forteza et al. 2007;
Soler et al. 2007). Therefore, for our calculations, we have chosen k x = 10−6 m−1 , and from Eq. (21) we obtain the behavior
of the period of slow waves with the temperature in the case of
constant γ. This behavior is shown in Fig. 2 where we can see
that the period decreases when the temperature increases, which
is due to the fact that the plasma is becoming more ionized, the
 1
mean mass per particle decreases, and the factor Tµ̃0 2 decreases.
2.2. The first adiabatic exponent Γ1 in the LTE case

The adiabatic exponents, Γ1 , Γ2 , and Γ3 , were introduced by
Eddington (1918, 1919, 1926) and Chandrasekhar (1939), and
they are useful for the study of adiabatic processes in an ionizing gas. They are related to the behavior of thermodynamic systems undergoing infinitesimal adiabatic changes. For instance,
the adiabatic exponent Γ1 is given by
!
∂ ln p
Γ1 =
,
(22)
∂ ln ρ s
where the derivative is considered at constant entropy denoted
by s, while the adiabatic sound speed, cs , is defined as
s
!
∂p
cs =
,
(23)
∂ρ s
with the derivative also being computed at constant entropy.
Then, using Eq. (22), we obtained
s
Γ1 RT 0
cs =
·
(24)
µ̃
Our interest here is to obtain, for our considered mixture, an
expression for Γ1 as a function of the ionization degree which
would allow us to compute the sound speed and the period of
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where D is given by
1.6

D=

Γ1 ,γ

1.5

a(1 − i)i
(1 + ai)(2 − i)

and a = 0.972 is the coefficient of the ionization degree in the
2
equation of state (Eq. (5)). Next, we computed the quantity Γ2Γ−1
from

1.4
1.3
1.2

χρ
Γ2
=
+ χT ,
Γ2 − 1 Γ3 − 1

1.1

obtaining
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Fig. 3. Comparison between a constant γ = 5/3 (black line), Γ1 for
our mixture (red line), and Γ1 for pure hydrogen gas (blue line). Also,
k x = 10−6 m−1 , ρ0 = 4 × 10−11 kg m−3 , and χ = 13.6 eV.

slow waves. The expression for Γ1 in the case of a gas of pure
hydrogen can be found, for instance, in Bhatnagar et al. (1963),
Mihalas (1965), Cox & Giuli (1968), Mihalas & Mihalas (1984),
Hansen et al. (2004), and Weiss et al. (2004). However, since we
wanted to find an expression for Γ1 that was appropiate for our
mixture, we needed to derive it, which involved a long calculation. To this end, we closely followed Hansen et al. (2004),
but adapted it to our case. The procedure started from the specific internal energy, U, for a partially ionized plasma containing ions, neutrals, and electrons, considering two terms; the
first term is the standard internal energy, while the second term
represents the available ionization potential energy which, in
this case, corresponds to hydrogen since helium remains neutral and the helium excitation at prominence temperatures is also
negligible (Clayton 1984; Prialnik 2000; Hansen et al. 2004;
Leake & Arber 2006; Ballester et al. 2018b). Furthermore, we
made use of the equation of state (Eq. (5)) and, since we assumed
LTE, we also made use of the Saha equation (Eq. (7)) in which
the derivatives of the partition functions are usually neglected
in the case of hydrogen (Bhatnagar et al. 1963). First of all, we
computed the specific heat at constant volume, cv ,
!
∂U
,
(25)
cv =
∂T V
and the quantities χρ and χT , which are
!
!
∂ ln p
T ∂µ̃
χρ =
=1−
,
∂ ln T ρ
µ̃ ∂T ρ
!
!
∂ ln p
ρ ∂µ̃
χT =
=1−
,
∂ ln ρ T
µ̃ ∂ρ T

(26)
(27)

and for a perfect gas not undergoing ionization, they are χρ =
χρ = 1. Once all of these quantities were computed from the
general expression Γ3 − 1 for the third adiabatic exponent,
Γ3 − 1 =

(30)

p0 χT
,
ρ0 T 0 cv

(28)

we obtained


2 + 2D 23 + kTχ0


,
Γ3 − 1 =
χ
3 + 2D 32 + kTχ0 23 + akT
0

(29)

(31)

"
!#
1−D
3
χ
Γ2
=
+ 1+D
+
.
Γ2 − 1 Γ3 − 1
2 kT 0

(32)

Now, our expression for the first adiabatic exponent can be computed from
Γ1 =

Γ2
(Γ3 − 1) ,
Γ2 − 1

(33)

and it is as follows:
!
!
!
χ
3
χ
3
χ
3
+
+
+ 4D
+
2 akT 0 2 kT 0
2 kT 0
!2
3
χ
+ 2D2
+
,
2 kT 0
!
!
χ
3
χ
3
+
+
,
B = 3 + 2D
2 akT 0 2 kT 0
A
Γ1 = − D.
B
A = 5 + 2D

(34)

The obtained expression of Γ1 for our mixture differs from the
one corresponding to a gas of pure hydrogen because of coefficient a; however, in the case of pure hydrogen for i = 0
(fully neutral gas) or i = 1 (fully ionized gas), D = 0 and
Γ1 = Γ2 = Γ3 = γ = 5/3.
Keeping the density constant as before, we varied the temperature, T 0 , and from Eq. (7)) we obtained the ionization degree
and, with the help of Eq. (34), we computed the temperature
behavior of Γ1 for our mixture. Figure 3 makes a comparison
of the behavior versus temperature of γ = 5/3, Γ1 for our mixture, and Γ1 for the case of a pure hydrogen gas. In the last two
cases, the behavior is almost fully coincident, which is due to
the fact that in the case of pure hydrogen, a = 1 instead of
0.972. It can be observed that both parameters γ and Γ1 start at a
value of 5/3 and decrease with the temperature reaching a minimum at T 0 = 6000 K; later, for lower temperatures, they increase
again up to 5/3. The variation of the first adiabatic exponent also
depends on the quantity χ/kT ; when this quantity is large, the
value of Γ1 drops to around 1. This fact can be easily understood
since when χ/kT is small, ionizing an atom does not need much
energy compared to thermal energy, then, this additional source
or sink of energy does not substantially affect the value of Γ1 .
On the contrary, when χ/kT is large, the ionization energy is not
negligible compared to thermal energy and it modifies the value
of Γ1 in a substantial way. Next, Fig. 4 displays a comparison
of the behavior of sound speeds versus temperature for the three
considered cases: constant γ, Γ1 for hydrogen gas, and Γ1 for our
mixture. Important differences are seen between sound speeds
for constant γ and Γ1 for our mixture for temperatures below
8000 K, which should be reflected in the temperature behavior
A159, page 5 of 10
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2.3. The first adiabatic exponent Γ1 in the non-LTE case
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Fig. 4. Comparison between sound speeds for the following: a fully
ionized hydrogen gas with constant γ = 5/3 (black line); Γ1 for our
mixture (red line); and Γ1 for a pure hydrogen gas (blue line). Also,
k x = 10−6 m−1 , ρ0 = 4 × 10−11 kg m−3 , and χ = 13.6 eV.

of the periods of slow waves. Furthermore, a non-negligible difference in the temperature behavior of the sound speeds for the
hydrogen gas and our mixture can also be observed, which is
due to the small differences in the equation of state and Saha
equation between both chemical compositions.
In this case, from Eqs. (18) and (24), the period is given by
P=

2π
1

kx R 2

µ̃
Γ1 T 0

! 21

,

(35)

and Fig. 5 (left panel) displays a comparison between the periods of slow waves for constant γ and Γ1 in the LTE case as
a function of the temperature. It can be seen that for temperatures between 3000−4000 K and 9000−14 000 K, the periods
fully agree, while for intermediate temperatures, the period corresponding to the case of Γ1 becomes greater than the period for
a constant γ. In the case of Γ1 , the behavior of the period given
by Eq. (35) was determined by the interplay between the temperature and the behaviors of µ̃, Γ1 with temperature. Of course,
the difference in the period found at temperatures between 4000
and 9000 K comes from the difference between γ and Γ1 at these
temperatures since, in both cases, we assumed that LTE and the
ionization degree as well as the mean mass per particle were the
same. Figure 5 (right panel) shows the temperature dependence
of the ratio of the periods for slow waves obtained from the constant γ and Γ1 . The temperature behavior of this ratio can be
easily understood by combining Eqs. (21) and (35) to obtain
s
Pγ
Γ1
=
,
(36)
PΓ1
γ
where Pγ and PΓ1 are the periods corresponding to a constant γ
and Γ1 for our mixture, respectively. For high and low temperatures, both adiabatic coefficients tend to be 5/3, then the ratio
is 1; for intermediate temperatures, Γ1 decreases until reaching a
minimum, then the ratio is smaller than 1; while for lower temperatures, the ratio increases again up to 1 following the increase
in Γ1 up to 5/3. In summary, our results show that in the considered LTE case for a partially ionized plasma, the numerical values of the periods for slow waves can differ up to a 20%, which
can substantially affect other computations based on the numerical values of these periods.
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In previous sections, and despite LTE conditions not being adequate for physical conditions in prominence plasmas, we used
a Saha equation appropiate for our mixture, which is a modification of the Saha equation for hydrogen, to compute the ionization degree and to obtain an expression for the first adiabatic
exponent Γ1 .
Here, we consider a non-LTE model in order to compare it
with LTE results. Then, to estimate the ionization degree, we
followed Heinzel et al. (2015) who used the 1D non-LTE radiative transfer model (Heinzel et al. 2014) to determine the ionization degree in prominence slabs. In particular, these authors
provide tables for the ionization degree for a range of temperatures (6000−14 000 K) and pressures (10−3 −2 × 10−2 Pa) in
prominence plasmas having the composition already introduced
in Sect. 2. Using Table 1 in Heinzel et al. (2015) and the Fit function from the Mathematica symbolic package, we performed a
polynomial fit up to third order in pressure, p, and temperature,
T , plus product terms or interactions of the ionization degree
such as,
i(p, T ) = a + bp + cp2 + d p3 + eT + f T 2 + gT 3
+ hpT + jp2 T + kT 2 p,

(37)

where a, b, c, d, e, f, g, h, j, k are the coefficients of the fitted
function which has R2 = 0.98 (Ballester et al. 2020).
Since in this case we consider a non-LTE model, it is not
appropriate to use the Saha equation to determine the ionization degree dependence of Γ1 , therefore, we must use a different approach. To this end, we closely followed the procedure of
Clayton (1984) adapted to our mixture. First of all, we describe
this procedure; next, we show that in the LTE case the behavior
of Γ1 obtained with this procedure fully agrees with that of Γ1
obtained in Sect. 2.2; and, finally, we compute Γ1 for our nonLTE case.
In general, the first adiabatic exponent, Γ1 , has a functional
dependence on the temperature and density (Weiss et al. 2004)
such that
!
1 p
Γ1 =
χ2 + χρ ,
(38)
cv T ρ T
where cv is the specific heat at a constant volume given by
Eq. (25). It is important to notice that for a perfect gas without
ionization processes, cv = 23 NkV, with V = 1/ρ, a specific volume, and N, the density number of free particles from Eq. (38)
then becomes
!
1 p
5
Γ1 =
+ 1 = = γ,
(39)
cv T ρ
3
which is the constant adiabatic coefficient used in Sect. 2.1.
Now, for the computation of Γ1 in the non-LTE case, we
write the specific internal energy as in Clayton (1984),
U(T, V) = 1.5NkT V + χH + V,

(40)

where the second term is the energy associated with ionization
which becomes an extra energy source or sink for the gas. Also,
H + is the density number of hydrogen ions (equivalent to np used
elsewhere in the paper) and χ is the ionization potential; then, at
constant volume
"
!
! #
∂N
∂H +
dU = 1.5NkV + 1.5kT V
+ χV
dT
(41)
∂T V
∂T V
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Fig. 5. Left panel: period of slow waves versus temperature for a constant γ = 5/3 (red line) and Γ1 (blue line) for our mixture. Right panel: ratio
between the periods of slow waves, Pγ corresponding to a constant γ, and PΓ1 corresponding to Γ1 for our mixture. Furthermore, k x = 10−6 m−1 ,
ρ0 = 4 × 10−11 kg m−3 , and χ = 13.6 eV.
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Fig. 6. Comparison between Γ1 (red line) computed in Sect. 2.2 and Γ1
(blue line) computed in Sect. 2.3. In both cases, the ionization degree
was computed assuming LTE. Furthermore, k x = 10−6 m−1 , ρ0 = 4 ×
10−11 kg m−3 , and χ = 13.6 eV.

and the specific heat is
"
!
! #
∂N
∂H +
cv = 1.5NkV + 1.5kT V
+ χV
·
∂T V
∂T V

(42)

The temperature dependence of the density number of free particles, N, is
∂N
∂H + ∂H
=2
+
,
∂T
∂T
∂T
∂H +
∂H
=−
,
∂T
∂T
∂N ∂H +
∂H
=
=−
,
∂T
∂T
∂T
then, substituting in Eq. (42),
"
!
"
##
∂N 2 T 3
χ
cV = 1.5NkV 1 +
+
·
∂T V 3 N 2 kT

(43)

(44)

We first considered the LTE case and the total particle density
number is N = µ̃ρ0H . Then, since we assumed a constant density, once the ionization degree was obtained from Eq. (7), the
numerical values of µ̃ as a function of temperature could also be
determined and the density number of free particles, N, could

be computed for each temperature considered. Furthermore, ∂N
∂T
could also be computed, and the variation in the number of free
particles comes from hydrogen since helium is always considHe
ered as neutral; therefore, ∂N
= 0. Then, Eq. (44), together
∂T
with Eqs. (26) and (27), could be used to compute the first adiabatic exponent from Eq. (38). Figure 6 displays a comparison
between the temperature behaviors of Γ1 obtained in Sect. 2.2
and Γ1 obtained from the above computations assuming LTE.
This figure shows that, as could be expected, the temperature
behavior of both adiabatic exponents fully agree when both are
computed under the assumption of LTE. As a consequence, in
both cases, the period of slow waves, computed from Eq. (35),
is the same.
Now, we can consider the non-LTE case. Using Eq. (37),
together with the temperature and pressure values in
Heinzel et al. (2015), we could compute the fitted ionization degree. In order to follow the same approach of constant
density as in Sects. 2.1 and 2.2, we substituted the equation of
state (Eq. (5)) in the fitted function for the ionization degree
which, in this way, becomes dependent on the density and
temperature. Furthermore, the total number of free particles, N,
can also be computed as well as ∂N
∂T and the needed derivatives
in Eqs. (26) and (27). Using Eqs. (38) and (42), the temperature
behavior of Γ1 for this non-LTE model could be obtained.
First of all, Fig. 7 (left panel) compares the ionization
degrees obtained from the LTE approach described by Eq. (7)
and the non-LTE approach described by the fitted function in
Eq. (37). As can be observed, the behavior of the ionization
degree with the temperature is quite different for LTE and nonLTE approaches. For LTE and temperatures between 14 000 K
and 8000 K, the plasma is almost fully ionized; whereas, in the
non-LTE case, the plasma ionization degree for high temperatures is still smaller than 1. This plot also shows that in the considered non-LTE model, ionization proceeds more slowly than in
the LTE case in which ionization takes place very rapidly. Furthermore, it can also be observed that in the case of non-LTE and
around 6000 K, the ionization degree seems to increase which
could be a drawback of the fitting, although this behavior could
also be due to the fact that non-LTE i is only weakly dependent
on the temperature because it is mainly dominated by photoionization. In the following plots, we consider a temperature interval
between 7000 and 14 000 K.
Figure 7 (right panel) shows a comparison between the
mean mass per particle in the LTE and non-LTE cases, which,
again, points out a strong difference between both cases of the
A159, page 7 of 10
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Fig. 7. Left panel: comparison of the ionization degree for the LTE (blue line) and non-LTE (red line) cases versus temperature. Right panel:
comparison between mean mass per particle for the LTE (blue line) and non-LTE (red line) cases versus temperature. Also, k x = 10−6 m−1 ,
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Fig. 8. Comparison of Γ1 for the LTE (blue line) case with Γ1 for
the non-LTE (red line) case versus temperature. Furthermore, k x =
10−6 m−1 , ρ0 = 4 × 10−11 kg m−3 , and χ = 13.6 eV.

temperature behavior of this parameter. Next, Fig. 8 shows a
comparison between the temperature behavior of Γ1 , computed
using Eq. (34) and Γ1 computed from the assumed non-LTE
model in this Sect. 2.3. We can observe that the temperature
behavior of both coefficients is very different. At 14 000 K, in
the LTE case, Γ1 starts from the value 5/3 and remains almost
constant up to 9000 K, which later decreases rapidly, reaching
a minimum around 6000 K; whereas, in the non-LTE case, Γ1
starts around 1.5 and decreases up to around 8500 K, while later
it starts to increase. The reason why at high temperature Γ1 is not
equal to 5/3 is that at this temperature in the non-LTE case, the
plasma is not fully ionized as in the LTE case. Moreover, we can
also observe that for temperatures around 7000 K, Γ1 in the LTE
case becomes smaller than Γ1 for the non-LTE case.
Finally, as in Sect. 2.2, the period of slow waves can be
computed using Eq. (35) applied to the non-LTE case. Figure 9
(left panel) shows the periods computed for LTE and non-LTE
approaches and points out that for the interval of temperatures
considered, the period computed in the LTE case is smaller than
that of the non-LTE case; however, for the higher and lower temperatures, both periods tend to become equal. On the other hand,
from Eq. (35), an analytical relationship between the periods for
the non-LTE and LTE cases can be obtained, which is given by
s
µ̃NLTE ΓLTE
PNLTE
1
=
,
(45)
PLTE
µ̃LTE ΓNLTE
1
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and Fig. 9 (right panel) shows the computed ratio between the
obtained periods for non-LTE and LTE as well as the theoretical ratio obtained from Eq. (45), indicating an excellent agreement between both ratios. However, an important conclusion
can be drawn from this figure which is that within this interval of temperatures, the period of slow waves in the LTE and
non-LTE cases are, in general, different and able to reach differences of up to 30%. It is important to notice that from Eq. (45),
it is easy to check that if instead of non-LTE we consider LTE,
the mean masses per particle are equal as well as both Γ1 , as
we have shown before, and, then, the periods become equal. It
is worth highlighting that we used a particular non-LTE model
(Heinzel et al. 2014, 2015) developed to be applied to prominence physical conditions. The Heinzel et al. (2015) model provides a 1D prominence slab with ionization in the center of it,
which is a good representation of the ionization degree, although
some differences will occur at surface layers. Furthermore, variations in the electron density, for example in 2D models, have
also been reported (Jejčič et al. 2014). Therefore, different nonLTE models would probably provide different results for the first
adiabatic exponent as well as for the slow waves period. The
strong differences shown between LTE and non-LTE periods for
slow waves are of great importance for seismological studies of
prominences using MHD waves.
Finally, using Eq. (24), Fig. 10 shows a comparison between
the temperature behavior of the adiabatic sound speeds in the
LTE and non-LTE cases. It shows that the sound speed is greater
in the non-LTE case, which agrees with Fig. 9 (left panel) about
the behavior of periods in both cases.

3. Conclusions
The adiabatic coefficient, γ, and the first adiabatic exponent, Γ1 ,
are quantities of great importance in different fields of astrophysics in which partially ionized plasmas play a significant role.
Therefore, it is of interest to know the numerical value of these
coefficients with accuracy in these types of plasmas oncethe
density, temperature, and ionization degree are known. To this
end, we have considered a partially ionized plasma composed
by neutral and ionized hydrogen as well as neutral helium and,
assuming constant density, we have studied the following three
different cases: a constant adiabatic coefficient, γ, in the LTE
case, the first adiabatic exponent, Γ1 , in the LTE case, and the
first adiabatic exponent, Γ1 , in the non-LTE case. These studies have been focused on determining the dependence of these
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parameters on the ionization degree and the effect produced by
its temperature behavior for our mixture; the latter helped to
determine the ionization degree on the period of slow waves.
However, as stated in Sect. 2.3, we must keep in mind that in the
non-LTE model, i is weakly dependent on the temperature, while
in the LTE case, i is determined by the temperature.
First of all, we introduced an equation of state for our mixture and, in order to compute the ionization degree i and the
mean mass per particle in the LTE case, we used a modification of the Saha equation for hydrogen. Next, we considered the
case in which the adiabatic coefficient γ is constant and equal to
5/3, which has been compared with the case in which the first
adiabatic exponent, Γ1 , depends on the ionization degree and
whose expression, assuming LTE, was computed using our Saha
equation. For this computation, we considered a specific energy
equation including the internal energy plus a term corresponding
to the ionization energy. The comparison shows that, under the
assumption of LTE, the numerical value of Γ1 starts from 5/3 at
a high temperature, goes through a minimum value around 1.1
at 6000 K, and increases again up to 5/3 for low temperatures,
indicating a truly different behavior with respect to a constant γ.
Once the expression for Γ1 was determined, we made a comparison between the sound speeds corresponding to a constant γ
and Γ1 , which shows that the sound speed associated to Γ1 displays a rather different behavior, in particular for temperatures

between 3000 and 9000 K, being always smaller than the sound
speed corresponding to a constant γ. This behavior of the sound
speed with the temperature must be reflected in the behavior of
the period of slow waves and the results show that the period corresponding to the case of Γ1 is equal to that of constant γ in the
temperature intervals 9000−14 000 K and 3000−4000 K, while it
is greater for intermediate temperatures. When the ratio between
the periods corresponding to both cases is plotted, the difference
between both periods can reach up to 20%.
Next, we have compared the behavior of Γ1 when the LTE
and non-LTE cases are considered. First of all, we have compared the temperature behavior of the ionization degree and
mean mass per particle for both cases, and the results show
important differences between the behavior and numerical values. As a consequence, these differences should be reflected in
the temperature behavior of Γ1 . When comparing Γ1 in the LTE
case with Γ1 in the non-LTE case, our results clearly show that
they do not agree with Γ1 non-LTE having values smaller than
those of Γ1 LTE, except for low temperatures. The comparison
between the period of slow waves in the LTE and non-LTE cases
shows that in the LTE case, the period is smaller than for the nonLTE case, except for low temperatures, and the computed ratio
between the periods in both cases reflects this behavior. The ratio
is smaller than one for low temperatures and becomes greater
than one, and up to 1.3, for temperatures over 7000 K decreasing
again for higher temperatures. This result means that there are
important differences between both periods which can reach up
to 30%. Next, we computed and compared the behavior of sound
speeds versus the temperature for two cases and the results show
that in the LTE case, the sound speed is much greater than for
the non-LTE case, except for the lower and higher temperatures.
These are interesting results since they mean that the
physical conditions of a prominence plasma as well as the
thermodynamic model used to describe it are of crucial importance for seismological studies related to prominences or with
other partially ionized structures of the solar atmosphere. On the
other hand, it is important to point out that the non-LTE model
we used has some constraints because the range of temperatures is limited to 6000−14 000 K and, also, we used a fit for the
ionization degree which is not perfect around 6000 K. Furthermore, a different non-LTE model could produce different results,
although the general behavior would probably be similar.
When linear and adiabatic MHD waves are considered, the
perturbed pressure and density are related in the perturbed
energy equation through the adiabatic sound speed, which
A159, page 9 of 10
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depends on the adiabatic coefficient or the first adiabatic exponent. Therefore, using Eq. (24), we could write,
Γ1 =

ρ0 p0
,
ρ0 p0

(46)

where p0 and ρ0 correspond to pressure and density perturbations, respectively. Using the linearized equation of state from
the previous equation, we can also obtain
Γ1 − 1 =

ρ0 T 0
,
ρ0 T 0

(47)

where T 0 is the perturbed temperature. Spectroscopic data
obtained in different spectral windows could provide us with
information about density and temperature perturbations using
line ratios, then, once these perturbations are known, we could
estimate the value of Γ1 . Knowing this value, and in the LTE
case, we could take advantage of Eq. (34) to estimate the ionization degree. Then, using prominence oscillations and the above
described procedure, we have a seismological tool which could
provide us with indirect information about the thermodynamic
state of the prominence plasma. However, despite the fact that
the physical conditions of the oscillating prominence plasma
determine the behavior of the perturbations, it is important to
point out that the model, LTE, or non-LTE considered to describe
the state of prominence plasma, as well as nonadiabatic effects
can substantially affect the interpretation of the spectral indicators, which are of great importance for seismological studies of
partially ionized layers or structures of the solar atmosphere.
Furthermore, here we have considered a plasma with physical conditions akin to those of quiescent prominences and, under
these conditions, the sound speed, cs , which characterizes slow
waves, is smaller than the Alfvén speed, ca , characterizing fast
waves, which are not significantly affected by the adiabatic coefficient or the first adiabatic exponent. Therefore, for uncoupled
waves, and with these physical conditions, only slow waves are
affected for variations of the adiabatic coefficient or the first adiabatic exponent.
Also, it is interesting to point out that from the principle
of energy equipartition for perfect gases without radiation, the
adiabatic exponent Γ1 is equal to N+2
N where, in this case, N is
the number of degrees of freedom, then, for a 3D nonrelativistic gas, N = 3 and Γ1 = 5/3, which is the constant value that
is currently used in most studies. However, when hydrogen is
ionized, Γ1 drops to a value close to 1, which means that the
number of degrees of freedom, N, is very large. From a physical
point of view, this large number of degrees of freedom corresponds to the case in which all the energy added to the system
is invested in “internal” forms of energy (ionization, rotation,
vibration, etc.) only, instead of kinetic energy (Lobel et al. 1992;
Weiss et al. 2004).
In summary, the chemical composition of partially ionized
gases in different astrophysical enviroments is not uniform.
Therefore, in order to know the behavior of the first adiabatic
exponent in such different chemical compositions, it is needed
to establish the following: (a) the appropriate equation of state;
(b) a modified Saha equation for hydrogen in the LTE case; (c)
or a non-LTE model, before starting to determine the behavior
of the first adiabatic exponent.
Finally, taking the above results into account, we can conclude that this study illustrates how important a correct estimation of the numerical value of Γ1 is in order to determine the right
period of slow waves which is of great importance for seismological studies based on prominence oscillations interpreted in
terms of MHD waves. Also, with the help of the observed prominence oscillations, we propose a seismological tool to estimate
A159, page 10 of 10

Γ1 and the ionization degree of the prominence plasma. A further
extension of this work would be to study the time evolution of
the first adiabatic exponent and its impact on the period of slow
waves, when a time-dependent ionization degree is considered.
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