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ABSTRACT

Context. Radiative transfer calculations in strong (few x10'2 G) magnetic fields, which are observed in X-ray pulsars, require accurate
differential cross-sections of resonant scattering. While such cross-sections exist, their application is cumbersome.

Aims. Here, we compare the classical (non-relativistic) with the quantum-mechanical (relativistic) resonant differential scattering
cross-sections and offer a prescription for the use of the much simpler classical expressions with impressively accurate results.
Methods. We expanded the quantum-mechanical differential cross-sections and kept the terms up to the first order in € = E/m,.c? and
B = 8/8,,, where E is the photon energy and B, is the critical magnetic field. We recovered the classical differential cross-sections
along with the terms that are due to spin flip, which is a pure quantum-mechanical phenomenon.

Results. When adding the spin-flip terms to the polarization-dependent classical differential cross-sections by hand, we find that they
are in excellent agreement with the quantum mechanical ones for all energies near resonance and all angles. We plotted both of them
and the agreement is impressive.

Conclusions. We give a prescription for the use of the classical differential cross-sections for radiative transfer calculations that

guarantees accurate results.
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1. Introduction

Cyclotron lines are prominent features in the spectra of X-ray
pulsars. The first cyclotron line was discovered in Hercules X-1
(Trimper et al. 1977, 1978) and since then, over 35 accret-
ing magnetic neutron stars exhibit electron cyclotron lines have
been found, sometimes with their harmonics (Staubert et al.
2019). They are also called cyclotron resonance scattering fea-
tures (CRSFs).

Despite the many years that have passed since the first obser-
vation of a CRSEF, it is still unclear where these features form and
what type of mechanism produces them. Early on, it was sug-
gested (Basko & Sunyaev 1976) that the CRSFs are produced
in the radiative shock in the accretion column. However, no cal-
culation has been done so far for the simultaneous production
of the power-law spectrum and the cyclotron line in a radiative
shock. Instead, several calculations have been performed using
a slab that is illuminated from one side (Ventura 1979; Nagel
1981; Nishimura 2008; Araya & Harding 1999; Araya-Gd6chez
& Harding 2000; Schonherr et al. 2007).

Another interesting idea was given by Poutanen et al. (2013),
who proposed that the CRSF is produced as a result of the reflec-
tion of the continuum emitted at the radiative shock on the sur-
face of the neutron star. Again, no radiative transfer calculation
has been reported on this mechanism thus far.

A possible reason for the limited detailed calculations is the
resonant differential cross-sections. It is not a question of their
unavailability, but of their complexity. The expressions derived
by Herold (1979), Daugherty & Harding (1986), Bussard et al.
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(1986), Harding & Daugherty (1991), Sina (1996), Gonthier
et al. (2014), Mushtukov et al. (2016), Schwarm (2017) for the
complete, quantum electrodynamic, differential Compton reso-
nant cross-sections are quite general and because of this, they
can prove cumbersome and rather impractical. However, this
generality is not needed in most cases.

Most of the cyclotron lines that have been observed thus far
(for a review see Staubert et al. 2019) are at cyclotron ener-
gies E. < mec?, implying magnetic fields of 8 < B, where
B = m2c?/eh is the critical magnetic field. For such cases, an
expansion of the full quantum mechanical cross-sections up to
first order in € = E/mec? and B = B/ B, gives simpler, but nev-
ertheless accurate, expressions for the necessary calculations.

In the literature, we can find the much simpler classical
(Thomson) cross-sections (Canuto et al. 1971; Blandford &
Scharleman 1976; Nobili et al. 2008a). The question then arises
regarding whether a prescription can be found making use of the
simple classical cross-sections in radiative transfer calculations to
give highly accurate results. The present work answers this ques-
tion with a positive assessment of this possibility.

In Sect.2, we discuss the polarization-dependent cross-
sections. First, we give the classical ones. Then, we discuss
the quantum-mechanical cross-sections that have been derived
either with the Johnson & Lippmann (1949) wave functions
or with the physically more meaningful Sokolov & Ternov
(1968) formalism, and we compare them numerically for £ <«
mec?> and B < B,. We expand, to first order with regard
to the small parameters, € and B, the cross-sections given by
Harding & Daugherty (1991) and Sina (1996). Finally, we offer
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a prescription that allows for the classical cross-sections to be
used to obtain highly accurate results. In Sect. 3, we summarize
our findings of our work.

2. Cross-sections
2.1. Classical

The classical (Thomson) differential cross-sections for polarized
resonant scattering are given by Nobili et al. (2008a; see also
Canuto et al. 1971; Blandford & Scharleman 1976). After inte-
grating over the azimuthal angle ¢, we have:

dci(())-; 10, = n3ﬂgocL(w, w,) cos> §cos> ¢, (1a)
d”i‘;‘zg, - Jr3ng0CL(w, wy) 05>, (1b)
di‘;?g, - n3"8r°CL(w, w,) cos> @, (1)

where the index 1 (2) stands for the ordinary (extraordinary)
mode, r is the classical electron radius, and

I'/2n
(w = wy)? + (T/2)?

Lw,w,) = ©))
is the normalized Lorentz profile, with w = E/A as the photon
frequency and w, = E,/# the resonant frequency, which in the
non-relativistic regime, is the cyclotron frequency w, = eB/me.c,
' = 4e*w?/(3m,c?), accounting for the finite transition life-time
of the excited state (e.g. Daugherty & Ventura 1978; Ventura
1979). Finally, 6 and @’ are the incident and scattered angles,
respectively, with respect to the direction of the magnetic field 8.

The polarization averaged differential cross-section is given

by
do 3nryc
=2r

Toosd T L(w, w,)(1 + cos® 0)(1 + cos> ).

3

2.2. Relativistic quantum mechanical

Expressions for the differential Compton scattering cross-
sections as functions of polarization, energy, E, and magnetic
field, B, have been derived by Harding & Daugherty (1991),
using the Johnson & Lippmann (1949) wave functions. Simi-
lar, albeit more accurate, expressions have been derived by Sina
(1996) using the Sokolov & Ternov formalism (for a detailed
discussion see Gonthier et al. 2014). At large values of B, there
are differences between the two (Schwarm 2017).

Since we are interested at non-relativistic energies and sub-
critical magnetic fields, we carry out a numerical comparison of
the expressions of Harding & Daugherty (1991) with those of
Sina (1996) for B = 0.03. In Fig. 1, we compare do;/d cos &’
near-resonance for four values of the incident angle 6, with
respect to the magnetic field, and four values of the scattered
angle #'. The black lines correspond to Harding & Daugherty
(1991), while the red ones to Sina (1996). The curves essentially
overlap, but for a detailed comparison “at resonance,” we show
in Fig.2 the ratio of the two curves for the cases displayed in
Fig. 1. The differences at resonance are less than 3%. We remark
that a similar agreement exists for the other three differential
cross-sections.
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Fig. 1. Polarization-dependent differential cross-section (1/0r) do1/
dcos@ as a function of photon energy E = 7w for a set of incident
angles 6 and scattered angles 6. The set of angles is 0, 30, 60, and 90
degrees, with 6 changing vertically and 6" horizontally. The red solid
lines are produced from the expression of Sina (1996), while the black
dashed ones are produced from the expression of Harding & Daugherty
(1991). In all cases, the resonant frequency is given by expression (7).
The vertical line indicates the resonant frequency w,, which for 6 # 0 is
smaller than w,. Here, E. = fiw, = 15.33keV.
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Fig. 2. Ratio of the Harding & Daugherty (1991) polarization-
dependent differential cross-section (1/0°7) doj;/d cos @’ to that of Sina
(1996) for the cases shown in Fig. 1.
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Fig. 3. Ratio of the Harding & Daugherty (1991) polarization-
dependent differential cross-sections at resonance to those of Sina
(1996) for different incident and scattered angles 6 and &', respectively.
In all cases, the resonant frequency is given by Eq. (7) and B = 0.03.
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In Fig.3, we show in the form of heat maps the ratios “at
resonance” of the differential cross-sections calculated from the
expressions of Harding & Daugherty (1991) to those of Sina
(1996) for B = 0.03. It is evident that, for all incident angles 6
and all scattered angles &', the ratio is between 1.000 and 1.027.
Thus, for B < 1, it is irrelevant which of the two formalisms is
used.

In order to find simpler expressions, that are nevertheless
accurate for E < mec? and B < B, we expanded the expres-
sions of Harding & Daugherty (1991) to first order in the small
parameters, € = E/mec* and B = B/B. This is shown in
Appendix A. Here, we give the results:

do 3rnrec| 1 151
= -L_+h 7" -L
dcos® d 8 g *
L_-L,]
+ V2Bcosfcosf ——|, (4a)
mix |
doz 3rnrec| 1 152
= -L_+h - L
dcos® d 8 g *
L_-L,]
+ V2Bcos6Ocosd —+ , (4b)
do 3nrec| 5, 251
= -L_+h -L
deos@ ~ 78 [g "
L_-L
+ V2BcosOcos§’ : * ], (4¢)
doa, 3nroc| 5 252
= -L_+h7"-L
dcos ¢ 8 [g "
L_-L
+ V2BcosOcost —+], (4d)

where L_(w, w,), Li(w, w,) and Lyx(w, w,) are the normalized
Lorentz profiles, which are characterized by the decay widths
I, T, and I' . , respectively, and are given in Appendix A.
The resonant frequency w, is given in Eq. (7) below. In addition,
gs_”/ (0,0',B) and R (6,0, B) are first-degree polynomials in

B, and are given in Appendix A. We note that s represents the
polarization mode of the incident photon, whereas s represents
that of the scattered photon.

In Appendix B, we expanded the expressions of Sina (1996)
to first order in w = E/(imec?) and B = B/B,,. The results are
as follows:

do; 3nrec| i 151
=2 -L_ -L
dcos @ 8 [Q th "
L_-L
+ V2Bcosfcosf —— * ], (5a)
do 3nrec| 1o 152
=2 . L_+h "L
dcos @ 8 [Q " "
L_-L
+ V2Bcosfcos 9’%], (5b)
do 3nroc| oo 2551
=2 . L_+hT L
deose’ 8 [Q "
L_-L
+ V2Bcosfcosf —— i }, (5¢)
doan 3nroc| nosn 232
=2 Lo+ hT7 L
deosg 8 [Q "
L_-L
+ V2Bcosfcos 9’—_1, (5d)

where L_(w, w,), Li(w, w,), Lmix(w, ,), and h*>*" are the same
as in Egs. (4a)—(4d), while the correction functions G are
slightly different from the ¢°~* ones and are given in Appendix B.
We note that in order to avoid confusion between the different
notations, we employed the notation of Harding & Daugherty
(1991) in Egs. (5a)—(5d) instead of the notation of Sina (1996),
which we systematically use in Appendix B.

It is important to notice two things: (a) the similarity of the
expressions in Egs. (5a)—(5d) with those of Eqs. (4a)—(4d); they
are identical, except for the small differences between g and G.
This, of course, is not surprising given the ratio plots in Fig.2
and the heat plots in Fig. 3. (b) The expressions in Eqgs. (4a)—(4d)
and (5a)—(5d) are much simpler than the full expressions given
by Harding & Daugherty (1991) and Sina (1996), respectively.

2.3. Even simpler expressions

Looking at the expressions in Egs. (4a)—(4d) and (5a)—(5d), we
considered whether all the terms in them are crucial. Thus, we
wrote down the extremely simple expressions, as follows:

d(iZSHO’ ~ n3ﬂg0c (coszﬂcos2 o -L_+ g -L+), (6a)
d(i(z)-;ze’ ~ 71'3”2:06 (0052 9-L_+ g cos’ ¢ - L+) , (6b)
dizzlgl ~ n37r;0c (cos2 9 -L_+ gcos2 6- L+), (6¢)
dif)?@’ ~ n3ﬂgoc (L_ + gcos2 Ocos’ @' - L+). (6d)

The terms proportional to L_ are identical to the classical cross-
sections Eqs. (la)-(1d), because L_ is equal to L given by
Eq. (2). The terms proportional to L, are non-classical because
they contain the decay width I'y, which is associated with the
spin flip.
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Fig. 4. Polarization-dependent resonant differential cross-section
(1/o7) doja/dcos @ as a function of photon energy £ = hw for a
set of incident angles 6 and scattered angles 8’. The set of angles is
0, 30, 60, and 90 degrees, with 8 changing vertically and 6" horizontally.
The red solid lines are produced from the first order expansion (5b) of
Sina (1996), while the black dashed ones are produced from the sim-
plified expression (6b). In all cases, the resonant frequency is given by
Eq. (7). The vertical line indicates the resonant frequency w,, which for
6 # 0 is smaller than w,. Here, E. = hw, = 15.33 keV.

In Fig. 4, we compare expression (6b) with expression (5b)
for B = 0.03 and in Fig.5, we present the ratio of these two
formulae. The differences are impressively negligible. The same
is true for the heat maps “at resonance” (Fig. 6).

For quick calculations with B < 1, where high accuracy
is not demanded, one may safely use the very simple expres-
sions, given by Egs. (6a)—(6d), while for more accurate ones, the
expressions in Egs. (5a)—(5d) are recommended. Of course, the
highest accuracy is provided by the expressions of Sina (1996).
It is our hope that these very simple expressions, together with
the prescription that we give in the next subsection, will make
resonant Compton scattering calculations more feasible.

2.4. The prescription

If, in a calculation, we want to use the much simpler differen-
tial cross-sections (1a)—(1d), then for accurate results, the fol-
lowing prescription should be followed: (1) the spin-flip terms
must be added by hand. Thus, Egs. (6a)—(6d) should be used.
Of course, the exact results given by Egs. (5a)—-(5d) are not that
complicated; (2) for the resonant frequency, w,, the relativisti-
cally correct expression:

Mec? 2B

1+ V1 +2Bsin?0

@)

Wy =
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Fig. 6. Ratio at resonance of the exact polarization-dependent differen-
tial cross-sections (5a)—(5d) to the approximate expressions (6a)—(6d)
for different incident and scattered angles 8 and &', respectively. In all
cases, the resonant frequency is given by expression (7) and B = 0.03.

should be used in the Lorentz profile (2) and not the cyclotron
frequency w. = E./h.

(3) In the classical (Thomson) limit, there is no change in
the photon energy after scattering, namely, € = e. However,
there is naturally an energy change (see Appendix A) and the
prescription dictates that the energy €’ of the photon after scat-
tering should be taken equal to:

3 €2sin® 0 + 2¢
1+e(l—-cosfcos®) + \/fl(e, 6,0 + fr(e, 0, 9')’

’

€

(8a)
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Fig. 7. Quantum mechanical differential cross-section versus the clas-
sical one for the transition 1 — 2. Top panels: comparison of the rel-
ativistically correct doj;/dcos @ (0 = 0,8 = x/2) from Sina (1996)
(blue solid line) with the modified classical one (Eq. (6b)) (red dashed
line) for E. = 25keV (left panel), 50keV (middle panel), and 100 keV
(right panel). Bottom panels: corresponding ratios of the curves shown
in the top panels

where

f1(€,0,8") = 1 + 2ecos @ (cos & — cos ), (8b)
and

f2(€,6,0") = €X(cos § — cos §')>. (8¢)

If the polarization of the CRSF is not of interest, then the
polarization-averaged cross-section can be used, namely:

do 3nroc 2 2
Teosd 2r 16 (1 + cos”6)(1 +cos“€)
We note that for B < 1, the polarization-averaged cross-section
in Eq. (3) is very accurate. No additional terms due to spin flip
are necessary here.

In this paper, we have restricted ourselves to cyclotron ener-
gies of E, < 50keV because most of the observed CRSFs are in
this energy range (Staubert et al. 2019). However, a few CRSFs
with E£. > 50keV have been observed (Staubert et al. 2019),
along with the recently reported (Ge et al. 2020) champion with
E. = 90.32keV. For this reason, in Fig. 7, we compare the rela-
tivistically correct doj;/dcos &' (6 = 0,8’ = 7/2) of Sina (1996)
with the modified classical one (Eq.(6b)) for E. = 25keV
(left panel), 50keV (middle panel), and 100keV (right panel).
Clearly, 100keV is not much less than mec?. Nevertheless, we
include it here to demonstrate the magnitude of the discrepancy
between classical and quantum-mechanical cross-sections.

L_+§-L+]. ©)

3. Summary

In this work, we show numerically that for photon energies,
E < mec?, and magnetic field strengths, 8 < B, the relativis-
tic polarization-dependent resonant differential cross-sections
of Harding & Daugherty (1991), derived with the Johnson &
Lippmann (1949) wave functions, are in excellent agreement
with those of Sina (1996), which were derived with the (Sokolov
& Ternov 1968) formalism.

We show analytically that the expansion up to the first order
ine = E/mec* and B = B/B,, of the expressions of Harding
& Daugherty (1991) and of Sina (1996) lead to nearly identical
results.

We provide simple, heuristic, but very accurate, expres-
sions for the polarization-dependent resonant differential cross-
sections, together with a prescription that ought to be followed
for easy-to-perform and detailed calculations involving resonant
scattering at £, < 50keV.
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Appendix A: Approximations resulting from the
Harding & Daugherty (1991) expressions

We start from Eq. (11) of Harding & Daugherty (1991), which
has been derived in the electron’s rest frame, considering that
the electron initially occupies the ground state. In a unit sys-
tem where 7 = ¢ = m, = 1, this equation can be written as
follows:

exp (—(cu2 sin® 0 + w’? sin’ 6’)/23)

4 wl +w-—w —(wcosf — w cosb’)cosd
2

co 2
|5 S s rzen)
n,i n,i

n= i=

0.
dog, 3or o
doy

(A.1)

where o7 is the Thomson cross-section, w, w’ are the incident
and scattered photon frequencies in units of mc.c?/%, whereas 6
and @’ are the incident and scattered photon angles with respect
to the magnetic field direction, B is the magnetic field strength
B (in units of B,), @ is proportional to sin(¢ — ¢’), and ¢ and
¢’ are the azimuthal angles of the incident and the scattered pho-
ton, respectively. The terms Ffll) F (2) are complex functions of
0,8, w, , B, ¢, ¢, s, s’ and these terms can be found in
the appendix of Harding & Daugherty (1991), where the upper
indices (1, 2) are referred to the first and second Feynman dia-
gram. Furthermore, s and s” stand for the incident and scattered
photon polarization mode and / is the final electron’s Landau
state. We note that the infinite sum in Eq. (A.1) is carried out
over intermediate Landau states with principal quantum number,
n, whereas the sum over i = 1,2 is meant for the possible elec-
tron spin orientations (spin-up, spin-down) in the intermediate
state.

Equation (A.1) is quite general, but this generality is not
needed in most cases. Specifically, for resonant scattering of
photons with energy E < m,c? in a magnetlc field smaller than
or comparable to the critical one B, = m; 2¢3 Jeh, Nobili et al.
(2008Db, hereafter NTZ08b) pointed out that for such magnetic
fields, the probability of exciting Landau levels above the second
(n = 2) is very small, thus the infinite sum over n in Eq. (A.1)
becomes finite (n < 2).

Moreover, for photon energies, E < m.c?, and magnetic
fields, 8 <« B, which we are interested in here, the cross-
section expressions can be simplified even more, keeping only
the term # = 1 in the sum over all the possible intermediate states
and setting / = O for the final electron Landau state. Besides that,
as NTZ08b stated, the F, (1) ; terms exhibit a divergent behavior
near resonant frequency (see their Egs. (7) and (8)), while the
terms F,(, )1 ., remain instead finite. Given this observation, and
as long as we are interested in resonant scattering (i.e., photon
frequency near the resonant one), the above arguments lead us to
a major simplification.

Neglecting all the non-resonant terms and the contributions
of (n # 1) in Eq. (A.1), we deduce the following expression:

do-?;’,zo 307w eXP (—(w2 sin? 6 + w'% sin §')/ ZB)
daqy 4 wltw-w - (wcosf — w' cosf)cos
x|F{) + F, | (A2)

NTZ08b managed to write the above equation in a simpler
way, obtaining compact expressions for the F (l) terms. Specif-
ically, using Eq. (14) of NTZO08b in Eq. (10) of NTZ08b we
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obtain:
2 12 a2 g
dory 30'T ¢ (Q+e—€)exp (_ €% sin 942—; sin 9)
17194 167T61+6—E —(ecosf — €' cosf’)cos @
8 1+E1 Ti*)S . T‘_YHS, 2
2E, l+e—E +il,/2 1+e-E{+il_/2

(A.3)

where, for convenience, we retain the notation of NTZ08b; but
for simplicity, we drop the indices referrington = 1 and / = 0.
Thus, €, € are the incident and scattered photon energies in units
of mec?, 6 and @ are the incident and scattered photon angles
with respect to the magnetic field direction, B is the magnetic
field strength B (in units of B.). and I';, I'_ are the relativistic
decay rates corresponding to the n = 1 intermediate state and
are given by Herold et al. (1982, see also Harding & Daugherty
1991; Pavlov et al. 1991; Baring et al. 2005; NTZ08b), where the
index “+" stands for the electron in the intermediate state with
spin-up whereas the index “~" stands for spin-down. In addition,
s and s’ refer to the incident and scattered photon polarization
modes, and the explicit expressions for the T$~%, T5~% terms
are given in the Appendix of NTZ08b forn = 1 and [ = 0.

We remark that we do not use the relativistic polarization-
dependent resonant Compton differential cross-section expres-
sions of NTZ08b because, for their purposes, the authors substi-
tuted all the Lorentz profiles with a d—function and, as a result,
the information about the exact shape of the different line pro-
files is lost.

The energy, E|, is the electron intermediate state and, in units
of mec?, it is given by Eq. (12) of NTZ08b (see also Eq. (4) of
Harding & Daugherty 1991).

E; = V1 + €%cos? 8 + 2B.

The energy € of the photon after scattering, in units of m.c?,
is given by Eq. (6) of NTZ08b (see also Eq. (12) of Harding &
Daugherty 1991):

(A4)

¢ = €?sin® 0 + 2¢ . (ASa)
1+ (1 —cosfcos®) + /fi(€,0,0) + fr(€,0,0)

where

f1(€,0,0") =1+ 2ecos & (cos 8 — cosb), (A.5b)
and

fo(€,0,8) = €*(cos§ — cos §')°. (A.5¢)

After a lengthy but straightforward calculation, and a triv-
ial integration over the angle ¢’, one can write Eq. (A.3) in the
following way:

dogy  3noy (1+E))? e’A
deost 16 g, \[1 1 2Bsin?0 €
(Ti_”/)2 (T£—>s’)2 Ti—m’Ti—m" £+£_
+ _+2
+ £+ Ir_ L l—‘mix -Emix
(A.6)

where the effective decay rates I'¢, which result from the change
in the Lorentz profiles argument (see NTZ08b), must be used in
the Lorentz profiles (see Egs. (A.8)—(A.10)):
po_B@

© \1+2Bsin?0

(A.72)
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and we define the following function:

2 2 2 2 gy
’ €-sin” O+€’~ sin” ¢/
(2+e—e)exp(— 5 )

T l4+e—¢€ —(ecos—€ cos®)cost”

(A.7b)

The quantities L,(€,€.), L_(€,€) & Lnix(€, €) are the
dimensionless Lorentz profiles and are given by

re/2n

€)= i A8
Llee) = o v e (A8)
I /2n
(6,6) = , A9
Lee) = v a2y (A9
re. /2n
mix\ €, €) = X N A.10
L€ €)= ey @, o (A10)
where I' . is calculated by
anix = ir‘mix, (A.11a)
V1 +2Bsin’ 6
with
i = VLT, (A.11b)

and €, is the resonant energy in units of mec?. It is given by
Eq. (8) of NTZ08b (see also Eq. (5) of Harding & Daugherty
1991):

2B

1+ 1+ 2Bsin2g

Having obtained the fully relativistic cross-sections we pro-
ceed to the derivation of Egs. (4a)—(4d).

Expansion up to first order in the small parameters ¢, €', and
B yields

(A.12)

€ = € =

£ x1-S(cosO-cost), (A.13)
€ 2

(I+E) €, o [1 - B(25in® 6 + (cos 6~ cos )?)|.

E V1 +2Bsin?0 €

(A.14)

To lowest order, I'y, I'_ are given in Herold et al. (1982) (see
also Egs. (15), (16) of Harding & Daugherty 1991 and Eq. (31)
of NTZ08b)

I, ~ 2aB’/3, (A.152)

I'_ ~ 4aB?/3, (A.15b)

and substituting the above expressions into Eq. (A.11b), we get:

4
[mix ~ 50132 \B/2,

where « is the fine structure constant. For a discussion regarding
the cyclotron line widths, see our Appendix C.

We note that the classical cross-sections (1) and the expres-
sions in Eq. (4) are proportional to rypc, while the quantum-
mechanical ones are proportional to o7. This means that
the Lorentz profiles with variable the photon frequency (i.e.
L(w,w,), L_(w,w,) and Lyx(w, w,)) have dimensions of time

(A.15¢)

and their relation with the dimensionless ones (i.e. L. (e, ¢€,),
L—(fa fr) & Lmix(ea 6,«)) are (See Appendix C)

2

L&&Mm;MWM% (A.16a)
MeC?

Lee)~ L (@.w) (A.16b)
Mec>

-Emix(f, Er) ~ T mix(w, wr), (A16C)

where the Lorentz profiles with argument the photon frequency
are given by

Lo(w, w,) L /2n (A.172)
w,w,) = , .
' (w— w)? + (I, /2)
L (w, ) I /2n (A.17b)
(w, w,) = , .
(@ w,P + (/27
I 2n
Lo (@, @) = mix , A7
mIX(w @ ) (0.) - wr)2 + (Fl/mx/z)z ( C)
and
Mmec?
r,=2=r, (A.18a)
meC2 2 2 3
IL = B0 2T = 4002/ Gmec), (A.18b)
MeC?
A (A.18¢)

Using the above, we find that Eq. (A.6) is approximated by
the following:

do gy 30T mec?
~ W(B, 0,
dcos@ 2 h ( )

Ts—»s’ 2 Ts—>s’ 2 Ts—>s’Ts—»s’ L.L_
I, I_ Cimix Lnix
3nr,c (16«
= — |W(B,6,¢
A (S wis e
Ts—>s’ 2 Ts—>s’ 2 Ts—>s’Ts—>s’ L.L_
><(*)L++(’)L,+2+ - =,
F+ | l_‘mix Lmix
(A.19)
where
W(B,0,0') = 1 — B(2sin® 6 + (cos - cos #')?), (A.20)
and using:
e~ e ~B. (A.21)

The expressions for 75~ and T°~* have strong polariza-
tion dependence and, as we mentioned earlier, are given in the
Appendix of NTZ08b. In order to obtain Eq. (4), we will work
separately for each pair, s, s’.
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A.1. Transition1 — 1

By expanding the terms T'!~!, 71! in the small parameters e, €,
and B, and employing Egs. (A.15) and (A.21), we obtain the
following approximations:

(T_'l——>l)2 3 (B)
~ — (2 A.22
I, 16a\2)/)’ ( 2)
Tlal 2 3
( }_) z@cos fcos’ &
2sin? @’ cos 6
X [1 - B(Z +5in® 6 + sm—ecos - sinze’)],
cos @’
(A.22b)
2T1—>1T1—>l
% * Tea 2Bcosfcosf . (A.22¢)
mix 64

Equations (A.22), along with (A.19), lead us to derive the
following approximation for dory;/d cos ¢

doy 3nr,c
~2m
dcost 8

[gl—>1 L. +h1—>l L,

2Bcosfcos Q], (A.23a)
where
g'76,6', B) = cos’ 6 cos? 0’[1 - B(3 sin® 6 — sin’ ¢’
+ (cos @ —cos @)* + 2 + 2sin 0’ cos 6 )] (A.23b)
and
n'=Y(B) = g (A.23c)

A.2. Transition1 — 2

We apply the same methodology to all the other cases. Hence,
by expanding the terms 7! =2, T1>2 in the small parameters e, €,
and B, and using Eqgs. (A.15) and (A.21), we find the following
approximations:

T14>2 2 3 B

(}—) o (E cos’ 9’), (A.242)
. a

T14>2 2 3

( = Y . ﬁcos29[1 — B(2+sin )], (A.24b)

2T1—>2T1—>2

- ~-—_+2BcosfOcos¥. (A.24¢)
Fmix 16a

Then, by substituting Egs. (A.24) into (A.19), we get the fol-
lowing approximation:

do 3rreCy 150 152
~ L L_+h T L
dcos@ d 8 [g *
L_-L
2B cos@cos : ] (A.25a)
mix
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where

g'7%(6,0', B) = cos’ 0

1—B(3sin28+2

+ (cos 6 — cos 9’)2)], (A.25b)

and

B
'@, B) = —cos 0. (A.25¢)

A.3. Transition2 — 1

Similarly, by expanding the terms 727!, 727! in the small
parameters €, €', and B, and taking into account Egs. (A.15)
and (A.21), we can deduce the following approximations:

(T‘%—Vl)z 3 (B ) )
~ - (2 ), A.26
r,  16a\2°% (&.263)
(TEHI)Z N 3 9/
AT cos
6
x [1 - B(2— sin? @ + 2 sin’ 9'&)], (A.26b)
cos @’
2T2—>1T2—>1
—t ___— _~ _—V2Bcosfcos¥. (A.26¢)
Fmix 16«
Using Eqgs. (A.26) and (A.19), we find
do 3rrecy o, 21
x -L_+h -L
dcos & d 8 [g "
L_-L
2B cos 6 cos 6’%], (A.27a)
where

16,8, B) = cos? 9’[1 - 3(2 sin® @ + (cos @ — cos @')?

9
+2—sin@ +2sin2g S50 )] (A.27b)
cos ¢’

and

B
Y, B) = 5 cos’ 6. (A.27¢)

A.4. Transition2 — 2

Following the same procedure as above, for the terms 7272,
7?2 and employing Eqgs. (A.15) and (A.21), we derive the fol-
lowing:

(T3H2)2 3 (B )
SRR i ' A2
T, oo cos® fcos’ @ (A.28a)
T 3 (
~ —|1-2B|, A.28b
| 16a ) ( )
2T—%—>2TE—>2 ,
T = E 2Bcosfcosf'. (A28C)
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Thus, the substitution of Egs. (A.28) into (A.19) yields

doy 3roCT 2y 252
~ 7 .L_+h7"-L
dcos@ d 8 [g *
L_-L
+ V2Bcosfcos & : ], (A.29a)
Lmix

where

22 / _ ) 7N\2

g>%60,6,B) = 1 —B[zsm 0+ (cosf — cos @) +2], (A.29b)
and

B
20,0 ,B) = 5 cos?fcos> ¥ (A.29¢)

Appendix B: Approximations resulting from the
Sina (1996) expressions

We start from Eq. (3.25) of Sina (1996), written in the elec-
tron’s rest frame (ground state), considering a unit system where
hi=m, = c = 1, (i.e., energy is measured in m.c?, frequency is
measured in m.c?/% and the magnetic field strength, B, is mea-
sured in B, = e”!). We neglect any terms that are related to
the second Feynman diagram, as well as the terms that the inter-
mediate electron Landau state has a principal quantum number
n # 1 (i.e., keeping only the terms that exhibit a divergence near
resonant frequency with n = 1, as we did in Appendix A). Thus,
the infinite sum over n for all possible intermediate states col-
lapses to the following:

do sy a? oy
= = — |Za(n = D,
de 1 —,BfCOSQf wj Zei(n )

(B.1a)

where Z.1(n = 1) is given by Eq. (3.15) of Sina (1996) and
is a sum over the possible electron spin orientations, s,, in the
intermediate state (for spin-up s, = +1, whereas for spin-down
s, = —1):

. ( 1) Z Df,n:l,Sf,s,, (kf)Hn:I,i,s,,,si(ki)
c n= = .
! Wi+ Ej = Epey g + 0712

(B.1b)

Sn

We retain the notation of Sina (1996), thus w; is the incident
photon frequency, E; is the electron’s energy before scattering,
6;, 0y are the incident and scattered photon angles with respect
to the magnetic field direction, whereas the indices i and f stand
for the initial and final electron Landau states (in our case, they
are equal to 0, i.e., the ground state), the s; and s are the initial
and final electron’s spin orientations and are equal to -1 (since
only spin-down is allowed in the ground state), and k;, ks are
the incident and scattered electron wavenumbers, respectively.
Furthermore, E,-;; (E), hereafter) is the electron’s energy in the
intermediate state with n = 1 and is given by Eq. (3.3) of Sina
(1996) (see also Eq. (3.1) of Schwarm 2017):

Ei=Epyy = \/1 +w?cos26; + 2B, (B.2)
where a misprint has been corrected and we substituted Eq. (3.4)
of Sina (1996) into Eq. (3.3) of Sina (1996) and took into account
that the initial electron momentum p; is equal to zero, since we
are working in the electron’s rest frame. Moreover, 87 can be
written as py/Ey (see Eq. (B.18) of Gonthier et al. 2014), where
Ef and py are the final electron energy and parallel component
of momentum (with respect to the magnetic field direction) and

are calculated by imposing the conservation of energy and by
Eq. (3.29) of Sina (1996). Thus

Ef =1+ w; —wr, (B3a)
and
Py = w;Ccos 0; — wyrcosby. (B.3b)

We note that wy is the scattered photon frequency and is given
by Eq. (3.28) of Sina (1996), although it is actually our Eq. (A.5)
written in a different form, so we do not present it here and
F’S’;' e F?n::'_l (T4, T'_, hereafter) are the relativistic decay widths
for the electron in the intermediate state with spin-up and
spin-down, respectively, and are given by Herold et al. (1982).
Figure 3.4 of Schwarm (2017) verifies that the decay widths
of Sina (1996) are in full agreement with the ones of Herold
et al. (1982), which we have used in Appendix A. This is reason-
able and absolutely predictable, since both works have employed
electron wave functions of Sokolov & Ternov (1968).

Substituting the above into Eq. (B.1) and using that the initial
electron energy, E, is equal to 1 and > = 3077 /87 in this system
of units, we obtain

do gy 1 +w; —wy

aQ;

_30’7‘

8r 1+ w; —wy— (w;jcosb; —wpcosbyr)cosby

wy Df:O,n:l,s_/:—l,x,,:+l (kf)Hn:l,i:O,s,l:+1,s,-:—l (kl)
% —1 ,

w; l+w,—E+il',/2

Df:OJl:LSf:—lsSn:—l(kf)Hﬂ:U:O»Sn=—1»Si:—1(kl.) 2

+ b
1+wi—E +il_/2

(B.4)

where the complex functions DI spsn (ky) and H™>$0% (k;) have
a strong polarization dependence, since they depend on the
polarization modes of the incident and scattered photons; these
are given in Appendix D of Sina (1996). Specifically, the
DFmsrsn(k ) terms exclusively depend on the final photon polar-
ization mode and are calculated by Egs. (D.61), (D.66) of Sina
(1996)

=0,n=1,57=—1,s,
D{_ n=1,sy K (kf) —

i[(C1 p=0Cap=1 + C3,=0Con=1)A_11(kf)—

(C2,1=0C3 =1 + C4 p=0C1 n=1)N0,0(kp) |, (B.5a)
Dﬂf:o,n:Lsf:A,sn kp) =

08 0¢|(C1,1=0Can=1 + C3,1=0Con=1)A_1,1(ks)+

(Cop=0C3p=1 + C4,f:()Cl,n:1)AO,0(kf)]_

sin0((C1,y=0C3n=1 + C3,p=0C1.0=1)A_1,0(ky)~

(Cop=0Cap=1 + C4,f:()C2,n:1)AO,l(kf)]9 (B.5b)

while the terms H"™"»% (k;) exclusively depend on the initial pho-
ton polarization mode and are given by Egs. (D.60), (D.65) of
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Sina (1996):

0= () =

i|(Crn=1Ca.i=0 + C3 0=1Cai=0) No.o(ki)—

(C21=1C3,i=0 + C4n=1C1i=0)A-1,1(kp) |, (B.6a)
Hﬁz:l,i:O,s,,,si:—l(ki) _

cos 0[[(Cl,n:1C4,i:0 + C3,=1C2,i=0) Ao (ki) +

(C2n=1C3i=0 + C4,n:1C1,i:0)A—1,1(kt)]—

sin gi[(cl,n:1C3,i:0 + C30=1C1i=0)A-10(ki)—

(Can=1Ca=0 + C4,n:1C2,i=0)A0,1(ki)], (B.6b)
where the lower index “||” stands for the ordinary polarization

mode and the lower index “_L” stands for the extraordinary polar-
ization mode. Moreover, the quantities Cy with k = 1,2, 3,4, are
the wave function coefficients of Sokolov & Ternov (1968) and
are given by Egs. (B.61)—(B.65) of Sina (1996), whereas the A; ;
functions are proportional to Laguerre polynomials and are given
in Appendix D of Sina (1996). We note that we can also obtain
all of the above using Appendix B of Gonthier et al. (2014).

After a lengthy, but straightforward calculation, we can write
Eq. (B.4) in the following form:

dogy  3mor E, wy
dcos by 2 V1 + 2Bsin® §; @i
T‘f—m’ 7~_s—>s’ Tsﬁs’ L.l
Lo+ L 2 , B.7a
r. I Toix Lix (8.7

where we carried out a trivial integration over the scattered pho-
ton azimuthal angle, ¢;. Also, for simplicity, we have defined
the following quantities

(1 + w; — wy) exp(—(w? sin® 6; + w} sin® 0,)/2B)

A 1 + wi — wy = (wicos §; — wypcosOy) cos by B0
T57% = exp((w? sin® 6; + w7 sin” 67)/2B)
y D.s/=0,n:1,.§'f=—l,5n=+lH;z:l,i:O,Sn:+1,Si:—1 |2 ) (B.7¢)
727" = exp((] sin’ 6; + w} sin 67)/2B)
y | Di‘;:O,n:l,.v_/:—l,Sn:—l H=li0s == |2 ) (B.7d)
2750 = exp((w? sin 6; + wjzc sin® 6;)/2B)
% [<(D£:0,n:1,sf}1,s,l:+1H?:Li:o,s,,:ﬂ,s,:—l)*
y Dfl:o,n:mf:—l,sn:flH?:1,i:0,sn:—1,s;:71)+
(Df,:o,n:l,sf:—l,s,,:ﬂH;,:l,i:O,s,,erl,s,-:—
x ( D£:07”=1~S.f=_1’3n=_1 H?=1,t=0,sn:—1,s,-=*1)*)], (B.7¢)
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We note that the dimensionless Lorentz profiles £, (w;, w,),
L (wi, w,), and Lyix(w;, w,) that are shown in Eq. (B.7a) are
the same as the ones in Appendix A, since in this unit system,
the dimensionless photon frequencies, w;, wy, and the dimen-
sionless resonant frequency have the same values with the cor-
responding dimensionless energies and, as we mentioned ear-
lier in this paper, the decay widths are identical to those shown
in Appendix A (and so are the effective decay widths given
by Egs. (A.7a), (A.11b)). Furthermore, the dimensionless res-
onant frequency, w,, is given by Eq. (5) of Harding & Daugherty
(1991) and is actually the same as the dimensionless resonant
energy (Eq. (A.12))

2B
1+ +/1+2Bsin26,

Having obtained Eq. (B.7), we are able to proceed to the
derivation of Egs. (5a)—(5d). Expansion up to first order in the
small parameters w;, wy, and B yields:

(B.8)

Wy =

wy w;
1 - Yicos g - cos 0r)%,
Wi 2 ’

(B.9)

w/E - A

w; V1 + 2Bsin® 6,

~1-B (sin2 6; + cos’ 07 — 2 cos 6; cos 9f) s

(B.10)

w; ~ W, = B.

(B.11)

Using the above, we find that Eq. (B.7a) can be approximated
by

do gy 3nor

& W(;,0¢, B
dcos Oy 2 .67, B)
7_:_”4 7‘_3'—»&' r]"’S'*)S' L+-£—
X + o2 B.12
r+ £+ | L 1—‘mix -Lmix ’ ( )

and recalling the dimensions of each quantity by taking into
account the procedure as well as the results of Appendix A, we
obtain the following approximation

do sy 3nr,c { 16a
~ — |'W(,;,0+,B
dcos 0y "8 ( 3 ) (6:.67.5)
7'5—»&’ Tx—m" 7—.?‘—>s’ L.L_
X|——L, + ——L_ 420 271 (B.13a)
l—‘+ I_ l—‘mix Lmix
where

W(,,0¢,B) = 1-B (sin2 0; + cos’ 0 — 2 cos 6; cos Qf) . (B.13b)

From now on, all the quantities have their physical dimensions
and, as a result, the Lorentz profiles that are shown in Eq. (B.13a)
have dimensions of time and are calculated by Eq. (A.17), where,
in the notation that we use in this appendix, the arguments of
L, (w;, w,), Liw;, w,), and Lyx(w;, w,) are w; and w,. As we said
earlier, the terms 7 jﬂ/, 7525 and 7'{;3" have a strong polar-
ization dependence and for this reason, we derive the approxi-
mations separately for each possible combination of the incident
and scattered photon polarization modes.
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B.1. Transition1 — 1

By expanding the terms 7!, 7'=1, and 7';1;:1 in the small
parameters w;, wy, and B, and employing Egs. (A.15) and (B.11),
we obtain the following approximations:

7.7 3 (B
i~ @(5)’ (B.14a)
.
7-1—>1
I:_ = Toa cos? Hcos 0
5 2sin® Orcosb; .,
X [1 — B|sin® 6 + —————— —sin“ 6y ], (B.14b)
cos O

2{7—]—>l
rm‘x R e 2Bcos 6; cos 6. (B.14¢)

Equations (B.14), along with (B.13), lead us to derive the
following approximation for do1/d cos 6; :

doy N 3ﬂro
dcos by 8

[gl—>l L. +hl—>l

L_-L
2B cos 6; cos by +], (B.15a)
’ Lmix
where
G, 0¢,B) = cos? §; cos® Hf[l - B<3 sin® ; — sin’ 0r
0;
+ (cos §; — cos Hf)2 -1+ 2sin? 0y cos )],
' " cosfy
(B.15b)
and
B
h'=Y(B) = 5 (B.15¢)

B.2. Transition1 — 2

We apply the same methodology to all the other cases. Hence, by
expanding the terms 72, 7122, and 7 Hll;’z in the small param-
eters w;, wy, and B, and employing Eqgs. (A.15) and (B.11), we
find the following approximations

7-'14)2 3 B
lt N T (E cos? Gf), (B.16a)
7—*112 3 ( ) )
=~ —cos?6;(1 - Bsin®6;), (B.16b)
I_ 16
2750 3
~ —— V2B cos 6; cos 0y. (B.16¢)

| 16a

Then, by substituting Eqs. (B.16) into (B.13a), we get the
following approximation

dois 3nr,c
X LT
dcos by 8

[gl—>2 L+ h1—>2 L,

L_-L
2B cos 6;cos by —— -], (B.17a)
where
G'~%(6,,6y, B) = cos* 9,{1 - 3(3 sin® 6; — 1
+ (cos §; — cos Hf)z) s (B.17b)
and
1-2 B 2
h'77(6s,B) = ) cos” ;. (B.17¢)

B.3. Transition2 — 1

Similarly, by expanding the terms 72!, 722!, and 7" ri;’l i
the small parameters w;, wy, and B, and taking into account
Egs. (A.15) and (B.11), we can deduce the following approxi-

mations:

7220 3 (B,
r—|= 9)’ B.18
T, 16a(2C°S ’ (B.182)
7—2—>l
= 0
T
0 .
x [1 - 3(2 $in® B~ _ gjn? ef)], (B.18b)
cos Oy
ZT”ZIQI 3 2Bcos6;cosb B.18
T ~ Tea cos §; cos by. (B.18¢)
Using Egs. (B.18) and (B.13a), we find:
do) 3rroCt o 251
=~ -L_+h - L
dcos by 3 [g
L_-L
2B cos 6; cos by —— “]. (B.19a)

where

G+l e, 0¢,B) = cos’ Qf[l - B(Z sin® 6; + (cos 6; — cos 6’f)2

cos 6; )]
cosf /1

—1—sin*6; + 2sin® 6, (B.19b)

and

B
=1, B) = —cos 0;. (B.19¢)

B.4. Transition2 — 2

Following the same procedure as above for the terms 7272,
7222, and Té;’z and employing Eqgs. (A.15) and (B.11), we can
derive:

7-2—>2 3 B
It+ ~ oo (— cos? 6; cos Hf) (B.20a)
7—2—»2 3
o~ — B.20b
I_ 16a ( )
7-“2‘;‘)2 3 2B cos 0; cos 6 B.20
T ~ T6a cos 6; cos 0. (B.20c)
Thus, the substitution of Egs. (B.20) into (B.13a), yields
doy 3r,Cr pn 252
~ -L_+h - L
dcos by g [Q ’
L_-L
2B cos 6; cos O +], (B.21a)

mix

where

G*%(6:,6,,B)=1-B [2 sin® 6; + (cos 6; — cos 0)* — 1] ,
(B.21b)

and

B
26, 0, B) = 5 cos’ ; cos® 0f. (B.21¢)
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Appendix C: Cyclotron line widths

The spin-dependent relativistic cyclotron widths I';, I'_ for the
transitions from the first excited intermediate electron state to the
fundamental n = 0 Landau state are given by Eq. (17) of Herold
et al. (1982) and by Eq. (3) of Pavlov et al. (1991). Thus, we do
not present the complete formulae here.

From the literature, we know the non-relativistic cyclotron
line widths, which consist of the dominant terms and are valid
for small magnetic fields (B <« B,) (see Herold et al. 1982;
NTZO08b).

I, ~2aB’/3, (C.1a)

I'_ ~ 4aB?/3. (C.1b)

For greater accuracy, we provide below the next-order correc-
tions in B. These corrections have been derived from numerical
fits to the relativistic transition rates of Herold et al. (1982).

2
I, ~ 50133(1 —29B), (C.2a)

4
.~ 5aBZ(l - 2.7B). (C.2b)

In Fig. C.1, we display the relativistic decay rates of Herold
et al. (1982), along with the non-relativistic ones and the expres-
sions C.2, which have a first order correction in B.
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1072
== non-relativistic
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1073 { ==+ next order correc. —— .
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1072 107!
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Fig. C.1. Comparison of the relativistic transition rates of Herold
et al. (1982) (blue solid lines) with the non-relativistic ones (Eq. A.15;
black dashed lines) and with the expressions given by Eq. (C.2)
(red dash-dotted lines). Spin up refers to spin parallel to the mag-
netic field, whereas spin down refers to anti-parallel spin. The
I’s are divided by the cyclotron frequency, w., for presentation
reasons.

Clearly, the non-relativistic expressions given in Eq. (C.1)
can be used in the Lorentz profiles (defined by Eq. A.17) in the
case where B < 1.
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