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ABSTRACT

We present a tidal model for treating the rotational evolution in the general three-body problem with arbitrary viscosities, in which
all the masses are considered to be extended and all the tidal interactions between pairs are taken into account. Based on the creep
tide theory, we present a set of differential equations that describes the rotational evolution of each body, in a formalism that is easily
extensible to the N tidally interacting body problem. We apply our model to the case of a circumbinary planet and use a Kepler-38 like
binary system as a working example. We find that, in this low planetary eccentricity case, the most likely final stationary rotation state
is the 1:1 spin–orbit resonance, considering an arbitrary planetary viscosity inside the estimated range for the Solar System planets. The
timescales for reaching the equilibrium state are expected to be approximately millions of years for stiff bodies but can be longer than
the age of the system for planets with a large gaseous component. We derive analytical expressions for the mean rotational stationary
state, based on high-order power series of the ratio of the semimajor axes a1/a2 and low-order expansions of the eccentricities. These
are found to very accurately reproduce the mean behaviour of the low-eccentric numerical integrations for arbitrary planetary relaxation
factors, and up to a1/a2 ∼ 0.4. Our analytical model is used to predict the stationary rotation of the Kepler circumbinary planets and
we find that most of them are probably rotating in a subsynchronous state, although the synchrony shift is much less important than our
previous estimations. We present a comparison of our results with those obtained with the Constant Time Lag and find that, as opposed
to the assumptions in our previous works, the cross torques have a non-negligible net secular contribution, and must be taken into
account when computing the tides over each body in an N-extended-body system from an arbitrary reference frame. These torques are
naturally taken into account in the creep theory. In addition to this, the latter formalism considers more realistic rheology that proved
to reduce to the Constant Time Lag model in the gaseous limit and also allows several additional relevant physical phenomena to be
studied.
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1. Introduction

It is well known that the rotational evolution of extended bod-
ies in compact systems is strongly affected by tides. In the
two-body problem (2BP), tides tend to drive the spins to a
stationary state characterised by a spin–orbit resonance. In par-
ticular, tidal models following the Darwin theory predict the
existence of a stationary solution that is synchronous with the
mean motion, when the two bodies move in circular orbits, or
super-synchronous otherwise (e.g. Ferraz-Mello et al. 2008).
However, this prediction has not been confirmed by the obser-
vations of satellites rotation rates, as in the case of Titan (e.g.
Meriggiola 2012), Europa (e.g. Hurford et al. 2007) and the
moon itself.

Several attempts have been made to explain these differ-
ences, either considering an extra torque caused by the existence
of a permanent deformation, or by modifying the tidal theories.
In particular, Ferraz-Mello (2013, 2015a) proposed a theory of
tidal interactions based on an approximate solution of the Navier-
Stokes equation, where the capture in spin-orbit resonances can
be explained without the assumption of an extra torque. This
result was also reported by Makarov & Efroimsky (2013) and
confirmed by Correia et al. (2014) with a model based on a
Maxwell viscoelastic rheology.

Regarding the general three-body problem (3BP), a model
that takes into account all tidal interactions between pairs and is
valid for bodies with arbitrary viscosities is still missing. Instead,
this problem is usually addressed by neglecting some of the tidal
interactions. For example, in the circumbinary problem in which
the planetary mass is expected to be much smaller than the stellar
masses, the planetary tides induced on the stellar components are
commonly omitted (e.g. Correia et al. 2016). Although the appro-
priateness of these approximations is not under debate, building
a general model valid for any mass ratio between pairs allows
the results to be extended to problems with different hierarchies,
such as triple star systems and planets hosting exomoons close to
the central star.

In Zoppetti et al. (2019) we presented a self-consistent tidal
model for the planar and non-oblique 3BP, using a weak friction
Constant Time Lag (CTL) model based on the expressions of the
tidal forces and torques of the classical work of Mignard (1979).
We applied the model to the circumbinary (CB) case and found
that for systems like those discovered by the Kepler mission, the
planet acquired stationary spin rates on timescales of approx-
imately millions of years (depending on the dissipation factor
Q2) and, curiously, in subsynchronous solutions (Zoppetti et al.
2020). The subsynchronous nature of the planetary spin was
found to be the result of the tidal interaction with the secondary
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Fig. 1. Three-body problem from an inertial frame and from a mi-
relative frame.

central star and proportional to its mass, while the planetary
eccentricity tended to generate supersynchronous states, as in the
2BP. However, the goal of building a general tidal model in the
3BP has not yet been fulfilled, because the weak-friction regime
of the CTL models has proven only to be valid for bodies with a
large gaseous component (Efroimsky 2012, 2015).

In this work, we present and discuss a self-consistent model
for treating the tides in the 3BP, in the framework of the
Newtonian creep tidal model Ferraz-Mello (2013). We focus our
attention on the rotational evolution of the bodies and apply the
results to the case of a CB planet. In particular, to allow for
comparison with previous results, we employ a Kepler-38-like
system (Orosz et al. 2012a). However, a wider range of sys-
tem parameters and different initial orbital elements are also
explored.

This paper is organised as follows. In Sect. 2 we present the
tidal model by computing the equilibrium figures of the bod-
ies and deriving differential equations from the creep equation
to model the real shapes and orientations for each one. Once
the real figures are obtained, the rotational evolution is calcu-
lated from the reaction torques on the two companions. Section 3
presents a series of numerical integrations of the shape, orienta-
tion, and spin evolution equations for a CB planet in a Kepler-38
system, considering different planetary internal viscosities. In
Sect. 4, we construct analytical expressions for the mean values
of the rotational stationary state of the CB planet from a Jacobian
reference frame and compare these predictions with numerical
solutions. In addition to this, we estimate the equilibrium rota-
tion of the Kepler CB planets. In Sect. 5, we compare our results
with those obtained in Zoppetti et al. (2019, 2020), and present
an improved formalism that takes into account the cross torques
in the CTL model. Finally, in Sect. 6 we summarise our main
results and discuss their implications.

2. The creep tide model for the 3BP

Let us consider the extended 3BP with masses mi, m j, and mk and
respective mean radii Ri, R j, and Rk. In addition, let us assume
that the orbital motion of the bodies lies in the same plane and
the spin vectors are perpendicular to it. From an arbitrary inertial
frame, let Ri, R j, and Rk be the respective position vectors of
mi, m j, and mk. We denote the relative position of m j to mi by
∆ ji = R j −Ri, while the angle subtended between the position of
m j and the reference axis, as seen from mi, is called ϕ ji (the same
for j = k, see Fig. 1).

Our goal is to study the spin dynamics of these three bodies
under the effects of their mutual tidal perturbations. The tides
will be modelled using the creep theory (Ferraz-Mello 2013,
2015a) in its closed form (Folonier et al. 2018) and extended to
the case of three interacting masses.

2.1. Equilibrium figure

As a consequence of the gravitational interaction on extended
bodies, each mass mi undergoes a deformation which is given
by the superposition of the tidal interaction with the two com-
panions m j and mk. In this work, we also consider the rotational
flattening on each body due to its own spin, and assume that the
resulting deformation due to these effects is small enough that a
model developed up to the first order of the flattenings (like the
one we develop in this work) represents an accurate description
of the problem.

If we consider that each mass mi is a perfect fluid that
instantly responds to any external stress, it will immediately
adopt an equilibrium figure determined by the tides raised by
the two companions (i.e. static tides) and its own rotation. The
surface equation of this equilibrium figure seen from the centre
of mass, is determined by giving the distance ρi of an arbitrary
point on its surface with co-latitude angle θi and longitude angle
ϕi. It can be expressed as the sum of the interactions between
pairs as (Tisserand 1891; Folonier et al. 2015)

ρi(θi, ϕi) =Ri

[
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2
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where we have chosen the same definitions for the flattening as
in Folonier et al. (2018), given by
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with Ωi being the spin module of mi and G the gravitational
constant.

We propose that the equilibrium figure expressed in Eq. (1)
corresponds to an equivalent triaxial flat ellipsoid with equa-
torial flattening ε

ρ
i , polar flattening εz

i , and equilibrium orien-
tation defined by the unit vector r̂(eq)

i = (cosϕ(eq)
i , sinϕ(eq)

i ) (see
left panel of Fig. 2). The surface equation of this equivalent
equilibrium figure is simply given by
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The equivalent flattenings and orientation can be obtained
in terms of the two-body interacting parameters by equating
Eqs. (3) and (1). This results in
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Fig. 2. Left: equilibrium figure in the 3BP. Dashed-empty ellipsoids correspond to the static tidal deformations generated by each of the perturbing
masses, while the resulting equilibrium figure of mi (Eq. (3)) is shown by a filled grey ellipsoid. The unit vector r̂(eq)

i indicates the orientation of the
equivalent equilibrium bulge. Right: real figure in the 3BP. The dark grey filled ellipsoid represents the modelled real figure induced on mi when
we take into account the internal viscosity; we note that it is displaced by an angle δi, with respect to the equilibrium figure and also has different
flattenings.

2.2. Creep equations

Now, we assume the more realistic case in which each body
has a certain viscosity that does not allow it to attain the equi-
librium figure instantly. The real shape of mi, measured by the
surface distance ζi(θi, ϕi), is also modelled as a triaxial flat ellip-
soid but is characterised by the equatorial flattening Eρi and
polar flattening Ez

i . On the other hand, the orientation of the
real figure is displaced with respect to the equilibrium orien-
tation by a lag δi. Therefore, the real orientation unit vector is
r̂(b)

i = (cos (ϕ(eq)
i + δi), sin (ϕ(eq)

i + δi)) (see right panel in Fig. 2).
Thus, the surface equation of the real flat ellipsoid is then given
by

ζi(θi, ϕi) = Ri

[
1 + Ez

i

(1
3
− cos2 θi

)
+
Eρi
2

sin2 θi cos (2ϕi − 2(ϕeq
i + δi))

]
. (5)

Contrary to Darwin-based tidal models, in the creep tide the-
ory we assume that (Eρi ,Ez

i , δi) are a priori unknown quantities
whose values at each instant of time are obtained by solving the
creep equation:

ζ̇i + γiζi = γiρi, (6)

where γi is the so-called relaxation factor of mi (Ferraz-Mello
2013) which is inversely proportional to the body viscosity and
is assumed to be constant in this work.

A set of three differential equations for the shape and orienta-
tion of the real figure of mi can be obtained by differentiating Eq.
(5) with respect to time, introducing its expression plus Eqs. (3)
and (5) into Eq. (6) and identifying terms of equal dependence
with (θi, ϕi) (see Folonier et al. 2018). Particularly, it is conve-
nient to express the equatorial flattening and orientation in terms
of regular variables as in Gomes et al. (2019) as

Ẋi = −γiXi − 2Yi(Ωi − ϕ̇i
eq) + γiε

ρ
i

Ẏi = −γiYi + 2Xi(Ωi − ϕ̇i
eq)

Ėz
i = γi(εi

z − Ei
z)

(7)

where the regular variables are defined as

Xi =Eρi cos(2δi); Yi =Eρi sin(2δi). (8)

By comparing Eq. (7) with the shape and orientation evolu-
tion equations in the 2BP (e.g. Folonier et al. 2018; Gomes et al.
2019), we note that in the 3BP the creep equations maintain the
same form, which makes the formalism applicable to any N-body
problem. Thus, the complexity in the multi-body problem is only
reduced to calculate the equilibrium figures.

2.3. Tidal forces and torques

At any instant of time, given the rotation frequency Ωi of the
body mi, it is possible to calculate its real shape and orientation
by solving the differential equation system (7). With these quan-
tities, it is then possible to calculate the tidal forces and torques
between each pair of bodies.

The tidal potential induced on m j due to the deformation of
mi can be calculated as (e.g. Murray & Dermott 1999)

U ji(∆ ji) =−G(Bi − Ai)
2∆3

ji

(
3(∆̂ ji · r̂b

i )2 − 1
)
− G(Ci − Bi)

2∆3
ji

, (9)

where Ai, Bi,Ci are the principal moments of inertia of mi, which
can be related to the ellipsoidal flattenings (see Appendix A of
Folonier et al. 2015) as:

(Bi − Ai) ' CiEρi ; (Ci − Bi) ' Ci

(
Ez

i −
1
2
Eρi

)
, (10)

where Ci = (2/5)miR2
i is the principal moment of inertia of a

homogeneous spherical body of mass mi and radius Ri.
The tidal force applied on m j due to the deformation of mi

can be simply calculated as:

F ji = −m j∇∆ ji U ji

=
3Gm jCi

2∆5
ji

Eρi sin (2(ϕeq
i + δi) − 2ϕ ji) (k̂×∆ ji)

−3Gm jCi

2∆5
ji

(3
2
Eρi cos (2(ϕeq

i + δi) − 2ϕ ji) + Ez
i

)
∆ ji, (11)
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where we have decomposed r̂b
i in terms of the radial unit vector

∆̂ ji and the azimutal unit vector (k̂× ∆̂ ji) (k̂ is the unit vector
paralell to the spin vectors).

The torque induced on m j due to the deformation of mi can
be simply calculated as

T ji =∆ ji ×F ji

=
3Gm jCi

2∆3
ji

Eρi sin (2(ϕeq
i + δi) − 2ϕ ji) k̂,

(12)

while a completely analogous expression can be found for the
torque applied on mk due to the deformation of mi by exchanging
the indexes.

Now, we assume that the reaction torque due to the deforma-
tion on mi is the only responsible for changing its own rotational
velocity. This is a natural assumption that satisfies the condition
that the variation of the rotation speed of mi should be cancelled
in the limit Ri → 0 (Zoppetti et al. 2019). Thus, the rotational
evolution of mi is given by

CiΩ̇i + ĊiΩi = −
(
T ji + Tki

)
= −3GCiEρi

2

[ m j

∆3
ji

sin (2(ϕeq
i + δi) − 2ϕ ji)

+
mk

∆3
ki

sin (2(ϕeq
i + δi) − 2ϕki)

]
k̂ (13)

Neglecting the term corresponding to the variation of the
polar moment of inertia (i.e. Ċi ∼ 0), using Eq. (4) and after
some algebra, it is possibly to find that the rotational evolution
of the body mi is governed by

Ω̇i = − 2Gmi

5R3
i

ε
(ρ)
i Yi (14)

The set of differential equations formed by Eqs. (7) and
(14) describe the dynamical evolution of the system on short
timescales and investigating this latter process is the target of
this work.

3. Numerical simulations

Circumbinary planetary systems are particularly interesting sce-
narios where we can study the effects of tides on dynamical
evolution in the framework of the 3BP. In this context, the stel-
lar tidal evolution is expected to be only very weakly affected
by the presence of the CB planet and mainly dominated by the
two-body interaction between the binary components (Correia
et al. 2016; Zoppetti et al. 2019). As the rotational evolution due
to tides in a binary system has been extensively studied (e.g.
Mignard 1979; Hut 1981; Efroimsky 2012), in this paper we
focus on the evolution of the planet.

Using a CTL model based on the tidal forces and torques of
Mignard (1979), in Zoppetti et al. (2019, 2020) we found that the
characteristic timescales of the rotational evolution of any planet
in a Kepler-like circumbinary system are much shorter than the
characteristic timescales of the orbital evolution of the system.
As a result, in this framework, while the shape, orientation, and
rotation of each body reach a stationary solution, only periodic
oscillations are expected in the orbital elements of the bodies,
except for the fast angles. For this reason, in this work we take
advantage of this adiabatic nature of the problem and solve the

Table 1. Initial conditions of our reference numerical simulation,
representing a Kepler-38-like system (Orosz et al. 2012a).

Body m0 m1 m2

Mass 0.95 m� 0.25 m�(*) 10 m⊕
Radius 0.84R� 0.27R� 4.35R⊕
ai [AU] 0.15 0.45(*)
ei 0.15 0.05(*)
Ωi 5 n1 5 n1 5 n2

Notes. Orbital elements are given in a Jacobi reference frame. The
parameters highlighted with an asterisk were varied in different sim-
ulations as is indicated in the text.

set of differential equations associated with the evolution of the
shape of each body, its orientation, and its rotation (Eqs. (7) and
(14)), assuming fixed values for all the orbital elements except
the true anomalies. The orbital evolution of the bodies on much
longer timescales will be addressed in a forthcoming work.

With this motivation, we begin first by analysing the results
of the numerical integrations of Eqs. (7) and (14) in a 3BP con-
sisting of a single planet around a binary star. To compare with
the results of our previous works (Zoppetti et al. 2018, 2019), we
choose a Kepler-38-like system as a test case. Nominal values
for system parameters and initial orbital elements are detailed
in Table 1. Stellar masses and radii were taken close to those
observed by Orosz et al. (2012a), while the value of m2 was esti-
mated from a semi-empirical mass–radius fit (Mills & Mazeh
2017).

The first obstacle we encountered when performing the
numerical integration was the extreme difficulty in solving the
equations system numerically for bodies with large relaxation
factors (γ2 � n1, n2), typically associated with bodies with a
large gaseous component (Ferraz-Mello 2013). This limitation
comes from the fact that, for large γ-values, the shape and ori-
entation of the deformed body quickly adapt to the change in
position of the deforming bodies, so the integrator must greatly
reduce the time-step to pursue their instantaneous positions and,
finally, integration over timescales of millions of years becomes
computationally impractical (e.g. Lambert 1991). However, as
we see below, the rotational evolution timescales can be extrap-
olated from the simulations of more viscous bodies in the same
regime and the synchronous attractor from the analytical solution
calculated in Sect. 4.

In Fig. 3 we show the rotational evolution of a CB planet
from a Jacobi reference frame, obtained by direct numerical inte-
gration of Eqs. (7) and (14). All initial conditions and system
parameters were taken equal to the nominal values summarised
in Table 1, while the angles were set equal to zero. As men-
tioned above, the orbital elements are considered fixed, with the
exception of the mean anomalies which vary linearly with time.

Many interesting features can be noted in Fig. 3. We begin
first by identifying, as in the 2BP, two different regimes whose
boundary value is close to the main dynamical frequency of
the problem n2: the ‘stiff regime’ for γ2 < n2 and the ‘gaseous
regime’ for γ2 > n2. In the stiff regime, the rotational evolution
acquires its stationary value faster the higher the relaxation factor
γ2, while the opposite occurs in the gaseous limit: if we decrease
the planetary viscosity (increase γ2) the attractor is reached on
longer timescales. This bimodal character of the energy dissi-
pation was observed previously in the 2BP (Ferraz-Mello 2013;
Correia et al. 2014). For relaxation parameters far from the max-
imum, the energy dissipation decreases proportional to γ2 in the
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Fig. 3. Rotational evolution due to tides in a Kepler-38-like CB planet (see Table 1), considering different values of planetary relaxation factor γ2,
illustrated here with different colours (see legend in the upper left panel). The evolution was calculated by direct numerical integration of Eqs. (7)
and (14). The evolution of the planetary spin rate Ω2 is shown in the upper left panel (zoomed around Ω2 ∼ n2 in a secondary plot), the lag-angle
δ2 in the upper right panel, the equatorial flattening Eρ2 in the lower left panel and the polar flattening Ez

2 in the lower right panel. The dashed black
line in the upper left panel shows the stationary solution predicted by Zoppetti et al. (2019) with a CTL-based model.

gaseous regime and decreases inversely proportional to γ2 in the
stiff bodies limit.

In the stiff regime, we see from the upper left panel of Fig. 3
that for bodies with very small relaxation factors γ2/n2 ∼ 0.01,
(i.e. γ2 ' 7× 10−9 Hz), the planetary spin captures may occur in
an attractor different from 1:1 spin–orbit resonance; in our test-
ing case 3:2 with an associated circularisation of the lag-angle
δ2. This result is expected from the 2BP experiment, where for
very low γ2-values, the probability of capture in this type of res-
onance increases considerably (Correia et al. 2014; Gomes et al.
2019). However, according to our numerical simulations, cap-
tures in resonances different from the 1:1 seems to occur for
bodies with satellite-like relaxation factors like the moon, which
are expected to be approximately two orders of magnitude lower
than those expected for rocky earth-type planets (Ferraz-Mello
2013), or for bodies with high initial eccentricities, a case that
we do not consider in this work. This particular stationary state
also has a counterpart in the flattenings Eρ2 and Ez

2, which oscil-
late around values significantly different from those in the case
of the capture in the 1:1 spin–orbit resonance (see lower panels
in Fig. 3).

The oscillation of the lag-angle around δ2 ∼ 45◦ of free rotat-
ing bodies in the stiff regime can be observed in the upper right
panel of Fig. 3 (blue and orange dots). This result was also pre-
viously reported in the framework of the 2BP (Gomes et al.
2019) and is mainly due to the lack of the elastic tide com-
ponent inside the creep model (Ferraz-Mello 2015b). Finally,
we notice that in this limit, the oscillations of δ2 (and also of
Ω2, although it cannot be distinguished in the upper left panels)

around the stationary values are of much greater amplitudes than
those in the gaseous regime, while the completely opposite situ-
ation occurs for Eρ2 and Ez

2. As noticed by Folonier et al. (2018) in
the 2BP, these periodic oscillations with large amplitudes must
be taken into account when constructing an analytical approach
(see Sect. 4).

Regarding the gaseous regime, despite considering bodies of
different viscosity (i.e. relaxation factors γ2), we observe sim-
ilar behaviours: stationary spins are located very close to n2
and the lag-angle δ2 oscillates close to zero, with low oscilla-
tion amplitudes. If we omit the case of γ2/n2 = 1 which is a
behaviour change value, we can observe in the secondary plot
of the upper left panel that the equilibrium spins become smaller
as we increase γ2 and turn out to be subsynchronous for this
parameters system in the gaseous regime (see red and magenta
curves). However, despite the fact that the rotational equilibrium
state resulting from the numerical integrations appears to be sub-
synchronous in the gaseous limit, this solution is far from the one
we found in Zoppetti et al. (2019) (dashed black line in the upper
left panel). The details of the 1:1 spin–orbit mean solution are
described in Sect. 4, while the reasons for the discrepancy with
Zoppetti et al. (2019) are discussed in Sect. 5.

4. An analytical solution for the mean rotational
stationary state

As discussed in the previous Sect. 3, according to our numerical
simulations, the rotational evolution due to tides of a CB planet
in a low-eccentric orbit with γ2 & 0.1n2 (approximately the
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expected range for a planet-like body, according to Ferraz-Mello
2013) tends to be captured in the 1:1 spin–orbit resonance.

The timescales for the capture depend on the planetary vis-
cosities. While for bodies in the stiff regime are expected to be
approximately of the order of millions of years, in the gaseous
regime they can be of the order of billions of years, considering a
γ2-value similar to the one estimated for Neptune (Ferraz-Mello
2013) and extrapolating the behaviour observed in Fig. 3 by
assuming a linear dependence of the decay times with the relax-
ation factors. Although for giant planets these timescales may be
even larger than the age of the systems, the enormous uncertainty
that exists regarding the internal structure of the exoplanets, and
in particular the CB Kepler planets, prohibits a reliable estimate
of the planetary relaxation factor. In addition to this, the central
binary could have undergone an important change in both the
physical parameters and the orbital elements, which may have
accelerated the tidal evolution processes (Zoppetti et al. 2018).
In summary, according to our model, a CB planet in a Kepler-
38-like system with a large rocky component is expected to have
reached its stationary spin and this is also possible for the case
of gaseous CB planets with small relaxation factors γ2.

From a practical point of view, having an analytical approach
for the rotational stationary state will allow us, when study-
ing the long-term orbital evolution of the system, to avoid
direct numerical integration of the Eqs. (7) and (14), which are
particularly difficult to solve for bodies with large relaxation fac-
tors (see Sect. 3) and, instead, to work with a semi-analytical
approach in which we introduce a recipe for the equilibrium
shape, orientation, and spin.

With these motivations, in this section we develop an ana-
lytical approximation for the system of Eqs. (7) and (14) around
the pseudo-synchronous stationary state, where in this particular
scenario where there are two central bodies (both stellar compo-
nents of the binary) exerting tides onto a planet. Mathematically
speaking, our goal is to find the stationary solution for the sys-
tem formed by (X2,Y2,Ez

2) and Ω2, employing a power series
truncated in α= a1/a2, e1, and e2.

To do this, we first adopt a Jacobi reference frame for the
coordinates and velocities of the bodies, where the state vector
of m1 is defined as m0-centric, while the state vector of m2 is
measured with respect to the barycentre of m0 and m1. We note
that these coordinates and velocities are required to compute the
forcing terms given by ϕ̇i

eq, ερi , and εi
z in our differential equation

system.
Regarding the resolution method, we choose the same path as

the one taken in Appendix 2 of Folonier et al. (2018), which con-
sists in proposing a particular stationary solution, which takes
inspiration from the form (i.e. dependence on fundamental fre-
quencies) of the elliptical expansions of the forced terms ερi and
ϕ̇i

eq. In this case, we propose a solution of the form

Ω2 =
∑
`

{Ω2}` cos (l1M1 + l2M2 + l3$1 + l4$2 − Φ`,Ω2 )

X2 =
∑
`

{X2}` cos (l1M1 + l2M2 + l3$1 + l4$2 − Φ`,X2 )

Y2 =
∑
`

{Y2}` cos (l1M1 + l2M2 + l3$1 + l4$2 − Φ`,Y2 ) (15)

Ez
2 =

∑
`

{Ez
2}` cos (l1M1 + l2M2 + l3$1 + l4$2 − Φ`,Ez

2
),

where M1 and$1 are the mean anomaly and pericentre longitude
of the secondary star, while M2 and $2 are those correspond-
ing to the planet. The amplitudes {w}` and the constant phases

Φ`,x depend on the subscripts `= (l1, l2, l3, l4) and each variable
w= Ω2, X2,Y2 or Ez

2. This particular solution and its derivatives
are then introduced into the systems (7) and (14), and the coef-
ficients can be calculated by equating the terms with the same
trigonometric argument and neglecting terms of higher-order.
The terms in system (15) with l1 = l2 = 0 correspond to the mean
stationary solution and are given in what follows.

We choose to express the stationary solution of the rota-
tional evolution written in terms of the mean planetary spin 〈Ω2〉,
mean planetary lag-angle 〈δ2〉, mean planetary equatorial flatten-
ing 〈Eρ2〉, and mean planetary polar flattening 〈Ez

2〉. Up to third
order in α= a1/a2 and to second order in the eccentricities e1
and e2, including also the contribution of the fourth-order and
sixth-order terms that do not depend on the eccentricities, the
solution is explicitly given by

〈Ω2〉 = n2 + 6
γ2

2n2

γ2
2 + n2

2

e2
2 + 5

γ2
2n2

γ2
2 + n2

2

e2
2M2α

2 (16)

−325
16

γ2
2n2

γ2
2 + n2

2

e1e2 cos(∆$)M3α
3

−19
2

γ2
2(2n1 − 2n2)

γ2
2 + (2n1 − 2n2)2M2

2α
4 + 〈Ω2〉o6.

〈δ2〉 = 6
γ2n2

γ2
2 + n2

2

e2
2 + 5

γ2n2

γ2
2 + n2

2

e2
2M2α

2 (17)

−
[325

16
γ2 cos(∆$) +

175
32

n2 sin(∆$)
] n2

γ2
2 + n2

2

e1e2M3α
3

−19
2

γ2(2n1 − 2n2)
γ2

2 + (2n1 − 2n2)2M2
2α

4 + 〈δ2〉o6

〈Eρ2〉
ε
ρ
2

= 1 +

(3
2
− 4

n2
2

γ2
2 + n2

2

)
e2

2 (18)

+

[5
4

+
15
8

e2
1 +

(25
4
− 5

n2
2

γ2
2 + n2

2

)
e2

2

]
M2α

2

−25
8

(3n2
2 + 5γ2

2)

γ2
2 + n2

2

e1e2 cos(∆$)M3α
3

+

[105
64
M4 +

4γ2
2M2

2

γ2
2 + (2n1 − 2n2)2

]
α4 +

〈Eρ2〉o6

ε
ρ
2

〈Ez
2〉

εM
2

=

(
1 + 12

γ2
2

γ2
2 + n2

2

e2
2 + 10

γ2
2

γ2
2 + n2

2

e2
2M2α

2 (19)

−325
8

γ2
2

γ2
2 + n2

2

e1e2 cos(∆$)M3α
3

−19
(2n1 − 2n2)γ2

2

n2(γ2
2 + (2n1 − 2n2)2)

M2
2α

4
)

+
ε
ρ
2

εM
2

(1
2

+
3
4

e2
2 +

[9
8

+
27
16

e2
1 +

45
8

e2
2

]
M2α

2

−225
16

e1e2 cos(∆$)M3α
3 +

225
128
M4α

4
)

+
〈Ez

2〉o6

εM
2

where 〈Ω2〉o6, 〈δ2〉o6, 〈Eρ2〉o6 and 〈Ez
2〉o6 are the terms indepen-

dent of the eccentricities, expanded up to sixth order in α and
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listed in the appendix. We mention that the fifth-order terms are
dependent on eccentricities and were therefore excluded from
this approximation. The mass factors are defined in terms of the
binary mass ratio β= m1/m0 as

M2 =
β

(1 + β)2 , M3 =
β − β2

(1 + β)3 , M4 =
β − β2 + β3

(1 + β)4 , (20)

and the equilibrium mean flattenings are given by

ε
ρ
2 =

15(m0 + m1)R3
2

4m2a3
2

and εM
2 =

5R3
2n2

2

4m2G . (21)

We first note from expressions (16)–(19) that the mean solu-
tions depend on the mean orbital configuration mainly through
e2 up to low orders in α, but also through e1 and ∆$ up to higher
orders. The dependence of the expressions on the masses m0 and
m1, and the semimajor axis ratio α are given in such a way that
when m1 → 0 (i.e. a secondary star of very low mass) or α→ 0
(i.e. a planet far away from the binary), and we recover the 2BP
expressions of Folonier et al. (2018).

On the other hand, according to preliminary numerical sim-
ulations, the mean rotational solutions only exhibit a very weak
dependence with e1. This fact is also expected if we notice that,
in the mean analytical expression, the functional dependence
with this parameter only appears up to third order in α.

Another interesting feature of the mean solutions is the
strong correlation between the stationary spin 〈Ω2〉 with the lag
angle 〈δ2〉: if we neglect the dependence on ∆$ (e.g. for aligned
and non-evolving pericentres or for the circulating case), these
quantities are simply related as 〈Ω2〉 − n2 = 〈δ2〉/γ2. As a result,
a sub- or supersynchronous mean stationary rotation speed is
directly associated with a delay or advance of the tidal bulge,
respectively.

The rheology of the planet is taken into account through the
ratio mainly between the relaxation factor γ2 and the main fre-
quency of the problem n2. However, up to higher α-order, other
frequencies such as 2n1 −2n2 start become important in the solu-
tions. For this reason, as we mention in Sect. 3, the exact position
of the frontier between the stiff regime and the gaseous regime
is expected to be close to γ2 = n2, but not exactly at this point.

In Fig. 4, we compare the mean values of 〈Ω2〉, 〈δ2〉, 〈Eρ2〉,
and 〈Ez

2〉 obtained with different methods, as a function of the
normalised relaxation factor γ2/n2. The full-line curves indicate
the results of a numerical integration from an initial condition
far from the equilibrium which is allowed to evolve towards the
stationary state and is then filtered over the fast angles. The
dashed-line curves represent the results obtained respectively
with Eqs. (16)–(19), while the dotted-line curves represent the
simplified 2BP case in which the central binary is replaced by
a unique body with mass equal to the sum of the binary com-
ponents. Large coloured dots represent the final mean value
obtained with different γ2-values in simulations of Sect. 3, which
result in a capture in the 1:1 spin–orbit resonance (see Fig. 3): the
cases of γ2/n2 = 0.1 (in orange), γ2/n2 = 1 (in green), γ2/n2 = 10
(in red) and γ2/n2 = 100 (in magenta). We note that, in this last
case, the magenta dots are not perfectly located on the blue
full-line curves because this final condition, taken from the sim-
ulation of Fig. 3, is almost but still not perfectly in the stationary
state.

Figure 4 allows us to observe the existence of the two differ-
ent regimes mentioned in Sect. 3: the stiff regime for γ2 < n2 and
the gaseous regime for γ2 > n2, where far enough away from the
transition value ∼n2, the rotational equilibrium solution becomes

independent of the planetary relaxation factor γ2. In particular,
in the case of the mean stationary speed 〈Ω2〉 (upper left panel),
planets in the stiff regime are expected to asymptotically syn-
chronise their spins with the mean motion, independently of their
orbital parameters, body masses and viscosities. This prediction
is completely analogous to that expected with the 2BP (Folonier
et al. 2018). However, a much greater variety of behaviours is
seen in the gaseous regime: the stationary solutions do depend
on the orbital parameters and binary component masses. In this
regime, unlike what is expected in the 2BP (dotted curves),
the presence of an inner secondary star leads to lower station-
ary spins, which can be subsynchronous, in the low planetary
eccentric limit.

With respect to the accuracy of our analytical model in fit-
ting the filtered numerical integrations, we observe that not only
is it able to predict the subsynchronous solution of the spins, but
it also gives a very precise estimation of the equilibrium solu-
tion in the complete range of γ2 values. On the other hand, the
2BP simplification can also give a good prediction, but the accu-
racy of the approximation is strongly dependent on the initial
condition and the relaxation factor range.

In Fig. 5, we evaluate with more detail the accuracy of our
mean stationary solution given by expressions (16)–(19) as a
function of the small parameters α= a1/a2 and e2 for the gaseous
case γ2 = 100n2. Different α values were obtained by varying
the semi-major axis of the planet a2. Although it is not a small
parameter of our model, we also explore a different secondary
mass m1.

We observe from Fig. 5 that our sixth-order analytical fit is a
very precise estimation of the filtered numerical integrations for
the rotational evolution of a CB planet in a Kepler-38-like sys-
tem. This occurs even for high α values such as α ∼ 0.4, where
the planet is probably inside the instability limit imposed by
the presence of an internal secondary disturber (e.g. Holman &
Wiegert 1999). A good approximation is also obtained with the
fourth-order fit. However, because most Kepler CB planets are
located very close to binary (typically α ∼ 0.3), a higher order
approach is required to model its mean rotational behavior more
accurately.

As expected, for the standard case (m1 = 1/4 m�, right col-
umn) the 2BP simplification is only a good fit of the numerical
simulation for low α values, where the tidal effects are proba-
bly of little importance. Curiously, the case of the mean polar
flattening 〈Ez

2〉 presents an exception: the numerical stationary
solutions show little dependence on α and, while the sixth-order
fit is the best fit in the complete range, the 2BP simplification is
also a good approximation, even better than the fourth-order fit
for planetary positions very close to the binary. This may seem
less strange if we remember the expression of the equilibrium
polar flattening εz

i given in Eq. (4). Because of the definition of
the flattenings chosen in this study (see Folonier et al. 2018),
εz

2 contains terms that depend on the equatorial flattenings ερ2,0
and ε

ρ
2,1 which increase for higher α values, in addition to the

classical Maclaurin flattening εM
2 which decreases as we move

closer to the binary, because the stationary planetary spin also
decreases. Thus, we expect a similar behaviour in the real polar
flattening Ez

2 that, because of a potential balance of these two
contributions, may result in a weak dependence with α.

The case of m1 = 1/16 m� (left panels of Fig. 5) is considered
as an illustrative example that exhibits the strong dependence
of the solution with the secondary mass: for a low-mass sec-
ondary companion, the 2BP simplification begins to be a good
approximation, especially for CB planets in wide orbits.
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Fig. 4. Mean rotational speed 〈Ω2〉 (upper left panel), mean lag-angle 〈δ2〉 (upper right panel), mean equatorial flattening 〈Eρ2〉 (lower left panel)
and mean polar flattening 〈Ez

2〉 (lower right panel) as a function of the planetary relaxation factor normalised by the mean motion frequency γ2/n2.
The initial conditions for the system were taken from Table 1, but considering different planetary eccentricities, which are shown with curves of
different colours as indicated in the upper left panel. Different types of curves represent different methods for obtaining the mean values: full-line
curves represent the numerical results, dashed-line curves represent our sixth-order fit, and dotted-line curves represent the results of considering
the 2BP with a central mass equal to the sum of the binary components. The vertical grey line in the upper left panel represents the position in the
diagram of a solid Earth (Ferraz-Mello 2013) and the large coloured dots represent the final mean value obtained with different γ2 values, from
simulations of Fig. 3 captured in the 1:1 spin–orbit resonance: γ2/n2 = 0.1 (orange), γ2/n2 = 1 (green), γ2/n2 = 10 (red) and γ2/n2 = 100 (magenta).

As an application example of our model predictions, in Fig. 6
we show a stationary spin map constructed with Eq. (16) for a
CB planet in the gaseous regime γ2/n2 = 100 located at α= 1/3,
as a function of its eccentricity e2 and the binary mass ratio
m1/m0. The white curve represents the perfect synchronous state
〈Ω2〉= n2, which divides the map into two regions: one where the
stationary spins are expected to be supersynchronous (above),
and another where subsynchronous spins are predicted (behind).
With this reference, we can observe that the size of the sub-
synchronous region is proportional to the normalised secondary
mass, and tends to disappear for low mass secondary compan-
ion. In competition with m1/m0, as we noticed in Zoppetti et al.
(2019, 2020) and similar to that expected with the 2BP, the
planetary eccentricity e2 leads to more rapid stationary spins.

We have included in Fig. 6 the nominal location in the dia-
gram of the Kepler CB planets observed very close to the binary
and with an estimated mass which allows us to infer that they
have an important gaseous component (m2 & mNeptune): Kepler-
16 (Doyle et al. 2011), Kepler-35 (Welsh et al. 2012), Kepler-38
(Orosz et al. 2012a), Kepler-47b (Orosz et al. 2012b), Kepler-
64 (Schwamb et al. 2013), Kepler-413 (Kostov et al. 2014), and

Kepler-1661 (Socia et al. 2020). If we assume that all these CB
planets have an associated relaxation factor that satisfies γ2 � n2
and that, in turn, these viscosities allowed them to have already
reached their equilibrium state, then the expected stationary
spins for them are typically subsynchronous. The exceptional
case is Kepler-413, an eccentric CB planet orbiting a binary with
two comparable-mass central stars, while Kepler-64 is expected
to be very close to the perfect synchronous state. However, as
we mention in Sect. 3, the amount of subsynchronous shift is
much less important than the expected amount with the CTL
tide model built in our previous works Zoppetti et al. (2019,
2020). The reasons for this difference are explained in detail in
the following section.

5. Revisiting the rotation of a CB planet in the CTL
model

In the limit of gaseous bodies (i.e. γ2 � n1, n2), the stationary
spin Eq. (16) expanded up to second order in α becomes

〈Ω2〉gas
st = n2 + 6n2e2

2 + 5n2e2
2M2α

2. (22)
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Fig. 5. Mean rotational speed 〈Ω2〉 (first row panels), mean lag-angle 〈δ2〉 (second row panels), mean equatorial flattening 〈Eρ2〉 (third row panels)
and mean polar flattening 〈Ez

2〉 (last row panels) as a function of the semimajor axis ratio α= a1/a2, for the case γ2 = 100n2. The initial conditions
for the system were taken from Table 1, but considering different planetary eccentricities, shown with curves of different colours (same colour
convention as in Fig. 4), and different secondary mass: m1 = 1/16 m� (first column) and m1 = 1/4 m� (second column). Different types of curves
represent different methods for obtaining the mean values with the same convention as in Fig. 4 but including the fourth-order fit shown with a
dot-dashed line. The magenta dots in the right panels represent the final mean value obtained for this relaxation factor from the simulations of
Fig. 3.
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Fig. 6. Stationary spin map predicted by our analytical model (Eq. (16)) for a CB planet in the gaseous regime (γ2 � n2) and in an orbit with
α= a1/a2 = 1/3, as a function of its eccentricity e2 and the binary mass ratio m1/m0. The white curve indicates the perfectly synchronous state
〈Ω2〉/n2 = 1. The white dots represent the positions of the Kepler CB planets in this diagram where the gaseous component is expected to be large
and located close to the binary.

We notice that this expression is different from the one we
obtained in Eq. (22) of Zoppetti et al. (2019), using the classic
CTL tidal model, based on the expressions of the direct torques
of Mignard (1979). This section is dedicated to investigating
the origin of this discrepancy and comparing these two differ-
ent tidal models (i.e. CTL and creep) in the framework of the
3BP and thus to obtaining conclusions about the advantages and
disadvantages of each one, in different contexts.

In Sect. 2.1 of Zoppetti et al. (2019) we used a simplified
model to test the role of the cross tides in the 3BP with the
CTL tidal model of Mignard (1979). We considered only one
extended mass m0 under tidal interaction of only one companion
m1 and used a third mass m2 only as a test particle to evaluate
the secular contribution of the cross torque whilst neglecting the
gravitational perturbations of m1. We used the usual astrocentric
coordinate system centred on the extended mass. In that simpli-
fied system we found, employing numerical integrations and also
analytical calculations, that the secular net contribution of the
cross torques on the test particle were null. We then extrapolated
that result to the general three-extended-body problem in a Jaco-
bian frame and neglected the cross forces and tides of Mignard
expressions. In what follows, we reformulate and improve the
CTL model developed in Zoppetti et al. (2019) with the inclusion
of the cross tides, and compare with our previous results.

Once again, we consider the 3BP composed of mi, m j, and
mk represented in Fig. 7, where between each pair of bodies we
compute the complete tidal interaction, in addition to the gravi-
tational forces. As a result of this consideration of the tides, due
to the presence of each body mi, one ellipsoid is generated on m j
and one ellipsoid on mk. These figures are represented as grey
ellipsoids on each respective mass of Fig. 7.

Let us use Fk
i, j to denote the tidal force applied on mi that is

due to the ellipsoid that the presence of mk generated on m j. In
Fig. 7, Fk

i, j corresponds to the force applied on mi due to the blue
ellipsoid generated on m j. Thus, if we take into account all the
action forces applied on mi, we must consider the tides caused
by the two ellipsoids that mi itself generates on its companions
(grey ellipsoids) plus the tides due to the cross ellipsoids (blue

Fig. 7. Sketch of the 3BP considering all the tidal interactions between
pairs of bodies. The grey, red, and blue ellipsoids are induced on the
companions because of the presence of mi, m j, and mk, respectively.

ellipsoid on m j and red ellipsoid on mk). On the other hand, to
complete the force diagram, we also need to consider the reaction
forces that mi exerts on its two companions due to the ellipsoids
generated on itself (blue and red ellipsoids on mi). As a result,
the total tidal force applied on mi is given by

Fi = (Fi
i, j + Fk

i, j + Fi
i,k + F j

i,k)︸                        ︷︷                        ︸
action tides

− (F j
j,i + Fk

j,i + Fk
k,i + F j

k,i)︸                       ︷︷                       ︸
reaction tides

. (23)

We note that the forces with three different indexes in
Eq. (23) correspond to the cross tides, which were neglected in
Zoppetti et al. (2019), while the forces with two repeated indexes
correspond to the direct tides, which we did consider in our
previous work.

If we adopt the classical formalism of Mignard (1979) to
model the tidal interactions between each pair of bodies, the
explicit expression of the force Fi

i, j is expanded up to first order
in the time lag ∆t j as

Fi
i, j = Fk,(0)

i, j + ∆t jFk,(1)
i, j , (24)
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where (see Zoppetti et al. 2019)

Fk,(0)
i, j =

3
2
GR5

j k2, j
mi

∆5
i j

mk

∆5
k j

[
2(∆i j · ∆k j)∆k j

+(∆2
k j −

5
∆2

i j

(∆i j · ∆k j)2)∆i j

]
, (25)

Fk,(1)
i, j = 3GR5

j k2, j
mi

∆5
i j

mk

∆5
k j

[ (∆k j · ∆̇k j)

∆2
k j

(
5∆k j(∆i j · ∆k j) − ∆2

k j∆i j

)
−[∆k j · (Ω j ×∆i j) + ∆i j · ∆̇k j]∆k j − [∆k j ×Ω j + ∆̇k j](∆i j · ∆k j)

+
5

∆2
i j

∆i j

(
(∆i j · ∆k j)[∆k j · (Ω j ×∆i j) + ∆i j · ∆̇k j]

− (∆k j · ∆̇k j)

2∆2
k j

(5(∆i j · ∆k j)2 − ∆2
i j∆

2
k j)

)]
, (26)

where k2, j is the second-degree Love number of m j.
The conservation of the total angular momentum of the sys-

tem imposes that the total orbital angular momentum Lorb must
satisfy

2∑
i = 0

CiΩ̇i =−L̇orb, (27)

where the variation of the total orbital momentum can be written
in terms of the relative positions as (Zoppetti et al. 2019)

L̇orb = ∆ j,i × (F j
j,i + Fk

j,i) + ∆k,i × (Fk
k,i + F j

k,i) (28)

+∆i, j × (Fi
i, j + Fk

i, j) + ∆k, j × (Fk
k, j + Fi

k, j)

+∆i,k × (Fi
i,k + F j

i,k) + ∆ j,k × (F j
j,k + Fi

j,k).

As discussed in Sect. 4, Eq. (27) may be decoupled if we
assume that the variation in the spin angular momentum of the
body m j is only due to the terms in the equation associated
with its own deformation (see Zoppetti et al. 2019). Using this
boundary condition, we have

CiΩ̇i = −
[

(∆ ji ×F j
ji + ∆ki ×Fk

ki)︸                     ︷︷                     ︸
direct torques

+ (∆ ji ×Fk
ji + ∆ki ×F j

ki)︸                     ︷︷                     ︸
cross torques

]
(29)

Again, we mention that the rotational evolution described by
Eq. (15) of Zoppetti et al. (2019) only considers the direct
torques, that is, the first two terms in Eq. (29).

In Fig. 8, we compare the different rotational evolution
that results from the CTL tidal model of Mignard (1979) in
the 3BP by considering the full expression in Eq. (29) and
the version constructed neglecting the cross tides. The initial
conditions were taken from Table 1, except for the initial plan-
etary eccentricity which was varied: e2(0) = 0.05 in the upper
panel and e2(0) = 0.15 in the bottom panel. The full-line curves
show the results of digitally filtered numerical integrations of
Eq. (29), considering the full expression of the torque equa-
tion (in magenta) and neglecting the cross tides (in yellow). We
have also included in these simulations the punctual gravitational
interactions between the bodies in order to compare with our
previous simulations of Zoppetti et al. (2019).

The comparison between the numerical integrations of the
torque Eq. (29) without cross tides and the analytical results
of the CTL model of Zoppetti et al. (2019) exhibited in Fig. 8

Fig. 8. Rotational evolution of a CB planet with the CTL model
of Mignard (1979) (Eq. (29)). The initial conditions were taken
from Table 1, with the exception of the initial planetary eccentricity
(e2(0) = 0.05 in the upper panel and e2(0) = 0.15 in the bottom panel).
Full-line curves indicate the results of filtered numerical integration:
excluding the cross tides (in yellow) and considering the full expression
(in magenta). Dashed-line curves represent the results of different ana-
lytical models: our previous CTL tidal model (Zoppetti et al. 2019) in
brown, and the results of the analytical creep tidal model presented in
Eq. (16) of this work, expanded up to second-order in α and considering
the gaseous limit (γ2 � n1, n2), are shown in grey.

are analogous to the one presented in the right panels of
Fig. 7 of that work. However, here we adopt a tidal parameter
Q′2 = 3/(2n2k2,2∆t2) that has been chosen in order that the associ-
ated relaxation factor satisfy γ2 = 100n2 (see Ferraz-Mello 2013)
and, thus, the rotational evolution timescales be similar to the
one presented in the magenta simulation of Fig. 3.

We first notice that the stationary solution of 〈Ω2〉 exhibits
long-term periodic oscillations, especially for the initially eccen-
tric case. As mentioned in Zoppetti et al. (2019), this is due to
the secular variation induced on the planetary eccentricity by the
gravitational punctual interactions.

Regarding the comparison with the numerical simulations,
we notice in both panels of Fig. 8 that the analytical model pre-
sented in Zoppetti et al. (2019) (brown curves) fits the stationary
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value of the planetary rotation very well when we neglect the
cross tides in the torque equation. This is an expected result,
because in the construction of that model, we took into account
only the direct tidal forces and not the general expression
of Eq. (26).

The comparison of the numerical integration for the full
torque equation with the analytical results obtained with the
creep model (in the gaseous limit) reveals two very important
facts. On one hand, from the proximity of the magenta curves
with the grey curves, we show that the results obtained for the
rotational stationary state with the CTL tidal model of Mignard
(1979) are the same as those obtained with the creep model in the
limit of very large relaxation factor (γ2 � n1, n2). This result was
checked in a completely analytical calculation by expanding the
position and velocity vectors of Eq. (29) in α and the eccentric-
ities, and then averaging with respect to both mean longitudes,
with the help of an algebraic manipulator.

On the other hand, the difference between the magenta and
yellow curves of Fig. 8 shows that, unlike what we assumed in
Zoppetti et al. (2019) from analysing the simple case in which
we considered only one extended mass and a reference frame in
solidarity with it, the cross tides are not negligible in the gen-
eral self-consistent problem of three extended masses. However,
the physical effect that the tides – which are due to the pres-
ence of a binary (instead of a single star) – exert on an external
planet is the same as what we reported in our previous works: it
shifts the rotational stationary solution to lower spin values, by
an amount that is proportional to the semimajor axis ratio α and
the secondary mass m1. The no-cross-tides model developed in
Zoppetti et al. (2019, 2020) simply overestimates this effect.

6. Summary and discussion

In this work, we present a model for treating the tides in the
general 3BP, in the case in which all the bodies are considered
extended and tidally interacting. In particular, we consider the
planar case where all the bodies have spin vectors pointing in
a direction perpendicular to the orbital plane. We use the creep
tide formalism first presented by Ferraz-Mello (2013) to compute
the tidal forces and torques, and to study the rotational evolution
of a circumbinary planet. The polar flattening due to the rotation
of the bodies is also naturally taken into account in the theory
(Folonier et al. 2018).

First, we present the creep differential equations that govern
the rotational evolution of the extended bodies in the framework
of the 3BP. We show that, on each body, the tidal interactions
due to the presence of the two companions can be modelled by
an equivalent unique interaction. This allows the formalism to be
extended to the general N-bodies tidally interacting case, where
the difficulty lies in finding the parameters of the equivalent
interaction. As in the 2BP, the physical quantities that charac-
terise the rotational evolution of each body in this model are the
spin velocities, the equivalent lag-angles, tidal flattenings, and
polar flattenings.

We then use the model to study the rotational evolution of a
circumbinary planet, taking a Kepler-38-like system (Orosz et al.
2012a) as a working example. To this end, we take advantage of
the adiabatic nature of the rotational evolution compared to the
orbital evolution in this problem, which lets us assume fixed the
orbital elements with the exception of the fast angles.

Using direct numerical integrations, we find that, for plan-
ets with low orbital eccentricity and viscosities in the range of
the ones estimated for Solar System planets by Ferraz-Mello

(2013), the most probable final stationary state is a 1:1 spin–
orbit resonance, with the equivalent lag-angle oscillating around
zero. The required timescales for reaching the stationary state
depend on the relaxation factor of the bodies: taking the relax-
ation factors estimated for Ferraz-Mello (2013) as a reference,
we expect that CB stiff planets in a Kepler-38-like system syn-
chronise their spins within much shorter timescales than the age
of the system, while this is not necessarily the case for planets
with a large gaseous component. However, the great uncertainty
regarding the internal structure of exoplanets, and moreover their
associated viscosities, prevents us from calculating an accurate
estimate of their rotational evolution timescale.

The high probability of capture in the 1:1 spin–orbit reso-
nance for CB planets with low orbital eccentricity and arbitrary
viscosities, motivated us to study this particular solution in
more detail. With this aim, we search for a high-order analyti-
cal expression for the mean solution of the rotational stationary
state. The extreme proximity of Kepler CB planets to their cen-
tral binary, as seen in evidenced by observations, in addition
to the strong dependence of tidal effects with the relative dis-
tance between the bodies, motivated us to develop a high-order
model in semimajor axis ratio. Our solution has shown to be very
precise in predicting the full numerical integrations, for arbi-
trary planetary viscosity and very high α-values, even inside the
expected gravitationally instable region.

From a practical point of view, when studying long-term
tidal evolution, having a secular approximation of the station-
ary rotational solution considerably accelerates the numerical
simulation of the full system, avoiding the need to integrate the
rotational evolution and, instead, introducing an analytical recipe
for the equilibrium state. This semi-analytic method is partic-
ularly useful in the case of working with gaseous bodies with
large relaxation factors, for which the creep equation becomes
particularly difficult to solve efficiently.

As an application of our analytical model, we consider the
Kepler CB planets observed close to the central binary and with
an expected large gaseous component. If we assume that all these
CB planets have viscosities that have caused them to reach their
rotational steady state at the present epoch, our model predicts
that their typical rotation speeds are subsynchronous. This result
is mainly due to the presence of a central binary (instead of a
single star) and is predicted by our model for CB planets (i) with
very low orbital eccentricity (ii) close to a binary with a high
mass ratio. However, the stationary rotation for gaseous CB plan-
ets predicted by the creep tide theory presented here is different
from the one expected with the CTL model presented in Zoppetti
et al. (2019, 2020).

To explain this discrepancy, we finally discuss the results
obtained for the stationary spin of a CB planet with the creep tide
theory (in the gaseous limit) and compare with those obtained
using the CTL tidal model in Zoppetti et al. (2019, 2020). We
show that both models predict exactly the same solution as long
as the cross torques are taken into account in the CTL formal-
ism. These torques had been neglected in our previous works, in
reaction to studies of the classical case of a single extended body
with a system of coordinates attached to it. However, for the gen-
eral case of extended 3BP and an arbitrary reference frame, these
torques cannot be neglected. One of the main advantages of the
creep tide theory over the CTL model is the treatment of cross
torques. While in the CTL model, the general expressions for the
tidal force and torques are very complex and only valid for small
and constant time-lags, in the creep theory these quantities are
calculated from the equilibrium figures where the cross torques
are naturally taken into account.
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In addition to this, the CTL model seems to be contained
within the creep tide theory, for the case of relaxation factors
much higher than the fundamental frequencies of the system.
Moreover, in the creep tide formalism the lag-angle is not an
external ad-hoc quantity that needs to be small and constant, but
can take large values and its temporal evolution is solved from a
differential equation. Finally, among its most interesting advan-
tages, we highlight the fact that the calculation of an equivalent
equilibrium figure allows not only to take into account the cross
torques in a natural way but also to incorporate some additional
physical phenomena such as polar flattening. As a result, the the-
ory also provides the evolution of the geometric shape of the
interacting bodies.

Among its main limitations, we find some difficulty in
numerically solving the creep equation for gaseous bodies with
high relaxation factors in an efficient way. This means that,
when studying long-term tidal evolution, some analytical recipes
need to be incorporated to accelerate the numerical integrations,
such as the mean values that describe the rotational evolution
presented in this work. On the other hand, as discussed in
Ferraz-Mello (2015b), the creep theory is analogous to those
theories that consider the extended masses as Maxwell bodies
(Correia et al. 2014), but without taking into account the elas-
tic component of the tides. More complex rheologies such as
the Sundberg-Cooper model (Sundberg & Cooper 2010) may
be necessary to reproduce many of the intricacies seen in the
deformation of real materials (e.g. Renaud & Henning 2018).
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Appendix A: Sixth-order terms for the mean
stationary solution

The non-eccentric terms expanded up to sixth order in α of
expressions (16)–(19) are respectively given by

〈Ω2〉o6 = − 5M2(n1−n2)γ2
2α

6

32(γ2
2+(n1−n2)2)(γ2

2+(2n1−2n2)2)(γ2
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5
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where

F1 =
1 + β5

(1 + β)5 ; F2 =
β(1 − β)2

(1 + β)4 . (A.5)
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