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ABSTRACT

Fragmentation often occurs in disk-like structures, both in the early Universe and in the context of present-day star formation.
Supermassive black holes (SMBHs) are astrophysical objects whose origin is not well understood; they weigh millions of solar
masses and reside in the centers of galaxies. An important formation scenario for SMBHs is based on collisions and mergers of stars
in a massive cluster with a high stellar density, in which the most massive star moves to the center of the cluster due to dynamical
friction. This increases the rate of collisions and mergers since massive stars have larger collisional cross sections. This can lead to
a runaway growth of a very massive star which may collapse to become an intermediate-mass black hole. Here we investigate the
dynamical evolution of Miyamoto-Nagai models that allow us to describe dense stellar clusters, including flattening and different
degrees of rotation. We find that the collisions in these clusters depend mostly on the number of stars and the initial stellar radii for a
given radial size of the cluster. By comparison, rotation seems to affect the collision rate by at most 20%. For flatness, we compared
spherical models with systems that have a scale height of about 10% of their radial extent, in this case finding a change in the collision
rate of less than 25%. Overall, we conclude that the parameters only have a minor effect on the number of collisions. Our results also
suggest that rotation helps to retain more stars in the system, reducing the number of escapers by a factor of 2−3 depending on the
model and the specific realization. After two million years, a typical lifetime of a very massive star, we find that about 630 collisions
occur in a typical models with N = 104, R = 100 R� and a half-mass radius of 0.1 pc, leading to a mass of about 6.3 × 103 M� for the
most massive object. We note that our simulations do not include mass loss during mergers or due to stellar winds. On the other hand,
the growth of the most massive object may subsequently continue, depending on the lifetime of the most massive object.
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1. Introduction

Supermassive black holes (SMBHs) are very compact astrophys-
ical objects of unknown origin weighing millions of solar masses
(∼106−109 M�) and residing in the centers of galaxies (Volonteri
2010). The first image confirming the existence of these mon-
sters was recently observed with the Event Horizon Telescope
(Event Horizon Telescope Collaboration 2019). Studies of stel-
lar orbits have shown that there is a very compact object, called
Sagittarius A*, in the center of our own Galaxy, the Milky Way
(Ghez et al. 2008; Genzel et al. 2010). The observed correlations
between the mass of the SMBH and the mass of the host galaxy
(Magorrian et al. 1998) and also between the mass of the SMBH
and the stellar velocity dispersion of the host galaxy suggests that
they evolved together (Ferrarese & Merritt 2000; Gültekin et al.
2009). It is believed that SMBHs exist in the majority of nearby
massive galaxies (Kormendy & Ho 2013). They are the engines
of active galactic nuclei (AGN) at high redshift.

The understanding of AGN is fundamental to understand-
ing the co-evolution of SMBHs and their host galaxies. AGN
are observed between the radio and gamma-ray wavebands.

The observations in X-rays are useful to estimate the range of
SMBH masses and Eddington ratios (Civano et al. 2019). An
important fraction of AGN is obscured by dust where just the
X-rays can escape from the system. On the other hand, some
optical and near-infrared surveys have detected SMBHs even
at z > 5, such as ULAS J112’+0641 at redshift z = 7.085
(Mortlock et al. 2011), including the discovery of three quasars
at z > 6 by Fan et al. (2003). A very large number of SMBHs
at high redshift are currently known; Bañados et al. (2016) stud-
ied the properties of more than 100 quasars at 5.6 . z . 6.7.
The most distant AGN has been discovered at z = 7.5 when the
Universe was only 600 Myr old (Bañados et al. 2018).

There are several theories about the formation of SMBH
seeds and their evolution (Woods et al. 2019). One of the lead-
ing mechanisms in the literature is the direct collapse of mas-
sive gas cores in cold atomic cooling halos at high redshift
(Bromm & Loeb 2003; Wise & Cen 2009; Latif et al. 2013;
Latif & Schleicher 2015). Simulations show that this process
is only efficient if it is free of contaminants including metals,
dust, and molecular hydrogen (Bromm & Loeb 2003; Latif et al.
2016). Therefore, this process is very difficult to realize in
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nature, since even small amounts of dust can cause fragmenta-
tion (Omukai et al. 2008; Bovino et al. 2016).

Another formation scenario involves the collisions and merg-
ers of stars in a massive cluster with a high stellar den-
sity (Devecchi et al. 2010; Katz et al. 2015; Sakurai et al. 2017,
2019; Reinoso et al. 2018, 2020). In particular in the context
of primordial protostellar clusters, results from stellar evolu-
tion calculations suggest that collisions could play a large role,
as the radii of these stars could be considerably enhanced
depending on the accretion rate. For instance, for 10 M� pro-
tostars the radii may range from ∼30 R�, in the case of an
accretion rate of 10−3 M� yr−1, up to ∼500 R�, in the case
of 1 M� yr−1 (Hosokawa et al. 2012, 2013; Haemmerlé et al.
2018; Schleicher et al. 2013; Woods et al. 2017). Their results
also show a strong and non-trivial dependence on the stel-
lar mass. Some authors also propose a formation scenario via
collisions and accretion (Boekholt et al. 2018; Chon & Omukai
2020; Tagawa et al. 2020; Das et al. 2021). In this scenario the
most massive star falls to the center of the cluster due to energy
equipartition and momentum conservation during direct colli-
sions. This increases the rate of collisions and mergers since this
new object has a larger collisional cross section than other stars
in the cluster. Once several collisions have occurred, a very mas-
sive star (VMS) forms. The VMS can have different final fates
depending on its mass at the time of death. If the final mass is
Mf > 260 M� it will collapse into an intermediate-mass black
hole (IMBH); for 150 M� < Mf < 260 M� it produces a pair-
instability supernova (Heger & Woosley 2002).

Fragmentation at low metallicity (Z ≥ 10−5 Z�) was
often found to occur in disk-like structures (Clark et al. 2011;
Dopcke et al. 2013), and the presence of rotation in the spher-
ical models of King (1966) also leads to a deformation in
the outer zone of the cluster, including the appearance of a
non-spherical distribution, such as a disk (Varri & Bertin 2012;
Lupton & Gunn 1987). In this paper our aim is to explore the
evolution of flattened rotating star clusters that might form under
such conditions. The effect of rotation is considered in the con-
text of stellar populations and black hole binary mergers in Local
Group galactic nuclei (Leigh et al. 2016, 2018), though it is typ-
ically neglected when considering the formation of very mas-
sive objects via collisional processes. As a possible toy model
we implemented the analytical solution of the density and grav-
itational potential profile of Miyamoto & Nagai (1975), assum-
ing the k-decomposition of Satoh (1980) for the velocity in the
azimuthal plane, to parameterize the amount of ordered versus
unordered motion. The evolution of these initial conditions was
subsequently explored with Nbody6 (Aarseth 2000). The stel-
lar radius is treated here as a free parameter to allow the poten-
tial application of our results to different scenarios and physical
conditions.

In this paper we explore the evolution of a dense stellar
Miyamoto-Nagai cluster including flattening and rotation. We
describe the method to generate the initial conditions in Sect. 2
and the methodology of our N-body simulations in Sect. 3. We
present our results in Sect. 4. Finally, we discuss our results and
conclude in Sect. 5.

2. Analytical model

To compute the initial equilibrium state on the stellar sys-
tems that we study in this paper, we use the work of
Miyamoto & Nagai (1975). These authors derived potential and
density profiles for stellar systems in cylindrical coordinates
(r, ϕ, z), where r is the radial coordinate, ϕ is the azimuthal angle

and z is the vertical coordinate. The profiles describe a flattened
distribution of stars, which yields exact solutions of the Jeans
equation for axisymmetric systems. The potential and density
are given as the description of Binney & Tremaine (1987):

Φ(r, z) = −
GM√

r2 + (a + ξ)2
, (1)

ρ(r, z) =

(
Mb2

4π

)
ar2 + (a + 3ξ)(a + ξ)2

ξ3(r2 + (a + ξ)2)5/2 . (2)

Here ξ =
√

z2 + b2 and the shape of the disk is described by
two parameters a and b which are constants with a dimension
of length. If a = 0, it represents a spherical distribution of stars
modeled by Plummer (1911). If b = 0, it corresponds to a disk
distribution modeled by Kuzmin (1956). The chosen values for a
and b determine the dimensionless quotient c = b/a. The higher
the value of c, the rounder the system will be. A flattened system
contributes more to the mean rotational velocity than the veloc-
ity dispersion of random motions (Nagai & Miyamoto 1976); in
other words, the second-order velocity moment is at least com-
parable in magnitude to the velocity dispersion.

Miyamoto and Nagai define the velocity dispersion as
(σr, σϕ, σz) (see also Ciotti & Pellegrini 1996), which cor-
respond to the cylindrical coordinates (r, ϕ, z). Following
Binney et al. (1990), they assume a distribution function that
depends only on the isolating integrals corresponding to total
energy E and angular momentum Lz. This implies that aver-
ages like vRvz, vRvΦ and vΦvz are zero, implying that the veloc-
ity dispersion tensor is aligned with the coordinate system, and
that the radial and axial velocity dispersions are equal (i.e.,
σR = σz = σ). The Jeans equation then becomes

∂

∂z

(
ρσ2

)
= −ρ

∂

∂z
Φ, (3)

∂

∂r

(
ρσ2

)
+
ρ
(
σ2 − v2

ϕ

)
r

= −ρ
∂

∂r
Φ. (4)

For the decomposition of the azimuthal velocity component vϕ,
we adopt the k-decomposition by Satoh (1980)

vϕ
2

= k2
(
v2
ϕ − σ

2
)
, (5)

with 0 ≤ k ≤ 1 and then

σ2
ϕ ≡ v2

ϕ − vϕ
2

= k2σ2 + (1 − k2)v2
ϕ. (6)

The case of k = 0 corresponds to no mean rotation, so all the
flattening is due to the azimuthal velocity dispersion; k = 1 cor-
responds to the so-called isotropic rotator solution; and realistic
cases with some net rotation have 0 < k ≤ 1.

Solving Eq. (3) with Eqs. (1) and (2), we can write

ρσ2 =
Gb2M2

8π
(a + ξ)2

ξ2
(
r2 + (a + ξ)2

)3 , (7)

where we recall that ξ =
√

z2 + b2. Now, combining equation
Eq. (7) with Eq. (4), we obtain

ρ
(
v2
ϕ − σ

2
)

=
GM2ab2

4π
r2

ξ3
(
r2 + (a + ξ)2

)3 . (8)
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Combining Eqs. (7) and (8), we obtain

ρv2
ϕ =

GM2b2

4πξ2
(
r2 + (a + ξ)2

)3

(
ar2

ξ
+

(a + ξ)2

2

)
. (9)

Our astrophysical model is described by the density and
potential of Miyamoto-Nagai, assuming the k-decomposition of
Satoh in the azimuthal plane.

3. Simulations

We use Nbody6 (Aarseth 2000) to run our simulations.
The code includes an algorithm to regulate close encounters
(Kustaanheimo & Stiefel 1965). The code also uses a Hermite
fourth-order integrator with a spatial hierarchy to speed up com-
putational calculations (Ahmad & Cohen 1973).

As our initial conditions describe a disk distribution, we cal-
culate the initial stellar coordinates along the z-axis, then the
radial coordinates, and finally the azimuthal coordinates. We
define L = a + b, a factor to regularize the shape of the disk.

We use the inverse transform sampling method, for which
we employ the enclosed mass at a given radius for a fixed
z-coordinate. We do this by integrating the density over rings
on the rφ-plane,

I(r, z) =

∫ R

0
2πrρ(r)dr =

(
Mb2

2

) (
aR2 + (a + ξ)3

ξ3(R2 + (a + ξ)2)3/2

)
, (10)

and then we solve numerically for the values of the enclosed
mass at a specific radius R for a fixed array of z-coordinates,
which is defined between zmin = log(10−8 × L) and zmax =
log(102 × L). Now using the trapezoid rule we integrate the
enclosed mass over z to obtain the total mass of the cylinder.
Having generated a numeric lookup table, we now draw a new
set of random numbers for z-coordinates and we interpolate these
values with the enclosed mass that we obtain from our fixed array
of z-coordinates.

Having calculated the particle positions, we follow the
description of the velocities given in Sect. 2, assuming a
Gaussian distribution for the random variables. We now have
the positions and velocities in the radial and z-coordinates, and
we define the ϕ-coordinate as a set of random numbers between
0 and 2π. Finally, we use a rotation matrix to obtain the x and
y coordinates, since Nbody6 uses Cartesian coordinates. We
define the mass of the stars as the total mass of the cluster divided
by the total number of stars.

We employ the initial conditions outlined in Sect. 2. Ini-
tially, we set up a virialized system with a total mass of Mdisk =
105 M�.

We varied the initial number of stars as N = 103, 5×103, 104,
and the mass of each star as Mstar = Mdisk/N. We varied the
rotation as k = 0, 0.4, 0.8, 1, and the initial stellar radius as
R = 50, 100, 500, 1000 R�. The radii are effectively consid-
ered here as a free parameter to be able to apply and relate
the results obtained here to different scenarios. In particular the
cases of larger radii are motivated by models for primordial pro-
tostars that have shown potentially very large radii for cases of
10−100 M� stars (Hosokawa et al. 2012, 2013; Haemmerlé et al.
2018; Schleicher et al. 2013; Woods et al. 2017).

We consider collisions to occur when the stellar radii of two
stars overlap (d ≤ R1 + R2); when two stars satisfy this criterion,
we replace them with a single new star. We also assume mass
conservation during the collision. In reality, a small amount of
mass should be lost (Davies et al. 1993; Freitag & Benz 2005;

Fig. 1. Plot of the N-body potential energy UNbody of a particle. U0 is
the normalization of the potential energy in the center of the cluster and
Uanalytical is the analytical value of the potential energy at that position.
This example corresponds to the flatter cluster A, with rotation k = 1,
and number of stars N = 103.

Table 1. Values for a, b, and c.

Cluster name a [pc] b [pc] c

A 0.06 0.04 0.7
B 0.04 0.06 1.5
C 0.01 0.09 9.0

Notes. a, b, and c are parameters that define the shape of the model
cluster. A higher value of c corresponds to a more spherical system.

Genzel et al. 2010), but it does not represent a significant change
in the final mass of the collision product. The parameters of the
new star after the merger are as follows:

Mnew = M1 + M2, (11)
Rnew = R1(1 + M2/M1)

1
3 . (12)

We assume that the new object quickly reaches a new internal
equilibrium, radiating away any excess energy deposited in the
post-collision product and returning to hydrostatic and thermal
equilibrium.

In Fig. 1, we summarize the reliability of our initial condi-
tions showing that the N-body potential energy obtained from
the particle discretization is close to the analytical value of the
potential energy.

4. Results

In this section we summarize our main results, showing the time
evolution of the Lagrangian radii both in the radial and vertical
direction at 90%, 50%, and 10% of the enclosed mass. We ana-
lyze in particular how rotation and flattening affect the rate of
collisions and stellar ejections from the system.

4.1. Time evolution and energy equilibrium

We explore three types of clusters, from a flatter to a more spher-
ical distribution, as outlined in Table 1. Due to the flattened
geometry of the system, we express the Lagrangian radii with
respect to both variables R and z. The Lagrangian radii in the
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Fig. 2. Evolution over time for cluster C without rotation, with N = 103

stars, where each star has a radius of R = 100 R�. Top panel: Lagrangian
coordinate in the vertical direction for 90%, 50%, and 10% of the
enclosed mass as a function of time. Middle panel: Lagrangian radii
for the 90%, 50%, and 10% mass intervals as a function of time.
Bottom panel: relative cumulative energy error (ε) (Eq. (13)) is given
as a check of the energy conservation as a function of time.

radial direction at 90%, 50%, and 10% of the enclosed mass is
shown as a function of time in Fig. 2 for cluster C without rota-
tion (k = 0) with N = 103 and R = 100 R�. In the radial plane we
see a slow expansion of the Lagrangian radii at 50% and 90% of
the enclosed mass; the inner zone shows rapid fluctuations at all
times, also with a slow expansion that decays after 1.2 Myr.

For comparison, we also show the Lagrangian coordinate in
the vertical direction z. These coordinates are obtained consider-
ing all particles independent of their radial coordinate, and deter-
mining the amount of mass between the x − y plane and a fixed
coordinate z. When this mass corresponds to a fraction α of the
total mass, we refer to it as the corresponding Lagrangian coordi-
nate in z-direction for fraction α. The Lagrangian z-coordinates
of the outer and middle zone of the cluster (i.e., at 50% and 90%
of the enclosed mass) expand by about a factor of 5 over two mil-
lion years. However, the inner Lagrangian radius (at 10% of the
enclosed mass) slightly shrinks over the first 0.15 Myr, followed
by a moderate expansion of about a factor of 2 over the next
0.5 Myr. At 0.7 Myr, the fluctuations become deeper and show
an oscillatory behavior, while after 1.5 Myr the inner zone of the
system becomes more stable, similar to the beginning.

The relationship between the Lagrangian radii in the z and R
directions determines the flatness of the distribution. In the case
of a uniform geometry, the ratio of these quantities would ide-
ally be constant, which we find to be approximately the case for

Fig. 3. Same cluster as in Fig. 2. Top panel: normalized number of esca-
pers. Middle panel: normalized number of collisions with the most mas-
sive object. Bottom panel: mass of the most massive object.

the 50% and 90% Lagrangian radii, while the innermost radius
appears to change with time. In a more general sense, instead of
Lagrangian radii, Lagrangian volumes that correspond to certain
fractions of enclosed mass can also be considered.

As a check of the energy conservation in the system, we also
show the relative cumulative energy error

ε =
∑

i

|∆Ei/E| , (13)

with E being the initial total energy and ∆Ei the change in total
energy in time steps of i. We find that the increase in ε is essen-
tially driven by the growth of the most massive object via merg-
ers. While our treatment of mergers ensures the conservation of
linear momentum, the sum of kinetic and gravitational energy is
not expected to be conserved during the collision, and the change
in ε appears closely related to the growth of the most massive
object.

In Fig. 3 we show the time evolution of cluster C without
rotation (i.e., k = 0) with N = 103 and R = 100 R�. In the
top panel we expose the cumulative number of escapers normal-
ized by the total number of stars. In the first 0.1 Myr there are
approximately 10 stars ejected from the system, followed by a
smooth expansion to 100 ejected stars at 2 Myr. In the middle
panel we show the accumulated number of collisions with the
most massive object normalized by the total number of stars.
Up to 0.4 Myr there are very few collisions, then in the next
0.5 Myr we can see an increase in the stars of around 5%, which
means around 50 collisions, followed by an increase of 1% in
the fraction of collisions until 2 Myr. Finally, the bottom panel
displays the logarithm of the mass of the most massive object.
Until 0.4 Myr the growth of the most massive object is slow, the
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Fig. 4. Evolution of type A, B, and C clusters represented by a triangle, a circle, and a square, respectively, with N = 103 stars on the left and
N = 104 on the right. We show the initial stellar radii R = 50, 1000 R� as a function of the k-factor. Top panel: normalized number of escapes.
Middle panel: normalized number of collisions with the most massive object. Bottom panel: mass of the most massive object.

following 0.5 Myr shows the fastest growth, after 0.9 Myr the
growth is very slow. There are clear correlations between the
shape of the curves in the middle and bottom panels.

4.2. Collisions, escapers, and the most massive object

In the following subsection we discuss the number of stars that
escape from the system, the number of collisions with the most
massive object both normalized by the total number of stars and
also the logarithm of the mass of the most massive object.

The fraction of escapers appears almost constant for factors
of rotation k = 0, 0.4, 0.8. For the higher value of k = 1, there is a
larger fraction of stars which remains inside the system, suggest-
ing that rotation may promote the retention of stars in the clus-
ter and inhibit stellar escapes. We note that retaining the stars
does not give rise to more collisions, as the overall motion is
more ordered in systems with a higher degree of rotation, so the
conservation of angular momentum prevents them from falling
towards the center. The growth of the most massive object is
directly related to the number of collisions with the most mas-
sive object. The final mass of the most massive object is slightly
reduced in systems with maximum rotation k = 1 compared to
systems with less rotation k = 0.4, 0.8 or without rotation k = 0.

On the other hand, the escaper fraction and the number of
collisions increases with larger initial stellar radii. This happens
because larger stellar radii mean larger cross sections, so the pos-
sibility of an encounter between stars is higher, which means
more gravitational interactions, which also leads to a higher
number of escapers. As the growth of the most massive object

is directly linked to the number of collisions, its final mass also
increases for larger initial stellar radii.

In Fig. 4 we display the total number of escapers normalized
by the total number of stars, the total number of collisions with
the most massive object normalized by the total number of stars,
and the mass of the most massive object, for total numbers of
stars N = 103 and N = 104. We provide the results of simulations
with two different initial stellar radii, R = 50, 1000 R�, for the
type A, B, and C clusters as a function of the k-factor.

In the top left panel the escape fraction remains more or less
constant for k = 0, 0.4, 0.8, while it decreases for k = 1, suggest-
ing that rotation may promote the retention of stars in the clus-
ter and reduces the number of stellar escapes. In the case of the
large initial stellar radius R = 1000 R� the differences between
the clusters become more visible, and the type C clusters, which
is the rounder shows fewer escapers. The type A clusters, which
is the flattest experiences more escapers than type B clusters. In
the case of small initial stellar radii R = 50 R� the behavior of
the different configurations appears quite similar. In the top right
panel for the larger initial stellar radius R = 1000 R�, we find
that the escape fraction in type A and B clusters increases with
increasing factor of rotation until k = 0.8, then shows a decrease
at k = 1. For type C clusters there are more escapers for the
lower factors of rotation k = 0, 0.4 than for the higher values
of rotation k = 0.8, 1. On the other hand, for the smallest ini-
tial stellar radius R = 50 R�, the fraction of escapers is higher in
type B clusters, followed by type A and C clusters, at least for
the three first factors of rotation k = 0, 0.4, 0.8. Nevertheless, the
fraction of escapers is quite similar for k < 1. For the last factor
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Fig. 5. Evolution of type A, B, and C clusters. Symbols, and panels are the same as in Fig. 4, with N = 103 stars on the left and N = 104 on the
right. We show the results for factors of rotation k = 0, 1 as a function of the initial stellar radii R.

of rotation k = 1, all the configurations show the lowest fractions
of escapers.

The middle left panel shows the total number of collisions
with the most massive object normalized by the total number of
stars. For the larger initial stellar radius R = 1000 R� the num-
ber of collisions with the most massive object is quite similar
for each configuration; the differences between the configura-
tions increase with increasing k-factor. While the initial stellar
radius changes by orders of magnitude, the fraction of collisions
changes only by roughly a factor of 2. In the middle right panel
the number of collisions with the most massive object is quite
insensitive to geometry and k-factor. The differences between
type B and C clusters are larger since the fraction of collisions
in type C clusters are close to zero, while in type B clusters it
reaches values near 0.08, which means around 800 collisions
more. The amount of rotation does not appear to affect the frac-
tion of collisions very significantly.

The bottom left panel shows the mass of the most massive
object as a function of the k-factor, which is quite insensitive
both to the shape and the k-factor, for small and large initial radii
R = 50, 1000 R�. This suggests that rotation does not affect col-
lisions at least in the case of N = 103 stars. In the bottom right
panel, for the case of the largest stellar radius, the mass of the
most massive object is again rather independent of geometry and
k-factor. There is a small decrease in the final mass for k = 1. On
the other hand, for the smaller initial stellar radius R = 50 R�,
the final mass varies more strongly. The rounder type C clus-
ters shows the least massive object, suggesting that the flattening
increases the number of collisions due to the higher density it
produces.

In Fig. 5 we show the same quantities given in Fig. 4 as
a function of the initial stellar radius, for two factors of rota-
tion k = 0, 1. We show in the top left panel the fraction of
escapers which is clearly larger for the clusters without rota-
tion. For k = 0, the simulations show small differences in the
fraction of escapers in simulations with the smaller initial stel-
lar radius R = 50 R�, while for the larger initial stellar radius
R = 1000 R� the fraction of escapers shows an increase in type A
and B clusters, and type C clusters shows fewer escapers. All
clusters show the largest fraction of escapers for an initial stellar
radius of R = 1000 R�. On the other hand, the systems with rota-
tion (k = 1) show the smallest fraction of escapers. Considering
the geometry, type B clusters has the smallest fraction of esca-
pers, followed by type A clusters, and finally the rounder type C
clusters shows the highest number of escapers. Type B clusters
shows a similar number of escapers for the different stellar radii
R = 50, 100, 500, 1000 R�; type A clusters shows a similar num-
ber of escapers for the first three stellar radii R = 50, 100, 500 R�
and an increase for the largest stellar radius R = 1000 R�. Type C
clusters shows a smooth increase in the escape fraction up to
R = 500 R�, followed by a slight decrease for the largest stellar
radius R = 1000 R�. The top right panel shows that the clus-
ters with rotation show a lower escape fraction than the clusters
without rotation. We note that for type C clusters the number of
escapers is quite similar for the configurations with and without
rotation, while the type A and B clusters show more differences
between the escape fractions.

The middle left panel shows a clear correspondence between
the increase in the number of collisions and the increase in the
initial stellar radii, except for the configuration of type A clusters
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with rotation, which shows a small decrease for the case of the
largest initial stellar radius R = 1000 R�. In the middle right
panel all configurations show an increase in the number of col-
lisions against the increments of the initial stellar radii up to
R = 500 R�, when the system with rotation shows a decrease
in the number of collisions, while the systems without rotation
maintain a constant number of collisions between the largest ini-
tial stellar radii R = 500, 1000 R�.

The bottom left panel shows the mass of the most massive
object. The final mass of the most massive object appears again
to be rather insensitive to the details of the configurations exam-
ined here. In the bottom right panel there are no big systematic
differences between the final mass of the most massive objects
in a system with or without rotation. However, there is a differ-
ence in the final mass of the most massive object related to the
shape of the cluster, since the rounder type C clusters shows the
least massive object at least for the smallest initial stellar radii
R = 50, 100 R�. On the other hand, for the largest initial radii
R = 500, 1000 R� we find a similar final mass of the most mas-
sive object for each cluster. In addition, type B clusters shows
the most massive object of all configurations.

In summary, we find that rotation described via the k-factor
does not lead to great differences in the total number of colli-
sions with the most massive object. We also found that rotating
systems show fewer escapers of stars. However this does not lead
to more collisions since the rotating systems are more ordered,
meaning that their stars have stable orbits, which avoid sinking
to the center. These results are based on the average of three
simulations for the same unique configuration to obtain reliable
statistics.

4.3. Total number of collisions

In the previous subsection we focused on the number of colli-
sions with the most massive object. However, the total number
of collisions between any two stars in the system is also relevant
as it changes the stellar mass distribution and may lead to the
formation of additional massive objects (which may or may not
later merge with the most massive one).

To show how the total number of collisions depends on our
main parameters, we built color diagrams representing the total
number of collisions (see Fig. 6). We provide the total number of
collisions for different total numbers of stars and different initial
stellar radii as we expect the number of collisions to be regulated
by both quantities. There are 16 panels, each one representing a
different factor of rotation, geometry, and evolution time. The
first row of panels is for k = 0, the second row is for k = 0.4,
the third row is for k = 0.8 and the last row is for k = 1. We
recall that for k = 0 all stellar motions are random, while k = 1
corresponds to an ordered motion dominated by rotation.

Type A clusters are the flattest, and therefore the densest;
type C clusters are the roundest. We find that the flatter clus-
ters show more collisions than the rounder ones; for instance,
the central number density of type A clusters are higher, which
means that there are more star encounters. In all panels of each
figure, we can see from left to right how the number of colli-
sions increases as a function of the total number of stars from
N = 103 to N = 104. We show from bottom to top the increase
in the number of collisions as a function of the initial stellar
radius from the smallest stellar radius R = 50 R� to the largest
R = 1000 R�. The number of collisions is regulated by the num-
ber of stars and their initial stellar radii. This means that in a sys-
tem with a greater number of stars there are more collisions, and
also means that stars with larger initial stellar radii have larger

cross sections, which implies an increase in the total number of
collisions.

Going from the first to the second columns, we see the evo-
lution when going from 0.5 to 2 million years in the total number
of collisions in type A clusters. This increase is represented by
the extension of the blue-purple zone toward the green zone. We
note that the blue-purple zone represents the largest initial stellar
radii and the highest numbers of stars, and the total number of
collisions is regulated by both quantities. On the other hand, the
factor of rotation does not contribute to the total number of col-
lisions. In general, all the panels show a similar behavior for the
number of collisions; for k = 1 we find the smallest fraction of
collisions. This is clear considering the values in the upper right
and lower left corners and in comparison with the other panels
for different factors of rotation, which lead to a higher fraction
of collisions. The total number of collisions is regulated by the
total number of stars and their initial stellar radii. The highest
total number of collisions is obtained for the highest number of
stars and the largest initial stellar radii. In the third and fourth
columns, we can see the total number of collisions of type C
clusters both at 0.5 and 2 million years. At 0.5 Myr the factor of
rotation appears to contribute a little to the total number of colli-
sions; this is not visible at 2 Myr, where the highest numbers of
collisions appear in the upper right corner. The larger number of
stars and the larger initial stellar radii show a higher total number
of collisions. The rotation factor k slightly reduces the collisions
due to ordered motions since the rotation factor k = 1 shows the
smallest fraction of collisions.

In brief, we find that changes in the rotation factor do not
lead to great differences in the total number of collisions. On the
other hand, the flatter type A clusters shows a greater number of
collisions than the rounder type C clusters. This can be explained
because type A clusters are denser than type C clusters. Further-
more, the total number of collisions increases with an increase in
the number of stars and in their initial stellar radii. These results
are based on the average of three simulations for the same unique
configuration to obtain reliable statistics.

4.4. Impact of flattening

In this subsection we summarize our main results concerning the
impact of flatness on the number of collisions. To explain this we
display a plot of the total number of collisions normalized by the
total number of stars against the central number density (η) in
type A, B, and C clusters.

In Fig. 7 we show the total number of collisions normalized
by the total number of stars N = 103, 104 as a function of the
central number density in type A, B, and C clusters. Systems nor-
malized by N = 103 (squares) and N = 104 (circles) are shown.
Type A clusters are the flattest and thus the densest, and shows
the highest number of collisions; type C clusters are the round-
est, and shows the smallest number of collisions. We note that
the circles show a larger central number density than the squares
since they have more stars, and they also show a higher number
of collisions. There is a fairly clear correlation between the cen-
tral number density and the total number of collisions. A higher
central number density means a higher number of collisions, for
both configurations of N = 103 and N = 104 stars.

In summary, flattening is one of the main parameters that reg-
ulates the total number of collisions together with the initial stel-
lar radii and the total number of stars. The flattening contributes
to the number of collisions since their stars are confined to a
thinner region, which means that they are denser systems, so an
encounter between the stars is more probable. Then we conclude

A160, page 7 of 10



A&A 649, A160 (2021)

Fig. 6. Total number of collisions Ncoll in type A and C clusters as a function of the number of stars and the initial stellar radii for k-factors
k = 0, 0.4, 0.8, 1, until 0.5 Myr (Cols. 1 and 3) and 2 Myr (Cols. 2 and 4).

that the number of collisions is regulated by the flattening. These
results are based on the average of three simulations for the same
unique configuration to obtain reliable statistics.

5. Discussion and conclusions

In this paper we investigated the evolution of flattened rotating
star clusters to measure their influence on rate of stellar colli-
sions. In order to parameterize both the ordered and random
motion, we implemented the analytical solution of the density
and the potential profile of Miyamoto & Nagai (1975), assum-
ing the k-decomposition of Satoh (1980) for the velocity in the
azimuthal plane.

We pursued a detailed parameter space study with our
implementation of a Miyamoto-Nagai disk. Our results quantify
how rotation and flattening affect the evolution of the clusters,
with a focus on the rate of stellar collisions. We analyzed the

influence of different initial numbers of stars and initial stellar
radii on the collision rate and the rate of formation of the most
massive object. We measured the number of escapers, the num-
ber of collisions with the most massive object, the growth of the
mass of the most massive object, and the total number of col-
lisions (i.e., including collisions that do not necessarily involve
the most massive object). All the systems with or without rota-
tion show very similar total numbers of collisions when the total
number of particles and particle masses and radii are the same.

The systems with rotation retain more stars, and have
fewer escapers. This occurs because the ordered motions due
to angular momentum conservation decrease the rate at which
long-range interactions make stars become unbound from the
cluster. The increased fraction of stars that are kept within the
system does not lead to a higher rate of collisions. We find
that the systems with more rotation experience a lower collision
rate with the most massive object, since they keep their angular
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Fig. 7. Number of collisions Ncoll normalized by the total number of
stars against the central numeric density of the systems without rotation
and with initial stellar radii of R = 500 R�. The squares are for systems
with N = 103; the circles are for systems with N = 104. The orange
symbols represent the flatter type A clusters, the black symbols type B
clusters, and the blue symbols the rounder type C clusters.

momentum, preventing them from sinking to the center where
the most massive object resides.

As expected, we find that the number of collisions increases
with initial stellar radius, which we varied from 50−1000 R�.
This occurs because these stars have a larger collisional cross
section, such that encounters between stars are more common.
The number of collisions also increases with the initial number
of stars (from N = 103 to N = 104) since the collision rate
increases with N. This result is consistent with the simulation
results of Reinoso et al. (2018). Also for the Miyamoto-Nagai
disk, we find these to be the main parameters that regulate the
collisions, very similar to the case of a simple Plummer sphere.
There are additional effects due to the geometry and the amount
of rotation (which we varied as independent quantities), though
in comparison their impact is smaller. Even when comparing
rotating with non-rotating models, the difference is at most about
20%. For the geometry, in comparison with the same number of
stars and the same extent in the radial direction, then different
shapes of the cluster changed the collision rate by at most 25%
in the case of the flattest Miyamoto-Nagai distribution with scale
height corresponding to about 10% of the radius.

After two million years, a typical lifetime of very massive
stars, we find that under the most extreme conditions, up to
4000 scollisions may occur, assuming N = 104 stars and stel-
lar radii of 1000 R� for a cluster where initially about 90% of
the mass is confined in a radius of 0.3 pc. Correspondingly, the
MMMO may then reach up to 40 000 M�, relatively independent
of the specific geometry and rotation rate. For a more moderate
case with initial stellar radii of 100 R�, the number of collisions
is about 630, and the mass after two million years, thus about

6300 M�. The mass estimates after that time should be regarded
as an upper limit as we do not consider mass loss during col-
lisions or due to stellar winds. However, we note that the run-
away growth reported here would continue as long as the cluster
remains dense and bound, so any conclusion on the final mass
of the most massive object is premature and requires new sets of
simulations that include stellar evolution and a realistic prescrip-
tion of the gas dynamics of the cluster and its galactic environ-
ments on a larger scale.

A potentially relevant effect that we did not explore here
concerns the consequences of mass segregation, which in par-
ticular for clusters more massive than the ones considered here
may become increasingly more relevant. Mass segregation may
either be due to dynamical effects in the cluster (McMillan et al.
2007; Allison et al. 2009, 2010; Yu et al. 2011; Parker et al.
2016; Domínguez et al. 2017), or it can be primordial, due
to the preferential formation of more massive stars towards
the center of the cluster (Zinnecker 1982; Murray & Lin 1996;
Elmegreen & Krakowski 2001; Klessen 2001; Bonnell et al.
2001; Bonnell & Bate 2006). The effects of mass segregation
dynamically occurring in a cluster are incorporated in our mod-
els, and the formation of a very massive object can be considered
an extreme case of dynamical mass segregation, though they
could be enhanced if the clusters are more massive. The pres-
ence of primordial mass segregation, on the other hand, could
favor collisions in the center of the cluster, even in the presence
of rotation, and thus further support the formation of massive
objects in very massive systems. Potentially it is thus conceiv-
able that the results which we have derived here will depend on
the mass of the cluster due to the mass segregation process.
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