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ABSTRACT

Binary black hole (BBH) mergers are the primary sources of gravitational wave (GW) events detected by LIGO/Virgo. Binary black
holes embedded in the accretion discs of active galactic nuclei (AGN) are possible candidates for such GW events. We have developed an idealised analytic model for the orbital evolution of BBHs in AGN accretion discs by combining the evolution equations
of disc-binary interaction and GW inspiral. We investigated the coupled “disc+GW”-driven evolution of BBHs transitioning from
the disc-driven regime at large orbital separations into the GW-driven regime at small separations. In this evolution channel, BBH
mergers are accelerated by a combination of orbital decay and orbital eccentricity growth in the disc-dominated regime. We provide
a quantification of the resulting merger timescale τmerger , and analyse its dependence on both the accretion disc and binary orbital
parameters. By computing the evolution of the orbital eccentricity as a function of the GW frequency, we predict that most binaries
in AGN discs should have significant residual eccentricities (e ∼ 0.01−0.1), potentially detectable by LISA. We further discuss the
potentials and caveats of this particular BBH-in-AGN channel in the framework of binary evolutionary paths.
Key words. black hole physics – gravitational waves – methods: analytical – galaxies: active – accretion, accretion disks

1. Introduction
Binary black holes (BBH) are one of the main cosmic sources
of gravitational waves (GW) in the Universe. Most GW events
detected so far by LIGO/Virgo arise from the merger of two
stellar-mass black holes (Abbott et al. 2019). Different scenarios for the formation of such BBH systems have been proposed and discussed in the literature. The two main binary
black hole formation channels are isolated evolution in galactic fields and dynamical evolution in dense stellar environments.
In the case of isolated evolution, two massive stars in a binary
system exchange mass through Roche lobe overflow (possibly
evolving through a common envelope phase) and eventually collapse into black holes (BHs), giving rise to a BBH system (e.g.
Belczynski et al. 2016; Mandel & Farmer 2018). In the dynamical formation scenario, the two BHs are independently formed
by the collapse of individual massive stars (the two BHs do not
form in the same binary), and only later pair up in dense stellar
environments, such as globular clusters or nuclear star clusters.
Due to mass segregation, the BHs tend to sink towards the centre
of the stellar cluster, where they may form binaries by hardening
through different three-body interactions (e.g. Mapelli 2018).
The predicted merger rates overlap for the two scenarios, and both channels can yield BBHs with a broad
range of masses, consistent with those observed. Thus merger
rates and BH masses are not enough to distinguish between
the two formation paths. On the other hand, different BH
spin and orbital eccentricity distributions are predicted for
the two channels (Rodriguez et al. 2016; Breivik et al. 2016;
D’Orazio & Samsing 2018). In the case of isolated evolution,
the individual BH spins should be aligned with the orbital angular momentum, and the binary is expected to have a negligible

eccentricity. In contrast, in dense stellar environments, the BH
spins and orbital angular momentum tend to be randomly oriented, and the binary is likely to have a non-negligible eccentricity. More precisely, field binaries are expected to have
nearly negligible eccentricities in the Laser Interferometer Space
Antenna (LISA) frequency band, whereas binaries formed in
dense star clusters can have significant residual eccentricities
(we recall that most binaries will have near-zero eccentricities
in the LIGO band).
Binary black holes are eventually driven to merger by gravitational wave emission. However the inspiral due to GW radiation only becomes relevant at small enough orbital separations.
On large galactic scales, stellar scatterings can help harden the
binary, but become inefficient on smaller scales. As a consequence, the binary may stall before GW inspiral can take over.
This suggests the existence of an intermediate region where
additional processes are required to bridge the gap. It has been
argued that viscous torques in a dense gaseous environment
may assist the binary orbital decay and thus accelerate the BBH
merger (Armitage & Natarajan 2005; Cuadra et al. 2009). In this
picture, binaries embedded in a gaseous disc experience angular
momentum loss to the surrounding gas (through the disc-binary
interaction) and may be brought to the point where GW emission
becomes dominant.
An interesting possibility is the formation of BBHs
within the accretion disc surrounding the super-massive black
hole (SMBH) at the centre of active galactic nuclei (AGN)
(Stone et al. 2017; Bartos et al. 2017; McKernan et al. 2018;
Tagawa et al. 2019). In the nuclear regions, a heavy concentration of stellar populations is expected, with stars originating
either from the nuclear star cluster or formed in-situ in the outer
self-gravitating parts of the accretion disc (e.g. Levin 2007). A
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fraction of such stellar remnants may end up as BBHs ground
down into the AGN accretion disc. Binary black hole systems
evolving in this particular gaseous environment could be driven
towards merger through disc-binary interactions. However the
actual efficiency of such gas-fostered inspiral is still an unsettled issue. In previous works, embedded binaries were usually
assumed to merge within the AGN disc lifetime, on timescales
comparable to the Salpeter time tAGN ∼ 107 yr (Bartos et al.
2017; Stone et al. 2017; McKernan et al. 2018).
In this paper we develop an idealised analytic model for
the evolution of BBHs in AGN accretion discs by combining disc-driven and GW-driven evolution equations (the coupled “disc+GW”-driven evolution). We find that a combination
of the orbital decay and eccentricity growth in the disc-driven
regime can facilitate the transition into the GW-driven regime
and accelerate the BBH merger. We then quantify the merger
timescale resulting from the coupled disc+GW-driven evolution,
and we compute the evolution of the orbital eccentricity throughout the LISA frequency band. We further discuss the astrophysical implications of this particular BBH-in-AGN evolution
channel, also recalling its limitations and outlining possible
directions for future studies.

2. Binary black holes in active galactic nuclei
accretion discs
We set up a simple analytic model for the orbital evolution
of BBHs embedded in the gaseous disc of an AGN. We rederive the basic equations governing the disc-binary interaction,
with some insight provided by numerical simulations. A selfcontained description of the model is presented here, making
explicit the underlying assumptions.
2.1. Active galactic nuclei accretion disc

We consider a geometrically thin and optically thick accretion
disc following Keplerian rotation around a central SMBH with
mass MSMBH , meaning the orbital frequency of the disc is Ω(r) =
q
GMSMBH
.
r3

Angular momentum is transferred as a result of friction between adjacent layers, and the resulting viscous torque
acting on the gas is given by (Pringle 1981)
dΩ
,
(1)
dr
where ν is the kinematic viscosity and Σg is the gas surface
density. As Ω(r) decreases outwards for Keplerian rotation, this
torque results in an outward transport of angular momentum.
The actual nature and magnitude of the accretion disc viscosity is still unclear, but it can be parametrised by the well-known
α-prescription (Shakura & Sunyaev 1973)
T visc (r) = 2πrνΣg r2

ν = αcs H,

(2)

where 0 < α < 1 is a dimensionless parameter, cs is the local
sound speed, and H is the disc scale height. Assuming hydrostatic equilibrium in the vertical direction, H/r ∼ cs /vφ (where
vφ = rΩ is the circular velocity), the sound speed can also be
expressed as
r
GMSMBH
cs = HΩ = h
,
(3)
r
where h = H/r is the disc aspect ratio. For a geometrically thin
disc we have h = H/r  1. Combined with the above-introduced
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α-prescription, the viscous torque can be written as
T visc (r) = −3παc2s (r)Σg (r)r2 .

(4)

Assuming an isothermal distribution, the total mass enclosed
2
within a radius r is given by M(r) = 2σG r , where σ is the velocity
dispersion. We further assume that the gas mass is a fraction fg of
the total mass, that is, Mg (r) = fg M(r). The gas surface density
f σ2

g
is then given by Σg = πGr
. The stellar velocity dispersion can
be related to the SMBH mass via the empirical M − σ relation
(Kormendy & Ho 2013)
4.38±0.29

MSMBH
σ
+0.037
=
(0.31
)
.
(5)
−0.033
109 M
200 km s−1

2.2. Disc-binary interaction

We consider a BBH system embedded in the AGN gaseous disc.
The binary is of total mass Mb = m1 +m2 on an elliptic orbit with
semi-major axis a and eccentricity e, and we work throughout in
the reference frame of the binary system. For the binary system not to be disrupted by gravitational torques of the SMBH,
we require that the binary does not cross the Roche limit of
the central mass. This stability criterion is given by ar & (1 +

1/3
e) 3MMSMBH
, where r is the radial distance of the binary from
b
the central mass (Hoang et al. 2018; Deme et al. 2020). Gravitational torques from the binary may clear a cavity in the surrounding gas distribution, as suggested by numerical simulations
(Artymowicz & Lubow 1994; Armitage & Natarajan 2005). We
assume that the binary resides at the centre of the inner depleted
cavity, which is surrounded by a circumbinary disc (CBD). A
rough estimate for the gap to open is the condition that tidal
torques from the binary overwhelm viscous torques in the disc.
This means that the disc scale height H of the CBD be smaller
1/3

b
than the Hill radius RH = r 3MMSMBH
of the binary system. Accordingly, the disc aspect ratio should be smaller than
1/3

b
. In principle, gas flows from the CBD can
h < 3MMSMBH
penetrate within the cavity, leading to the formation of minidiscs around the individual black holes. For simplicity, here we
assume that the accretion rates are suppressed, so the cavity is
depleted and neither the primary nor the secondary BH have their
own mini-discs. We will discuss how the inclusion of accretion
flows within the cavity may affect the binary orbital evolution in
Sect. 7.2.
The total energy of the BBH is given by
Eb = −

GMb µ
,
2a

(6)

q
where µ = mM1 mb 2 = (1+q)
2 Mb is the reduced mass, and q = m2 /m1
is the mass ratio. The orbital angular momentum of the BBH is
given by
√
Lb = µa2 Ωb 1 − e2 ,
(7)
q
GMb
where Ωb =
is the orbital frequency of the binary. Difa3
ferentiating Eq. (6) with respect to time, and assuming that the
accretion rates onto the individual BHs are negligible (ṁ1 =
ṁ2 = 0), one obtains

Ėb
ȧ
=− .
Eb
a

(8)
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Similarly, the rate of change of the orbital angular momentum is
given by
L̇b
ȧ
eė
=
−
;
Lb 2a (1 − e2 )

(9)

here we have again neglected relative and total accretion rates
(µ̇ = Ṁ = 0).
The evolution of the semi-major axis a and of the orbital
eccentricity e of the binary are driven by tidal and viscous
interactions between the binary and the CBD. The microscopic dynamics of the energy and angular momentum exchange
between the binary and its CBD are complex, and we employ
idealised assumptions. We first of all assume that the disc-binary
interaction may well be approximated as an adiabatic process.
This means that the characteristic timescale of the disc-binary
interaction is much longer than some characteristic timescales of
the binary, for example its orbital period. We furthermore assume
that the non-axisymmetric potential perturbations of the binary
system are small around the average binary potential. Under
these circumstances, the binary energy dissipation rate is related
to its change in angular momentum through the orbital frequency
(see e.g. Le Tiec 2015)
Ėb = Ωb L̇b .

(10)

The assumption that torques on average act axisymmetrically
upon the disc goes hand in hand with the assumption that the
shape of the cavity is circular and remains circular throughout
the orbital evolution. In more realistic situations, the CBD can
be distorted and become eccentric as a result of its interaction
with the binary. Indeed, the development of accretion streams
within the cavity may affect the shape of the disc and drive the
disc eccentricity growth. Based on two-dimensional (2D) hydrodynamic simulations, MacFadyen & Milosavljević (2008) show
that an initially circular disc can become eccentric. Only a small
fraction of the accretion streams generated at the inner edge of
the disc actually reach the individual BHs. The remaining gas
streams are flung back towards the disc, where they contribute
to the deformation of the disc shape (D’Orazio et al. 2013). The
growth of the disc eccentricity through such stream impact has
also been observed in three-dimensional (3D) magnetohydrodynamic (MHD) simulations of an equal-mass binary on a circular orbit (Shi et al. 2012). Therefore numerical simulations show
that the disc eccentricity can be induced even for circular binaries (see also Farris et al. 2014). In the case of eccentric binaries, the disc eccentricity growth can be due to direct driving
(Lubow & Artymowicz 2000). Two-dimensional hydrodynamical simulations suggest that cavities tend to become eccentric
in most cases (Mösta et al. 2019). We do not consider eccentric discs in our analytic modelling and assume a circular cavity
shape (see also Hayasaki 2009). In the following, we denote the
inner edge of the circular cavity by rin , although no sharp edge
is expected due to stream impact and the presence of shocked
material.
From Eqs. (6) and (7) one observes that the binary orbital
energy and angular momentum are related by
Ωb Lb
Eb = − √
·
2 1 − e2

(11)

As a result, the semi-major axis evolution can be written as
ȧ
L̇b √
=2
1 − e2 ·
a
Lb

(12)

Similarly, the expression for the orbital eccentricity evolution
can be written

ėe
L̇b  √
=
1 − e2 − 1 ·
(13)
2
Lb
1−e
Conservation of angular momentum implies that the orbital
angular momentum deposited by the binary is completely
absorbed by the surrounding gas disc. The angular momentum
is transferred through the inner edge rin of the CBD, that is,
−L̇b = T visc (rin ). In the binary reference frame, we have L̇b < 0
and accordingly the sign of the viscous torque must be opposite
to that of Eq. (4).
Numerical simulations suggest that the size of the central
cavity typically extends to about twice the semi-major axis
for binaries on near-circular orbits. The location of the inner
edge depends on the orbital eccentricity, and rin progresses outwards with increasing eccentricity: for instance, smoothed particle hydrodynamic (SPH) simulations indicate that the inner
edge shifts from rin ≈ 1.9a for e ≈ 0.02 to rin ≈ 3a for
e ≈ 0.6 (Artymowicz & Lubow 1994). Recent 2D hydrodynamical simulations also show that the radial extent of the cavity increases with increasing eccentricity (Mösta et al. 2019).
Inspired by these simulations, we estimate the inner edge of the
CBD to be located at twice the distance of the binary at apocentre, that is, rin = 2a(1 + e). As a consequence, the viscous
torque (see Eq. (4)) at the inner edge of the CBD is given by
T visc (rin ) = 12παc2s Σg a2 (1 + e)2 .
Inserting the corresponding values of L̇b and Lb into
Eqs. (12) and (13), we obtain the evolution equations in the discdriven regime:
24παc2s Σg (1 + e)2
ȧ
=−
,
a
µΩb
12παc2s Σg (1 + e)2
ėe
=
µΩb
1 − e2

(14)
1

!

−1 .
(15)
1 − e2
The disc-driven evolution Eqs. (14) and (15) can be combined to give
!
ėe
1
1 ȧ
=
1
−
·
(16)
√
1 − e2 2 a
1 − e2
By dividing Eq. (14) by Eq. (15), and solving the resulting
differential equation we get
q

2
 1 − 1 − e2 

0

a(e) = a0 
(17)
√
 ,
 1 − 1 − e2 
√

where a0 and e0 are the initial semi-major axis and initial
eccentricity, respectively. Starting from given initial conditions
(a0 , e0 ), the disc-binary dynamics outlined here will drive the
binary into a regime where gravitational wave emission will
dominate the orbital evolution (see Sect. 2.3).
2.3. Gravitational-wave-driven inspiral

When the orbital separation of a BBH system is sufficiently
small, the effects of GW emission on the orbital evolution cannot be neglected. We recall the GW-driven evolution equations
of the orbital elements (Peters 1964)
!
1
73 2 37 4
64 G3 µMb2
1+ e + e ,
(18)
ȧ = −
5 c5 a3 (1 − e2 )7/2
24
96
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(19)

Because of the eccentricity enhancement factor, the GW
inspiral can be considerably accelerated for high eccentricities.
As an example, ȧGW may increase by a factor of ∼103 from e = 0
to e = 0.9.

Initial
Eccentricity e0

-10-4

0.01
0.23
0.46
0.68
0.9

-10-2

-100
10-3

3. Coupled disc+GW-driven evolution

10-2

10-1

100

Semi-Major Axis [AU]

Both gravitational wave emission and disc-binary interaction
affect the overall evolution of the BBH system in the AGN accretion disc. In order to investigate the interplay between the two
effects, we combine the disc-driven (Eqs. (14)–(15)) with the
corresponding GW-driven (Eqs. (18)–(19)) evolution equations.
The resulting coupled disc+GW-driven evolution is described
by
ȧ = ȧdisc + ȧGW ,

da/dt [m/s]

!
304 G3 µMb2
e
121 2
e
·
ė = −
1
+
15 c5 a4 (1 − e2 )5/2
304

Fig. 1. Orbital decay rate ȧ displayed as a function of the orbital separation a for different initial eccentricities (e0 = 0.01−0.9). The orbital
and disc parameters are set to the fiducial values stated in Sect. 4.1. The
black circles indicate the transition from the disc-driven to the GWdriven regime of the evolution channel.

4.1. Semi-major axis decay

(20)

Figure 1 shows the rate of orbital decay as a function of the
orbital separation for different initial eccentricities. The followė = ėdisc + ėGW .
(21) ing values are taken as fiducial parameters of the accretion disc
model: viscosity parameter α = 0.1, gas fraction fg = 0.1, and
Numerical integration of this coupled system of differen- aspect ratio h = H/r = 0.01. The binary parameters are set to:
tial equations yields the temporal evolution of the semi-major a0 = 1 AU, Mb = 50 M , and q = 1. In this fiducial model,
axis a(t) and orbital eccentricity e(t). We note that the values the binary is located at a distance of r = 0.1 pc in an AGN
of the CBD parameters (α, cs , Σg ) should be in principle esti- disc surrounding a SMBH of mass MSMBH = 107 M . Unless
mated at the inner edge rin . Here we assume that these val- not subject to variation, we will use these fiducial parameter values are not greatly different and reflect the local values of the ues throughout the text for plots and numerical results. We note
background AGN disc at the radial location of the binary (as that the stability criterion of Sect. 2.2 is fulfilled for the fiducial
in Baruteau et al. 2011). In order to gain a better insight, we model parameters. Furthermore, the condition for gap opening
develop the respective expressions of the evolution equations and of Sect. 2.2 entails a thin disc with h . 0.01, which is in accorpresent below the explicit dependence on the underlying param- dance with our fiducial aspect ratio. The purpose of aspect ratio
eters. The resulting analytic scalings in the disc-driven regime sweeps (like in Table 1), which go up to h = 0.1, is to illustrate
are given by
relative dependences. We further discuss the important role of
the disc aspect ratio on the disc-binary interaction in Sect. 7.2.
3/2
2
In Fig. 1 we observe two distinct trends corresponding to
M
(1
+
q)
ȧdisc ∝ −α fg h2 SMBH
Mb−3/2 a5/2 (1 + e)2 ,
(22) the disc-driven regime at large separations and the GW-driven
2
q
r
regime at small separations, respectively. The black circles indi3/2
cate the semi-major axis where the binary transitions from the
2
2
M
(1 + q) −3/2 3/2 (1 + e) √
2 +e2 −1)· disc-dominated regime into the GW-dominated regime, that is,
ėdisc ∝ α fg h2 SMBH
M
a
(
1
−
e
b
q
e
r2
where ȧdisc = ȧGW . The binary semi-major axis continuously
(23) decreases: the rate of orbital decay is driven by the disc-binary
interaction at large a, while it is dominated by GW emission
In an analogous way, the scalings for the GW-driven regime are at small a (reaching a minimal value around the transition
given by
point). We note that the rate of orbital decay in the discdriven regime ȧdisc decreases with decreasing separation, but
!
q
1
73 2 37 4
the GW-driven orbital decay rate ȧ increases with decreasing
3 −3
ȧGW ∝ −
1+ e + e ,
(24) separation instead. These physicalGW
M a
trends can be directly seen
24
96
(1 + q)2 b
(1 − e2 )7/2
from the analytic scalings. In the purely disc-driven regime we
!
q
e
121 2
ėGW ∝ −
Mb3 a−4
1+
e ·
(25) find from solving Eqs. (14) and (17) that the semi-major axis
2
2
5/2
evolves as
304
(1 + q)
(1 − e )

2
These analytic expressions will be useful when interpreting ȧdisc ∝ −a5/2 1 + a−1/4 .
(26)
the dependence of the merger timescale and eccentricity evolution on the underlying physical parameters (Sects. 5–6).
On the other hand, in the purely GW-driven regime, the rate of
orbital decay simply scales as

4. Binary orbital evolution in active galactic nuclei
discs
We now analyse the evolution of the semi-major axis a and the
orbital eccentricity e that is dictated by the coupled disc+GWdriven evolution Eqs. (20) and (21).
A108, page 4 of 9

ȧGW ∝ −a−3 ,

(27)

since the orbit has nearly circularised for a semi-major axis
below a . 10−3 AU. From Fig. 1, we also note that the critical transition points occur at a larger semi-major axis for
higher initial eccentricities. This implies that for a higher e0 ,
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Fig. 2. Eccentricity plotted as a function of the semi-major axis for various disc and binary configurations (cf. Sect. 4.1 for the fiducial parameter values). The blue line uses e0 = 0.01 for the initial eccentricity, the
green e0 = 0.3, and the magenta e0 = 0.7. The viscosity parameter α
is set to α = 0.01 in the green dashed line and to α = 0.3 in the green
dotted line. The gas fraction fg is set to fg = 0.05 in the magenta dashed
line and to fg = 0.5 in the magenta dotted line.

the binary transitions earlier into the GW-regime (that is, at a
larger separation) where the high eccentricity eventually leads to
a faster inspiral (due to the steep dependence on eccentricity, cf.
Eqs. (18)–(19)).
4.2. Orbital eccentricity growth

In Fig. 2 we plot the orbital eccentricity as a function of the
semi-major axis for variations in the initial eccentricity e0 , viscosity parameter α, and gas fraction fg . We note that fg ∼ 0.16
is the cosmological gas fraction, and a standard value of fg ∼
0.1 is adopted in many studies (e.g. King & Pounds 2015). For
instance, Thompson et al. (2005) assume a fiducial gas fraction
of fg ∼ 0.1 for their accretion disc model. Higher values ( fg ∼
0.5) may be expected in gas-rich galaxies at higher redshifts (e.g.
Daddi et al. 2010), while lower values are more likely in gasdepleted galaxies. Observational estimates of the disc viscosity parameter suggest values in the range α ∼ (0.1−0.4), while
smaller values (α < 0.01) seem to be favoured by numerical simulations (King et al. 2007; Martin et al. 2019). Here we consider
viscosity parameters and gas fractions within plausible ranges of
0.01 ≤ α ≤ 0.3 and 0.05 ≤ fg ≤ 0.5. We observe that the orbital
eccentricity grows in the disc-driven regime and decays in the
GW-driven regime, while the semi-major axis decreases in both
regimes. Thus the disc-binary interaction shrinks the orbital separation while at the same time it increases the orbital eccentricity.
In the case of a small initial eccentricity (e0 = 0.01, blue curve),
the subsequent eccentricity growth in the disc-driven regime is
almost negligible. In contrast, the eccentricity growth is more
prominent for larger initial eccentricities, and with increasing e0
the binary transitions into the GW regime with a higher eccentricity. From Fig. 2 we also note that increasing the viscosity
parameter α and the gas fraction fg leads to larger eccentricity
growth, with the binary reaching higher maximal values emax .
For a given initial eccentricity, the critical transition points shift
to smaller separations for larger viscosity parameters and gas
fractions.
In Fig. 3 we show an analogous plot of the orbital eccentricity versus the semi-major axis, for different values of the
disc aspect ratio h = H/r. As previously noted, the eccentricity grows in the disc-driven regime (at large separations), while
it decays in the GW-driven regime (at small separations). We see
that for larger aspect ratios, the eccentricity growth can be significantly larger, reaching higher emax values. The transition points

Fig. 3. Orbital eccentricity shown as a function of the semi-major axis
for different aspect ratios (h = 0.001, 0.01, 0.1).

also shift to smaller separations for larger h. We note that the
slope in the disc-driven regime is roughly constant for different
aspect ratios. In fact, in the disc-driven regime we obtain from
Eq. (16)
!
de 1 1 − e2
1
a
1− √
=
,
(28)
da 2 e
1 − e2
which is only a function of the eccentricity and does not depend
explicitly on the accretion disc parameters.
The physical trends observed in Figs. 2–3 and the dependence on the underlying accretion disc parameters can be interpreted in terms of simple analytic scalings. Indeed, both the
rate of orbital decay and eccentricity growth in the disc-driven
regime scale as ∝ α fg h2 , with a quadratic dependence on the
disc aspect ratio. N-body SPH simulations also suggest that an
increase in the disc aspect ratio leads to both enhanced orbital
decay and eccentricity growth (Fleming & Quinn 2017).

5. Quantifying the binary black hole merger
timescale
We next quantify the merger timescale of BBHs embedded
in AGN accretion discs. Based on the coupled disc+GWdriven evolution equations (Eqs. (20)–(21)), we derive the
merger time τmerger , defined as the point where the numerical solution a(t), or equivalently e(t), approaches the
abscissa axis. In general, the merger timescale is a function of both the accretion disc and binary orbital parameters: τmerger (α, fg , h, r, MSMBH , a0 , e0 , q, Mb ). Below we analyse
its dependence on the different quantities.
Figure 4 shows the merger timescale as a function of the initial orbital separation for GW-only evolution, and including the
disc-driven evolution with varying disc aspect ratios. We recall
that the orbital decay is more efficient at large separations in
the disc-driven regime, while it is more efficient at small separations in the GW regime (suggesting that the bottleneck is located
around the transition point). In the case of purely GW-driven
decay, the merger time exceeds the Hubble time (tH ∼ 1010 yr),
unless the initial separation is smaller than a0 . 2 × 10−1 AU.
In fact, the merger time is already ∼7 × 1012 yr at a0 = 1 AU,
indicating that binaries cannot merge within the age of the Universe. We also observe that the merger timescale in the GWdriven regime steeply increases with increasing separation as
a
τGW ∼ ȧGW
∝ a4 . In contrast, when including the disc-binary
interaction, the merger time can be considerably reduced. It falls
in the range τmerger ∼ (106 −109 ) yr, hence allowing BBH mergers to occur on astrophysically plausible timescales. For our fiducial model with a disc aspect ratio of h = 0.01, the corresponding
A108, page 5 of 9
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GW only
h = 0.001
h = 0.01
h = 0.1

1010

Table 1. Maximal eccentricity emax , the corresponding semi-major axis
a(emax ), and the time to coalescence τmerger for parameter configurations
where only a selected AGN or binary parameter is varied (for the unvaried parameters the fiducial values of Sect. 4.1 are adopted).

105

α
100
10-3

10-2

10-1

100

101

102

fg

Initial Semi-Major Axis [AU]

Fig. 4. Merger timescale τmerger as a function of initial semi-major axis
a0 . The blue line is the merger time expected from purely GW-emission;
it does not take into account the disc-binary interaction. The other
curves include the disc-binary interaction. The disc aspect ratio is set
to h = 0.001 (red), h = 0.01 (yellow), and h = 0.1 (purple).

h
r
MSMBH

merger time is τmerger ∼ 7 × 107 yr at a0 = 1 AU, so the timescale
is reduced by five orders of magnitude compared to the GWonly decay. Furthermore, within the disc-dominated regime, the
decay timescale decreases with increasing separation, roughly
a
following a scaling of the form τdisc ∼ ȧdisc
∝ a−3/2 (to leading
order).
From Fig. 4 we see that an increase in the disc aspect ratio
can lead to a considerable decrease in the merger timescale. For
instance, at an initial separation of 1 AU, the merger time is
τmerger ∼ 2×109 yr for h = 10−3 , while it is τmerger ∼ 2×106 yr for
h = 0.1, thus varying by nearly three orders of magnitude. This
is likely due to the quadratic dependence of the orbital decay
on the disc aspect ratio (Eqs. (22)–(23)). In an analogous way,
the merger timescale can also vary significantly depending on
the other underlying parameters. In Table 1 we summarise the
dependence of the merger time on the different accretion disc
and binary orbital parameters, quoting alongside the maximal
eccentricity reached (emax ) and the corresponding semi-major
axis (a(emax )). From Table 1, we see that an increase in the viscosity parameter and gas fraction leads to a reduction in the
merger timescale. Likewise, an increase in the SMBH mass and
a decrease in the radius also lead to shorter merger times. Thus
a favourable combination of the AGN accretion disc parameters
(large α, fg , h, MSMBH and small r) can yield the shortest merger
times, and as a consequence rapid BBH mergers. With regard to
the binary orbital parameters, we see that a higher initial eccentricity, larger initial semi-major axis, smaller total binary mass,
and smaller mass ratio lead to shorter merger timescales. Concerning the latter scaling, we note that the binary orbital evolution (ȧ, ė) has an opposite dependence on the mass ratio (q)
in the disc-driven and GW-driven regimes (see Eqs. (22)–(25)).
The orbital decay is faster for smaller mass ratios in the discdriven regime while it is slower in the GW-driven regime. The
former trend dominates the global disc+GW evolution, leading
to overall shorter merger timescales. Obviously, variations in the
AGN disc parameters only affect the evolution in the disc-driven
regime; whereas the binary orbital parameters appear in both
disc-driven and GW-driven regimes (with sometimes opposite
dependences), making the interpretation a little more subtle (see
also Sect. 6).

6. Eccentricity evolution in the LISA band
In this section we explore the implications of the peculiar orbital
eccentricity evolution resulting from the coupled disc+GW
A108, page 6 of 9

e0
a0
q
Mb

0.01
0.3
0.05
0.5
0.001
0.1
0.01 pc
1 pc
106 M
109 M
0.01
0.9
1 AU
20 AU
0.05
1
10 M
100 M

emax

a(emax ) [AU]

τmerger [yr]

0.49
0.56
0.52
0.57
0.45
0.64
0.74
0.54
0.47
0.68
0.02
0.98
0.54
0.88
0.61
0.54
0.69
0.47

0.11
0.06
0.08
0.05
0.16
0.03
0.02
0.07
0.13
0.02
0.07
0.36
0.07
0.12
0.04
0.07
0.02
0.12

4.2 × 108
3.0 × 107
1.2 × 108
2.0 × 107
2.4 × 109
1.9 × 106
3.9 × 104
6.0 × 107
9.3 × 108
3.6 × 105
1.8 × 108
1.6 × 106
7.1 × 107
1.7 × 107
2.7 × 107
7.1 × 107
2.9 × 107
9.7 × 107

evolution on the GW frequency signal. We take the peak restframe GW frequency as
fGW ≈ 2Ωb (1 − e)−3/2 ;

(29)

at this frequency most of the GW power is emitted (e.g.
D’Orazio & Samsing 2018). Due to the eccentricity dependence
of the above equation, for e > 0 the GW frequency can be significantly higher than the orbital frequency, shifting the binaries
towards a frequency range more easily detectable by LISA.
Figure 5 shows the orbital eccentricity as a function of the
GW frequency for different binary and disc configurations. We
clearly see two distinct trends: the eccentricity growth in the
disc-driven regime at lower fGW , and the eccentricity decay in
the GW-driven regime at higher fGW . It has been argued that
LISA should be able to detect a non-zero eccentricity for all
binaries with e & 10−2 , and for a ∼90% fraction of binaries with e & 10−3 (assuming an observation time of 5 yr)
(Nishizawa et al. 2016). From Fig. 5 we observe that the majority of binaries evolving in AGN accretion discs should have
detectable eccentricities in the LISA band, with typical values
in the range e ∼ (0.01−0.1) at fGW = 10−2 Hz.
By not taking into account the effects of the disc-binary interaction, the orbital evolution is purely dictated by GW-emission.
In our channel, this would mean that the eccentricity growth
from the disc-binary interaction is absent. In this case, the binaries would enter the LISA band at a stage when they possibly
have eccentricities that are too low for detection (unless the initial eccentricity is as high as e0 ∼ 0.9). Compared to a purely
GW-driven evolution, the eccentricity growth in the disc-driven
regime tends to shift the binaries towards frequencies more easily detectable by LISA (cf. Eq. (29)). Therefore an intermediate
disc-driven phase is essential in order to obtain potentially measurable eccentricities in the LISA band. By the time the binaries
enter the LIGO frequency band (∼10 Hz), they are all likely to
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in AGN accretion discs. In this picture, gaseous torques due
to the disc-binary interaction may help to foster the orbital
decay into the domain of GW inspiral. In this paper we investigate coupled disc+GW-driven evolution using a simple analytic
model that takes into account various orbital and disc parameters. Below we comment on the characteristic properties (merger
timescale and eccentricity evolution) of this particular evolution channel, also in relation to other works. We then discuss
the limitations of our model regarding accretion flows and cavity shapes, and briefly mention possible directions for future
research.

Gravitational wave frequency [Hz]

Fig. 5. Orbital eccentricity as a function of peak gravitational wave frequency. The grey shaded area represents the frequency range observable by LISA. The cyan line displays the GW-only evolution. The
other curves include the disc-binary interaction where orbital parameters (binary mass M and mass ratio q) and disc parameters (viscosity
parameter α, aspect ratio h, and gas fraction fg ) are varied; see the figure
caption for the specific values.

be completely circularised and hence have no measurable eccentricities.
The overall eccentricity evolution is determined by both the
binary orbit and accretion disc parameters. We recall here the
dependence of the eccentricity growth/decay in the disc/GW
regime on the total binary mass and mass ratio: ėdisc ∝
2
q
Mb−3/2 (1+q)
and ėGW ∝ −Mb3 (1+q)
2 (Eqs. (23)–(25)). For a larger
q
binary mass, the rate of eccentricity growth is smaller in the
disc-regime, while the rate of eccentricity decay is larger in the
GW-regime. The two opposite dependences on Mb combine to
give a smaller resulting eccentricity at the later stages of this
evolution channel. Likewise, for a larger mass ratio, the rate of
eccentricity growth is smaller in the disc-regime, while the rate
of eccentricity decay is larger in the GW-regime, and the resulting eccentricity is smaller. By combining the two dependences,
massive binaries with large mass ratios should have the smallest eccentricities. Conversely, less massive binaries with smaller
mass ratios should have the highest eccentricities. These trends
are graphically illustrated in Fig. 5: at a given GW frequency,
the less massive binary with the smaller mass ratio has a higher
eccentricity compared to the fiducial case, while the opposite is
true for the more massive binary. Therefore if we are interested
in detecting high residual eccentricities, then according to the
here-presented evolution channel, we should look for less massive, unequal-mass binaries.
The important phase of the eccentricity growth is mainly
governed by the accretion disc parameters. We recall that the
rate of eccentricity growth in the disc-driven regime scales as
ėdisc ∝ α fg h2 . Thus an increase in the viscosity parameter, gas
fraction, and disc aspect ratio lead to more efficient eccentricity
growth in the disc-regime, yielding a higher residual eccentricity.
In Fig. 5 we see that the largest combination of the three accretion disc parameters (large α, fg , h) leads to the highest residual
eccentricities, with values of e ∼ 0.5 at fGW = 10−2 Hz. On
the contrary, the smallest combination of the three parameters
leads to the lowest eccentricities, with values of e ∼ 10−3 at
fGW = 10−2 Hz. As a consequence, the global range of the predicted eccentricity evolution seems to be primarily determined
by the AGN accretion disc parameters.

7. Discussion
Among the different BBH formation scenarios discussed in
the literature, a promising channel is the evolution of BBHs

7.1. Characteristics of the coupled disc+GW-driven evolution
scenario

We have followed the dynamics of BBHs as they transition from the disc-driven regime into the GW-driven regime
(Sect. 4). In our model setup, two characteristic features of the
disc-dominated phase help to bring the binary into the GWdomain: the decay of the semi-major axis and the growth of
the orbital eccentricity, both induced by the disc-binary interaction. Early SPH simulations already showed that the semimajor axis decreases, while at the same time the orbital eccentricity increases (Artymowicz et al. 1991), a phenomenon verified by further simulations. For example, the global trend is
supported by numerical simulations of SMBH binaries in gasrich discs, which display simultaneous eccentricity growth and
orbital decay (Armitage & Natarajan 2005). Subsequent simulations of the dynamics of SMBH binaries embedded in selfgravitating discs confirm that the semi-major axis decreases,
while the binary eccentricity increases, as a result of the discbinary coupling (Cuadra et al. 2009). N-body SPH simulations
of gaseous protoplanetary discs suggest that eccentric binaries undergo significant eccentricity growth, whereas quasicircular binaries exhibit no appreciable eccentricity excitation
(Fleming & Quinn 2017). While the overall trend of orbital
decay and eccentricity growth seems to be reproduced by various numerical simulations, the situation can change for strongly
accreting binaries, as suggested by recent hydrodynamical simulations (see Sect. 7.2).
Different studies broadly agree that BBH mergers could be
fostered in gaseous environments, but the efficiency of such gasassisted orbital decay remains uncertain. In most previous work,
the average merger time for binaries embedded in AGN accretion discs was not explicitly computed, and merger rates were
for example parametrised through the AGN disc lifetimes (e.g
McKernan et al. 2018). Most recently, Tagawa et al. (2019) performed 1D N-body simulations to self-consistently follow the
evolution of binaries in AGN discs, from their formation to disruption. The main BBH formation channel is attributed to gas
capture within the AGN disc, while binaries are disrupted by soft
binary-single interactions. Several physical processes, including
gas dynamical friction, type I/II migration torques, GW emission, and multi-body stellar interactions, are implemented via
semi-analytical prescriptions. Only circular binaries are considered in their model setup, and a potential orbital eccentricity evolution is ignored. The resulting BBH merger rate in AGN discs
lies in the range R = (0.02−60) Gpc−3 yr−1 (Tagawa et al. 2019).
Their merger rate is parametrised through the merger fraction
per AGN lifetime: R ∝ fBH,merge /tAGN , where tAGN is the average lifetime of AGN discs. However, the actual AGN lifetime is
a notoriously difficult quantity to constrain, also considering the
variable nature of the central AGN (Martini 2004; Hickox et al.
2014).
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With our simple analytic model we can provide a quantification of the merger time resulting from the coupled disc+GWdriven evolution. In our picture, the merger timescale τmerger is
directly obtained from the numerical integration of the coupled
evolution equations (Eqs. (20)–(21)). We analyse its dependence
on both the accretion disc and binary orbital parameters (Sect. 5).
We show that the merger timescale can be reduced by several
orders of magnitude when including the disc-binary interaction
compared to a purely GW-driven evolution. From our parameter space study, we obtain that the merger timescale is shortest
for binaries embedded in AGN accretion discs with a large viscosity parameter, large gas fraction, and large disc aspect ratio.
Moreover, the eccentricity growth in the disc-regime allows the
binary to enter the GW-regime with high eccentricity, such that
the subsequent evolution can be further speeded up (due to the
steep e-dependence in the GW regime).
A key element that may help discriminate between different
BBH paths is the evolution of the orbital eccentricity, in particular in the LISA frequency band (e.g. Armitage & Natarajan
2005). The eccentricity evolution in the case of GW-only decay
has been previously considered, for instance when comparing
the two main BBH channels: isolated formation in galactic fields
versus dynamical formation in globular clusters (Breivik et al.
2016; D’Orazio & Samsing 2018). A novel result here is that
we follow the eccentricity evolution in the coupled disc+GW
evolution channel, from the e-growth in the disc regime to the
e-decay in the GW regime (Sect. 6). In this picture, due to the
eccentricity growth in the disc-driven regime, we expect significant residual eccentricities at LISA frequencies. This trend is
also in qualitative agreement with the SPH simulations of SMBH
binaries embedded in CBDs (Roedig et al. 2011). The temporary
eccentricity growth in the disc regime (only partly damped in the
subsequent GW regime) ensures that the binaries retain significant residual eccentricities, potentially detectable by LISA. This
highlights again the importance of the intermediate disc-driven
regime in the coupled disc+GW evolution scenario. Reversing the argument, high residual eccentricities observed in the
LISA band could also be suggestive of BBH formation in AGN
accretion discs. By computing the BBH merger rate density
that results from the coupled disc+GW evolution channel, we
obtain typical rates in the range R ∼ (0.002−18) Gpc−3 yr−1
(Gröbner et al. 2020).
7.2. Role of gas inflows and accretion streams

In our idealised analytic model, we assume that the binary
resides in a depleted cavity, and we neglect gas inflows
and subsequent accretion onto the individual BHs. In reality,
gas streams can penetrate within the cavity, and mass transfer does occur from the CBD to the binary. A variety of
numerical simulations show the development of narrow gas
streams flowing from the inner edge of the disc towards the
binary, eventually leading to the formation of mini-discs surrounding each BH (MacFadyen & Milosavljević 2008; Shi et al.
2012; D’Orazio et al. 2013; Farris et al. 2014; Tang et al. 2017;
Miranda et al. 2017; Moody et al. 2019; Muñoz et al. 2019;
Duffell et al. 2019).
Those numerical studies indicate that the mass accretion
rate onto the binary can be considerable. Two-dimensional
hydrodynamical simulations show significant mass transfer from
the CBD onto equal-mass binaries, albeit with a somewhat
reduced accretion rate compared to the case without binary
torques (MacFadyen & Milosavljević 2008). A follow-up study
extending the analysis to different mass ratios suggests that the
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time-averaged accretion rate can be comparable to that on a
single central mass (D’Orazio et al. 2013). Three-dimensional
MHD simulations confirm that the time-averaged accretion
rate is essentially indistinguishable from that on a single BH
(Shi & Krolik 2015). Two-dimensional hydrodynamical simulations including the inner cavity (without the excision of the
innermost central region as done in previous works) further indicate that the accretion rate is efficiently channelled into narrow
streams fuelling the mini-discs (Farris et al. 2014).
Accretion flows within the cavity can have a major impact
on the orbital evolution of the binary. Angular momentum is
carried with the accreting matter, and such advection needs
to be accounted for in the torque balance. In general, the
binary loses angular momentum to the disc though gravitational torques, whereas it gains angular momentum through
accretion torques. The orbital evolution is thus governed by the
balance between the two competing mechanisms. The large
accretion rates observed in 3D MHD simulations suggest a nearcancellation of the opposite torques, but still imply a small
shrinkage rate with negative ȧ/a < 0 (Shi et al. 2012). The
torques are also found to depend on the sink prescription in 2D
viscous hydrodynamical simulations: slower sinks result in negative torques, while the torques may become positive for faster
sinks (Tang et al. 2017). Long-duration 2D simulations of eccentric binaries suggest that the net angular momentum received
by the binary is mostly positive, such that the binary separation
grows in time (Miranda et al. 2017).
More recent 2D hydrodynamical simulations (which explicitly compute the gas dynamics within the cavity) provide evidence that equal-mass eccentric binaries can consistently gain
net angular momentum (Muñoz et al. 2019). As a consequence,
the accreting binaries tend to expand rather than shrink. This
result seems to hold for moderate mass ratios, and also when
considering a finite mass supply (Muñoz et al 2020). The overall sign of the net torque (positive hȧi > 0) is also corroborated
in the first 3D hydrodynamic simulations: accreting equal-mass
binaries on circular orbits expand in both aligned and misaligned
discs (Moody et al. 2019). Most recently, analysing variations of
the mass ratio (q = 0.01−1) and disc viscosity (α = 0.03−0.15)
in 2D simulations, Duffell et al. (2019) obtain that the net torque
is always positive for q & 0.05, with little dependence on the
viscosity parameter.
The aforementioned numerical simulations suggest that the
binary separation increases with time, implying that binaries
undergo expansion instead of contraction. Therefore our overall picture of gas-aided orbital inspiral could potentially be
reversed, such that accreting binaries may not reach the merger
stage. By completely neglecting the mass transfer from the CBD,
we may over-estimate the orbital decay and eccentricity growth
in our simplified analytic model. Nonetheless, our model results
may be most relevant in regimes of low accretion rates (cf.
Hayasaki 2009).
In this context, we note that most of the previously discussed
2D and 3D simulations assume disc aspect ratios of the order
of h ∼ 0.1, due to computational limitations. However, a lower
value of h ∼ (10−2 −10−3 ) should be more appropriate for the
thin discs in AGNs (Ragusa et al. 2016, and references therein).
For aspect ratios of h . 10−2 (typical of AGN discs), it has been
argued that accretion flows can be significantly suppressed. In
particular, 3D SPH simulations show that the mass accretion rate
is considerably reduced in such thin discs, with only a fraction
of the gas actually flowing into the cavity and accreting onto the
binary (following a roughly linear decrease with the aspect ratio
for h < 0.1) (Ragusa et al. 2016). A similar suppression of the
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mass accretion rate for thin discs is also observed in 2D hydrodynamic simulations (Terquem & Papaloizou 2017). Interestingly,
such a dependence on the disc thickness was already pointed out
by Artymowicz & Lubow (1996). In conclusion, the details of
the disc-binary interaction are sensitive to the disc aspect ratio
and a more thorough analysis of this important parameter is
required.
Until recently, most numerical studies have focused on
particular binary configurations, such as near-equal-mass
binaries (MacFadyen & Milosavljević 2008; Shi et al. 2012;
Muñoz et al. 2019; Moody et al. 2019) and/or quasi-circular
orbits (Shi et al. 2012; Tang et al. 2017; Moody et al. 2019;
Muñoz et al 2020). However, the actual torque balance depends
on a number of different factors, including the binary mass ratio
q and orbital eccentricity e, as well as the disc thickness H and
disc viscosity α. For instance, Duffell et al. (2019) hint at the
eccentricity as being a possible parameter that could alter the
binary orbital trend. In fact, the magnitude of the expansion rate
tends to be smaller for eccentric binaries (e ∼ 0.6) compared
to circular counterparts (Muñoz et al. 2019). The key role of the
orbital eccentricity is emphasised in our coupled disc+GW evolution scenario (Sects. 4–6), and the uncertain e-evolution due to
the complex disc-binary coupling deserves further investigation.
Finally, the BBH-in-AGN evolution channel has another
unique physical implication related to the accretion streams: this
is the only scenario in which we can plausibly expect electromagnetic (EM) counterparts from the merger of two stellarmass black holes. In fact, BBHs located in the dense gaseous
environment of AGN accretion discs may accrete at superEddington rates (Stone et al. 2017; Bartos et al. 2017). As a
result, they may give rise to EM radiation over a broad wavelength range, from radio waves up to gamma-rays (Murase et al.
2016; Perna et al. 2019). By properly modelling the accretion flows through the CBD and mini-discs, one can possibly
put some physical constraints on the resulting EM radiation
that could be detected for example by space-based observatories (Bartos et al. 2017; Ford et al. 2019). Furthermore, several
numerical simulations suggest a time-variable luminosity output,
with the light curves following characteristic patterns (for example quasi-periodic oscillations modulated by the binary and/or
disc orbits) that could be useful in identifying potential EM
counterparts (MacFadyen & Milosavljević 2008; D’Orazio et al.
2013; Moody et al. 2019; Duffell et al. 2019; Muñoz et al 2020).
In future studies, we aim to refine our modelling by properly
including the accretion process to obtain a more complete picture
of both binary dynamics and potential EM counterparts within
the BBH-in-AGN scenario.
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