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ABSTRACT
Context. Observations of Earth-sized exoplanets are mostly limited to information on their masses and radii. Simple mass-radius rela-

tionships have been developed for scaled-up versions of Earth or other planetary bodies such as Mercury and Ganymede, as well as for
one-material spheres made of pure water(-ice), silicates, or iron. However, they do not allow a thorough investigation of composition
influences and thermal state on a planet’s interior structure and properties.
Aims. In this work, we investigate the structure of a rocky planet shortly after formation and at later stages of thermal evolution
assuming the planet is differentiated into a metal core and a rocky mantle (consisting of Earth-like minerals, but with a variable iron
content).
Methods. We derived possible initial temperature profiles after the accretion and magma ocean solidification. We then developed
parameterisations for the thermodynamic properties inside the core depending on planet mass, composition, and thermal state.
Results. We provide the community with robust scaling laws for the interior structure, temperature profiles, and core- and mantleaveraged thermodynamic properties for planets composed of Earth’s main minerals but with variable compositions of iron and silicates.
Conclusions. The scaling laws make it possible to investigate variations in thermodynamic properties for different interior thermal
states in a multitude of applications such as deriving mass-radius scaling laws or estimating magnetic field evolution and core crystallisation for rocky exoplanets.
Key words. equation of state – Earth – planets and satellites: interiors – planets and satellites: terrestrial planets

1. Introduction
Amongst the large rocky bodies in our Solar System, most of
them present evidence of a past and/or present magnetic field
(Stevenson et al. 1983), with the exception of Venus, for which
no significant intrinsic magnetic field has been detected and no
record of a past global magnetic field is available (Zhang et al.
2016). Planetary magnetic fields are generated by the dynamo
effect in large volumes of electrically conducting liquid. For
rocky bodies of sizes similar to the Earth, such a dynamo effect
is supposed to happen in the liquid core and be driven by thermochemical convection (Stevenson et al. 1983). The existence of a
magnetic field in the history of a planet is thus considered as
strong evidence for past or current internal dynamics and the
existence of a liquid core. The internal structure of a rocky body
is difficult to assess. The Earth is the only planet for which the
coverage in seismic stations and sources is good enough to provide us with a detailed structure of its interior. The Earth is thus
used as an example, test case, and sometimes a law for structure in rocky bodies. Seismometers have been installed on two
other bodies so far: the Moon and Mars. However, data points
are sparse and can only give a first, rough constraint on the
interior structure and interior properties. Observations of different rotational and orbital properties such as librations, Love

numbers, and the moment of inertia of a planetary body also
provide information on its global internal structure, such as the
ice shell thickness for water-rich, icy bodies; the existence of a
liquid core or subsurface liquid water ocean; or the concentration
of mass in the centre (e.g. Thomas et al. 2016; Verhoeven et al.
2005).
For an exoplanet, obtaining its internal structure with enough
confidence to discuss its internal state and dynamics is a very different challenge. The observations of Earth-sized exoplanets are
mostly limited to information on their masses and radii. Simple mass-radius relationships have been developed for scaledup versions of Earth or other planetary bodies such as Mercury
and Ganymede, or for one-material spheres made of pure water
(-ice), silicates, or iron (e.g. Valencia et al. 2006; Wagner et al.
2011; Noack et al. 2016). In addition, constraints from the
stellar composition and possible condensation and accretion scenarios can be used to constrain the interior composition of
(sub-)Neptunian planets (Grasset et al. 2009; Rogers & Seager
2010) as well as, more recently, low-mass rocky planets
(Dorn et al. 2015; Unterborn & Panero 2017).
For the long-term evolution of a rocky planet, the interior structure (such as core size), as well as the initial temperature profile have been identified as important parameters
(Noack et al. 2014; Dorn et al. 2018). However, even for the
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planets in the Solar System, the initial energy budget and temperature profile in the first hundreds of Myr of thermal evolution are not constrained. During planet accretion, large amounts
of the interior will be molten due to giant impacts, leading to a
magma ocean (e.g. Nakajima & Stevenson 2015). Depending on
planet mass and time of accretion, the magma ocean may comprise the entire planet. Iron droplets segregate though the molten
rock and concentrate at the bottom of the magma ocean and
slowly sink towards the gravitational centre of the planet, leading to a release of additional gravitational energy to the mantle or
core.
Once the surface temperature allows for efficient cooling
in the upper part of the planet (due to erosion of the atmosphere), the magma ocean can efficiently cool in the parts where
the liquid melt dominates convection. It is typically assumed
that the magma ocean will freeze from the bottom up (Abe
1997; Labrosse et al. 2007), though different possible freezing
scenarios (such as floating of solids in melt or freezing starting at intermediate depths, Nomura et al. 2011) are still under
debate. The heat flow from the core into the mantle is thus
reduced, since solid layers transport heat much less efficiently
than liquid layers. While the magma ocean freezes out, solidstate convection would be assumed to take place in the silicate
mantle (Ballmer et al. 2017; Maurice et al. 2017; Boukaré et al.
2018), leading to an adiabatic temperature profile in the final,
entirely solid mantle. As a consequence of this assumed evolution of planet accretion and magma ocean solidification, Stixrude
(2014) predicted a possible initial temperature profile for planets
of Earth-like composition with varying planet mass based on the
solidus melting temperatures of iron and silicates. We expanded
this idea by investigating different temperature profiles including the predicted profiles from Stixrude (2014) as intermediate
scenario. To obtain an estimate for the maximal temperature of
iron during core formation, one may therefore assume that the
core could have formed while the entire mantle was still molten.
An even hotter core would be expected to cool very fast due to
efficient heat transport through the magma ocean until the bottom of the mantle solidified. One can therefore assume that the
maximal initial temperature of the uppermost layer of the metal
core would correspond to the liquidus temperature of the mantle
at the end of core formation.
In published exoplanet evolution studies, different initial thermal profiles after the magma ocean stage were
already proposed, using adiabatic profiles with different uppermantle potential temperatures and assuming different temperature jumps at the core-mantle boundary (Valencia et al. 2006;
Papuc & Davies 2008; Tackley et al. 2013; Stamenković et al.
2012; Noack & Breuer 2014). Much lower temperatures at the
core-mantle boundary were typically chosen than those predicted by Stixrude (2014).
Especially for planets more massive than Earth (superEarths), the initial temperature is essential in determining the possible evolution scenarios of the interior, surface, and atmosphere
of these planets (Stamenković et al. 2012; Stamenković & Breuer
2014; Noack & Breuer 2014; O’Neill et al. 2016), since both
volcanic activity and plate tectonics are related to the interior convective behaviour and stresses (Stein et al. 2004;
Van Heck & Tackley 2008; Crowley & O’Connell 2012).
Massive planets may exhibit a stiffer rheology in their deep
interiors (Stamenković et al. 2011, 2012), which for high temperatures in the lower mantle can evolve into a self-regulating
state (Tackley et al. 2013). The initial profile may determine
which convective state is favoured in the deep mantle of these
super-Earths.
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The temperature profile is therefore crucial for setting the
later thermal evolution of rocky planets, including whether
or not they can transition into a plate tectonics regime
(Stein et al. 2004; Sandu et al. 2011; Noack & Breuer 2014;
Stamenković & Breuer 2014). The adiabatic profile, as well as
the convective behaviour, strongly depend on the local thermodynamic (e.g. density, heat capacity, thermal expansion coefficient) and transport properties (such as thermal conductivity and
viscosity). However, to obtain these local material properties,
an interior structure model would first be needed to understand
the interplay between temperature, pressure, mineral phases, and
degree of differentiation. Such a model would need to be coupled to a Gibbs minimisation code solving for single mineral stability regions and thermodynamic properties based on equation
of states (e.g. Connolly 2009; Stixrude & Lithgow-Bertelloni
2011), or use lookup tables for common mantle minerals derived
from such codes to save computational speed. In any case, developing and employing such a sophisticated code to obtain realistic, composition- and pressure-dependent profiles goes beyond
the scope of most modern studies that seek to obtain first-order
ideas of rocky planets’ interior properties, core information, and
evolution models.
We therefore derived parameterisations of interior structure
and thermodynamic properties, as well as different temperature profile estimates as needed for common investigations of
rocky exoplanets composed of Earth-like minerals (but variable
planet compositions in terms of iron content), to be used in the
exoplanet community. We constructed two end-member temperature profiles for a hot and a cold core state (reflecting an
initial or late evolution stage) by either considering or neglecting a possible temperature jump at the core mantle boundary
(CMB) and by calculating the extent of this temperature jump
depending on composition, interior structure, and planet mass.
We then show the effect that these two end-member temperature
profiles have on planetary parameters and, especially, core thermodynamic parameters.

2. Methods
Internal structures of planets were calculated to determine pressure, temperature, and other material properties profiles. We
explored planetary masses from 0.8 to 2 Earth masses, considering variations of compositions leading to different core sizes.
Following Stixrude (2014), we considered the thermal profile of
the core after the full crystallisation of the silicates at the CMB,
which can be used as an initial temperature profile for long-term
evolution investigations of rocky planets.
2.1. Melting and adiabatic temperature profiles

Here, we predict possible initial temperature profiles in the mantle and core once the mantle is in the solid state, based on the
work of Stixrude (2014). In that study, it was assumed that
the initial temperature profile upon magma ocean solidification
would be adiabatic in the mantle, starting from the solidus melting temperature in the upper mantle (set in our study at a depth
of 50 km), and that the temperature at the CMB would reflect
the bottom mantle solidus melting temperature. In other words,
once the bottom of the magma ocean starts to freeze, no further heat loss from the core is considered. This case is labelled
as the “warm” case in Fig. 1. If the core efficiently cools over
longer timescales, or if heat can be lost during the magma ocean
solidification from core to mantle without any restrictions, the
lowest expected temperature at the CMB would be equal to the
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Fig. 1. Sketch of the evolution of temperature during the magma ocean and core formation stage. Brown, dashed curves depict the cooling
temperature profile with time; for simplicity, we assume a super-heated interior to an extent that the entire interior would initially be molten. The
green and grey areas show the melting region (from solidus to liquidus melting temperature) for the mantle and the core, respectively, following
Stixrude (2014). The assumed final temperature profile of the mantle after magma ocean solidification is shown in black, starting at the solidus
temperature below the surface thermal boundary layer and increasing adiabatically with depth throughout the rocky mantle. For the core, three
possible temperature scenarios are shown, set at the CMB, either to the mantle liquidus temperature (hot, red), the mantle solidus temperature
(warm, orange) or the adiabatic mantle temperature (cold case, blue). While the first two cases (hot and warm) resemble possible temperatures
during and at the end of the magma ocean stage, the cold scenario mimics an old planet that experienced efficient cooling.

bottom, adiabatic mantle temperature. We also investigated this
“cold” end-member scenario in our study. We also considered a
second end-member scenario with a super-heated core by setting
the core surface temperature to the mantle liquidus temperature
at that pressure (labelled as the “hot” case in Fig. 1). Here, we did
not consider any temperature variations in the mantle, which can
also have a small effect on the mantle thermodynamic parameters. An adiabatic profile will only occur for a strongly convecting mantle. For weakly convecting areas (e.g. the lower mantle for massive planets, Stamenković et al. 2012), the temperatures may be higher than assumed here. However, Tackley et al.
(2013) suggested that a stiffer lower mantle would heat up until
strong convection (and hence cooling of the lower mantle) would
initiate again, therefore again leading to a temperature profile
close to an adiabatic profile. The main effect of a warmer mantle
on our parameterisations would be a reduced temperature contrast at the CMB. In this study, however, we concentrated only
on the temperature effect for core properties.
In Stixrude (2014), only Earth-like mantle and core fractions were considered, leading to scaled-up models of Earth with
larger masses. The variability with iron content and mantle composition was not investigated in this pioneering study, but is
treated in the present study.
Following Dorn et al. (2018), we used the following solidus
and liquidus melting temperatures (calculated in K) for pressures
below 17 GPa,
T melt,sol = 1409.15 + 134.2 · p − 6.581 · p2 + 0.1054 · p3
+ (102.0 + 64.1 · p − 3.62 · p2 ) · (0.1 − #FeM )

(1)

T melt,liq = 2035.15 + 57.46 · p − 3.487 · p + 0.0769 · p ,

(2)

2

3

where pressure p is given in GPa, and where #FeM is the iron
number of the mantle defined as the ratio of iron-bearing components (FeO, FeSiO3 and Fe2 SiO4 ) over magnesium-rich minerals
(MgO, MgSiO3 and Mg2 SiO4 ) and lies between 0 and 1.

For higher pressures, we used the melting formulation from
Stixrude (2014):
T melt = 5400 · (p/140)0.48 /(1 − ln(1 − #FeM − XM0 )),

(3)

where XM0 denotes the difference in melting temperature from
liquidus to solidus (hence it is set to zero for the hot profile to
obtain the liquidus temperature) and #FeM gives a further reduction of the melting temperature accounting for the influence of
iron (similarly to iron influence in the upper mantle, Dorn et al.
2018). For the core, again following Stixrude (2014), we use
T melt = 6500 · (p/340)0.515 /(1 − ln(1 − XS )).

(4)

XS is the mole fraction of lighter elements in the core, reducing
the melting temperature accordingly. In our study, we assumed a
pure iron core, hence XS = 0.
2.2. Interior structure depending on planet mass and
composition

To determine the adiabatic temperature profile and thermodynamic parameters such as the density and thermal expansivity in mantle and core, we made use of an interior structure
model (Noack et al. 2017) solving the hydrostatic, Poisson, and
mass equations. In the model, the planet mass and compositional
information were used as inputs, and the interior properties and
radii of the core and planet were determined self-consistently.
The mantle mineral species in the model are restricted to the EoS
(equation of state) database in Stixrude & Lithgow-Bertelloni
(2011) using a third-order Birch-Murnaghan equation of state.
For a first-order approximation of thermodynamic properties,
here we only focus on the rock-forming elements Mg, Si,
O, and Fe, which make up about 95% of Earth’s mantle
(McDonough & Sun 1995), leading to the here investigated mineral phases: olivine, wadsleyite, ringwoodite, bridgmanite, magnesiowüstite, and post-perovskite (Van Hoolst et al. 2019). The
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Fig. 2. Temperature (left), pressure (centre), and density (right) profiles for two example planet masses of one and two Earth masses considering
the hot temperature scenario and assuming different planet iron contents.

mantle consists of different mixtures of (Mg1−#FeM , Fe#FeM ) O and
SiO2 . For the core, we used pure iron and applied the Holzapfel
equation of state from Bouchet et al. (2013).
The choice of the EoS applied to mantle and core can have
an influence on the interior structure profiles, and hence our
parameterisations. Especially for planets with masses well above
one Earth mass, laboratory data is scarce at best, and the EoS
need to be extrapolated well beyond the range of their validity.
Baumeister et al. (2018) and Wagner et al. (2011) showed that
the choice of mantle and core EoS on the interior structure has
a rather small influence. Hakim et al. (2018) compared several
different iron equations of state from the literature together with
a new ab initio law derived for high pressures, and could show
that the commonly used EoS start to strongly deviate from each
other for pressures above ∼1 TPa. In that study, the Holzapfel
EoS (Bouchet et al. 2013) could be confirmed by the new ab initio model, which is why we selected this EoS to model our core
state. We limited our mass range to two Earth masses, to be in
the confidence interval of the EoS selected for this study.
To constrain the initial temperature profile after magma
ocean solidification, we used the derived thermodynamic properties in the mantle and core to obtain an adiabatic profile, starting
from the melting temperature below an initially assumed lithosphere of 50 km, which is approximately 1600 K (depending on
mass and composition).

3. Results
We derived new scaling laws and first-principles relationships
for main planetary parameters such as the planet and core radii,
thermal expansion coefficient for mantle and core for different temperature profiles, and the expected temperature jump
at the core-mantle boundary for the hot end-member temperature profile from Sect. 2.1 for rocky planets with an Earth-like
mineralogy. For thermodynamic or planetary parameters that
are strongly temperature dependent, we included a temperature
dependence in the parameterisations. We used a mix of analytically derived equations based on first-order physical principles
combined with empirical scaling laws derived via a regression
analysis to find correlations between different parameters and to
formulate simple, reproducible scaling laws.
For that purpose, we first used our interior structure model
to investigate the interior structure and thermal state for planets with masses between 0.8 and 2 Earth masses (where the
equations of state that we use are still applicable), planet iron
A129, page 4 of 13

mass fractions between 0.15 and 0.8, and with variable iron contents in the mantle with a mass fraction up to 0.15, which can
be expressed via the mantle iron number #FeM , and which we
varied between 0 and 0.2. In this study, the mantle iron number refers to the different mineral fractions of (Mg,Fe)2 SiO4 and
their higher pressure mineral equivalents. The resulting temperature, pressure, and density profiles for several hot end-member
cases are given in Fig. 2.
In Fig. 3, we compare the cold and hot end-member cases
for model cases for one and two Earth masses, an iron content
of 0.35, and a mantle iron number #FeM = 0.1 (this configuration best resembles Earth’s interior structure). The main influence of the temperature profile is on the thermal expansion coefficient and heat capacity of the core (since the mantle temperature does not vary in our study). A weak influence of temperature
can be observed for the density, though the influence on planet
radius is negligible (see discussion). Furthermore, we compared
our density profile with the preliminary reference Earth model
(PREM500, Durek & Ekström 1996). A slight variation can be
observed in the core density, since we neglected core solidification as well as light elements in the core. Our core density is
therefore slightly higher than in the PREM model, leading to a
smaller core radius. On the other hand, our mantle density profile closely resembles the PREM model. In the temperature plot,
the predicted initial temperature profile based on Valencia et al.
(2006) and Stixrude (2014), as well as the initial core and upper
mantle temperatures based on Papuc & Davies (2008), were
added for comparison. Our cold temperature profile is below
the literature values, since it resembles a later stage in planet
evolution. Our hot end-member scenario, on the other hand,
exceeds predicted values from literature by several thousand K.
The temperature profile suggested by Stixrude (2014) (coinciding with our warm scenario) lies in-between our end-member
curves but is larger than the other literature values. Initial temperature values used in other studies, such as Noack & Breuer
(2014), Tackley et al. (2013), are in general comparable to the
values by Valencia et al. (2006) and Papuc & Davies (2008). If
our temperature scaling based on Stixrude (2014) is correct, then
initial temperatures have so far been severely underestimated in
studies investigating the thermal evolution of rocky exoplanets
(Papuc & Davies 2008; Valencia et al. 2007; Tackley et al. 2013;
Noack & Breuer 2014; Noack et al. 2017; Dorn et al. 2018). On
the other hand, one could argue that some planets may transition
quickly into a plate tectonics regime, where the mantle would
be expected to cool much faster than for a stagnant-lid scenario.
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Fig. 3. Comparison of interior structure and thermodynamic parameter profiles for one and two Earth masses for an Earth-like composition for
both the hot and the cold end-member temperature cases. In addition, we list reference profiles for density and temperature from the literature
(PREM500: Durek & Ekström 1996, Val06: Valencia et al. 2006, Sti14: Stixrude 2014, PaDa08: Papuc & Davies 2008). Further explanation is
given in the text.

In that case, mantle temperatures as assumed in some of these
studies would be reached within a short time frame.
Below we list our derived scaling laws for all main planetary
parameters. We added the average error plus/minus the standard
deviation from the values giving a 68% (1σ) confidence interval. Error refers here to the difference between parameter values
determined by the set of equations compared to the actual values
derived from the interior structure model.

XCMF Mp = XFe Mp − XFeM (1 − XCMF )Mp ,

3.1. Planet radius

The planet radius varies mostly with planet mass and planet
iron content, where the distribution of iron between mantle and
core and the interior temperature play only a minor role (see
discussion section). We derived the following empirical scaling
law based on our interior structure model results, where XFe is
the weight iron fraction of the planet (from 0.15 to 0.8) and
MEarth = 5.972 × 1024 :
Rp [km] = (7030 − 1840 · XFe )

Mp
MEarth

!0.282
·

(5)

The scaling law compares well with similarly derived scaling
laws in the literature (Valencia et al. 2006; Wagner et al. 2011;
Noack et al. 2016); the exponent (0.282) lies within the literature
range (0.26−0.3).
3.2. Core mass fraction

Before we can determine the radius of the core, we need to know
the core mass fraction XCMF , which gives the fraction of iron that
is not taken up in mantle minerals and accumulated in the centre
of the planet. The iron mass fraction in the mantle XFeM is
XFeM =

2#FeM MFe


,
2 (1 − #FeM )MMg + #FeM MFe + MSi + 4MO


for molar masses mFe = 55.845, mMg = 24.305, mSi = 28.0855
and mO = 15.999 g mol−1 . The calculation is based on our assumption that the mantle is composed of mixtures of Mg2 SiO4 and
Fe2 SiO4 (and according higher pressure minerals), where #FeM
is the fraction of the iron-containing minerals in the mantle.
The core mass fraction XCMF of the planet mass Mp depends
on the total iron content XFe and the iron that stays in the
mantle:

(6)

(7)

and therefore:
XCMF =

XFe − XFeM
·
1 − XFeM

(8)

For our cases, the iron number in the mantle #FeM varies
between 0 and 0.2, which leads to iron mantle mass fractions
XFeM between 0 and 0.1457. The planet’s iron content varies
between 0.15 and 0.80 as weight fractions, whereas the resulting core mass fraction XCMF varies between 0.005 and 0.8 of the
planet mass, depending on the amount of iron in the mantle.
3.3. Core radius

The core radius is also determined empirically via a scaling law,
and depends on the core mass fraction and planet mass.
Even though the temperature inside the core only has a small
effect of few percent on the core radius and on the overall planet
radius, we differentiate here between our end-member temperature cases (the cold and the hot profile in Fig. 1), since our
analytically derived scaling law for the core density below is
based on the core radius, and a temperature-induced variation in
the core radius. Hence, in the core, a temperature-independent
density would scale up errors for the other planet parameters.
We acknowledge, though, that for the further usage of the core
radius after the core density calculation, the influence of the
temperature dependence of the core radius is minor, and we
A129, page 5 of 13
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Fig. 4. Comparison between interior structure model data (filled circles) and predicted data from our parameterised model (black empty circles)
for different planet parameters and planet masses, with colours ranging from 0.8 (dark blue) to 2 (yellow) Earth masses. Grey circles show the
individual errors. The mean error with one standard deviation is listed for each error plot.

use the hot profile’s core radius for all other calculations after
Sect. 3.4:
!
Mp 0.266
0.328
Rc,hot [km] = 4850XCMF
,
(9)
MEarth
!
Mp 0.266
0.328
Rc,cold [km] = 4790XCMF
·
(10)
MEarth
3.4. Average density of the core

The average core density is a direct result of the planet mass
and core radius and can be derived analytically. The density profile as well as the entire interior structure depend on the assumed
temperature profile. We therefore differentiate again between the
cold temperature case (adiabatic increase from upper mantle to
planet centre) and a hot temperature case (adding a temperature
jump at the CMB reflecting the temperature difference at the end
of mantle solidification, Sect. 3.9). Depending on the core radius
calculated above for either the hot or the cold temperature profile, we obtain
" #
XCMF Mp
kg
ρc,av 3 =
.
(11)
m
4/3π (Rc · 1000)3
The density of the core is higher when assuming the cold
temperature profile (without a temperature increase along the
CMB). Applying Eq. (11) for Rc,cold gives a reasonable approximation with errors similar to those of the hot case.
The variation of planet radius and core radius depending
on planet iron content and core mass fraction when assuming
A129, page 6 of 13

a pure iron core is shown in the top row of Fig. 4 for different masses. The planet parameters calculated from the interiorstructure model are shown with coloured circles, where the
colour corresponds to the planet mass (from 0.8 Earth masses
in dark blue to 2 Earth masses in yellow). In addition, the predicted values for the same parameter cases are added with black,
open circles. Figures 4–7 show additional comparisons between
data and predicted values for all planet parameters and empirical
scaling laws for thermodynamics parameters as derived in the
next subsections.
3.5. Average density of the mantle

The average density of the mantle follows directly from the coremass fraction, the planet mass, and the core and planet radius.
Here, we used the core radius, which was empirically given
above for the hot profile, only, since our density error is not
strongly affected by the core temperature variation, hence from
now on Rc = Rc,hot . The errors with respect to our original interior structure data are given as combined error for both the hot
and cold temperature profiles:
"
ρm,av

#
(1 − XCMF )Mp
kg


=
·
3
m
4/3π R3p − R3c · 10003

(12)

3.6. Gravitational acceleration

Based on the average mantle density and the core and planet
radius, the surface and CMB gravitational acceleration can be
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Fig. 5. Comparison between interior structure model data (filled circles) and parameterised model (black empty circles) for different planet
parameters and planet masses. The mean error with 1 standard deviation is listed for each error plot. The colour coding follows that of Fig. 4.

calculated analytically as
m
GMp
g0 2 =
,
s
(Rp · 1000)2
m
GXCMF Mp
gCMB 2 =
,
s
(Rc · 1000)2

errors of few percent, where the lowest errors (well below 1%)
occur for planets with a high iron content.
(13)
3.7. Pressure at CMB

(14)

(15)

As a first order approximation, in our parameterisation, the pressure at a specific depth can be calculated via the gravitational
acceleration times the average mantle density times the depth of
the mantle, hence


pCMB [GPa] = gm,av ρm,av Rp − Rc · 1000 × 10−9 .
(16)

The gravitational acceleration does not evolve linearly within the
mantle (see Fig. 3), and an average of the surface and CMB
values can only give a first approximation. The radially averaged gravitational acceleration from our interior structure model
is, however, very close to this simplified parameterisation with

In general, such a linear approximation is valid if the gravitational acceleration and the density do not change strongly with
depth. In our range of investigated planetary masses and compositions, the approximation yields pressures comparable to the
pressures that we obtain by integration from our interior structure model with an average error of 3% (see Fig. 5). The largest

for gravitational constant G = 6.67384 × 10−11 m3 /(kg s2 ).
The average mantle gravitational acceleration is then set as
gm,av =

g0 + gCMB
·
2

A129, page 7 of 13

A&A 638, A129 (2020)

Fig. 6. Comparison between interior structure model data (filled circles) and parameterised model (black empty circles) for different planet
parameters and planet masses. The mean error with 1 standard deviation is listed for each error plot. The colour coding follows that of Fig. 4.

errors appear for the more massive planets, where gravity and
density more strongly depend on depth than in the case of Earthmass planets.
3.8. Mantle properties

The Grüneisen parameter is derived from the equations of state
for the different mantle minerals (Stixrude & Lithgow-Bertelloni
2011). For simplicity, we give here empirical scaling laws
for average mantle values depending on the mantle depth
(expressed here via the pressure at the CMB) and the mantle’s iron content. The mantle scaling laws are derived from
our interior structure model using the Birch-Murnaghan EoS
(Stixrude & Lithgow-Bertelloni 2011):
p0.03
CMB
1.16
+ 0.14XFeM
.
(17)
GPa
The average thermal expansion coefficient of the
mantle is again derived from the equations of state by
Stixrude & Lithgow-Bertelloni (2011) and described here with
an empirical scaling law depending on the planet mass and
the thickness of the mantle, here expressed via the core-mass
fraction,
" # 
! 
Mp 0.04 
1

 × 10−5 . (18)
αm,av
= 13 + 0.738XCMF − 11
K
MEarth

γm,av = 0.0356 + 0.96

The average mantle heat capacity mostly depends on the
composition of the mantle, and more specifically the iron content in the mantle, as
"
#
J
1.06
Cp,m,av
= 1275 − 585XFeM
.
(19)
kg K
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3.9. Temperature increase at the CMB

Based on the ideas formulated in Stixrude (2014), we assumed
that the uppermost temperature of the core reflects the melting
temperature of the mantle at the same pressure as a first-order
approximation of temperatures in the core at the magma ocean
freezing stage. We used the silicate post-perovskite melting temperature from the same study and took into account that iron
reduces the melting temperature to obtain that

T CMB,hot [K] =

5400

p

CMB,hot

0.48

140 GPa

1 − ln (1 − #FeM )

·

(20)

The CMB temperature for the warm case would then be
(Stixrude 2014):

T CMB,warm [K] =

5400

p

CMB,hot

0.48

140 GPa

1 − ln (1 − XM0 − #FeM )

,

(21)

where XM0 = 0.11 is a factor accounting for the deviation from
the liquidus temperature due to other minerals present in the
mantle (similarly to the effect that iron has on reducing the melting temperature), and which was fitted to Earth’s mantle for an
iron number of #FeM = 0.1.
On the other hand, we needed to determine the adiabatic
mantle temperature and how it extends towards the core-mantle
boundary. Since the mantle temperature does not vary in our two
temperature scenarios, the lower mantle temperature is similar
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Fig. 7. Comparison between interior structure model data (filled circles) and parameterised model (black empty circles) for different planet
parameters and planet masses. The mean error with one standard deviation is listed for each error plot. The colour coding follows that of Fig. 4.

to the CMB temperature in the cold case (neglecting the slight
change in core radius from hot to cold core scenario). Equally,
we kept the other mantle parameters as derived for the hot case
scenario, since the change in core radius for different core temperatures has only a small influence on the gravitational acceleration at the CMB and other parameters derived from Rc .
!

gm,av αm,av 
Rp − Rc,hot − Dl · 1000 ,
T CMB,cold [K] = T um ·exp dT
Cp,m,av
(22)
where T um is the upper-mantle temperature (here we assume
2000 K for simplicity) at the bottom of the lithosphere
Dl = 250 km. The adiabatic temperature profile is not linear
over the mantle. Instead, the adiabatic temperature increase is
stronger in the upper mantle and more reduced for higher pressures. Using mantle-averaged parameters in Eq. (22) as needed
in our parameterisation would overestimate the CMB temperature. We therefore introduced a pre-factor dT that we empirically
derived to obtain the best approximation of the CMB temperature in comparison to our integrated temperature profile in the
interior structure model. Within our modelled mass and composition range, we find that dT ≈ 0.5.
The temperature jump can be calculated from the difference
between the hot CMB temperature and the cold temperature profile. To account for the existence of a possible D00 layer and to
get a better estimate of the temperature jump from our interior
structure model, we calculated the temperature jump as difference between the hot CMB temperature and the adiabatic mantle
temperature 500 km above the CMB (the here assumed thickness
of the D00 layer) T D00 :

T D00 [K] = T um ·exp dT

!

gm,av αm,av 
Rp − Rc,hot − Dl − D00 · 1000 ,
Cp,m,av
(23)

and finally,
∆T [K] = T CMB,hot − T D00 .

(24)

3.10. Core properties

Based on the core temperature determination, we can now derive
estimates for the core thermodynamic properties, namely the
Grüneisen parameter, the thermal expansion coefficient and the
heat capacity. The scaling laws were first derived for the cold
temperature profile (no temperature jump across the D00 layer)
and then adapted to include the dependence of the temperature
contrast. These formulations then also allow application to other
(e.g. intermediate) temperature profile cases such as the “warm”
case shown in Fig. 1. The influence of core temperature on average core properties is shown in Fig. 7. We obtain the following empirical relationships for the main averaged core properties
derived from our interior structure model using the Holzapfel
EoS (Bouchet et al. 2013):

! 


Mp 0.17  
 · 1 + ∆T −0.58 ,

(25)
γc,av = 1.66 − 0.4 ·
MEarth
" # 

1
4.464
αc,av
= 6.33 + 0.484XCMF
− 0.0462ρ0.5009
c,av,cold
K


× 1 + 0.0034∆T 0.6524 × 10−5 ,
(26)
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Fig. 8. Main planetary parameters for the hot end-member case depending on planet mass (different columns), planet iron content, and iron number
in mantle, assuming an Mg-Si-O ratio similar to Earth. Each row shows a different planet parameter: temperature jump at core-mantle boundary,
planet radius, core radius, and pressure at the core-mantle boundary and in the centre of the planet. Each row uses a fixed colour scale to highlight
the variation with planet mass.

"
Cp,c,av

# 
!0.286 


 Mp
J


= 880 + 0.0163T CMB,cold − 191
kg K
MEarth


× 1 + 0.0023∆T 0.69 .
(27)

3.11. Centre-of-planet values

Based on the core-averaged thermodynamic parameters and radii
calculations above, we can derive the pressure and temperature
at the centre of the planet via
pcentre [GPa] = pCMB + dp gCMB ρc,av Rc · 1000 × 10−9 .
(28)
As before, dp is a pre-factor that we introduce to obtain the
best approximation of the central pressure in our parameterised
model compared to the interior structure model. The average
gravitational acceleration in the core can be obtained by applying approximately half the CMB value. The density in the core
increases with increasing pressure, and the pressure increase is
not linear with depth. Comparison with our interior structure
model reveals that a factor of dp ≈ 0.58 yields the lowest error in
a central pressure estimate. For the cold temperature profile, we
apply the cold estimates for CMB pressure, average core density,
and core radius:
!
gCMB αc,av
Rc ·
(29)
T centre [K] = T CMB · exp dT
Cp,c,av
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Similarly, for the cold temperature profile, T CMB , Rc,cold ,
αc,av,cold , and Cp,c,av,cold need to be applied.
Our parameterisations build upon one another – for example,
to calculate the temperature in the centre of the planet, we first
need to derive the CMB temperature and the gravitational acceleration at the CMB, core thermodynamic parameters as well as
the core radius. Still, as can be seen in Figs. 4–7, our errors stay
within few percent for all scaling laws, since we mainly used
first-principle relationships to relate the different planet properties to each other.
Figures 8 and 9 give a more quantitative overview of how
the main planet parameters (radii, pressures, and temperature
jump at the CMB) as well as core parameters (temperature, density, heat capacity, thermal expansion coefficient, and Grüneisen
parameter) change with planet mass, iron fraction and mantle
iron number.

4. Discussion
We derive scaling relationships for the most important planet
parameters and thermodynamic parameters in mantle and core
for planets composed of Mg, Si, Fe, and O, which are the
main elements the Earth is made of. Though other chemical
elements (for example Na, Ca, and Al) and minerals (such as
pyroxenes, SiO2 , Ca-perovskite) are important for Earth’s crustal
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Fig. 9. Main thermodynamic parameters in the core for the hot end-member case depending on planet mass (different columns), planet iron content
and iron number in mantle, assuming an Mg-Si-O ratio similar to Earth. First row: temperature in the centre of the planet, followed by the averaged
core thermodynamic values for density, heat capacity, thermal expansion coefficient, and Grüneisen parameter. Each row uses a fixed colour scale
to highlight the variation with planet mass.

composition and chemical processes in the mantle (e.g. for the
hydration of mantle minerals, partitioning behaviour upon melting), the interior structure and main thermodynamic properties
are mostly defined by olivine and its high-pressure equivalents, perovskite, post-perovskite, magnesiowustite, and iron.
We therefore limit our study to these main components. Since
Mg, Fe, and Si condense at similar temperatures in the accretion disk (Lodders 2003), we expect that for exoplanets forming
in the inner part of the accretion disk, these elements are the
major players for defining the mantle minerals of rocky planets
(equally to the Solar System). Here, we therefore investigated
only planets with a pure iron core and a rocky mantle made
of Mg2 SiO4 and Fe2 SiO4 in the upper mantle, and MgO, FeO,
MgSiO3 , and FeSiO3 in the lower mantle, to infer the variations
in basic planetary parameters depending on composition, mass,
and temperature profile.
It has been suggested that close-in exoplanets may contain higher Al and Ca abundances than observed in the Solar
System (Dorn et al. 2019) and that stars with very high carbon abundances may lead to planets with completely different chemistries (Kuchner & Seager 2005; Unterborn et al. 2014;
Nisr et al. 2017; Madhusudhan et al. 2012). However, it is not
unlikely to assume that the majority of rocky exoplanets formed
in close proximity to their star (as was the case for the planets
in the inner Solar System) would show mantle minerals quite

similar to Earth with variations in Mg-Fe-Si concentrations
depending on the stellar evolution history (Bitsch & Battistini
2020).
Dorn et al. (2015) and other recent publications have also
shown that the ratio of these elements is related to the abundances of Mg, Si and Fe in the star and can in some cases be
observed in the stellar spectrum. A higher or lower Fe content in the stellar spectrum, for example, would suggest larger
or smaller iron cores in rocky planets orbiting that star, though
other processes such as impacts can change the core-to-mantle
ratio (as seen for the Moon and Mercury in the Solar System). Also, the chemistry in the magma ocean (specifically
the redox state) influences the differentiation of iron into the
core (Elkins-Tanton & Seager 2008; Wohlers & Wood 2017). It
is therefore useful to have a simple tool, as provided here, to
estimate the first-order influence of variable iron contents in the
planet as well as the distribution of iron between mantle and
core.
Our parameterisations are derived from interior-structure
models of planets with a limited mass range (0.8 to 2 Earth
masses), since the equations of state that we use were derived for
the Earth’s pressure range. Scaling the equations of state to more
massive planets adds a potential error due to a lack of experimental or ab initio data. In addition, we do not yet fully understand
the expected mineralogy and rheology at pressures well beyond
A129, page 11 of 13
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Fig. 10. Mass-radius relationship as predicted by our scaling laws for
variable iron contents but with a fixed mantle iron number of 0.1. Solid
lines refer to the range of masses over which our parameterisations were
derived (i.e. close to Earth pressures and temperatures, 0.8 to 2 Earth
masses) and dotted lines refer to an extrapolation of our scaling laws
beyond that range. Black boxes show, for comparison, the actual radius
and mass values calculated with our interior structure model for an iron
content of 0.35 and for masses from 0.1 to 5 Earth masses.

several hundred GPa, and different regimes (such as a different rheology regime, Karato 2011, or post-perovskite dissociation, Umemoto & Wentzcovitch 2011) have been proposed. In
the investigated mass range, our parameterisations are valid with
the errors identified for each scaling law. Nevertheless, due to the
form of our scaling laws, which are mostly derived from firstorder principles, our parameterisations can be extrapolated up to
approximately five Earth masses, which can be seen in Fig. 10.
They are not, however, valid for a planet with a different composition, meaning a planet that is not mainly composed of Fe,
Mg, Si, and O, or that contains mainly SiO2 instead of Mg- and
Fe-rich silicates.
A major factor for determining the size of the metal core is
the efficiency of differentiation between mantle and core, mostly
during the accretion and magma ocean stage of a planet, when
iron droplets can form and sink through the mantle towards the
gravitational centre of the planet, hence the core. This process
also depends on the chemistry of the mantle, since the iron would
be assumed to be in equilibrium with the magma ocean. If the
latter is oxidised, then the iron would form iron oxides instead
of droplets of metallic iron, and would float instead of sinking
to form a core (e.g. Elkins-Tanton & Seager 2008). There are
several factors that influence the oxidation stage of the mantle
(such as delivery of oxidised material, loss of reduced species
to the atmosphere, formation of the core from reduced material, and disproportionation of perovskite in the lower mantle,
Gaillard et al. 2020; Frost & McCammon 2008). It would go
beyond the scope of this study to model variations in magma
ocean oxidation states. Instead, we varied the amount of iron that
may stay trapped in the mantle, which is the effect that an oxidised mantle has on the interior structure. Similarly, lighter elements would be expected to accumulate in the core during core
differentiation. We still do not know which light elements and
A129, page 12 of 13

in what abundance they exist in Earth’s core (several elements
have been suggested such as S, O, C, H, Si, and Mg, Hirose et al.
2013; Badro et al. 2018). Equations of states describing the thermodynamic behaviour of iron alloys with these lighter elements
are, however, sparse for pressures exceeding Earth’s core pressures. In this study, we therefore only concentrated on pure iron
cores without impurities.
The temperature profile that we used for deriving the interior
structure model and the thermodynamic parameters for mantle
and core were derived from a hot to a cold case to encompass a large range of temperature variations in the core, which
would reflect the thermal evolution and cooling of the core over
time. For simplicity, here the mantle temperature was taken as
constant, since the change in mantle temperature is expected
to be about an order of magnitude smaller than for the core
with limited effects in the interior structure of mantle properties
(Herzberg et al. 2010). The profile that we assumed here for the
mantle is an adiabatic profile that is correct for a strongly convecting mantle. A different profile might be expected if the lower
mantle were rather sluggish, as suggested by Stamenković et al.
(2012), Noack & Breuer (2014), Tackley et al. (2013) for rocky
planets more massive than Earth (super-Earths), or if the magma
ocean crystallised not from the bottom up but in a different way
(e.g. Nomura et al. 2011), or if a mantle overturn occurred after
magma ocean crystallisation (Elkins-Tanton 2008; Plesa et al.
2014). However, for the latter two cases, temperature variations
would soon homogenise towards an adiabatic profile due to mantle convection. On the other hand, a possible sluggish lower mantle for massive super-Earths might evolve into a self-regulating
state to allow for more rapid cooling of the lower mantle, leading again to a temperature profile close to what we have assumed
here (Tackley et al. 2013). In any case, our assumed hot temperature scenario exceeds previous estimates on lower mantle
temperatures in super-Earths by 1000 s of Kelvin (see Fig. 3),
which would trigger fast convection in the entire mantle due to
hot plumes forming at the CMB, thus again allowing for an adiabatic mantle temperature profile as assumed.
The reduction in planet radius by thermal contraction from
our hot end-member case to the cold end-member case is negligible, and we can therefore derive one scaling law for the planet
radius independent of temperature (Eq. (5)), with an error of
only 0.307% over all investigated planet structure models. However, this may also be related to our assumption of a fixed mantle temperature profile. If we consider the variations in density
that we would expect if part of or all of the mantle were molten,
then a larger variation in planet radius with temperature would be
expected (Bower et al. 2019). The temperature also has a small
effect on the core radius (Eqs. (9) and (10)), with a change of
1.2% on average from one end-member scenario to the other.
Though this is still negligibly small, the change in core radius
already affects the accuracy of the core scaling laws that build
up on the core radius (such as core density and pressure at
the CMB). The temperature in the core has a huge effect on
other thermodynamic parameters, such as the thermal expansion coefficient and heat capacity (see Fig. 3), which are critical
to understanding the thermal profile and cooling behaviour of
the core, as well as its dynamics possibly leading to a magnetic
field.
In general, the effect of temperature on the interior structure can be derived from the temperature-sensitivity of the core
and mantle densities. In a simple approximation, the density of
a material depends on temperature, following
ρ(T ) = ρ(T ref ) · exp (−α(T − T ref )) ,

(30)
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where α is again the thermal expansion coefficient and T ref the
reference temperature for which the density was derived. In the
results section, we show how the thermal expansion coefficient
depends on composition and temperature. Assuming here a thermal expansion coefficient of 2 × 10−5 1/K for mantle and core
for simplicity (corresponding to a hot core scenario), we can
estimate that for an increase in average planet temperature of
1000 K, the total planet density would be 5% lower, leading to an
increase in planet radius of 1.7%. This does not take into account
additional density variations due to formation of melt, which
would have a larger influence on planet radius (Bower et al.
2019). It should also be noted that the effect of temperature on
planet radius is more extreme when large amounts of water (possibly in the state of higher pressure ice) are present, and it can
exceed several percent (Noack et al. 2016).

5. Conclusions
We provide the community with robust scaling laws for the
interior structure, temperature profiles, and core- and mantleaveraged thermodynamic properties for planets composed of
Earth’s main minerals, but with variable compositions of iron
and silicates. Our investigated temperature profiles reflect the
thermal evolution of the core from a hot profile after magma
ocean solidification to a cold state after efficient cooling of the
planet. The initial temperatures derived in our study exceed
previous estimates on mantle temperatures for more massive
planets, and studies modelling interior dynamics based on such
temperature estimates should be re-investigated. The scaling
laws make it possible to mimic variations in core thermodynamic
properties over time (i.e. due to cooling of the core) in a multitude of applications, for example for deriving composition- and
temperature-dependent mass radius scaling laws, for estimating
the solidification of a core, or for determining possible magnetic
field evolution inside rocky exoplanets’ cores.
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