A&A 615, A10 (2018)
https://doi.org/10.1051/0004-6361/201833035

Astronomy
&
Astrophysics

c ESO 2018

Combined dynamical effects of the bar and spiral arms in a Galaxy
model. Application to the solar neighbourhood
T. A. Michtchenko, J. R. D. Lépine, D. A. Barros, and R. S. S. Vieira
Universidade de São Paulo, IAG, Rua do Matão 1226, Cidade Universitária, 05508-090 São Paulo, Brazil
e-mail: tatiana.michtchenko@iag.usp.br; jacques.lepine@iag.usp.br; douglas.barros@iag.usp.br
Received 16 March 2018 / Accepted 17 April 2018
ABSTRACT
Context. Observational data indicate that the Milky Way is a barred spiral galaxy. Computation facilities and availability of data from

Galactic surveys stimulate the appearance of models of the Galactic structure, however further efforts are needed to build dynamical
models containing both spiral arms and the central bar/bulge.
Aims. We expand the study of the stellar dynamics in the Galaxy by adding the bar/bulge component to a model with spiral arms
introduced in one of our previous publications. The model is tested by applying it to the solar neighbourhood, where observational
data are more precise.
Methods. We model analytically the potential of the Galaxy to derive the force field in its equatorial plane. The model comprises an
axisymmetric disc derived from the observed rotation curve, four spiral arms with Gaussian-shaped groove profiles, and a classical
elongated/oblate ellipsoidal bar/bulge structure. The parameters describing the bar/bulge are constrained by observations and the stellar dynamics, and their possible limits are determined.
Results. A basic model results in a bar of 2.9 kpc in length, with a mass of the order of a few 109 M (which does not include the
axisymmetric part of the bulge, which has a mass of about 1010 M ). The size and orientation of the bar are also restricted by the
position of masers with Very Long Baseline Interferometry (VLBI). The bar’s rotation speed is constrained to Ωbar < 50 km s−1 kpc−1
taking into account the allowed mass range.
Conclusions. We conclude that our basic model is compatible with observations and with the dynamical constraints. The model
explains simultaneously the bulk of the main moving groups, associated here with the spiral corotation resonance, and the Hercules
stream, associated with several inner high-order spiral resonances; in particular, with the 8/1 resonance. From the dynamical constraints on the bar’s angular speed, it is unlikely that the bar’s outer Lindblad resonance (OLR) lies near the solar circle; moreover, its
proximity would compromise the stability of the local arm structure.
Key words. galaxies: spiral – Galaxy: kinematics and dynamics – solar neighborhood – methods: analytical – methods: numerical

1. Introduction
The gravitational potential of the Galaxy can be described, with
a good approximation, as the sum of the contributions of mass
components considered as axisymmetric, that is, thick disc,
thin disc (or only one disc), bulge, and stellar and dark matter halo. The effects of these components add up and reproduce the observed rotation curve (e.g. Allen & Santillán 1991;
Barros et al. 2016). The total dynamical mass of the Galaxy
has been estimated using different methods, and is in the range
of 4–9 × 1011 M (Allen & Santillán 1991; Gnedin et al. 2010;
Ablimit & Zhao 2017), with a stellar mass of ∼ 5 × 1010 M
(Bland-Hawthorn & Gerhard 2016).
To describe more precisely the stellar orbits in the Galactic
disc, one must take into account the two main non-axisymmetric
and rotating components: the Galactic bar and the spiral arms. Of
special interest in the study of orbits are the existing resonances
between the rotation frequency of these components (either bar
or spiral arms) and the rotation frequency of the stellar orbits
around the Galactic centre.
In previous papers (Junqueira et al. 2013; Michtchenko et al.
2017, hereafter Paper I), we developed a new model describing the dynamics of spiral galaxies. The model was applied
to the Galaxy, using the observational constraints on the spiral

structure and on its pattern rotation speed (Lépine et al. 2017,
hereafter Paper II). It was found that a corotation zone, produced
by spiral arms, has established in the solar neighbourhood, with
such strong influence on the stellar orbits that the local arm could
be explained by this mechanism. Moreover, our investigations of
the kinematics in the solar neighbourhood have raised an important issue: the influence of the bar on the stellar motion.
Many authors have worked on bar models (e.g.
Dehnen 2000; Pichardo et al. 2004; Bobylev et al. 2014;
Pérez-Villegas et al. 2017; Portail et al. 2017, among others),
and only a few with models of a bar plus spiral arms (Quillen
2003; Antoja et al. 2009, 2011). This situation sheds doubt on
a global view of the stellar dynamics in the disc and makes
fruitful comparisons with observations difficult.
Concerning these comparisons, much attention has been
given to explaining anomalies in the velocity distribution of
stars in the solar neighbourhood, the only region of the Galaxy
for which high-quality stellar proper motions are available.
The velocity distribution in the U–V plane presents a number of structured features, frequently referred to as the moving groups or stellar streams, which have been known for
decades (Eggen 1996; Skuljan et al. 1999; Famaey et al. 2005;
Antoja et al. 2011, among others). The main features are the
Pleiades-Hyades supercluster and the Sirius cluster. Another
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feature, the Hercules stream, draws attention due to the high
velocity of its stars with respect to the Sun; the stars are lagging behind the local standard of rest (LSR) by about 50 km s−1
(Antoja et al. 2008). Famaey et al. (2005) estimated that about
6% of the stars in the solar neighbourhood belong to this stream,
while Dehnen (2000) was the first in giving its dynamical nature.
These anomalies have been tentatively explained by resonances that may occur in the solar neighbourhood. Bensby et al.
(2007) argued that the Hercules stream is possibly due to a resonance produced by the bar. Antoja et al. (2014) and Monari et al.
(2017), among others, have argued that the bar must be fast rotating to explain the Hercules stream by the outer Lindblad resonance (OLR) of the bar near the Sun. It should be noted that,
for a given rotation curve of the Galaxy, the Galactic radius of a
resonance of the bar depends mainly on its rotation speed, and
not on details of the bar model (Paper I).
In the present paper, we add the potential perturbation of the
bar to the model of the spiral arms that we have already investigated in Papers I and II. This allows us to compare the magnitude
of the perturbation caused by the two components, to observe
new interesting features arising from the interaction of the potentials, and to restrict the range of parameters of the bar to be
consistent with observational data.
Our model of the gravitational potential of the central region
of the Galaxy is composed of two objects: the bar and the bulge.
This separation was usual in the past (e.g. Mihalas & Binney
1981, Chapter 1), but is not always made at present. The bulge
is the massive spheroidal component at the centre of the Galaxy,
but, due to its symmetry, it does not participate in the formation of resonances in the Galactic equatorial plane. The bar is
the less massive, elongated structure that is responsible for resonances and interactions with the spiral arms. We do not focus
on the stellar orbits internal to the bar, which maintain its elongated shape, but only on the dynamical interactions taking place
outside the physical volume of the bar. Looking for dynamical
constraints, we vary the parameters of the bar, such as its total
mass, size, current orientation, flattening and rotation velocity,
and discuss their acceptable ranges and positions of resonances.
Among the conclusions that we come to, we argue that it is
possible that the bar rotates with the same velocity as the spiral arms. The main moving groups in the solar neighbourhood
may be associated with the spiral corotation zone, and the Hercules stream is best explained by the 8/1 resonance of the spiral
structure. Moreover, we show that it is unlikely that the bar’s
OLR lies near the solar radius, since this position could produce strong instabilities inside the local arm region due to the
overlap between the spiral corotation resonance and the bar’s
OLR. We also suggest an explanation for the nature of the “long
bar” with dimensions of about 4.5 kpc (López-Corredoira et al.
2007), which contrasts with the more generally accepted “short
bar” (e.g. Bobylev et al. 2014; Wegg et al. 2015).
The structure of the paper is as follows. In Sect. 2, we present
the model with all theoretical assumptions and justifications for
the adopted parameters based on observations. In Sect. 3, we investigate the topology of the perturbation potential and analyse
the corotation zones produced by the spiral and bar/bulge resonances. In Sect. 4, dynamical maps on the R–Vθ plane are presented. Constraints on the bar’s mass are obtained in Sect. 5; the
constraints on other parameters of the bar are further discussed
in Sect. 6, and the effects of the bar’s rotation speed in Sect. 7.
Additional support to the model coming from observations, such
as the distribution of maser sources, the main moving groups,
and the Hercules stream, are explained in Sect. 8, and the conclusions are presented in Sect. 9.
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2. Model
Our model considers the Galaxy composed of three main components interacting gravitationally: the axisymmetric disc, the
four-arm spiral structure and the central bar/bulge component1 .
The two-degrees-of-freedom Hamiltonian, which describes the
stellar motion in the equatorial plane of the Galaxy, can be written in the rotating frame as
H(R, ϕ, pr , Lz , t) = H0 (R, pr , Lz ) + H1 (R, ϕ, t),

(1)

with H0 and H1 being the unperturbed and perturbation contributions, respectively. The perturbation is composed of three
parts as
H1 (R, ϕ, t) = Φsp + Φbar + Φbulge ,

(2)

where Φsp , Φbar , and Φbulge are perturbations due to spiral arms,
bar, and bulge, respectively. The polar coordinates (the Galactocentric radius and azimuthal distance, R and ϕ, respectively)
are defined in the rotating frame, with the angular speed Ωp . The
canonical momenta pr and Lz are the linear and angular momenta
per unit mass, respectively.
2.1. Axisymmetric potential and rotation curve

The one-degree-of-freedom unperturbed part of the Hamiltonian
Eq. (1) is given by Jacobi’s integral as
#
"
1 2 Lz2
H0 (R, pr , Lz ) =
(3)
pr + 2 − Ωp Lz + Φ0 (R),
2
R
where the first term defines the kinetic energy of a star and the
second is a gyroscopic term due to the rotating reference frame,
with pattern speed Ωp . In this work, we generally assume the spiral arms’ speed Ωsp as the pattern speed, Ωp = Ωsp , and, only in
the case when only perturbations due to the central bar/bulge are
considered, do we assume the bar’s rotation speed as a pattern
speed.
The last term in Eq. (3), Φ0 (R), is the Galactic axisymmetric
potential defined by the rotation curve Vrot (R) via the relation
2
∂Φ0 /∂R = Vrot
(R)/R.

(4)

We adopt a realistic rotation-curve model of the Milky
Way based on published observational data (Clemens 1985;
Fich et al. 1989; Reid et al. 2014), which we fit by the sum of
two exponentials in the form (see Paper I for details of the data
used and the fitting procedure)
!
0.034
R
−
Vrot (R) = 298.9 exp −
4.55
R

!2 

3.57 
R

+219.3 exp −
−
(5)
,
1314.4
R 
with the factors multiplying the exponentials given in units of
kilometers per second and the factors in the arguments of the
exponentials given in kiloparsecs. In order to obtain the axisymmetric gravitational potential Φ0 (R), we solve Eq. (4) numerically, using the trapezium rule with adaptive step and adopting
the “numerical infinity” condition Φ0 (1000 kpc) = 0.
It is worth noting that our approximation of Φ0 (R) requires
no assumptions on which components of the Galaxy (stellar or
1

The stellar and dark-matter halos are naturally included in the observed rotation curve (see Sect. 2.1).
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Table 1. Basic values of the physical and geometrical parameters
adopted in the model.

Parameter

Symbol Basic value

Sun’s galactic radius
LSR velocity
Spiral arms
Number of arms
Spiral pattern speed
Pitch angle
Arm width
Scale length
Spiral amplitude
Reference radius
Central bar
Bar’s mass
Bar’s radius
Equatorial flattening
Bar’s initial phase
Bar’s pattern speed
Central bulge
Bulge’s mass
Bulge’s radius
Polar flattening

R
V0

8.0
230

Units
kpc
km s−1

m
Ωsp
i
σ sin i
ε−1
s
ζ0
Ri

4
28.5
−14◦
1.94
4.0
200.0
8.0

–
km s−1 kpc−1
–
kpc
kpc
km2 s−2 kpc−1
kpc

Mbar
Rbar
fbar
0
γbar
Ωbar

1 × 109
2.9
0.7
67.◦ 5
28.5

M
kpc
–
–
km s−1 kpc−1

Mbulge
Rbulge
fbulge

1 × 1010
1.0
0.2

M
kpc
–

gaseous matter, dark matter, etc.) are effectively contributing to the
axisymmetric potential at each radius. However, it must be kept in
mind that radial components (i.e. the components which are independent from the azimuthal angle ϕ) of the central bar and bulge
potentials are already accounted for in the expression in Eq.(4).
2.2. Spiral arms’ potential

The spiral arms’ two-dimensional (2D) potential is introduced as
a logarithmic perturbation to the axisymmetric potential Φ0 (R).
We adopt the Gaussian-shaped azimuthal groove profile for the
spiral potential as described in Junqueira et al. (2013):
R2

Φsp (R, ϕ) = −ζ0 R e− σ2 [1−cos(mϕ−fm (R))]−εs R ,

(6)

where m = 4 is the number of arms and ϕ is the azimuthal angle
in the frame rotating with angular velocity Ωp = Ωsp . The shape
function fm (R) is given by
m
fm (R) =
ln (R/Ri ) + γ ,
(7)
tan(i)
where i is the spiral pitch angle; Ri is a reference radius and γ
is an arbitrary phase angle, whose values define the orientation
of the spirals in the chosen reference frame. The values of the
parameters in Eqs. (6) and (7) adopted in this work, and their
physical meanings are given in Table 1 (the detailed discussion
on this choice can be found in Papers I and II).
Figure 1 shows, by black curves, the loci of four arms on the
(X = R cos ϕ, Y = R sin ϕ)-plane, which were obtained as azimuthal minima of the potential (Eq. (6)) in the reference frame
defined as follows. The origin of the reference frame lies at the
Galactic centre, while the equatorial plane of the Galaxy is defined as a reference plane. The axis X (ϕ = 0) is fixed in such
a way that the Sun’s azimuthal coordinate is ϕ = 90◦ , placing
the Sun on the Y-axis at R = 8.0 kpc (blue cross in Fig. 1). The
orientation of the spiral arms on the X–Y plane is fixed by the
value of the free parameter γ in Eq. (7). We choose the γ-value

Fig. 1. Schematic view of the equatorial X–Y plane of a four-arm spiral barred galaxy in the adopted reference frame. The main perturbation components, such as the spiral arms, the central bar, and the bulge,
were calculated using the parameter’s values from Table 1, except for
the pitch angle i = +14.◦ The position of the Sun is shown by a blue
cross. The bar’s phase with respect to the reference direction (X-axis)
is 67.◦ 5 (or 22.◦ 5 with respect to the Sun). Close to the Sun, Sagittarius
and Perseus arms are identified.

such that the Sun (located at R = 8.0 kpc and ϕ = 90◦ ) is 1 kpc
from the Sagittarius arm locus. Thus we obtain γ = 237.◦ 25 for
the spirals parameters from Table 1.
It is worth noting here the choice of the sign of the pitch angle i. The conventional maps of the spiral structure of the Milky
Way (e.g. Georgelin & Georgelin 1976; Drimmel & Spergel
2001; Russeil 2003; Vallée 2013; Hou & Han 2014, among others) present the Galactic rotation in the clockwise direction from
the viewpoint of an observer located towards the direction of the
North Galactic Pole. In order to follow this convention, the sign
of the pitch angle will be chosen positive for the presentation of
the results obtained.
2.3. Central bar and bulge potentials

We adopt simple models for the Galactic central bar and
bulge, which draw the bar and bulge as homogeneous elongated and oblate ellipsoids2 , respectively. Denoting the main
semi-axes of the ellipsoids as a, b, and c, we have a > b = c,
for the bar, and a = b > c, for the bulge. Then, we introduce
the equatorial and polar flattenings of the bar and the bulge,
respectively, as
a−c
a−b
and
fbulge =
·
(8)
a
a
They are free parameters of our model and the range of their
possible values is analysed in this paper.
fbar =

2

The elongated and oblate ellipsoids are classical figures of equilibrium known as the Jeans and MacLaurin ellipsoids, respectively.
Both are satisfactory first-order approximations of more complex figures of the bar and bulge (Chandrasekhar 1969).
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According to classical theories of potential, the gravitational
potential U generated by a homogeneous ellipsoid at a point P,
with coordinates x∗ , y∗ and z∗ in the reference frame with the origin at the centre of mass of the ellipsoid and the axes aligned to
its main semi-axes, can be written in a generic form as (Duboshin
1968)


3
U(P) = − G M U0 (ζ) + U1 (ζ) x∗2 + U2 (ζ) y∗2 + U3 (ζ) z∗2 , (9)
2
where G is the gravitational constant, M is the total mass of the
ellipsoid and the coefficients U0 (ζ), U1 (ζ), U2 (ζ) and U3 (ζ) are
complex functions of the argument ζ (Eq. (A.5)). In the case of
elongated and oblate ellipsoids, the coefficients can be written
explicitly in elementary functions (see Appendix A).
It is worth noting that the axisymmetric contribution of the
potential U(P) has already been taken into account in the axisymmetric potential Φ0 in Eq. (4) via the observable rotation
curve (Eq. (5)), as discussed above. Therefore, we subtract a
spherical approximation of this contribution from the total U(P)
at the point P(x∗ , y∗ , z∗ ), using Eq. (A.13). It would be interesting to point out similarities and differences between our bar’s
model and that introduced in Dehnen (2000). Indeed, a complex mass structure can be formally presented by a multipole
expansion: Denhen’s model is limited to a low-order quadrupole
term in this series, while our model, extended to higher orders,
is more precise. Moreover, the total mass of the bar appears explicitly in our model, which allows us to investigate its possible
limits. Finally, our model of the bar can be extended to three
dimensions immediately.
In this paper, we study the motion of a star in the equatorial Galactic plane, where the star’s position is given by the
polar coordinates R and ϕ (and z = 0). Due to the symmetry of the bulge, its potential is axisymmetric in this plane, that
is, U1 (ζ) = U2 (ζ) in Eq. (9), and the polar coordinates R and
ϕ can be promptly transformed to the rectangular coordinates
x∗ = R cos ϕ and y∗ = R sin ϕ. In the case of the bar, the transformation to the bar’s reference frame is
x∗ = R cos [ϕ − γbar (t)],

y∗ = R sin [ϕ − γbar (t)].

(10)

Here γbar (t) is the azimuthal phase of the bar, whose motion is
assumed to be a uniform rotation with the angular speed Ωbar
with respect to an inertial frame.
0
The initial orientation of the central bar γbar
with respect to
the X-axis can be defined assuming that two of the four spiral
arms are initially connected with the extremities of the bar3 . This
condition implies that the initial phase of the bar is given as
0
γbar
= fm (Rbar )/m ,

(11)

where Rbar is the semi-major axis (or radius) of the central bar,
m = 4 and fm is the shape function given in Eq. (7). From observations, the current bar’s phase with respect to the Sun varies in
the range from 10◦ to 30◦ (i.e., from 60◦ to 80◦ with respect to
the X-axis) (Bobylev et al. 2014); therefore, using the above expression, we can assume the bar’s radius to be in the range from
2.78 kpc to 3.05 kpc (see details in Sect. 2.4.3).
Figure 1 shows the projection of the central bar on the equatorial plane as a very eccentric ellipse, with the semi-major
0
axis Rbar = 2.9 kpc and the initial phase of γbar
= 67.◦ 5, with
0
respect to the X-axis. This value of γbar
places the bar’s semimajor axis at an angle of 22.◦ 5 with respect to the direction Sun–
3

This is an arbitrary assumption based on a visual inspection of several
images of barred galaxies. We consider several different initial orientations of the bar in Sect. 6.
A10, page 4 of 17

Galactic centre. The eccentricity of the ellipse is defined by the
bar’s flattening, whose starting value is chosen as fbar = 0.7 (see
Table 1).
Finally, Fig. 1 also shows the projection of the central bulge
on the galactic equatorial plane as a circle. The radius of the circle is assumed to be 1 kpc and the polar flattening fbulge = 0.2.
The potential of the oblate ellipsoid that describes the central
bulge introduces no asymmetric perturbations to the star’s motion on the equatorial plane. On the other hand, the axisymmetric
perturbations are already included in the unperturbed potential
Φ0 (R) via the rotation curve, as discussed in Sect. 2.1. Therefore, the bulge’s contribution, Φbulge (R), in the Hamiltonian of
Eq. (2), can be disregarded in the case when the stellar motion
is confined to the equatorial plane. Despite this fact, in this paper, we consider the term Φbulge (R) always together with the term
Φbar (R, ϕ, t), referring to them as a bar/bulge perturbation.
2.4. Choice of the mass of the central bar and bulge, and the
bar’s rotation speed and size

The application of the model of the bar/bulge requires the knowledge of the parameters of this structure. From these, we paid special attention to the choice of the total mass, rotation speed, and
size of the bar. Indeed, as is shown below, the values of these
parameters are crucial for the stability of solar motion inside the
corotation zone, the stable corotation island encompassing the
Sun (see Paper II).
2.4.1. Setting the bar/bulge mass

The approach adopted in this paper is to consider the bar and
the bulge separately. This is for convenience but is also based on
observational evidence. In a paper analyzing the Spitzer Survey
of Stellar Structure in Galaxies (S4G), Salo et al. (2015) decomposed the brightness profiles of discs and bulge-bar regions of
a large number of galaxies. Furthermore, Meidt et al. (2014) investigated the conversion factor of light to mass, and concluded
that it is a good approximation to consider the same factor for
distinct stellar populations observed at 3.6 microns. Therefore,
the brightness distributions obtained by Salo et al. (2015) can be
directly interpreted as being equivalent to mass distributions. In
many cases, the two components, bar and bulge, were distinguished and fitted in Salo et al. (2015). The brightness profiles
of the bulges, obtained by these authors, closely resemble the
density profile of the bulge of our Galaxy, which can be derived
from the rotation curve.
The peak of the rotation curve at about 300 pc from
the centre is attributed to the bulge (Lépine & Leroy 2000).
Sofue & Nakanishi (2016), from a study of spiral galaxies similar to the Milky Way, found an average value of 2.3 × 1010 M
for the mass of their bulges. In a specific study of the rotation
curve of the Galaxy, Sofue (2013) found 1.80 × 1010 M for the
bulge. The two works on our Galaxy that we have mentioned
are based on fitting the rotation curve, but do not include the
bar among the components, since the contribution of the bar is
not clearly apparent. Therefore, we infer that the mass of the
bar is included in their estimated values of the bulge mass, and,
in addition, that the mass of the bar is smaller than that of the
bulge. Indeed, in galaxies which resemble the Milky Way, such
as NGC 5101 SB and IC 4901 SBbc, the bar/bulge ratios are 0.76
and 0.06, respectively, that is, the mass of the bar is smaller
than that of the bulge. In a recent model, considering the density
of red clump stars from different surveys, Portail et al. (2017)
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concluded that the stellar mass of the bar/bulge is 1.88×1010 M ,
of which 1.34 × 1010 M is located in the bulge and 5.4 × 109 M
in the “long” bar.
The aim of the above discussion was to justify that, in
terms of orders of magnitude, the values of the total masses
of the bar and the bulge of the Galaxy, adopted as ∼109 M
and ∼1010 M , respectively, are good initial approximations. It
should be stressed that our purpose is to explore orders of magnitude of the mass of the bar, and not to perform fine tuning, for
the moment. The mass values of the bulge and of the bar inserted
in Table 1 should be considered as a first step, or basic model,
from which we start the exploration of the range of parameters,
as described in the following sections. Due to the nature of the
present work, which focuses on non-axisymmetric components,
we are only able to find dynamical constraints on the mass of the
bar, but not on that of bulge.

Fig. 2. Relation between the bar’s size Rbar and orientation γbar defined by the Sagittarius and Norma arms (continuous solid curves),
which touch the extremes of the bar, at a given value of Rbar . For
Rbar = 2.9 kpc, the Sagittarius arm reaches the far extremity of the bar
at γbar = −112.◦ 5, while the Norma arm reaches the near extremity of
the bar at γbar = 67.◦ 5. This last value is supported by observations.

2.4.2. Setting the bar’s rotation speed

The rotation speed of the bar is another parameter which seems
to be polemical. Indeed, there is still no observational evidence
which could be used to constrain its value, but only indirect measurements through the dynamical effects produced by the central
bar on stellar orbits. For this reason, different values for the bar’s
speed have been assumed in the literature, and the kinematic
observables are fitted for a range of Ωbar . A recently obtained
good fit gives Ωbar = 39 ± 3.5 km s−1 kpc−1 (Portail et al. 2017).
The stellar kinematics in the close neighbourhood of the Sun and
in particular the bimodality in the UV-velocity distribution (the
Hercules stream) have also been used to evaluate the bar’s rotation speed, but, depending on adopted hypotheses, this approach
provides very different values (Dehnen 2000; Antoja et al. 2014;
Bienaymé 2018). Moreover, these authors usually neglect the
role of the spiral arms in the local kinematics, which, in our view,
is not justified.
N-body simulations seem to be able to partially produce the
bar/bulge structure in the Milky Way and to estimate its rotational speed (e.g. Miller & Smith 1979; Combes & Elmegreen
1993). However, due to the high complexity of the processes involved in the study and a plethora of unknown parameters, any
numerical work is limited to having an illustrative, rather than
conclusive, character, even if flawless.
As we show in this paper, the rotation speed of the bar is
a little restricted by dynamical considerations; it could be any
value over a wide range. We made the initial choice adopting
the same pattern value of the spiral arms, that is Ωbar = Ωsp =
28.5 km s−1 kpc−1 , simply because in this case the Hamiltonian
Eq. (1) is independent of time. It should be stressed that this initial assumption can be justified in a number of ways. The visual
inspection of many images of barred galaxies show that, in general, two spiral arms seem to start at the extremities of the bar. If
the bar were rotating at a different speed, this connection would
suffer a rupture. In particular, in our Galaxy, no such evidence
of a rupture has been reported. On the contrary, the known spiral
arms, as described by the parameters in Paper II, seem to match
the bar extremities well. Among other arguments in favour of a
common rotation speed of the bar and of the spiral arms, is that
if the bar were rotating faster, tidal effects would tend to slow it
down until it reaches synchronization. Interacting galaxies provide good examples of such tidal effects. However, studies of
this process are rare (Łokas 2016).
Furthermore, there are models according to which the spiral arms are formed by the bar, resulting in a single rotating
structure (Sormani et al. 2015), and others in which the contrary

happens. From a cosmogonical point of view, the bar and the spiral arms could be considered as a single structure, in which, for
instance, two components are synchronized by tidal torques. The
(near-)alignment of the main axes of the bar with the centres of
the four corotation islands (in particular, with the L4 centre) may
be an indication of this configuration. In this way, (as initial test
value), we can adopt the rotation speed of the bar as being equal
to the speed of the spirals, 28.5 km s−1 kpc−1 , which was successfully used for the spiral pattern in Paper II. This parameter
is tested in the range from 15 to 70 km s−1 kpc−1 and the constraints on its value are derived (see Sect. 7). Finally, we claim
that the parameters of the bar/bulge should be derived by modelling the origin of this structure (instead of assuming a priori
hypotheses or performing numerical simulations) and compared
to observations, which could support this model.
2.4.3. Setting the bar’s size

Assuming that two of the four spiral arms are initially connected
with the extremities of the bar and setting the initial orientation
of the bar with respect to the X-axis, we restrict the size of the
bar. Indeed, the phase γbar is defined by the radius of the central
bar through the relation in Eq. (11) and Fig. 2 shows γbar as a
function of the bar’s radius Rbar . The radius Rbar = 2.9 kpc provides the phase of the far extremity as γbar = 67.◦ 5, that places
the bar’s major axis at 22.◦ 5 with respect to the Sun.
A number of authors believe that there is a connection
between the size of the bar and its rotation speed that imposes severe restrictions; for example, that the length of the
bar should be close to its corotation radius (Contopoulos
1980). However, this statement is not valid for late-type
galaxies like the Milky Way (Elmegreen & Elmegreen 1989;
Combes & Elmegreen 1993). In the case of the Galaxy, there
is no requirement to have a bar of 2.9 kpc with corotation radius close to the solar radius.

3. Topology of the perturbation potential and
corotation zones
If Ωbar = Ωp , the Hamiltonian given in Eq. (1) is independent
of time in the common rotating frame. The perturbation potential H1 (R, ϕ) is visualised in Fig. 3, where its equatorial nonaxisymmetric components, Φsp (R, ϕ) and Φbar (R, ϕ), are shown as
functions of the Galactic radius. For the sake of comparison, we
A10, page 5 of 17
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Fig. 3. Top: axisymmetric potential Φ0 (R) from Eq. (3) (units are M ,
kpc, and Myr). Positions of the Sun and the ILR are indicated by the
vertical lines at 8 kpc and 2.13 kpc, respectively. Bottom: equatorial nonaxisymmetric components of the perturbation potential: the spiral arms
perturbation, Φsp (R, ϕ) (red curve), and the bar perturbation, Φbar (R, ϕ)
(blue curve). The calculations were done in direction of the bar’s major
axis, with the phase ϕ = 67.◦ 5, and with the parameters taken from
Table 1. We note that all components are plotted with positive sign, in
logarithmic scale; in this case, they are referred to as force functions.

also plot the axisymmetric unperturbed potential at the top of the
figure. We note that the gravitational potentials are plotted with
opposite (positive) sign; to avoid possible misunderstanding, we
refer hereafter to the gravitational potential with positive sign as
a force function. The larger magnitude of the force function will
manifest itself as a stronger perturbation on the stellar motion.
The two components of the perturbation shown in Fig. 3 were
calculated with the basic set of parameters from Table 1 and in
the direction of the bar’s major axis, with ϕ = 67.◦ 5. At radial
distances of the Sun (vertical line at R = 8 kpc), their magnitudes are at least 104 times smaller, when compared to the magnitude of the axisymmetric term Φ0 (R), shown at the top of the
panel. This fact clearly characterises H1 as a small perturbation
to Φ0 in the solar neighbourhood. Moreover, the magnitude of the
force function of the bar (blue curve) in this region is only a quarter of that of the spiral arms’ force function (red curve). We note
that the Sun’s position is close to one local minimum of the spiral
force function (red curve): for the pattern speed adopted as Ωp =
28.5 km s−1 kpc−1 , this minimum lies in the proximity of the corotation radius. We should mention that we have not applied any cutoff radius to the arms at their inner boundary. The spiral structure
is usually believed to start at the inner Lindblad resonance (ILR),
whose position is shown by a vertical dashed line at R = 2.13 kpc
in Fig. 3. However, since this resonance is located inside the bar,
in a region where the effect of the arms is already negligible (with
magnitude of perturbation at least one order smaller than that of
the bar), this option has no effect on the results.
The topological portrait of the perturbation potential
H1 (R, ϕ) in Eq. (2) is illustrated by its levels on the X–Y plane in
Fig. 4. We can distinguish three topologically different regions:
the inner region where the perturbation due to the bar is dominating, the intermediate region where the spiral perturbation is
beginning to gather strength, but is still strongly perturbed by the
bar, and, finally, the outer region where the spiral perturbation is
largely dominating.
In order to outline the inner region, which we refer to as
the zone of influence of the bar, we plot the energy levels in
thick black lines in Fig. 4. The zone of influence extends up to
∼3.5 kpc along the main axis of the bar, that is, beyond the physical extension of the bar with Rbar = 2.9 kpc (see Table 1). The
geometry of the zone of influence also differs from that of an
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Fig. 4. Energy levels of the perturbation potential H1 (R, ϕ) on the representative XY-plane. The levels for which the bar’s perturbations are
dominating are emphasised, showing the zone of influence of the bar.
The position of the Sun is shown by a blue cross. The blue spiral curves
are the azimuthal minima of the potential H1 (R, ϕ): outside the zone
of influence of the bar; they correspond to the loci of the main spiral
arms in our model. In calculations, we used the parameter’s values from
Table 1.

elongated ellipsoid which shapes the bar (see Fig. 1); it is rather
like an observable box-shaped feature.
The other two regions are shown by the levels in grey lines
in Fig. 4. In the intermediate zone, the loci of the azimuthal
minima of the potential H1 (R, ϕ) (blue curves), which, outside the zone of influence of the bar, correspond to the loci
of the main spiral arms in our model, are strongly perturbed;
this is noted from the comparison with the unperturbed spiral
arms shown in Fig. 1. The two arms connected with the extremes of the bar, where the bar’s force function is strongest,
suffer significant deformation, while the other two arms are
partially vanishing. We estimate that the intermediate zone extends up to ∼4.3 kpc until its effects disappear. It is interesting to note that the upper boundary of the intermediate zone
closely matches the position of the “extended bar”, which some
authors observe at Galactocentric distances of 4–4.5 kpc (e.g.
López-Corredoira et al. 2007).
Far away from the central bar/bulge structure, in the outer
region of the Galactic disc, the amplitude of the bar/bulge perturbation decays and is several times smaller when compared
to the strength of the spirals. It is expected that the corotation
zone located close to the Sun will be only slightly affected by
the bar/bulge perturbation. We note that this conclusion is only
valid for the model calculated with parameters shown in Table 1
and will be tested with different values of the physical parameters of the bar/bulge in the following section.
Figure 5 shows the corotation zones originated by the gravitational perturbations due to the spiral arms and the bar/bulge
structure. The corotation zones are visualised separately by plotting the levels of the effective potential (e.g. Paper I),
1
Φeff (R, ϕ) = Φ0 (R) + H1 (R, ϕ) − Ωp2 R2 ,
2

(12)
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of the two unstable saddle points located on the major axis of
the bar (red crosses). We note that one unstable corotation point
lies in almost the same direction as the L4 -centre, with a lag of
∼11.◦ 3. Hereafter, we refer to one of the stable centres generated
by the bar as a B1 -centre.
It is worth emphasising that, in order to construct Fig. 5, the
corotation of each component of the perturbation was calculated
independently from the others. In the case when all components
are interacting between themselves, it is necessary to resolve
Eqs. (1) and (2) in order to decipher which one of the two stable points, L4 - or B1 -centres, is dominating, particularly, in the
solar neighbourhood.

4. Dynamical maps on the R–Vθ plane

Fig. 5. Corotation zones originated by the four-arm spiral perturbation,
with Ωsp = 28.5 km s−1 kpc−1 (black), and by the central bar perturbation, with Ωbar = 40.0 km s−1 kpc−1 (red). The different pattern speeds
were chosen with the purpose of showing each contribution separately.
The values of other parameters were taken from Table 1. The zone of
influence of the bar is centred at the origin; the directions of the major
and minor axes of the bar are shown by dashed lines. The positions of
the stable corotation centres are shown by dots, while the positions of
the unstable saddle points are shown by crosses (see text for details).
The position of the Sun is shown by a blue cross symbol.

for each component of the term H1 (R, ϕ). It is worth emphasising that, for a given rotation curve (Eq. (5)), the location of the
corotation zone depends mostly on the pattern speed, and only
slightly on details of the perturbing potential. In order to show
each contribution separately, different pattern speeds have been
chosen.
The corotation zone of the spiral arms structure, rotating with
the pattern speed of 28.5 km s−1 kpc−1 , is shown by black levels
in Fig. 5. We can see four banana-like islands produced by four
spiral arms; the black dots show the stable centres of the corotation zones characterised by the maxima of the effective potential (Eq. (12)) in the absence of the bar, at R = 8.07 kpc and
ϕ = 78.◦ 5. The centre of the local corotation zone, in which the
Sun is located (blue cross) is referred to hereafter as an L4 -centre.
It should be emphasised that, throughout this paper, the position
of the L4 -centre is calculated in the presence of the bar structure, unless stated otherwise. The stable corotation zones are
separated by the unstable saddle points, shown by black crosses;
these points are generally surrounded by orbits of unstable or
chaotic motion.
The zone of influence of the bar shown by the levels of
H1 (R, ϕ) is centred at the origin in Fig. 5. Avoiding superimposing the contributions of the bar and of the arms, we assume the
bar’s pattern speed of 40.0 km s−1 kpc−1 , and the corotation radius is then obtained as R = 5.81 kpc. The bar perturbation generates two stable corotation centres (red points), located on the
minor axis at opposite sides of the zone of influence of the bar.
Each centre is surrounded by the banana-like domain of stable
motion (red levels), which becomes unstable in the proximity

In this section, the main dynamical features of stellar motion in
the equatorial plane of the Galaxy modelled by Eq. (1) are visualised on the representative R–Vθ plane of initial conditions,
where the stellar azimuthal velocity (measured with respect to
the inertial frame) is defined as Vθ = Lz /R. To construct this
plane, we fix the initial values of the momentum pR at zero. Indeed, all bounded orbits must have at least two turning points,
defined by the condition pR = 0. We can also fix the initial value
of the azimuthal angle ϕ. Indeed, we know that this angle is generally circulating; it oscillates only when the system is inside
a corotation zone, particularly, inside the L4 -corotation shown
in Fig. 5. For the basic set of parameters (Table 1), the position
of the L4 -centre given by the effective potential in Eq. (12) is
R = 8.08 kpc and ϕ = 78.◦ 8; therefore, without loss of generality, the angular variable ϕ can be initially fixed at 78.◦ 8
The first map presents dynamical features produced by the
central bar/bulge structure alone (the pattern speed in this case
is the rotation speed of the bar), with masses of 109 /1010 solar
masses (Fig. 6). The top graph shows the dynamical map and
the rotation curve (blue line), while the bottom graph shows
the dynamical spectrum calculated along the rotation curve
(details on the construction of dynamical maps and spectra
can be found in Appendix B). The interpretation of the map is
simple: lighter grey tones represent regular quasi-periodic orbits, while increasingly dark tones correspond to increasing instabilities and chaotic motion. The resonances are then recognised as dark structures on the map, since the chaotic motion
is associated to resonance separatrices. Finally, periodic orbits
appear as white strips on the dynamical map.
The dynamical spectrum allows us to identify the nature of
resonances while analysing the behaviour of the proper frequencies, fR and fϕ , which are frequencies of the radial and azimuthal
oscillations, respectively. When fϕ tends to zero, we have the
corotation resonance; when fR − n fϕ  0 (n is a simple integer),
we have one of the Lindblad resonances (see detailed description in Paper I). That is exactly what we observe in Fig. 6 (bottom panel): fϕ (and its harmonics, black curves) tends to zero at
R = 8.06 kpc, indicating the corotation zone, while a beating between fR (red curve) and 2 fϕ occurs at R = 2.13 kpc (inside the
zone of influence of the bar) and at R = 12.9 kpc, creating the
ILR and OLR, respectively. There are also two beatings between
third harmonic 3 fϕ and fR (3/1 resonance), but their dynamical
effects are too weak to be observable on the spectrum and on
the map.
According to our model given by the Hamiltonian of Eq. (1),
in the absence of the spiral perturbation, the exact position of
the stable corotation B1 -centre of the bar/bulge, rotating with
the pattern speed Ωp = 28.5 km s−1 kpc−1 , is R = 8.06 kpc and
ϕ = 157.◦ 5. It is far enough from the Sun to be visible on the map
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Fig. 6. Top panel: dynamical map on the R–Vθ plane constructed with
only the bar/bulge perturbation, for the basic set of parameters (Table 1)
and the initial pR = 0 and ϕ = 78.◦ 8 (see text). The light grey tones
represent regular orbits, while increasingly dark tones correspond to increasing instabilities and chaotic motion. The red-hatched regions contain strongly unstable and escaping orbits. The rotation curve is shown
by a blue line. A dashed line delimits the initial conditions whose trajectories are inside or cross the central bar. The position of the Sun is
shown by a blue cross symbol. Bottom panel: dynamical spectrum calculated with the bar model, along with a rotation curve shown by the
continuous blue curve in the top panel. The proper frequency of the azimuthal oscillation, fϕ , and its harmonics are represented by black lines,
while the frequency of the radial oscillation, fR , is represented by a red
line. The location of the corotation, ILR and OLR, is indicated by vertical dashed lines.

constructed with the fixed ϕ = 78.◦ 8. On the other hand, the unstable saddle point of the bar’s corotation is located at ϕ = 67.◦ 5
(see Fig. 5), in the neighbourhood of the Sun. As a consequence,
we observe instabilities associated to this point on the map at the
top of Fig. 6; these instabilities are extended continuously beyond the Sun’s neighbourhood, in the form of a thick strip, for
all Vθ -values. The OLR also appears on the map in a similar way,
as a very thin strip, at large Galactic radii.
On the other hand, the ILR has dominating effects in the inner region of the disc. The initial conditions of the resonant orbits lie inside the zone influence of the bar, which is delimited
by a dashed line in Fig. 6 (top panel); therefore, the detailed
analysis of the resonant dynamics will require a more realistic model for the bar/bulge structure. However, some generic
dynamical features inside this zone should be emphasised in
advance: First, all stellar orbits starting with low azimuthal velocities, Vθ < 100 km s−1 , are orbits which either evolve inside
or cross the zone of influence of the bar, independently of the
initial radial distance. Second, for the mass of the bar/bulge
of 109 /1010 solar masses, the near-circular orbits starting
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Fig. 7. Top panel: same as in Fig. 6 (top panel), except adding the spiral arms perturbation. Bottom: the averaged (red) and maximal/minimal
(black) values of the R-variable calculated over 10 Gyr as function of
initial values of R. The locations of the L4 -corotation and the strongest
resonances are indicated by vertical dashed lines.

inside the bar and close to the rotation curve (blue continuous
curve) are very regular, as is the stellar motion of the objects
with higher azimuthal velocities. Finally, the bar’s perturbation
enhances the resonant effects on these “interior” orbits, even
in the case of high-order resonances, forming a complex resonance web seen in the region below the dashed curve in the
top part of Fig. 6. According to the theories of resonant motion,
depending on initial configurations, some of these resonances
could protect the stellar motion from collisions and escapes,
or, on the contrary, could provoke strong dynamical instabilities. One small domain of such instabilities is shown by a redhatched region in this latter figure.
The second map presented in this section in Fig. 7 is constructed with the same initial conditions as the first map, except
that the spiral arms’ perturbation is added in the model, with
parameters taken from Table 1. The spiral perturbation on the
stellar motion, rotating with the same pattern speed, enhances
the main dynamical features already seen on the map in Fig. 6.
The resonances outside the zone of influence of the bar gather
strength (e.g. the 4/1 ILR which intersects the rotation curve at
R = 5.2 kpc), while the low-velocity motions below the dashed
curve amplify their instabilities. There is only one qualitative
difference between the two maps: the appearance of the stable
corotation region in the Sun’s neighbourhood associated to the
spiral arms.
Using the model given by the Hamiltonian of Eq. (1), we
calculate the global equilibrium for the basic set of parameters
from Table 1 and obtain its exact position at R = 8.08 kpc and
ϕ = 78.◦ 8. This is the L4 -centre of the local corotation zone, and
both the local arm and the Sun are situated inside this region (see
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Fig. 9. Evolution of the radius (top) and phase (bottom) of the global
maximum of the effective potential Eq. (12) as a function of the mass
of the central bar. For smaller values of the bar’s mass, the equilibrium solution is associated to the stable L4 -centre of corotation.
Its monotonous evolution with the increasing mass is interrupted at
Mbar = 2.6 × 1010 M , when L4 -centre becomes unstable and B1 -centre
has maximal energy (see Fig. 5).

Fig. 8. Same as in Fig. 7, except, for the bar’s mass equal to 1 × 1010
solar masses.

Paper II). The presence of the stable corotation zone surrounded
by the thick layer of instability is the central feature of the map
in Fig. 7.
The behaviour of the orbits starting with velocities along the
rotation curve (continuous blue curve) can be observed in the
bottom part of Fig. 7, where we plot the averaged values (red)
and maximal/minimal variations (black) of the radial distance of
the stars, obtained over 10 Gyr, as a function of the initial values of R. As expected, near-circular orbits oscillate with very
small amplitude, unless the motion occurs inside a resonance,
where oscillation amplitude is amplified. This property allows
us to observe passages of the initial conditions through several
resonances in Fig. 7. We note that the vertical axis in the graph
is in logarithmic scale, in which the excitation due to the ILR
(at R = 2.13 kpc) seems to be most prominent. Even in this exceptional case, the trajectories of near-circular objects starting
inside the bar are confined to inside the bar, varying between 1
and 3 kpc.

5. Dynamical constraints on the bar’s mass
All results shown in the previous sections were obtained with
the total mass of the central bar fixed at 109 solar masses. In this
section, we look for constraints on the bar’s mass analysing its
dynamical effects on the stellar motion in the spiral galaxy described by the parameters from Table 1. Once again, we reiterate
that the mass of the bulge cannot be constrained by analysing
the dynamics in the equatorial plane. The first step is to recalculate the dynamical map in Fig. 7, using the same initial
conditions and parameters, except for the bar’s mass, which is
increased tenfold. The top panel of Fig. 8 shows the dynamical
map that is obtained. The comparison between the two maps reveals that perturbation due to the growing bar’s mass affects the

neighbourhood of the Sun, increasing the layers of instabilities.
This effect is a consequence of the fact that the unstable centre of the bar’s corotation, rotating with the same speed of the
spiral arms, is only 11.◦ 3 lagged from the stable L4 -centre. The
Sun is located now outside the corotation zone and its motion is
chaotic.
In the following, we analyse the evolution of the L4 -centre
with the growing bar’s mass. We obtain the location of the global
maximum of the effective potential in Eq. (12) in the equatorial Galactic plane, for different values of the mass of the bar,
but keeping the parameters from Table 1. The solutions obtained
are shown in Fig. 9, where the top graph shows the radial distance Req and the bottom graph shows the azimuthal angle ϕeq
of the global maximum as functions of the bar’s mass from the
range between 1 × 108 M and 5 × 1010 M . When the bar’s
mass is small, the spiral perturbations are dominating and, consequently, the L4 -centre of the spiral corotation is a maximum
of the effective potential in Eq. (12). When the bar’s mass is increasing continuously, the L4 -centre is dislocated slightly from
its initial position at R = 8.06 kpc and ϕ = 76◦ (defined in the
absence of the bar). This shows that the position of the L4 -centre
of corotation depends only slightly on the bar’s parameters.
Figure 9 shows that the continuous evolution of the L4 -centre
with the increasing mass of the bar is suddenly interrupted when
Mbar reaches ∼ 2.6 × 1010 M ; the perturbation of the bar at this
instant becomes dominating and the B1 -centre of the bar’s corotation assumes the role of the global maximum of the effective
potential in Eq. (12). When Mbar continues increasing, the corotation radius of the B1 -centre decreases very slightly, while its
phase, aligned with the minor axis of the bar’s ellipsoid, remains
the same.
To understand the stellar dynamics in this case, we integrate
the orbit of the Sun using two different values of Mbar , 1 × 109
(red) and 3 × 1010 (blue) solar masses, keeping the other parameters from Table 1; the trajectories obtained are shown in
Fig. 10 by red and blue points, respectively. Both orbits, starting
at the same initial configuration (a blue cross symbol), are librating; however, the red path librates around the L4 -centre of the
spiral corotation, while the blue path librates around B1 -centre
of the bar’s corotation. The first orbit oscillates between the
Sagittarius-Carina and Perseus arms, never crossing them; this
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Table 2. Tested limits of the bar’s parameters.

Parameter
Bar’s mass
Bar’s radius
Equatorial flattening
Bar’s initial phase
Bar’s pattern speed

Fig. 10. Two projections of the Sun’s orbit on the X–Y plane, calculated
with Mbar = 1 × 109 M (red) and Mbar = 3 × 1010 M (blue), over 5 Gyr;
all other parameters are taken from Table 1. The initial position of the
Sun is shown by a blue cross. For the smaller bar’s mass, the Sun’s
trajectory oscillates around the L4 -centre, while, for the larger mass, it
oscillates around the B1 -centre. The zone of influence of the bar/bulge
and the loci of the spiral arms are shown by black curves.

Symbol

Tested limits
8

11

Mbar
Rbar
fbar

10 –10
1–6
0.1–0.9

0
γbar
Ωbar

0–180◦
15–70

Units
M
kpc
–
–
km s−1 kpc−1

Fig. 11. Families of the force function of the bar (black) parameterized
by the different values of the bar’s flattening, from 0.1 to 0.9; the rest
of the parameters is taken from Table 1. The force function of the spiral
arms is shown by a red curve.

resonant behaviour is characteristic of the objects from the local
arm (see Paper II). On the other hand, the Sun’s orbit evolving in
the bar’s corotation has a large amplitude of oscillation, crosses
the Sagittarius-Carina and Crux-Centaurus arms, and shows irregular behaviour. From the point of view of conditions that are
favourable to life, the dynamics of the Sun in the former case
would provide a possible upper limit on the bar’s mass.
Moreover, when we return to analyse the dynamical map in
Fig. 8, constructed with Mbar = 1 × 1010 M , we note that almost
the whole domain of the stellar orbits that start inside or cross the
bar (initial conditions below the dashed line) is strongly unstable
(red hatched domains). The graph in the bottom panel of Fig. 8
shows the variation of the orbits starting with near-circular velocities: we plot the averaged values (red) and maximal/minimal
variations (black) of the radial distance of stars as a function of
the initial values of R. We note very large radial excursions of objects starting inside the bar: in a few hundred million years, they
are ejected from the bar’s zone. It is expected that this behaviour
will jeopardise the integrity of the bar structure as a whole. The
quantitative analysis of constraints on the mass of the bar is presented in Sects. 6.2 and 7.

All functions were calculated along the major axis of the bar
fixed at ϕ = 67.◦ 5 (see Sect. 2.3), where the bar’s perturbation is
strongest; the parameters were taken from Table 1.
Figure 11 shows the families as functions of the Galactocentric distance by black curves; for the sake of comparison, we
also plot the force function of the spiral arms by a red curve.
We note that the non-axisymmetric perturbation of the bar becomes stronger with the increasing flattening of the bar, fbar .
The domain of the overlap with the spiral perturbation is also
increasing, which means that the inner and intermediate zone of
the influence of the bar (see Sect. 3) are expanding. Indeed, for
fbar > 0.5, the force function of the bar dominates over the spirals, even beyond its physical extension given by Rbar = 2.9 kpc.
However, Fig. 11 shows that, for Mbar = 109 M , the zone of
influence of the bar never approaches the domain of the spiral
corotation, where the Sun is evolving. Therefore, it is expected
that, for the adopted bar’s mass, the motion of the Sun and the
location of the L4 -centre on the X–Y plane is only slightly affected by increasing fbar .

6. Dependence on the parameters of the bar

6.2. The bar’s size and initial orientation

In this section, we test different physical and geometrical parameters of the bar, such as the bar’s mass, flattening, radius and
initial orientation. The parameters from the basic set (Table 1)
are changed one-by-one, inside the ranges shown in Table 2, in
order to establish their possible limits.

The results obtained in the previous sections are based on the
0
adopted hypothesis that the initial orientation of the bar γbar
defines its radius (see Fig. 2). From observations, the bar’s angle
with respect to the Sun’s direction varies in the range from 10◦
0
to 30◦ (Bobylev et al. 2014), which defines γbar
in the range from
60◦ to 80◦ and, consequently, the bar’s radius in the range from
2.78 kpc to 3.05 kpc. In this section, we relax this restriction and
vary the bar’s radius in the range from 1 kpc to 6 kpc, keeping
0
γbar
= 67.◦ 5.
We test the effects of the bar’s size on the Sun’s motion,
which is representative of the dynamical stability of objects
from the local arm. For this, we construct the dynamical map

6.1. Bar’s flattening

Analysing the bar’s flattening is relatively simple. According to
the definition in Eq. (8), its possible values lie between 0 and
1. We calculate the families of the force function of the bar
parameterized by the different values of fbar , from 0.1 to 0.9.
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the maximum value of the bar’s rotation speed Ωbar : For masses
of the order of a few 109 M , we obtain upper limits on Ωbar .

7. Dependence on the rotation speed of the bar

Fig. 12. dynamical map on the parametric plane Mbar –Rbar showing the
stability of the Sun’s orbits as a function of the bar’s mass and radius.
The orbits are stable in the light domains and are strongly unstable in
the red hatched regions. The parameters adopted in the basic set place
the Sun in the position shown by a blue cross symbol. The values of the
rest of the parameters are taken from Table 1.

on the parametric plane Mbar –Rbar shown in Fig. 12. Varying the
bar’s mass in the range between 108 M and 1.5 × 1010 M and
the bar’s radius between 1 kpc and 6 kpc, we analyse the dynamical stability of the Sun, with coordinates X = 0 and Y = 8.0 kpc,
and the velocities pR = −11 km s−1 and Vθ = 242.24 km s−1 . The
rest of the parameters are taken from Table 1.
The perturbations to stellar motion due to the bar are weak in
the light-tone domain on the dynamical map in Fig. 12; they increase in the darker zones and provoke strong instabilities in the
red-hatched region. The fine effects in the solar motion shown
by slight variations of grey tones in the domain of stable orbits are not analysed here. The analysis of the map shows the
effects of the mass of the bar and of its radius on the stability of the solar orbit: the increasing mass reduces the stability
of the stellar motion inside the corotation zone, while the decreasing radius enhances this stability. Both parameters are saturated: the bar’s mass at ∼109 M and the bar’s radius at ∼1.7 kpc.
For the adopted value Rbar = 2.9 kpc, the current motion of
the Sun and objects from the local arm remains stable up to
Mbar ≈ 5 × 109 M .
0
The parameter γbar
defines the initial orientation of the
bar in the chosen reference frame and its value, fixed at
67.◦ 5 (see Table 1), is tightly constrained by observations (e.g.
Bobylev et al. 2014). In this configuration, the unstable saddle
point of the bar’s corotation approximately matches the position
of the stable L4 -centre of the spiral corotation, if the rotation
speed of the bar is equal to the speed of the spiral structure
(see Fig. 5). Indeed, in this case, the relative angular lag between these points is of only 11.◦ 3, and the corotation radii of
the bar and the spiral arms are the same. It is clear that this situation could be unfavourable for the stability of the L4 -centre,
since the instabilities caused by the bar’ saddle point affect the
L4 corotation zone. However, the calculations made throughout
this paper show that, for Mbar < 5 × 109 M , the bar produces
only insignificant modulations in the location of the corotation
L4 -centre. What happens for the different values of the bar’s
speed is discussed in the following section. We see below that
there is a correlation between the maximum value of Mbar and

There is enough evidence that the corotation radius of the spiral structure is close to the solar radius (see Paper II and references therein). We assume that the spiral arms rotate with the
pattern speed fixed at Ωsp = 28.5 km s−1 kpc−1 . The bar/bulge is
also rotating, but its angular speed Ωbar is considered as a free
parameter, which varies between 15 and 70 km s−1 kpc−1 in this
section. We also vary the bar’s mass from 1×108 to 1×1011 solar
masses; the values of the rest of the bar’s parameters are fixed at
those shown in Table 1. In particular, we fix Rbar = 2.9 kpc.
In a physically plausible model, the observable structures
must be stable over at least a few billion years (see discussion
in Paper II). There are two physical structures present in our
model which should remain stable over this period: the local
arm, located near the solar radius, and the Galactic bar. Let us
first consider the local arm. Since it is associated with the spiral corotation zone (see Paper II), the stability of this zone is
important for preserving the local arm structure. We analyse the
stability of the spiral corotation zone as a function of the parameters Ωbar and Mbar . We consider in this section, as representative
of this zone, the orbit of the L4 -centre calculated with the parameters of the basic model (see Table 1). Perturbations due to
different angular speeds of the bar structure affect the orbit of
this point, which can even become chaotic.
The top panel of Fig. 13 shows the dynamical map for the
L4 -centre on the parametric plane Ωbar –Mbar . The increasingly
dark tones indicate the appearance of dynamical instabilities
and strong chaotic motions (red hatched regions). Regions of
chaotic motion are associated, for lower values of the bar’s
mass (∼109 M ), with resonance regions generated by the interaction between the bar’s Lindblad resonances and the spiral
corotation zone. The spiral corotation zone is stable for bar’s
masses up to 1010 M , at least in regions far from the main resonances.
The bottom panel of Fig. 13 shows the dynamical power
spectrum for the L4 -orbit calculated along Ωbar -axis, for fixed
Mbar = 1 × 109 M . We clearly see the regions in which
the bar’s main Lindblad resonances cross the spiral corotation
zone. For instance, for Ωbar ≈ Ωsp , we see simultaneous features in the spiral and bar’s corotation resonances, while, for
Ωbar ≈ 47 km s−1 kpc−1 , we see simultaneous features in the spiral corotation and the bar’s OLR. The nominal values of the bar’s
Lindblad resonances are denoted by vertical dashed lines.
In non-linear dynamics studies, this phenomenon
is known as an overlap of resonances (see details in
Lichtenberg & Lieberman 1992). It happens when two (or
more) distinct resonances are sufficiently close to each other
in a phase space and, consequently, their overlap results in
the appearance of widespread (large-scale) chaos. In our case,
there are two distinct sources of resonances: the spiral arms
rotating with the pattern speed Ωp = 28.5 km s−1 kpc−1 , and
the bar rotating with the speed Ωbar , which is varied between
15 and 70 km s−1 kpc−1 . For the bar’s corotation resonance,
for instance, the condition Ωp ≈ Ωbar (but not Ωp ≡ Ωbar )
will produce the overlap with the spiral corotation zone and,
consequently, generate dynamical instabilities. This is what
we observe in Fig. 13, where the domains (in darker tones)
surrounding the nominal position of the main resonances are
chaotic.
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Fig. 14. Dynamical map on the parametric plane Ωbar –Mbar for the orbit
0
with initial conditions R = Rbar , ϕ = γbar
, pR = 0 and Vθ = Vrot (Rbar ),
representative of the bar structure. The light grey tones represent regular orbits, while increasingly dark tones correspond to increasing instabilities and chaotic motion. The red-hatched regions contain strongly
unstable and escaping orbits. We see that, in order to have stability, one
must always have Mbar < 1010 M . This value decreases with Ωbar . For
high values of Ωbar , the region with Mbar ∼ 109 M is unstable.

Fig. 13. Top panel: dynamical map on the parametric plane Ωbar –Mbar
for the L4 -center calculated with the parameters of Table 1 (representing
the spiral corotation zone); L4 is a fixed point only if Ωbar = Ωp . We
see a wide region of stability (light gray tones) for bar masses of the
order of 109 M and for all values of Ωbar , except in regions when the
spiral corotation zone and the bar’s main resonances overlap. In this
case, there appears a wide region of chaos (dark gray and black tones).
For bar masses greater than ∼1010 M , L4 is strongly unstable for any
value of Ωbar (red hatched region). Bottom panel: dynamical spectrum
of the L4 orbit calculated for Mbar = 109 M . The nominal values of the
bar’s Lindblad resonances are denoted by vertical dashed lines.

Assuming that observable objects avoid the domains of high
instabilities, we can deduce the constraint on the rotation speed
of the bar: its value must lie outside the zones of influence of the
strong low-order resonances on the parametric plane. However,
as shown in all previous sections, the situation is different when
the bar’s speed exactly matches the pattern speed; in this case,
the spiral arms and the bar/bulge form a unique structure whose
origin would still need to be explained.
Another physical structure, which must also be stable, is the
bar itself. In order to quantify this stable behaviour, we associate to the bar an orbit which starts at its near extremity, with
0
initial conditions R = Rbar , ϕ = γbar
, pR = 0 and Vθ = Vrot (Rbar ).
We consider the stability of this orbit as an indicator of the bar’s
stability. The dynamical map for this orbit on the parametric
plane Ωbar − Mbar is shown in Fig. 14. We see that, for all values of Ωbar , the orbit is stable only for Mbar < 1010 M , for low
Ωbar . Moreover, for high Ωbar , a bar’s mass of ∼109 M leads
to a high degree of instability for the orbit. For this range of
masses, stability of this orbit imposes an upper limit of Ωbar <
50 km s−1 kpc−1 .
In summary, for order-of-magnitude estimates, the analysis
done here is sufficient to constrain the bar’s mass to Mbar ∼
2 × 109 M and the bar’s angular velocity to Ωbar <
50 km s−1 kpc−1 . This leads to a situation wherein it is unlikely
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that the bar’s OLR lies near the solar radius, since it should then
have Ωbar ≈ 47 km s−1 kpc−1 , which is close to the upper acceptable limit for Ωbar (see Fig. 14). The bar’s OLR is most probably outside the solar radius. Moreover, Fig. 13 corroborates
this conclusion. The chaotic region originated by the resonance
overlap in the local corotation zone, for Ωbar ≈ 47 km s−1 kpc−1 ,
would be an obstacle for the formation of the local arm (see
Paper II).

8. Possible observational evidence supporting our
model
8.1. The distribution of masers in the central region of the
Galaxy

Our model of the bar predicts the existence of four regions of
complicated geometry around it: the zig-zags in the grooves
which represent the minima of gravitational potential, at the extremities of the bar, and the short sectors of spiral arms, at 90◦
from the main axis. We numbered these regions from 1 to 4 in
Fig. 15. The Galactic longitudes of these regions can be easily
determined graphically by tracing lines joining them to the position of the Sun and measuring their angle with respect to the Y
axis as shown in the figure; they are, respectively, 12◦ , 16◦ , −5◦
(355◦ ) and −22◦ (338◦ ).
The distribution of masers with accurate positions measured
with Very Long Baseline Interferometry (VLBI; see the Bessel
Survey4 ) are displayed in Fig. 15 by green crosses; they allow us to impose restrictions on the size and orientation of the
bar. These masers are associated with massive star-formation
regions and molecular clouds. Observations of external barred
galaxies tell us that there is no star formation inside bars
(James & Percival 2018). Therefore, the abrupt cut in the space
density of masers at the nearest extremity of the bar tells us that
the size of the bar drawn in the figure is approximately correct,
confirming its length of approximately 3 kpc.
4

http://bessel.vlbi-astrometry.org
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others. We believe that the observed anomalous velocities are
due to the flow of gas along the arms. Due to the pitch angle
of the arms and of their zig-zags, velocity components in the
direction of the Sun may appear. Detailed models of the zig-zags
are left for future work.
8.2. Main moving groups and Hercules stream

Fig. 15. As in Fig. 4. The regions from 1 to 4 in the central zone of
the Galaxy are defined in the text. Green crosses are masers with VLBI
measurement of distance. Blue lines represent potential minima (spiral
arms) and red lines potential maxima. The brown dashed lines are tangential lines passing through regions from 1 to 4. The circle represents
the radius of the ILR of the spiral structure, which is the same as the bar
if we adopt the same rotation speed of the two components.

Let us now consider the two masers observed by Sanna et al.
(2014), one H2 O maser with longitude l = 10.◦ 472 and distance
d = 8.55 kpc with respect to the Sun, and the other a methanol
maser with l = 12.◦ 025 and d = 9.43 kpc. Both appear to coincide with the ILR, in a direction where the influence of the bar
is minimal. The parallax measurements of these two masers are
quite accurate, with errors of about 0.008 mas. The LSR velocities of the two sources are high (69 and 108 km s−1 , respectively),
which is consistent with their proximity to the Galactic centre.
We know, from the experience with the local arm discussed in
Paper II, that zones of resonances also harbour regions of star
formation, with the presence of masers. The coincidence of the
two masers with the small-sized zone of potential maximum (as
indicated by the contour lines in Fig. 15) seems to establish a
strong restriction on the inclination of the bar, since a small rotation of the bar would destroy the coincidence, as well as a restriction on the width of the bar.
For the symmetric positive potential zone on the other side
of the bar (region 4), we did not find any report of VLBI observations of masers, but interesting data are available in the literature. Green et al. (2011) investigated the distribution of methanol
maser sources in the inner Galaxy, and found the most prominent tangential direction at a longitude of −22◦ (or 338◦ ) with
a cumulation of masers with a range of velocities that reaches
−80 km s−1 . The authors attribute this feature to the Perseus arm
origin. We note that the segment of arm in region 4 (with negative potential, indicated in blue) is not the origin of the Perseus
arm, in our model. However, we can see from Fig. 15 that it is
situated in the direct prolongation of the Perseus arm, and could
be interpreted as being part of it. The observations of Green et al.
reinforce our interpretation that region 4, situated at a longitude
of −22◦ , is a region containing methanol masers.
The only arms present in our model are the four spiral arms
already discussed in Paper II. In our interpretation of the nature
of the arms, there are no “expanding” arms, as often mentioned
in the literature (e.g. Sanna et al. 2009). The arms rotate with the
general pattern speed, without moving one with respect to the

Many efforts have been dedicated to assessing the origin of the
Hercules stellar stream, detected in the velocity space of the solar neighbourhood. Bensby et al. (2007) analysed age and abundance distributions of stars in the Hercules stream and found
them to be similar to the trends in the thin and thick discs, thus
concluding that the stream is a mixture of thin and thick disc
stars.
Since the work from Dehnen (2000), the origin of the Hercules stream is believed to be due to the dynamical effects of a
fast rotating bar, whose OLR would be placed in the vicinity of
the solar radius. For this, the pattern speed of the bar should be
1.85 times the angular velocity at the Sun’s position. A similar
result was obtained recently by Monari et al. (2017), by combining the catalogues from Gaia DR1 and LAMOST and verifying
that the variation of the position of Hercules in velocity space
as a function of Galactic radius matched the ones predicted by
fast bar models. The authors also point out the contradictory results that come from photometric and spectroscopic stellar surveys and the gas kinematics in the inner Galaxy, which favour a
slowly rotating bar. A reconciliation of the Hercules stream with
a slow bar model was achieved by Pérez-Villegas et al. (2017).
The authors propose the Hercules stream as being made of stars
orbiting the Lagrange points of the bar with a pattern speed of
39 km s−1 kpc−1 ; the stars move outward from the bar’s corotation radius and visit the solar neighbourhood.
Quillen (2003) studied chaos caused by resonance overlap in
a model putting the solar neighbourhood near the ILR of a twoarmed spiral pattern, or near the 4/1 ILR in the case of a fourarmed pattern, and verified that the stellar orbits supporting the
spiral structure and those oscillating with the bar are disrupted
near the bar’s OLR; the spiral structure refined the boundaries
of the Hercules stream in the local velocity space. Fux (2001)
also interpreted the Hercules stream as an overdensity of chaotic
orbits due to the rotating bar (e.g. Famaey et al. 2005).
From the aforementioned results, we would not expect that
our bar model, with a pattern speed of 28.5 km s−1 kpc−1 , placing the bar’s corotation in the vicinity of the solar radius, could
generate a bimodal feature in the local velocity space in the same
way as the cited studies obtained putting the bar’s OLR near the
Sun’s position. Indeed, we verified, from a dynamical map of the
solar neighbourhood on the U–V plane, that a model accounting
solely for the bar and bulge perturbations (with the values of
the parameters taken from Table 1) does not produce a Herculesstream-like feature. In the top panel of Fig. 16, we show the dynamical map of the U–V plane calculated for such a model.
On the other hand, a model accounting for the spiral arms
perturbation produces more interesting features in the dynamical map of the U–V plane. The bottom panel of Fig. 16 shows the
iso-density contours of stars in the observed U–V plane of the solar neighbourhood, taken from data of the Geneva-Copenhagen
survey catalogue (Holmberg et al. 2009), superposed to the dynamical map of the modelled U–V plane. In this case, the model
includes the perturbation from the spiral arms and from the
bar/bulge structure.
The main moving groups (Pleiades, Hyades, Sirius, and
Coma Berenices) lie, approximately, inside the spiral corotation
A10, page 13 of 17
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onance island is seen to extend from V = −60 km s−1 to V =
−40 km s−1 (varying R between 7.7 and 8.3 kpc), thus better
matching the position of the Hercules stream in the observed
UV plane. Also, small displacements of the initial radius, for
example to R = 7.8 or 7.9 kpc, move the whole 8/1 resonance
upwards and produce good matches between this resonance
and the Hercules stream. We also verified that several orbital
trajectories of stars in the Hercules stream present a radial
oscillation compatible with being inside a 8/1 resonance or
quasi-resonance with the spiral pattern. Minor contributions
from the 9/1 and 10/1 resonances may also be expected.
We are the first ones to relate the Hercules stream to the 8/1
ILR and higher-order resonances between a four-armed spiral
pattern structure and the stars in the disc, with the solar neighbourhood in the vicinity of the corotation radius. A thorough
analysis of this association, with simulations of the local U–V
plane produced by stellar orbits under the perturbed potential
model, as well as the relation between the main moving groups
and the corotation zone, is left for future work.

9. Discussion and conclusions

Fig. 16. Top panel: dynamical map on the heliocentric U–V plane. Only
perturbations due to the central bar/bulge are accounted. The light gray
tones represent regular orbits, while increasingly dark tones correspond
to increasing instabilities and chaotic motion. The position of the Sun
and of the density peak of Hercules are shown by blue and magenta
crosses, respectively. Bottom panel: same as on the top graph, except
including perturbations due to the spiral arms; the values of the parameters are taken from Table 1. The iso-density contours of the density
of stars are superimposed and the color bar associates the colors to the
density values (in units of number of objects per a bin of 4 × 4 km s−1 ).

zone. We see a clear correlation between the observed structures
and this resonance (in the central region of the plane). Apart from
the relationship between the main moving groups and the corotation zone, we focus next on the Hercules stream and the chains
of resonances seen in Fig. 16.
The more prominent island of stability in the bottom part
of the dynamical map, with V < -50 km s−1 , is associated with
the 8/1 ILR of the spiral pattern. Here we propose this resonance as a likely dynamical origin of the Hercules stream,
given the proximity between the extensions of these two features in the U–V plane. At first sight, a connection between
these structures is not particularly evident; this is due to the
fact that the orbits for the construction of the dynamical maps
on the U–V plane in Fig. 16 were integrated fixing the initial conditions of the test-particle at R = 8 kpc and ϕ = 90◦ ,
and varying the U and V velocity values. As a consequence,
these conditions influence the aspects and positions of the
chains of resonances in the U–V plane. In fact, if we fix
the initial U–value of the orbits at −28 km s−1 , the 8/1 resA10, page 14 of 17

We have developed a model for the equatorial plane of the
Galaxy, which includes the central bar/bulge structure and the
spiral arms. The simultaneous perturbations of the two components on the stellar motion are of fundamental importance to
constrain the range of acceptable Galactic parameters and to
understand the nature of the resonances that are observed in
the solar neighbourhood. The model of spiral arms was already
presented in Paper I, and most of the effort was now directed to
the bar/bulge model.
Our basic model considers a bar as an elongated ellipsoid
with a semimajor axis of 2.9 kpc and flattening of 0.7, oriented
at 22.◦ 5 from the Sun-Galactic centre direction. Two of the spiral arms are connected to the extremities of the bar. The total
mass of the bar is 109 M , which is distributed uniformly inside
it. The model includes also a spheroidal bulge with a total mass
of 1010 M , whose perturbations are axisymmetric in the equatorial plane and produce no effect on the resonances. In the basic
model, the bar is supposed to have the same rotation speed of
the spiral arms, 28.5 km s−1 kpc−1 , so that the corotation radii of
the bar and of the spiral arms coincide. The bar produces a minimum in the gravitational potential, which almost coincides, in
the azimuthal direction, with the zone of corotation produced by
the spiral arms. However, for a bar with mass equal to 109 M ,
the corotation zone is not affected, since the magnitude of the
perturbation of the bar, at the solar radius, is much smaller than
that of the spiral arms.
We performed tests increasing the mass of the bar, and
noticed that the remaining L4 -centre of corotation becomes displaced towards larger values of the azimuthal angle ϕ and Galactic radius R. An upper limit of about 5 × 109 M can be set, when
this displacement becomes incompatible with the observed position of the local arm, which is supposedly associated with the L4 centre of the corotation zone (see Paper II). Pointing to the same
restriction, the orbit of the Sun becomes chaotic if we adopt a
mass of the bar of 5 × 109 M , keeping the other parameters the
same.
Variations around the parameters of the basic model show
that the stability of the local arm does not impose any strict range
for the bar’s angular velocity Ωbar , except for a few regions of
influence of the main resonances of the spiral pattern. On the
other hand, the stability of the bar itself is also a requirement
our model must satisfy. Taking the near extremity of the bar as
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representative for its stability, we find that the bar’s mass must
be of order of a few Mbar ∼ 109 M , and the bar’s angular velocity is restricted by Ωbar < 50 km s−1 kpc−1 (approximately). Our
choice of a common pattern speed for the arms and the bar in
our basic model is only justified because it seems to be less arbitrary than any other choice, and a stable connection between the
arms and the bar is easier to model and is not in conflict with the
observations.
Although we have not attempted to fine tune any of the parameters, it seems that the basic set of parameters generates a
model which best fits the observed size of the bar, and produces no deformation of the spiral arms situated between the
bar and the Sun, in agreement with the maps of the Galaxy
by Hou & Han (2014). This model does not disturb the zone of
corotation situated near the Sun and gives the best non-chaotic
area around it. The ratio between corotation and bar radius is
2.7, which would be too high for an early type galaxy, but is
perfectly acceptable for an SBbc galaxy, such as the Milky Way
(Elmegreen & Elmegreen 1989).
We showed that the size and the orientation of the bar are well
restricted by the position of maser sources which have distances
given by VLBI measurements. We suggest here that the longer
bar reaching 4.5 kpc observed by López-Corredoira et al. (2007)
may be due to the zone of transition between the spiral arms and
the bar, which could appear as a prolongation of the bar.
Our results suggest that the main moving groups of the solar
neighbourhood (Pleiades, Hyades, Sirius, and Coma Berenices)
belong to the spiral corotation zone. Moreover, we show that the
Hercules stream, constituted of stars of the solar neighbourhood
expanding towards the anti-centre and in counter-rotation direction with respect to the LSR, is close to the zone of stability of
the 8/1 resonance of the spiral arms. We suggest that this is a
better explanation for the Hercules stream than the OLR of the
bar, which has been proposed by several authors. Indeed, that
hypothesis would require a pattern speed of 47 km s−1 kpc−1 , for
which there is no independent observational evidence. Also, this
value is on the edge of the acceptable range of parameters dynamically constrained by our model, so it seems unlikely that
the bar’s OLR lies close to the solar radius. Moreover, if the bar’s
OLR is close to the solar radius, resonance overlap with the spiral corotation zone will generate a wide chaotic region which
would compromise the stability of the local arm structure.
The present model, due to its nature, can be used to predict
the U–V velocity distribution for farther distances from the Sun,
as done in Bovy (2010). The predictions could be compared with
the forthcoming Gaia DR 2, in order to test whether our model
is able to reproduce the velocity distribution observed in the extended solar neighbourhood. This is left for future work.
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For an oblate ellipsoid of rotation with a = b > c, the coefficients Ui (ζ) (i = 0, 1, 2, 3) in (A.4) are defined in closed form
as:

Appendix A: Shape and potential of a
homogeneous ellipsoid of rotation
Let the surface of an ellipsoid be given by the equation
2

2

c U0 (ζ) =

2
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(A.1)
c3 U1 (ζ) =

The ellipsoid is centred at the origin of the reference frame and
its semi-axes, a, b and c, are aligned to the axes x, y and z, respectively. The gravitational potential of the homogeneous ellipsoid
(A.1) with the mass M at the point P(x∗ , y∗ , z∗ ) has the form
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In the case of a homogeneous ellipsoid of revolution, the potential (A.2) can be written as follows.


3
Φ(P) = − G M U0 (ζ) + U1 (ζ) x∗2 + U2 (ζ) y∗2 + U3 (ζ) z∗2 , (A.4)
2
where the coefficients U0 (ζ), U1 (ζ), U2 (ζ) and U3 (ζ) are analytic
functions of the variable ζ given as
a2 − c2
·
c2 + λ

(A.5)

We reiterate that, at an external point, λ is calculated as the positive root of the quadratic equation (A.3). At a point in the interior
of the ellipsoid, λ is always zero, allowing us to introduce a constant ζ0 as
ζ02 =

a2 − c2
.
c2

(A.6)

For an elongated ellipsoid of rotation, a > b = c, the constant ζ0
defines the equatorial eccentricity, while, for an oblate ellipsoid
of rotation, a = b > c, ζ0 defines the polar eccentricity. For a
sphere, the eccentricity is equal to zero, and it increases with
increasing flattening of the spheroid.
For an elongated ellipsoid of rotation with a > b = c, the
coefficients Ui (ζ) (i = 0, 1, 2, 3) in (A.4) are defined in closed
form as:
!
q
1
ln
1 + ζ2 + ζ ,
(A.7)
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(A.10)
(A.11)
(A.12)

Finally, the potential of a homogeneous sphere with mass
M and radius Rsph , which is a particular case of an ellipsoid of
rotation with ζ0 = 0, is written as

p
(a2 + s)(b2 + s)(c2 + s),

where G is the universal gravitational constant; the expression
above is known as Dirichlet integral formula. The lower limit λ
is equal to zero for the calculation of the potential in the interior
of the ellipsoid. At an arbitrary point outside the body, λ is the
positive root of the equation

ζ2 =

c3 U3 (ζ) =

1
arctan (ζ) ,
ζ0
"
#
1
ζ
3
c U2 (ζ) = 3
− arctan (ζ) ,
2ζ0 1 + ζ 2

1 
arctan (ζ) − ζ ·
3
ζ0

Φsph (R) = −GM ×

(3R2sph − R2 )/2R3sph , for R ≤ Rsph ,
1/R,
for R ≥ Rsph .
(A.13)

Appendix B: Spectral analysis method: dynamical
maps and dynamical power spectra
The Spectral Analysis Method is a powerful method in
the study of the dynamical stability of an orbit (for details, see Michtchenko et al. 2002; Ferraz-Mello et al. 2005,
and an application in the context of galactic dynamics in
Michtchenko et al. 2017). The method allows to distinguish between regular and chaotic motions of dynamical systems and
is based on the well-known features of power spectra (plot of
the amplitude of the Fourier transform of a time series against
frequency, see Powell & Percival 1979). It involves two main
steps. The first step is the numerical integration of the equations
of motion defined by the full Hamiltonian Eq. (1). The second
step consists of the spectral analysis of the output of the numerical integrations. The time series giving the variation of stellar orbital elements (e.g. the canonical phase-space coordinates)
are Fourier-transformed using a standard fast Fourier transform
(FFT) algorithm and the main oscillation modes are identified.
For more details about these methods, see Michtchenko et al.
(2017).
B.1. Dynamical maps on representative planes

The power spectrum of a time series presents peaks corresponding to the main frequencies of the orbit. Regular orbits are quasiperiodic and have few frequency peaks, given by the two independent frequencies, their harmonics and linear combinations.
The amplitude of these peaks, however, drops abruptly when we
go to high values. Therefore, their power spectra present only
few significant frequency peaks.
On the other hand, chaotic orbits are not confined to an invariant torus; they span a region with higher dimensionality than
that of the invariant tori. In practice, this means that their power
spectra present a quasi-continuum of frequencies, all of them
with comparable magnitudes. Therefore, the number of significant frequencies (defined here as those with amplitude higher
than 5% of the largest peak in the spectrum) is a quantifier of
chaos. This number is called spectral number N; small values
of N indicate regular motion, while large values correspond to
the onset of chaos. The spectral number N also depends on the
integration time span; the chosen total integration time should
be large enough to allow chaos generated by resonances to be
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noticeable. It is worth noting that the method is robust against
small variations of the minimum peak amplitude.
B.2. Dynamical power spectra

In order to quantify the main oscillation modes of the stellar motion and follow their evolution when initial conditions vary, we
construct a dynamical power spectrum. For this, we Fourier analyse an orbit and plot the frequencies of the significant peaks of its
power spectra as functions of the parameter describing a particular family of solutions. The smooth evolution of the frequencies
is characteristic of regular motion, while the erratic spreading of
the frequency values characterises the strongly chaotic behaviour
of the system.

An example of a dynamical power spectrum is shown on the
bottom panel in Fig. 6. In this case we analyse the oscillations of
the radial (red) and azimuthal (black) coordinates of the objects
along the rotation curve given by Eq. (5), and plot their main
frequencies as functions of their galactic distances R. In the domains of regular motion, these frequencies (as well as their harmonics and possible linear combinations between them) evolve
continuously when the value of R is gradually varied. When the
ILR and the 4/1 resonance are approached, the frequency evolution shows a discontinuity characterised by the erratic scatter
of values when chaotic layers associated with separatrices are
crossed. Inside the corotation and resonant islands, the frequencies split because of the qualitatively distinct dynamics which is
intrinsic of the resonance.
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