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Zdeněk Stuchlík and Martin Kološ
Institute of Physics and Research Centre for Theoretical Physics and Astrophysics, Faculty of Philosophy and Science,
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ABSTRACT

Frequencies of the three quasi-periodic oscillation (QPO) modes observed simultaneously in the accreting black hole GRO J1655-40
are compared with the predictions of models. Models in which all three QPO signals are produced at the same radius are considered:
these include diﬀerent versions of relativistic precession, epicyclic resonance, tidal disruption, and warped disc models. Models that
were originally proposed to interpret only the twin high-frequency QPOs are generalized here to interpret also the low-frequency
QPO in terms of relativistic nodal precession. Inferred values of the black hole mass and spin from each QPO model are compared
with the mass measured from optical observations and the spin inferred from X-ray spectroscopy techniques. We find that along with
the relativistic precession model predicting M = (5.3 ± 0.1) M , a = 0.286 ± 0.004, the so-called total precession model (M =
(5.5 ± 0.1) M , a = 0.276 ± 0.003), and the resonance epicyclic model with beat frequency (M = (5.1 ± 0.1) M , a = 0.274 ± 0.003)
also satisfy the optical mass test.
Key words. X-rays: binaries – black hole physics – accretion, accretion disks

1. Introduction
The relativistic precession (RP) “hot spot” model (Stella & Vietri
1999) of twin high-frequency (HF) quasi-periodic oscillations
(QPOs) combined with the relativistic nodal model of the lowfrequency (LF) QPOs (Stella & Vietri 1998) can be applied well
to the stable twin HF QPOs with 3:2 frequency ratio observed
in the microquasar GRO J1655-40 simultaneously with the related LF QPO (Motta et al. 2014a). Diﬀerent models of the twin
HF QPOs were related to data observed in some other microquasars, giving restrictions on the black hole mass and spin of
XTE J1550-564 (Motta et al. 2014b), or GRS 1915+105 (Török
et al. 2005)1. The models of twin HF QPOs can also give interesting restrictions on parameters of neutron stars (Miller et al.
1998; Zhang et al. 2006; Belloni et al. 2007; Mukhopadhyay
2009; Török et al. 2010, 2012; Lin et al. 2011; Montero &
Zanotti 2012; Pappas 2012; Boshkayev et al. 2014; Stefanov
2014; Stuchlik et al. 2015).
Here we test, whether the models matching the twin
HF QPOs with frequency ratio 3:2 in the microquasars
XTE J1550-56 and GRS 1915+105 could match the three
QPO set observed in the microquasar GRO J1655-40, while
we generalize these models to include the relativistic nodal
1

For the microquasars GRS 1915+105, GRO J1655-40, and
XTE J1550-564, the observed twin HF QPOs with 3:2 frequency ratio
cannot be explained by a fixed oscillation model based on frequencies
of geodesic quasi-circular motion if we assume central Kerr black holes
(Török et al. 2011), while a unique (epicyclic resonance) model exists
(Kotrlová et al. 2014), if the central objects are Kerr naked singularities that have the special characteristic of corotating circular geodesics
(Stuchlík 1980; Stuchlík & Schee 2010).

precession. To match the observational data in GRO J1655-40,
we apply a variety of twin HF QPO models based on the frequencies of the geodesic epicyclic motion of matter in accretion
discs orbiting Kerr black holes, i.e. the orbital (azimuthal) frequency of the circular motion, or the radial and vertical epicyclic
frequencies. The nodal oscillation model based on the LenseThirring frequency of the geodesic motion is applied to the LF
QPO simultaneously observed with the twin HF QPOs. We thus
consider only oscillation models of the twin HF QPOs and the
LF QPOs where purely gravity (geometry) of the Kerr black hole
is essential.
We restrict our attention to the models that assume occurrence of the twin HF QPOs (and the simultaneously observed
LF QPO) at a common radius. We thus exclude the discoseismic models assuming that the oscillatory modes giving the twin
HF QPOs arise at diﬀerent radii of the accretion disc as they
do not interact and evolve independently (Kato & Fukue 1980;
Zanotti et al. 2005). We study the RP model along with its variants and the epicyclic resonance (ER) model and its variants.
We extend this selection for the tidal disruption model where the
twin HF QPOs are created by inhomogeneities deformed to a
ring by tidal forces of the black hole (Čadež et al. 2008; Kostić
et al. 2009), and by the model of warped thin disc oscillations
(Kato 2004, 2008). Frequencies of the twin oscillatory modes
used in the twin HF QPO models are given in Table 1.
Contrary to the Monte Carlo technique applied in Motta et al.
(2014a), here we use the frequency ratio technique inspired by
the resonance conditions relating the dimensionless black hole
spin a to the common dimensionless radius x in the resonance
models of the twin HF QPOs (Stuchlík et al. 2012, 2013).
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Table 1. Restrictions on the parameters M and a of the black hole in the microquasar GRO J1655-40 given by the geodesic QPO models applied
to the simultaneously observed twin HF QPOs and LF QPO.
Model
RP
RP1
RP2
ER
ER1
ER2
ER3
ER4
ER5
TD
WD

νU
νφ
νθ
νφ
νθ
νθ
νθ − νr
νθ + νr
νθ + νr
νr
νφ + νr
2νφ − νr

νL
νφ − νr
νφ − νr
νθ − νr
νr
νθ − νr
νr
νθ
νθ − νr
νθ − νr
νφ
2(νφ − νr )

νlow
νφ − νθ
νφ − νθ
νφ − νθ
νφ − νθ
νφ − νθ
νφ − νθ
νφ − νθ
νφ − νθ
νφ − νθ
νφ − νθ
νφ − νθ

M/M
5.3 ± 0.1
4.9 ± 0.1
5.5 ± 0.1
3.0 ± 0.1
5.1 ± 0.1
2.6 ± 0.1
7.0 ± 0.1
6.8 ± 0.1
1.9 ± 0.1
7.3 ± 0.1
7.4 ± 0.3

a
0.286 ± 0.004
0.284 ± 0.004
0.276 ± 0.003
0.496 ± 0.020
0.274 ± 0.003
0.194 ± 0.002
0.439 ± 0.022
0.288 ± 0.003
0.274 ± 0.005
0.477 ± 0.026
0.490 ± 0.008

r/rg
5.68 ± 0.05
5.81 ± 0.05
5.56 ± 0.05
8.15 ± 0.17
5.67 ± 0.05
6.40 ± 0.03
5.86 ± 0.12
5.22 ± 0.02
7.96 ± 0.06
5.92 ± 0.13
5.94 ± 0.11

(Mmin –Mmax )/M
4.1–17.8
4.1–8.6
4.1–13.4
1.9–7.1
4.1–11.2
2.3–6.6
4.8–16.3
5.6–13.4
1.5–5.5
4.8–17.3
4.8–16.9

amin –amax
0.22–0.38
0.31–0.54
0.19–0.33
0.87–0.96
0.25–0.43
0.87–0.07
0.00–0.24
0.00–0.03
0.98–1.00
0.00–0.24
0.00–0.24

Notes. The last two columns are related to the twin HF QPO models considered without the relation to the low frequency QPO. Diﬀerent models are
used, namely: relativistic precession and its variants (RP, RP1), total precession (RP2), parametric resonance and its variants (ER), tidal disruption
(TD) and warped disc (WD). Dimensionless units are used with rg = GM/c2 .
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2. Observational data of GRO J1655-40
Mass of the GRO J1655-40 black hole is estimated by dynamical
studies based on spectro-photometric optical techniques (Beer
& Podsiadlowski 2002) that are not related to the timing studies based on the X-ray measurements, and the range of allowed
values of the mass parameter reads
Mopt = (5.4 ± 0.3) M .

(1)

The Rossi XTE (RXTE) observatory brings many timing measurements of the X-rays emitted by the GRO J1655-40 source,
which are summarized in Motta et al. (2014a). The LF QPOs
were observed between 0.1 Hz and 30 Hz (Casella et al. 2005;
Motta et al. 2012). However, the most important for our study
is the simultaneous observation of twin HF QPOs at frequencies
∼300 Hz and ∼450 Hz, and the LF QPO at frequency ∼17 Hz
that was reported in Strohmayer (2001).
We shall consider here the group of twin HF QPOs and LF
QPO presented as Sample B1 in Table 2 of Motta et al. (2014a).
The lower and upper frequency of the twin HF QPOs and the
simultaneously observed LF QPO frequency at the sample read
(in Hertz)
fL = 298 ± 4,

fU = 441 ± 2,

flow = 17.3 ± 0.1.

(2)

We use this set of the peak frequencies of QPOs, taking into account the measurement errors of the peak frequencies (centroid
frequencies dominated by statistics of the measurements) to obtain estimates of the GRO J1655-40 black hole mass M and dimensionless spin a. In the following, we use the frequency ratio
method developed in Stuchlík et al. (2013).
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We demonstrate that both a twin HF QPOs model and the
nodal precession model imply a mass-spin relation, and the combination of these two relations gives limits on mass and spin of
the black hole. The limits on the mass of the GRO J1655-40
black hole implied by the models are tested by the mass limits
obtained from the optical measurements (Beer & Podsiadlowski
2002), while the limits on the spin can be tested by limits from
X-ray spectral measurements which might be aﬀected by substantially higher systematics.
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Fig. 1. Radial profiles of the orbital, radial, and latitudinal harmonic frequencies νφ (r), νr (r), and νθ (r) related to the static distant observers for
particle oscillations relevant for the ER model (left) and their combinations related to the RP model (right).

3. Oscillation models with frequencies governed
by geodesic quasi-circular motion
In the Kerr spacetimes, circular geodesics can exist only in the
equatorial plane (Bardeen et al. 1972; Stuchlík 1980). The orbital frequency νφ of the circular geodesic motion, the vertical epicyclic frequency νθ , and the radial epicyclic frequency νr
of the near-circular epicyclic motion are given and discussed
in Aliev & Galtsov (1981), Stella & Vietri (1998), Török &
Stuchlík (2005) and Stuchlík & Schee (2012). Radial extension of the quasi-circular geodesic motion has been discussed
in Stuchlík et al. (2011).
The hot spot models assume radiating spots in thin accretion
discs following nearly circular geodesic trajectories. In the standard RP model (Stella et al. 1999), the upper of the twin frequencies is identified with the orbital (azimuthal) frequency, νU = νφ ,
while the lower one is identified with the periastron precession
frequency, νL = νφ − νr . The LF QPOs are related to the nodal
(Lense-Thirring) precession with frequency νnod = νφ − νθ . The
radial profile of the frequencies νU and νL of the RP model is
presented in Fig. 1. From the variants of the RP model (Stuchlík
et al. 2013), we select the RP1 model introduced in Bursa (2005),
where νU = νθ and νL = νφ − νr , and the “total precession model”
RP2 introduced in Stuchlík et al. (2013), where νU = νφ and
νL = νθ − νr (see Table 1). Both the RP1 and RP2 models predict
frequencies νU and νL close to those of the RP model. The combination of the RP model of twin HF QPOs and the nodal model
of LF QPO is a fundamental feature of the hot spot kinematic
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QPO model introduced in Stella & Vietri (1999), Stella et al.
(1999). Here we apply the assumption of relevance of the nodal
frequency model for the LF QPO to both the RP1 and RP2 models of twin HF QPOs – the frequencies νφ and νθ entering the
nodal frequency are involved in both RP1 and RP2 models.
The tidal disruption (TD) model, where νU = νφ + νr and
νL = νφ , could resemble to some degree the hot spot models
as numerical simulations of disruption of inhomogeneities (e.g.
asteroids) by the black hole tidal forces demonstrate existence
of an orbiting radiating core in the created ring-like structure
(Čadež et al. 2008; Kostić et al. 2009). In order to also apply
the nodal frequency for the LF QPOs, we have to introduce the
assumption of vertical oscillatory motion of the distorted inhomogeneity, as the frequency νθ is not included in the TD model.
The epicyclic resonance (ER) models (Abramowicz &
Kluźniak 2001) consider a resonance of axisymmetric oscillation modes of accretion discs that can be geometrically thin, with
geodetical radial profile of angular velocity (Novikov & Thorne
1973; Page & Thorne 1974), or toroidal and geometrically thick,
having an angular velocity radial profile governed by gravity and
pressure gradients (Kozlowski et al. 1978; Abramowicz et al.
1978; Stuchlík et al. 2009). Frequencies of the disc oscillations
are related to the orbital and epicyclic frequencies of the circular geodesic motion for both geometrically thin discs (Kato
et al. 1998; Kato 2004) and slender toroidal discs (Rezzolla
et al. 2003; Montero & Zanotti 2012). The radial profile of the
frequencies νU and νL of the ER model is presented in Fig. 1.
In the ER model that has axisymmetric oscillatory modes with
frequencies νθ and νr , the oscillating torus (or circle) is assumed
to be radiating uniformly. A suﬃciently large inhomogeneity
on the radiating torus, which orbits with the frequency νφ , enables the introduction of the nodal frequency related to this
inhomogeneity.
The parametric resonance of the radial and vertical epicyclic
oscillatory modes is governed by the Mathieu equation predicting the strongest resonant phenomena for the frequency ratio 3:2 (Landau & Lifshitz 1969; Nayfeh & Mook 1979). The
forced non-linear resonance admits the presence of combinational (beat) frequencies in the resonant solutions (Nayfeh &
Mook 1979). For example, the beat frequency ν− = νθ − νr
implies the observed frequency ratio νθ :ν− = 3:2 at the radius
where the frequency ratio νθ :νr = 3:1 (Stuchlík et al. 2013). We
also define the beat frequency ν+ = νθ + νr and assume combinations of the epicyclic frequencies with the beat frequencies to
give the variants of the ER model. Five additional variants are
under consideration and are summarized in Table 1. As in the
ER model, we assume the existence of the additional nodal frequency mode due to a torus inhomogeneity for all five variants.
The warped disc (WD) oscillation model of twin HF QPOs
assumes non-axisymmetric oscillatory modes of a thin disc
(Kato 2004, 2008). For the purposes of the present study, we
include again the nodal precession model of the LF QPOs into
the framework of the WD model. However, for the WD model
with frequencies presented in Table 1, we have to introduce the
vertical oscillatory frequency νθ by assumption of vertical axisymmetric oscillations of the thin disc.
The frequency resonance conditions of the parametric and
forced resonances are identical, but the resonant frequency
width, resonance strength, and time evolution diﬀer (Nayfeh &
Mook 1979). We concentrate on the resonance frequency conditions only. The present quality of the HF QPO measurements
is not suﬃcient to test the detailed predictions of the parametric
or forced resonances. The parametric resonance admits scatter
of the resonant frequencies – the resonance can occur while the

oscillating modes in resonance have a frequency ratio that diﬀers
slightly from the exact rational ratio; the width of the resonance
scatter strongly decreases with increasing order of the resonance
(Landau & Lifshitz 1969). For the forced resonances, the scatter of the frequency ratio from the rational ratio is governed by
non-linear eﬀects (Nayfeh & Mook 1979)2.
The resonance condition is given in terms of the rational fre 2
quency ratio parameter p = mn (Stuchlík et al. 2013). We can
use the generalized condition allowing for the resonance scatter,
assuming a non-rational ratio of the observed lower and upper
frequencies of the twin HF QPOs that is in vicinity of the 3:2 ratio as given by the frequency measurement errors. Then the fre 2
quency ratio parameter simply reads p = ννUL .
For further considerations it is useful to introduce the dimensionless radius by the relation x = r/rg , where the gravitational
radius rg = GM/c2 . The resonance (frequency ratio) relations
determining the dimensionless radius xνU (φ,r,θ)/νL (φ,r,θ) (a, p) where
the twin oscillations with the upper (lower) frequency νU (φ, r, θ)
(νL (φ, r, θ)) determined by a concrete twin HF QPOs model occur are presented in Stuchlík et al. (2013).

4. Matching the observed QPO frequencies
Using the RP model of the twin HF QPOs including the nodal
model of the LF QPO and the Monte Carlo technique of matching the models to the observations, the mass and spin of the
GRO J1655-40 black hole were established with high precision,
M = (5.31 ± 0.07) M and a = 0.290 ± 0.003 (Motta et al.
2014a), in agreement with the mass limit given by independent
optical measurements (Beer & Podsiadlowski 2002).
We assume that the QPOs are governed by the geometry of
the Kerr black hole when a unique relation xνU (φ,r,θ)/νL (φ,r,θ) (a; p)
exists for each oscillation model based on the geodesic motion
(Stuchlik et al. 2015). Using the same frequency set as in Motta
et al. (2014a), but a diﬀerent frequency ratio technique of matching the models to the data, we test whether predictions of the
standard twin HF QPO models extended by the nodal model of
LF QPOs can be in agreement with the optical limit on the mass
of the GRO J1655-40 black hole. We assume that for the twin
HF QPOs any frequency from the interval of allowed values of
the upper (centroid) frequency can be combined with any frequency from the allowed interval of the lower frequency. The
frequency ratio technique consists in the following succeeding
steps that are the same for each of the selected oscillation models
based on the frequencies governed by the geodesic quasi-circular
motion in the Kerr geometry. Because of the same mass scaling of the orbital and epicyclic frequencies valid in the Kerr geometry, the frequency ratio method enables simple and eﬀective
matching to observational twin HF QPO data, as any combination of the orbital and epicyclic frequencies has identical mass
scaling (Stuchlík et al. 2013)3.
2

We expect that the LOFT observatory (Feroci et al. 2012) enables
precision of the frequency measurement that is high enough to follow
the details of the resonant phenomena.
3
The frequency ratio method works for any frequency ratio of twin
HF QPOs in any model of related twin oscillation modes with frequencies having the same mass scaling corresponding to the geodesic
motion. The method can thus also work for the external Hartle-Thorne
geometry describing rotating neutron stars where all three frequencies
of the quasi-circular geodesic motion also have the same mass scaling
(Stuchlik et al. 2015).
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(i) We determine the range of frequency ratio p of the measured
upper and lower centroid frequencies of the twin HF QPOs
with the related errors, e.g. p1 < p < p2 . To find the radiusspin and mass-spin relations with errors implied by the errors
of measured upper and lower twin HF QPO frequencies, it
is enough to consider the frequency ratios at the edges of
the allowed frequency ratio interval, i.e. at the minimal ratio
p = p1 and the maximal ratio p = p2 . These errors represent
maximum errors (rather than statistical errors).
(ii) We use the frequency ratio relation aνU (φ,r,θ)/νL(φ,r,θ) (x, p) for
the maximum and minimum values of the frequency ratio p
and give the related dimensionless radius where the twin oscillations occur xνU /νL (a, p) 4 . For a given ratio p, the radius
xνU /νL (a, p) is considered as a function of spin a in the whole
interval 0 < a < 1.
(iii) The mass-spin relation due to the twin HF QPOs is adjusted by matching the upper model frequency to the upper value of the observed frequencies. For the chosen upper frequency and the radius xνU /νL (a, p) related to the spin a
by the preceding procedures, we determine the relation
νU (φ,r,θ)/νL (φ,r,θ)
MHF
(a, p). We give the relations for p = p1 and
p = p2 .
(iv) The restrictions from the nodal frequency model related to
the LF QPO are given in the same way as for the twin HF
QPOs. At each dimensionless radius predicted by the twin
HF QPOs model, xνU /νL (a, p), we assume the occurrence of
the observed low frequency QPO (at the edges of the interval
given by the measurement error). We thus find the mass-spin
relation related to the LF QPO using the radius-spin relation
related to the twin HF QPOs because the nodal frequency
can be simply expressed in the form
νnod (M, a; p) =

1
2πMx3/2
HF

⎛
⎞−1 ⎡ ⎛
⎞ ⎤
2 ⎟1/2 ⎥
⎜⎜⎜
⎟⎟⎟ ⎢⎢⎢ ⎜⎜⎜
3a
a
4a
⎟ ⎥⎥
⎜⎜⎝1+
⎟⎟ ⎢⎢1− ⎜⎝⎜1−
+ 2 ⎟⎟⎟⎠ ⎥⎥⎥⎦ ,
⎣
3/2 ⎠ ⎢
3/2
x
x
x
HF

HF

HF

(3)
where xHF = xνU /νL (a, p) and is considered for the extremal
values of ratio parameter p. The condition νLFQPO = νnod
then enables the determination of the mass spin relation corνU (φ,r,θ)/νL (φ,r,θ)
responding to the LF QPO, MLF
(a, p).
(v) Combining the restrictions implied by the twin HF QPOs and
the LF QPO under assumption of their occurrence in a comνU (φ,r,θ)/νL (φ,r,θ)
νU (φ,r,θ)/νL(φ,r,θ)
mon radius, MHF
(a, p) and MLF
(a, p),
we obtain restrictions on the black hole mass and spin for
each of the considered twin HF QPO models. The errors in
determining mass M and spin a of the black hole are given
by the intersections of the mass-spin relations related to the
twin HF QPOs and the LF QPO, which are governed by the
statistical errors in the measured QPO centroid frequencies.
The errors of M and a obtained this way are maximum and
slightly larger than those obtained in Motta et al. (2014a).
Results of the numerical calculations for the RP, RP1, and RP2
models are presented in Fig. 2 for the ER and ER1-ER5 models
in Fig. 3 and for the TD and WD models in Fig. 4. The QPO limits on the black hole mass and spin are compared with the mass
limit implied by the optical measurements. The ranges of the
allowed values of the black hole mass and spin determined for
The solution of the equation a = aνU /νL (x, p) is unique in the Kerr
black hole spacetimes (Stuchlík et al. 2013).

4
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Fig. 2. Restrictions on the parameters M and a given by the RP, RP1,
and RP2 models due to the QPO data simultaneously observed in the
microquasar GRO J1655-40. The solid lines are given by the 3νL ∼ 2νU
twin HF QPOs resonance, while the dashed lines are obtained for the
nodal frequency νnod that explains the LF QPOs at the same r3:2 radius.
The crossing of the twin HF QPO and the LF QPO limits implies the
mass and spin of the black hole. The optical mass limit is shaded.

all the selected twin HF QPO models combined with the nodal
model of the LF QPOs are presented in Table 1. The range of
allowed radii of simultaneous occurrence of both twin HF QPOs
and the LF QPO is added. We also add information related solely
to the twin HF QPOs models; we give the interval of mass parameter Mmin − Mmax related to the whole interval of the black
hole spin 0 < a < 1, and the spin interval amin − amax related
to the mass restrictions given by the optical measurements that
simply determine the restrictions of the twin HF QPO models
considered without relation to the LF QPO.
Only three of the considered oscillation models match the
optical mass limit. The RP model predicts M = (5.3 ±
0.1) M , a = 0.286 ± 0.004, in agreement with the limits on
mass and spin predicted by the Monte Carlo method (Motta
et al. 2014a). The so-called total precession RP2 model predicts
M = (5.5 ± 0.1) M , a = 0.276 ± 0.003, while the resonance
epicyclic model ER1 with the beat frequency ν− = νθ − νr = νL
predicts M = (5.1 ± 0.1) M , a = 0.274 ± 0.003. The other oscillation models can be excluded.
As already mentioned in Motta et al. (2014a), the predicted
spin a < 0.3 is much smaller than the estimates implied by
the X-ray spectral analysis. The spectral continuum measurements predict 0.65 < a < 0.75 (Shafee et al. 2006), while the
Fe-line profile measurements predict 0.94 < a < 0.98 (Miller
et al. 2009); we note the clear discrepancy in black hole spin
restrictions given by the two X-ray spectral methods. Since the
spin restrictions implied by both the methods of the X-ray spectral analysis contradict each other, they cannot be simultaneously
matched by the geodesic models of the twin HF QPOs and the
LF QPO.
We can also see in Table 1. that there is no model of twin
HF QPOs that could match the spin limits of 0.65 < a < 0.75
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Fig. 3. Restrictions on the parameters M and a given by the ER, ER1 ER5 models due to the QPO data simultaneously observed in the microquasar GRO J1655-40. The solid lines are given by the 3νL ∼ 2νU
twin HF QPOs resonance, while the dashed lines are obtained for the
nodal frequency νnod that explain the LF QPOs at the same r3:2 radius.
The crossing of the twin HF QPO and the LF QPO limits implies the
mass and spin of the black hole. The optical mass limit is shaded.

given by the X-ray spectral continuum measurements, while the
spin limits 0.94 < a < 0.98 given by the spectral profiled line
measurements can be matched by the ER model, and by its ER5
variant; the ER2 variant only touches the spin interval from below. All the other models predict that the spin is too small to be
matched to the X-ray spectral measurements.

5. Conclusions
We have demonstrated that along with the RP model, the so
called total precession RP2 model and the forced resonance (beat
frequency) epicyclic model ER1 can also explain the twin HF
QPOs simultaneously observed with the LF QPO in the microquasar GRO J1655-40 and predict the black hole mass in the
range 5.1 < M/M < 5.5, in agreement with the mass limit determined by the optical measurements. While the RP model predicts spin a ∼ 0.286, the RP1 and EP1 models predict a ∼ 0.275.
All the models of the twin HF QPOs combined with the
nodal model of the LF QPO, based on combinations of frequencies of the geodesic quasi-circular motion, predict spin a <
0.3, clearly contradicting the spin estimates due to the spectral

a

Fig. 4. Restrictions on the parameters M and a given by given by the
TD and TW models due to the QPO data simultaneously observed in the
microquasar GRO J1655-40. The solid lines are given by the 3νL ∼ 2νU
twin HF QPOs resonance, while the dashed lines are obtained for the
nodal frequency νnod that explain the LF QPOs at the same r3:2 radius.
The crossing of the twin HF QPO and the LF QPO limits implies the
mass and spin of the black hole. The optical mass limit is shaded.

measurements giving a > 0.65, as mentioned in Motta et al.
(2014a) for the RP model5 . If the black hole spin has to be in
agreement with the spin spectral continuum measurements restrictions 0.65 < a < 0.75 (Shafee et al. 2006), no geodesic
model of twin HF QPOs can match the observed 3:2 twin highfrequency modes alone.
It remains to be determined which of the QPO models is the
correct one, if any. All the models are based on the frequencies
of the quasi-circular geodesic motion when gravity is considered to be the only relevant factor, but inclusion of non-geodesic
eﬀects, related to plasma phenomena or fluid pressure for example, could introduce relevant modifications to the QPO models
that have to be addressed in future studies.
Acknowledgements. The authors would like to thank the institutional support
of the Faculty of Philosophy and Science of the Silesian University in Opava,
and the Albert Einstein Centre for Gravitation and Astrophysics supported by
the Czech Science Foundation Grant No. 14-37086G.

References
Abramowicz, M., Jaroszynski, M., & Sikora, M. 1978, A&A, 63, 221
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