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ABSTRACT

Context. The formation and evolution of the cosmic web in which galaxy superclusters are the largest relatively isolated objects is
governed by a gravitational attraction of dark matter and antigravity of dark energy (cosmological constant).
Aims. We study the characteristic density contrasts in the spherical collapse model for several epochs in the supercluster evolution
and their dynamical state.
Methods. We analysed the density contrasts for the turnaround, future collapse, and zero gravity in diﬀerent ΛCDM models and
applied them to study the dynamical state of the supercluster A2142 with an almost spherical main body, making it a suitable test
object to apply a model that assumes sphericity.
Results. We present characteristic density contrasts in the spherical collapse model for diﬀerent cosmological parameters. The analysis
of the supercluster A2142 shows that its high-density core has already started to collapse. The zero-gravity line outlines the outer
region of the main body of the supercluster. In the course of future evolution, the supercluster may split into several collapsing
systems.
Conclusions. The various density contrasts presented in our study and applied to the supercluster A2142 oﬀer a promising way to
characterise the dynamical state and expected future evolution of galaxy superclusters.
Key words. large-scale structure of Universe – galaxies: groups: general

1. Introduction
One of the most remarkable achievements of contemporary cosmology is the discovery of the cosmic web, which is a complex hierarchical network of galaxy systems in which galaxies,
galaxy groups, clusters, and superclusters form interconnected
systems separated by voids of various sizes (Jõeveer et al. 1977;
Jõeveer & Einasto 1978; Zeldovich et al. 1982). In the cosmic
web, the largest relatively isolated systems are galaxy superclusters (de Vaucouleurs 1956; Abell 1958; Jõeveer et al. 1978;
Zucca et al. 1993; Einasto et al. 1994).
The evolution and dynamical state of superclusters have been
analysed with several methods. One of them is the spherical collapse model. This model describes the evolution of a spherically
symmetric perturbation in an expanding universe. Under the assumption of sphericity, the dynamics of a collapsing shell is determined by the mass in its interior. The spherical collapse model
has been discussed in detail by Tolman (1934), Bondi (1947),
Gunn & Gott (1972), Peebles (1980). This model has been used
in the Press-Schechter formalism to evaluate the mass function
of clusters (Press & Schechter 1974) and to analyse the infall of
nearby galaxies into the Virgo cluster (e.g. Karachentsev et al.
2014). A spherical collapse model has been applied to study, for

example, the Corona Borealis supercluster (Small et al. 1998;
Pearson et al. 2014), the Shapley supercluster (Reisenegger et al.
2000; Proust et al. 2006), and the A2199 supercluster (Rines
et al. 2002).
One essential moment in the evolution of a spherical perturbation is called turnaround, the moment when the sphere
stops expanding together with the universe and the collapse begins. At the turnaround, the perturbation decouples entirely from
the Hubble flow of the homogeneous background. Gramann &
Suhhonenko (2002) studied the dynamical state of superclusters
in diﬀerent Λ cold dark matter (ΛCDM) models and showed that
only a small fraction of superclusters or their high-density cores
have already reached the turnaround radius and have started to
collapse at the present epoch. Unlike clusters, superclusters have
not reached a quasi-equilibrium configuration.
In the universe with a critical mass density all regions
with overdensity would eventually collapse. In the standard
ΛCDM model, the universe makes the transition from a matterdominated to a dark-energy dominated stage at the redshift
z ≈ 0.3. As long as the matter density was substantially larger
than the dark energy density, it dominated the evolution of the
universe, decelerating the expansion and driving the formation of
structures with gravitational instability. When the average matter
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density fell below two times the dark energy density (at the redshift z ≈ 0.7), the dark energy started accelerating the expansion, and the formation of structure slowed down. At the present
epoch, when the acceleration of the expansion has recently
started, the largest bound structures are just forming. In the
future evolution of the universe, these bound systems separate
from each other at an accelerating rate, forming isolated “island
universes” (Busha et al. 2005; Dünner et al. 2006; Araya-Melo
et al. 2009). Dünner et al. (2006) analysed the spherical collapse
model to find the minimum mass density required for a spherical
shell to remain bound until a very distant future in an accelerating universe. This density criterion can be used to identify the
superclusters that will eventually turnaround and collapse in the
future. Luparello et al. (2011) used this approach to construct
catalogues of superclusters from the SDSS data, and Chon et al.
(2013, 2014) applied a similar concept to define X-ray superclusters. The mass density required for the future collapse is smaller
than the density required for the turnaround and collapse at the
present epoch.
The presence of the dark energy along with gravitating matter influences the formation of the large-scale structure at all
scales from groups of galaxies to superclusters. Chernin (2001)
introduced a zero-gravity scale, which describes the relation between the gravity force and the antigravity force due to dark energy. At the zero-gravity distance, gravity is equal to antigravity. This defines the minimum mass density for a gravitationally
bound system at the present epoch (see also Teerikorpi et al.
2015, and references therein).
The aim of this Research Note is to analyse the diﬀerent
characteristic densities in the evolution of superclusters applying the spherical collapse model. We study the densities for
the turnaround, future collapse, and for zero gravity in diﬀerent ΛCDM models (Sect. 2). We apply our results to the galaxy
supercluster A2142 (Einasto et al. 2015, hereafter E2015) in
Sect. 3. The A2142 supercluster has a close to spherical highdensity main body. This makes it a suitable object to apply methods, which assume sphericity for the study of its dynamical state.
We use the Hubble parameter H0 = 100 h km s−1 Mpc−1 .

2. Characteristic density contrasts
The density perturbation in the volume V can be calculated as
(1)
Δρ = ρ/ρm ,
where ρ = M/V is the matter density in the volume and ρm =
Ωm ρcrit = 3Ωm H02 /8πG is the mean matter density in the local
universe. For a spherical volume V = 4πR3 /3 one can find that
−3

 
M
R
−12 −1
Δρ = 0.86 × 10 Ωm
·
(2)
h−1 M
h−1 Mpc
From Eq. (2) we can estimate the mass of a structure as

3
M(R) = 1.16 × 1012 Ωm Δρ R/h−1 Mpc h−1 M .
(3)
Table 1 summarises the characteristic density contrasts in diﬀerent ΛCDM models for Ωm values Ωm = 0.3, 0.27, and 1.0. The
value 0.3 is suggested by the Planck results (Ωm = 0.308±0.012,
Planck Collaboration XIII 2015), Ωm = 0.27 was used in E2015
in the study of the A2142 supercluster (below), and Ωm = 1
is used for heuristic reasons (see also Martínez & Saar 2002).
Table 1 shows the density contrast ρ/ρm and also the density contrasts ρ/ρΛ , where ρΛ = Λ/8 π G = ΩΛ ρcrit is the density in
the local universe, which corresponds to the cosmological constant (dark energy), and ρ/ρcrit . We consider the flat cosmological
models, where ΩΛ = 1 − Ωm .
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Table 1. Characteristic density contrasts.
(1)
Ωm
Virial
1.0
0.3
0.27
Turnaround
1.0
0.3
0.27
Future collapse
0.3
0.27
Zero gravity
0.3
0.27
Linear
0.3
0.27

(2)
ρ/ρm

(3)
ρ/ρΛ

(4)
ρ/ρcrit

178
340
360

–
146
133

178
102
97

5.55
12.2
13.1

–
5.21
4.85

5.55
3.65
3.54

7.86
8.73

3.37
3.23

2.36
2.36

4.67
5.41

2.0
2.0

1.40
1.46

1.0
1.0

0.43
0.37

0.3
0.27

Notes. See Sect. 2 for column explanations.

2.1. Turnaround

The spherically averaged radial velocity around a system in the
shell of radius R can be written as u = HR − vpec , where vH =
HR is the Hubble expansion velocity and vpec is the averaged
radial peculiar velocity towards the centre of the system. At the
turnaround point, the peculiar velocity vpec = HR and u = 0. If
vpec < HR, the system expands, and if vpec > HR, the system
begins to collapse.
In the spherical collapse model, the peculiar velocity vpec is
directly related to the density contrast Δρ. If Δρ > ΔρT , then
the perturbed region ceases to expand and begins to collapse.
For Ωm = 1, the density fluctuation at the turnaround point is
ΔρT = (3π/4)2 = 5.55 (see also Martínez & Saar 2002). The
values of the turnaround parameters for various cosmological
models were given in Chon et al. (2015).
For Ωm = 0.27 and ΩΛ = 0.73 the density perturbation at
the turnaround point is ΔρT = 13.1. In this case, the mass of a
structure at the turnaround point is
3

MT (R) = 4.1 × 1012 R/h−1 Mpc h−1 M .

(4)

The mass MT (R) describes the minimum mass needed in the
sphere with radius R for the turnaround and collapse (Gramann
& Suhhonenko 2002). For the same value of Ωm , the turnaround
density in the open model is somewhat higher than in the flat
model (see e.g. Regos & Geller 1989; Gramann & Suhhonenko
2002). However, the eﬀect of the dark energy on ΔρT is small.
2.2. Future collapse

Dünner et al. (2006) studied the spherical collapse in the flat
ΛCDM model with Ωm = 0.3 (ΔρT = 12.2, see Table 1).
They found that the minimum density required for a shell to
remain bound in this model is ρ = 7.86 ρm (2.36 times the
critical density ρcrit ). All systems where the matter density is
ρ = (7.86−12.2) ρm continue to expand at a decelerating rate
and eventually turnaround and collapse in the future. At the
present epoch, the minimum density for a shell to remain bound
is ρ = 7.86 ρm = 3.37 ρΛ . At the final state, when this shell will
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turnaround and collapse, the density in the shell is ρf = 2 ρΛ
(Dünner et al. 2006).
The density criterion ρ > 7.86 ρm was used by Araya-Melo
et al. (2009) to identify the superclusters in the numerical simulations. They analysed the future evolution of these kinds of superclusters from the present time to an expansion factor a = 100.
The spatial distribution of the superclusters remained essentially
the same after the present epoch, reflecting the halting growth
of the cosmic web as the dark energy starts to dominate. During
evolution, the superclusters become more spherical and clusters
in superclusters may merge into one cluster.
Density contrasts for the future collapse for diﬀerent cosmological models were studied by Chon et al. (2015), who showed
that for Ωm = 0.27 the density contrast ΔρFC = 8.73. In this case,
the minimum mass of the structure that will turnaround and collapse in the future is
3

MFC (R) = 2.7 × 1012 R/h−1 Mpc h−1 M .
(5)
The future evolution of superclusters depends on the properties
of the dark energy. For the same value of Ωm , the density contrast
for the future collapse in the open model can be substantially
smaller than that in the flat model (see e.g. Chon et al. 2015). In
these models the growth of the structure also slows down when
the curvature starts to dominate, but this process is not as rapid
as in the models with the dark energy. In the open model with
Ωm = 0.3, the ΔρFC = 2.87 only.
2.3. Zero gravity

We can write the force aﬀecting a test particle with mass m as
the sum of Newton’s gravity force produced by the mass M and
Einstein’s antigravity force due to the dark energy (Chernin et al.
2009),


GM 8πG
4π
F(R) = − 2 +
ρΛ R m =
GR (−ρ + 2 ρΛ ) m. (6)
3
3
R
The gravity and antigravity are equal if ρ = 2 ρΛ (density contrast ρ/ρm = 2 ΩΛ /Ωm ). In this case, the acceleration around the
system in the shell of radius R is du/dt = 0. If ρ < 2ρΛ , the system expands with an accelerating rate (du/dt > 0). This criterion
can be used to define the minimum mass density for a gravitationally bound system at the present epoch (Chernin et al. 2012;
Teerikorpi et al. 2015). For the flat model with Ωm = 0.27, we
find that the density contrast ΔρZG = 5.41. In this case, the mass
of the structure is
3

MZG (R) = 1.7 × 1012 R/h−1 Mpc h−1 M .
(7)
If the mass of the system is smaller than MZG (R) then the system
is not gravitationally bound.
In the standard ΛCDM model, the mass density required for
the future collapse is higher than the mass density for a gravitationally bound system at the present epoch. Not all gravitationally bound systems remain bound in the future. During evolution
systems with ρ = (5.41−8.73) ρm continue to expand along with
the universe. At the final state, when the shells with ρf = 2 ρΛ
turnaround, the zero-gravity scale coincides with the turnaround
scale.
Table 1 presents the characteristic density contrasts for the
turnaround, future collapse, and zero gravity. For comparison,
we also calculated the characteristic density contrasts for the
virialised systems. The virial densities were calculated using the
approximation derived by Bryan & Norman (1998).

We also show the characteristic density contrasts for the linear mass scale in Table 1. In this case, the matter density is
equal to the mean matter density and Δρ = 1. The radial velocity around a system reaches the Hubble velocity u = HR
(vpec = 0). This linear scale is also called the Einstein-Straus
radius (Einstein & Straus 1945; Teerikorpi et al. 2015). From
Eq. (3) we find that the linear mass of the structure, which corresponds to the mean density for Ωm = 0.27, is
3

ML (R) = 0.3 × 1012 R/h−1 Mpc h−1 M .
(8)
For the underdense regions, the mass of the structure
M(R) < ML (R).

3. Application to the A2142 supercluster
We apply the methods described above to study the dynamical
state of the A2142 supercluster. It is the supercluster SCl 001 at
the redshift z ≈ 0.09 from Liivamägi et al. (2012) supercluster
catalogue in which superclusters of galaxies were determined on
the basis of the luminosity density field of the Sloan Digital Sky
Survey (SDSS) MAIN sample galaxies. Liivamägi et al. (2012)
showed that in the supercluster SCl 001 the luminosity density
(calculated with 8 h−1 Mpc smoothing length, D8) is the highest in the whole SDSS MAIN survey region. Recently, E2015
presented a detailed study of this supercluster proposing to call
it the A2142 supercluster, according to its richest galaxy cluster A2142. Details about the supercluster can be found in E2015.
In accordance with E2015 we use the following standard cosmological parameters below: the matter density Ωm = 0.27 and the
dark energy density ΩΛ = 0.73 (Komatsu et al. 2011).
The morphology of this and other superclusters from
Liivamägi et al. (2012) catalogue was studied in Einasto et al.
(2011a) who showed that the A2142 supercluster consists of
a quite spherical main body with outgoing straight filamentlike tail. This makes the A2142 supercluster, and especially its
main body, a suitable test object to apply methods that assume
sphericity.
E2015 analysed the luminosity density distribution in
the A2142 supercluster and showed that it can be divided into
four global density regions. Two high-density regions form a
high-density core of the supercluster, lower density regions form
the outskirts of the supercluster. Figure 1 presents the sky distribution of galaxies in these global luminosity density regions, and
Table 2 summarises their properties.
The A2142 supercluster with its outgoing filament is quite
asymmetrical, therefore we apply a spherical collapse model to
the main body of the supercluster, and to the two group regions
in the tail of the supercluster, as explained below. In addition to
regions defined on the basis of the luminosity density, we choose
the main body of the supercluster as follows: we use luminosity
density limit D8 = 5 (this is the luminosity density limit used to
define superclusters in Liivamägi et al. 2012), and exclude two
regions with galaxy groups from the tail of the superclusters, denoted as (2) and (3) in Fig. 1. These two regions are analysed
separately (see E2015 for details about these regions). In addition, we study the local environment of the main body of the
supercluster denoted as Main+env in Table 2. This region has no
strict density limit. The radii of the regions are given in Table 2.
Table 2 shows that, in addition to the main body of the supercluster, the “Main+env” region only includes the close neighbourhood of its main body, approximately 2 h−1 Mpc from the
supercluster boundaries. This is underdense region penetrated by
A135, page 3 of 6
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Fig. 1. Distribution of galaxies in the A2142 supercluster in the sky
plane in global density regions as described in the text. Red filled circles denote galaxies in the region of global density D8 ≥ 17; yellow
empty circles correspond to galaxies with global density 13 ≤ D8 < 17.
Blue crosses correspond to galaxies with global density 8 ≤ D8 < 13,
and grey Xs galaxies with 5 ≤ D8 < 8. The size of the highest density region is approximately 1.8 degrees, and the size of the region with
D8 ≥ 13 is approximately 3 degrees; sizes in megaparsecs are given in
Table 2. Number 1 marks the Abell cluster A2142, and numbers 2 and 3
indicate two regions of galaxy groups in the tail of the supercluster, as
explained in the text.
Table 2. Density contrasts, masses, and radii of the core and the outskirts regions of the A2142 supercluster.
(1)
D8

(2)
(3) (4)
(5)
(6)
Mdyn
Mest
R Δρdyn Δρest
[1015 h−1 M ] [1015 h−1 M ]
Full scl
2.9
4.3
≥17
1.2
1.4
6 17.9 20.9
≥13
1.7
2.1
8 10.5 13.0
≥8
2.2
3.0 10
7.1
9.7
Main (≥5)
2.5
3.7 13
3.6
5.3
Main+env
2.8
4.6 15
2.6
3.2
(2)
0.10
0.18 2.5 20.4 36.7
(3)
0.30
0.42 2.5 61.2 85.7
Notes. Columns are as follows: (1): Global luminosity density D8 of
the regions (in units of mean luminosity density, mean = 1.65 × 10−2
1010 h−2 L
). Main body of the supercluster is defined as D8 ≥ 5, without
(h−1 Mpc)3
group regions 2 and 3. Main+env denotes main body of the supercluster without group regions 2 and 3, but with local neighbourhood of the
main body; see text for details); (2): the total dynamical mass of groups
(in case of groups with 2 and 3 member galaxies we use median mass);
(3): the total estimated mass of a region (including faint groups and intracluster gas, see text); (4): radius of the region (in h−1 Mpc); (5): density contrast of the region according to the dynamical mass; (6): density
contrast of the region according to the estimated mass.

filaments of galaxy groups and single galaxies outgoing from the
supercluster. These outgoing filaments were shortly discussed
in E2015.
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Fig. 2. Mass corresponding to the turnaround mass MT (R) (red line),
future collapse mass MFC (R) (violet line), zero-gravity mass MZG (R)
(blue line), and linear mass ML (R) (grey line; in units of 1015 h−1 M )
versus radius of a sphere R in diﬀerent dynamical evolution models for
Ωm = 0.27. Filled circles show the total masses of galaxy groups in
regions of diﬀerent global density in the A2142 supercluster (Table 2).
Stars denote estimated masses as explained in the text. Numbers show
global density lower limit for a region (env marks Main+env region, 2
and 3 denote regions of galaxy groups in the tail of the supercluster).

Masses of diﬀerent global density regions are calculated as
follows. Data about galaxy groups in the A2142 supercluster
were taken from the group catalogue by Tempel et al. (2014),
who also calculated group masses on the basis of the virial theorem. We summed group masses in each region, which gives the
dynamical mass of the region. We also calculated the estimated
masses. In each region there are some single galaxies. They may
be the brightest galaxies of faint groups in which other member
galaxies are too faint to be observed within SDSS survey magnitude limits. We used the median mass of groups with less than
five member galaxies in the supercluster as the mass of these
faint groups. To obtain the total mass of these faint groups, this
median mass was multiplied with the number of single galaxies in a region. In addition, we added 10% of the total mass to
the mass of the region as the mass of intracluster gas. The details and references of the calculations of dynamical and estimated masses can be found in E2015. The supercluster’s total
estimated mass is approximately 1.5 times larger than its dynamical mass. This agrees quite well with the estimates given in
Chon et al. (2014), who compared supercluster masses from observations and simulations. In Table 2, we give the density contrasts of these global density regions calculated using dynamical
and estimated masses and radii of these regions.
In Fig. 2 we plot mass M(R) versus radius of a sphere R
for diﬀerent characteristic density contrasts (Eq. (4), (5), (7),
and (8)) and show both the dynamical and estimated masses
of global density regions in the A2142 supercluster (in Fig. 2
Main+env region is denoted as “env”).
Figure 2 shows that points corresponding to the highest density core of the A2142 supercluster (D8 ≥ 17) lie well above the
turnaround line, suggesting that this region has started to collapse. The density contrasts of this region are high (Table 2).
The cluster A2142 lies in this region. We note that most of the
mass in this region comes from the mass of the cluster A2142
with dynamical mass Mdyn = 0.9 × 1015 h−1 M in Tempel
et al. (2014). This value is almost equal to the mass found by
Munari et al. (2014) using several methods (see also discussion

M. Gramann et al.: Density contrasts (RN)

in E2015). Two group regions from the tail of the supercluster
may have started to collapse, too.
According to the estimated mass, the full high-density core
of the supercluster with D8 ≥ 13 may have reached the
turnaround or is close to it. Lower global density regions do not
have high enough mass for the present-day collapse. However,
the estimated mass of the region with D8 ≥ 8 is high enough for
this region to start the collapse in the future, as the FC line in
Fig. 2 and the density contrast in Table 2 show. The outer parts
of the supercluster with 5 ≤ D8 ≤ 8 may separate from the main
body in the future. The filamentary tail of the supercluster (including group regions 2 and 3) lies below global density level
D8 = 8 and probably does not collapse in the future with supercluster main body. If we add this structure to the main body of
the supercluster then the mass, as well as the volume, of the system increases. The increase in mass is not large enough for this
system to collapse as a whole at present or in the future (Fig. 2).
Taking into account that regions 2 and 3 collapse themselves,
the most likely scenario is that these regions (or at least the region 3) will separate from supercluster’s main body. Thus Fig. 2
suggests that the A2142 supercluster may split into several systems in the course of the future evolution.
According to the estimated mass, the gravity-antigravity balance line (zero gravity) in Fig. 2 borders the main body of the
supercluster. Points corresponding to the region, which also includes the close environment of the supercluster lie below the
zero gravity line suggesting that this region is not gravitationally bound. The linear mass scale lies farther away from the supercluster and its close neighbourhood. The zero-gravity line in
Fig. 2 presents in another way some of the information given
by the Λ significance graph (log ρ/ρΛ vs. log R) introduced by
Teerikorpi et al. (2015). This curve corresponds to the horizontal straight line ρ/ρΛ = 2 in the Λ significance graph. The
points lying above this line correspond to the high-density regions of the superclusters, as shown in the present paper for the
A2142 supercluster.

4. Summary
We used the spherical collapse model to study the characteristic density contrasts in the evolution of superclusters. Despite
its idealised nature, the spherical collapse model has been popular because of its simplicity. Also, this model gives a reasonable
description of the collapse of high peaks in a random Gaussian
density field (see e.g. Bernardeau 1994; Mo et al. 2010, and references therein).
We analysed the density contrasts for the turnaround, future
collapse, and zero gravity in the ΛCDM models. The turnaround
marks the epoch when the peculiar velocity reaches the Hubble
velocity (vpec = HR) and the radial velocity around the system is
u = 0. The mass density for the future collapse shows the density
required for the perturbed region to continue to expand with an
decelerating rate and eventually turnaround and collapse in the
future. The zero gravity marks the epoch when the radial acceleration around the system is du/dt = 0: after that the perturbed
region starts to expand with an accelerating rate.
Typically, rich superclusters have a complicated structure
and the models which assume sphericity can be applied to their
central parts only (see e.g. Einasto et al. 2011a, for an analysis of supercluster morphology). The collapsing high-density
cores have been studied in the very rich Shapley and Corona
Borealis superclusters (Reisenegger et al. 2000; Pearson et al.
2014), in the Perseus-Pisces supercluster (Hanski et al. 2001;
Teerikorpi et al. 2015), in the A2199 supercluster, the member

of the Hercules supercluster (Rines et al. 2002; Einasto et al.
2001), and also in the richest supercluster of the Sloan Great
Wall (Einasto et al. 2007, 2011b; Heinämäki et al., in prep.).
Chon et al. (2015) analysed the Shapley supercluster with the
future collapse model and concluded that only the central part of
the Shapley supercluster will form a supercluster in the distant
future.
We applied our results to study the dynamical state of the supercluster A2142 with an almost spherical main body. Our analysis showed that the high-density core of the A2142 supercluster
has already started to collapse. This conclusion was reached also
by E2015. In the course of future evolution the supercluster may
split into several collapsing systems. Araya-Melo et al. (2009)
showed that during the future evolution, groups and clusters in
superclusters may merge. In the A2142 supercluster, merging
groups have been observed in the cluster A2142 region (Eckert
et al. 2014) and perhaps in the outskirts of the high-density core
of the supercluster (Kawahara et al. 2011). In the A2142 supercluster, the zero-gravity line borders the main body of the supercluster. This supports the conclusion that the A2142 supercluster
does not remain bound in the future, its outer parts and tail may
separate from the main body of the supercluster. Also, the close
neighbourhood of the supercluster is not bound to the supercluster and may continue to expand together with the universe.
Density contrasts analysed in our study can be used to study
the dynamical state and future evolution of a large sample of
galaxy superclusters. The study of the galaxy properties in dynamically diﬀerent regions may provide interesting insight for
the environmental studies of the galaxies in superclusters. We
will continue the study of the dynamical state of galaxy superclusters from observations and simulations in a forthcoming
paper.
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