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ABSTRACT

Aims. It is important to know the binary mass-ratio distribution to better understand the evolution of stars in binary systems and to
constrain their formation. However, in most cases, that is, for single-lined spectroscopic binaries, the mass ratio cannot be measured
directly, but can only be derived as the convolution of a function that depends on the mass ratio and on the unknown inclination angle
of the orbit on the plane of the sky.
Methods. We extend our previous method for deconvolving this inverse problem by obtaining the cumulative distribution function
(CDF) for the mass-ratio distribution as an integral.
Results. After a suitable transformation of variables, this problem becomes the same as the problem of rotational velocities v sin i,
allowing a close analytic formulation for the CDF. We here apply our method to two real datasets: a sample of Am star binary systems,
and a sample of massive spectroscopic binaries in the Cyg OB2 association.
Conclusions. We are able to reproduce previous results for the sample of Am stars. In addition, the mass-ratio distribution of massive
stars shows an excess of systems with a low mass ratio, in contrast to what was claimed elsewhere. Our method proves to be very
reliable and deconvolves the distribution from a sample in one single step.
Key words. methods: analytical – methods: data analysis – methods: numerical – methods: statistical – binaries: general –
stars: fundamental parameters

1. Introduction
Knowing the mass-ratio distribution of binary systems is crucial for understanding how stars form and for distinguishing between the various proposed scenarios. Diﬀerent ranges of mass
ratios and separations have been obtained depending on the formation process (e.g., Halbwachs 1987; Mazeh & Goldberg 1992;
Clarke 2007; Kouwenhoven et al. 2009; Bate 2012). Similarly,
the mass-ratio distribution can provide useful information on the
formation channels of various classes of binary stars because it
aﬀects the evolution of a binary system (e.g., Boﬃn et al. 1992;
Halbwachs et al. 2003). In most cases, it is unfortunately impossible to directly measure the mass ratio because we only have
access to the projected quantity q sin3 i, where i is the inclination
angle of the orbit on the plane of the sky and q a function of the
mass ratio (see below).
To deconvolve the mass-ratio distribution function, it is assumed that the rotational axes are uniformly distributed over
the sphere. Based on this assumption, Heacox (1995) discussed
diﬀerent algorithms to distinguish them. Among these algorithms, we find i) the analytic inverse that corresponds to the pioneer work of Chandrasekhar & Münch (1950), giving a formal

solution proportional to a derivative of an Abel integral; and
ii) the iterative inverse that corresponds to the work of Cerf &
Boﬃn (1994; see Boﬃn 2010, 2012, for more recent applications of this method), using a Bayesian iterative method proposed by Lucy (1974). This method has the disadvantage that
it possesses no convergence criteria (Bi & Boerner 1994), and
the requested number of iterations has to be estimated carefully
based on the signal-to-noise ratio of the data to ensure that no
spurious peaks are obtained (Brown 2011; Boﬃn 2012). Despite
these facts, Lucy’s method is widely used in the astronomical
community to deconvolve distribution functions from diﬀerent
observation samples (Lucy 1994).
For the similar problem of rotational velocities, where the
observed quantity is v sin i, Curé et al. (2014, hereafter Paper I)
enhanced the work of Chandrasekhar & Münch (1950) by integrating the probability distribution function (PDF) and obtain the
cumulative distribution function (CDF) for the velocity distribution as a smooth function and in only one step, without iteration.
Following Paper I, we here apply this methodology to deconvolve the mass-ratio distribution from a sample of q sin3 i under the common assumption of uniform distribution of rotational
axes. This article is structured as follows: in Sect. 2 we present a
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short summary of Paper I and present the mathematical description of this binary mass-ratio distribution problem. Section 3 is
devoted to calculating the deconvolution of the distribution and
to discussing the robustness of this method. In Sect. 4 we calculate the CDF for two real samples of spectroscopic binaries. In
the last section we present our conclusions and future work.

Cerf & Boﬃn (1994) found that the Friedholm integral Eq. (1)
can the be written as
 1/4
1
fQ (q)dq.
(9)
fY (y) =

1/3
1/3
y
3q y
q2/3 − y2/3
Now we have to solve this inverse problem, that is, obtain fQ (q)
from Eq. (9).

2. Method
In Paper I we obtained the CDF of the rotational velocities of
stars. We started from the integral representation of the problem,

fỸ (ỹ) =

p(ỹ | x̃) fX̃ ( x̃)d x̃,

(1)

here x̃ = v (rotational speed), ỹ = x̃ sin i, where i is the inclination angle. This integral corresponds to a Fredholm integral
of the first kind (Lucy 1994). Here fX̃ is the function of interest
(PDF), and the kernel p of this integral is calculated assuming
that the rotational axes are uniformly (randomly) distributed over
the sphere. Replacing the kernel p (see Paper I), the Fredholm
integral reads
 ∞
ỹ
fỸ (ỹ) =
fX̃ ( x̃)d x̃.
(2)

2
ỹ
x̃ x̃ − ỹ2
Chandrasekhar & Münch (1950) deconvolved this equation to
obtain the PDF,
 ∞
1
2 2 ∂
x̃
f (ỹ)dỹ.
(3)
fX̃ ( x̃) = − x̃

2
π ∂ x̃ x̃ ỹ ỹ2 − x̃2 Ỹ
After integrating the PDF, the corresponding CDF reads
⎞
 ∞ ⎛⎜
⎟⎟⎟
2
x̃
⎜⎜⎜
⎟⎟⎠ fỸ (ỹ) dỹ ,
+
arccos(
x̃/
ỹ)
F X̃ ( x̃) = 1 −
⎜⎝ 
π x̃
ỹ2 − x̃2

(4)

(5)

where K, P, and e are the semi-amplitude of the radial velocity, orbital period, and eccentricity. This mass function can be
rewritten as
ym =

3

r
mp sin3 i,
(1 + r)2

(6)

where mp is the mass of the primary, mc the mass of the companion, r = mc /mp is the mass ratio, and i corresponds to the
inclination angle between the orbital plane and the plane of the
sky. Thus, the observed reduced spectroscopic mass function is
y = ym /mp = q sin3 i,

(7)

where q ≡ r3 /(1 + r)2 .
For this case, the kernel p, following Boﬃn et al. (1992) and
Cerf & Boﬃn (1994), reads
p(y | q) =

3q1/3 y1/3
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1
·

q2/3 − y2/3

Defining Y = x3 , then fX (x) = 3x2 fY (x3 ), Eq. (9) becomes
 1/4
x
fX (x) =
fQ (q)dq,

x3
q1/3 q2/3 − x2
and applying the following transformation of variables q = p3 ,
Eq. (9) now reads
 4−1/3
x
fX (x) =
fP (p)dp.
(10)

x
p p 2 − x2
This last expression is the same as Eq. (2), which has the following solution:
⎞
 −1/3 ⎛
2 4 ⎜⎜⎜⎜
p
⎟⎟
+ arccos(p/x)⎟⎟⎟⎠ fX (x)dx. (11)
F P (p) = 1 −
⎜⎝ 
2
2
π p
x −p
To avoid numerical instabilities in the integration process of
Eq.
 the following variable,
 z =
 (11), we propose to use
2
2
2
2
x − p , or equivalently x = p + z and dx = z dz/ p2 + z2 .
Therefore, Eq. (11) transforms to
 √4−2/3 −p2
2
K(p, z) fX
p2 + z2 dz,
F P (p) = 1 −
(12)
π 0
where the function K is defined as

see Paper I for details.
We here focus on a similar problem in astrophysics: the
mass-ratio distribution of binary stars (see, e.g., Heacox 1995).
For single-lined spectroscopic binaries, we have only access to
the spectroscopic mass function, given by
K 3 P (1 − e2 )3/2
,
ym =
2πG

3. Deconvolving the mass-ratio distribution

(8)

⎞
⎛
⎟⎟⎟
⎜⎜⎜
p
⎟⎟⎠ ·
⎜
K(p, z) = 
+ 
arccos ⎜⎝ 
2
2
2
2
2
2
p +z
p +z
p +z
p

z

(13)

Finally, the CDF as function of the original variable (r), reads
FR (r) = F P

r
·
(1 + r)2/3

(14)

3.1. Logarithmic variables

Boﬃn (2010) has shown that when dealing with spectroscopic
mass function distributions, which span a wide range of values,
it is often necessary to use logarithmic variables. We therefore
define z = e−s , such that the previous expression (Eq. (12)) is
written as

2 ∞
F P (p) = 1 −
K(p, e−s ) fX
p2 + e−2s e−s ds,
(15)
π s0

where s0 = − ln 4−2/3 − p2 /2.

4. CDF application to real datasets
In this section we apply the proposed method to two samples of
real astronomical data to obtain the CDF distribution as function
of the mass ratio r. In addition, we compare our results with the
method of Lucy (1974).

M. Curé et al.: Deconvolve mass-ratio distribution of binary stars (RN)

Fig. 1. Estimated CDF using our method plotted as a solid line. The
short-dashed lines show the 95% confidence interval. The CDF using
the method of Lucy (1974) as adopted by Boﬃn (2010) is shown as the
long-dashed line, while the theoretical CDF from a uniform distribution
is plotted as a dot-dashed line. See text for details.

Fig. 2. Estimated CDF for the Cyg OB2 association using the sample
from Kobulnicky et al. (2014). Our method is plotted as solid lines with
the confidence intervals as short-dashed lines. The method of Lucy is
plotted as a long-dashed line. The theoretical CDF from a uniform distribution is shown as a dot-dashed line.

4.1. Real dataset 1: Am binaries

confidence interval, we used the same procedure as in Curé et al.
(2014): we calculated the confidence interval with the normal
standard percentile Zα/2 :

Boﬃn (2010) derived the mass-ratio distribution for a sample
of 134 Am binaries using the method of Lucy (1974) as implemented by Boﬃn et al. (1993). He found that this distribution
can be approximated by a uniform distribution.
Smalley et al. (2014) reported the discovery of 70 eclipsing
Am systems using light curves from the SuperWASP project.
Based on these light curves, they estimated the mass-ratio distribution of Am stars. When taking into account the fact that lowmass companions to Am stars may be too small and too faint
to be detected as eclipsing, they found a mass-ratio distribution
consistent with that of Boﬃn (2010).
To constrain the range of y = q sin3 i as function of r, we
have to take in account the following: sin i is smaller than one,
then we are left with q = r3 /(1 + r)2 . Similarly, for physical
reasons, the mass ratio has to be lower than or equal to 1 (r ≤ 1),
otherwise, if the companion is more massive because they are
main-sequence stars, it would be more luminous, and the system
would not appear as it is. Thus q has to be smaller than 1/4.
The reason why some values of y appear higher than 0.25
are most likely observational errors on the spectroscopic mass
functions or an incorrect estimate of the primary mass. As such
cases are very rare, we preferred to remove them from the sample
to have a more homogeneous sample.
For these reasons, our method was developed in the range:
0 < y < 1/4.
We filtered the dataset of Boﬃn (2010) for values of y
(Eq. (7)) in that range, which yielded 119 data values. Then we
calculated the CDF as function of r, shown as solid line in Fig. 1.
To calculate the error of our method, we used the bootstrap
method (Efrom 1993). The bootstrap method attempts to determine the probability distribution from the data themselves, without recourse to central limit theorem. This method is a way to
estimate the error of the sample. The basic idea of bootstrapping
in our case is to compute the CDF from a sample, create an artificial sample by randomly drawing elements from the original
sample (some elements will be picked more than once), then to
compute the new CDF and repeat this procedure 100–1000 times
to determine the distribution of these CDFs.
Thus, we created 500 bootstrap samples from the original
sample from Boﬃn (2010) and calculated the corresponding
CDF for each of these bootstrap samples. To obtain a 95%

 ± Zα/2 se,
CDF

(16)

where se is the standard deviation of all bootstrap samples, and
Zα/2 is the value for which the standard normal distribution accumulate 97.5% of the area under its PDF, and α = 0.05(= 1−0.95)
is the complement of the confidence.
Our method for the CDF completely agrees with that of
Lucy, that is, we arrive at the same conclusion that the sample
is compatible with a uniform distribution. In addition to the advantage that our method does not need any iteration criteria and
it deconvolves the mass-ratio CDF in one step, it can also provide (using the bootstrap method) confidence intervals for this
CDF.
4.2. Real dataset 2: binaries in the Cyg OB2 association

Based on a previous work spanning several years, Kobulnicky
et al. (2014) presented a sample of 48 massive multiple-star systems known in the Cygnus OB2 association and analyzed their
orbital properties. Using a Monte Carlo method, they conclude
in particular that the observed distribution of mass ratios is consistent with a uniform distribution, even though they estimated
that as a result of incompleteness, the bins at r < 0.2 are probably underestimated. We used their spectroscopic mass function
sample and adopted primary mass, assuming that all systems are
single-lined spectroscopic binaries. After filtering in the range
0 < y < 1/4, the sample consisted of 47 data points. Then we
computed the mass-ratio distribution with the confidence intervals based on our methodology and on the method of Lucy as
implemented by Boﬃn (2010). The results are shown in Fig. 2.
It is clear that instead of finding a uniform distribution over
the full range of mass ratios, we find an excess of systems in
the whole interval 0 < r < 1 as compared with a uniform distribution. A comparison between the two methods shows a similar behavior in almost the entire r-interval, but this does not
correspond to a uniform distribution. The CDF derived with the
method of Lucy lies inside the confidence interval of our CDF,
therefore we conclude that statistically, they are the same CDF.
On the other hand, Fig. 3 shows the CDF vs. log (r), and it seems
A86, page 3 of 4
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In the future, we plan to extend the applicability of our model
to a general function describing an arbitrary orientation of inclination angles (see, e.g., Boﬃn 2012, for reasons why this might
be needed) and study these distributions (rotational velocities or
mass-ratio distributions) in a more precise formulation.
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Fig. 3. Estimated CDF plotted as function of log (r) as solid line with the
confidence intervals as short-dashed lines. The theoretical CDF from a
uniform distribution is plotted as a dot-dashed line. This estimated CDF
seems to be linear in log (r) from r  0.2.

that the CDF is linear in log (r) from r  0.2. This indicates that
instead of a uniform distribution, the sample of massive stars is
more consistent with an excess of low-mass companions.
As mentioned above, the interval r < 0.2 suﬀers from incompleteness, therefore the real contribution of these low-mass
companions may be even larger than found here. This may have
important consequences for the final binary fraction of massive
stars and should be taken into account in further observational
campaigns to aim at discovering companions to massive stars.

5. Conclusion
We have obtained the cumulative distribution function of deprojected mass ratios from binary systems. After a suitable change
of variables, we showed that this problem is the same as the
problem of the distribution of rotational velocities from stars,
therefore its solution is known (Paper I).
This method allowed us to obtain the CDF without
the numerical instabilities caused by the use of derivative
(Chandrasekar & Münch 1950) in only one step without needing
any convergence criteria as needed by the widely used iterative
method of Lucy (1974). In addition, confidence intervals can be
attained using a bootstrap algorithm.
We applied our method to two real binary samples. While
we find the same result as Boﬃn (2010) for the sample of Am
spectroscopic binaries, we find that the mass-ratio distribution of
massive binaries in the Cyg2 OB association presents an excess
of systems with mass ratios r < 0.2, and it is highly probable that
this sample does not come from a uniform distribution, which
contradicts the analysis of Kobulnicky et al. (2014).
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