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ABSTRACT

Context. With the progress of observational constraints on dynamical processes in stars, it becomes necessary to understand the
angular momentum and the rotation profile history. In this context, internal waves constitute an eﬃcient transport mechanism over
long distances in stellar radiation zones. Indeed, they could be one of the mechanisms responsible for the quasi-flat rotation profile of
the solar radiative region up to 0.2 R .
Aims. Angular momentum transport induced by internal waves depends on the properties of their excitation regions and of their
dissipation during propagation. Then, the bottom of convective envelopes (the top of convective cores, respectively) are diﬀerentially
rotating magnetic layers while radiation zones may host fossil magnetic fields. It is therefore necessary to understand the modification
of internal wave mechanisms by both rotation and magnetic fields.
Methods. We continue our previous work by proceeding step by step. We analytically built a complete formalism that treats the
angular momentum transport by internal waves while taking into account both the Coriolis acceleration and the Lorentz force in a
non-perturbative way for an axisymmetric toroidal field. We assumed a uniform Alfvén frequency and a weak diﬀerential rotation to
isolate the transport properties as a function of the Rossby and Elsasser numbers.
Results. We examined the diﬀerent possible approximations to describe low-frequency internal waves modified by the Coriolis
acceleration and the Lorentz force in a deep spherical shell. The complete structure of these waves, which become magneto-gravitoinertial waves, is given assuming the quasi-linear approximation first in the adiabatic case and then in the dissipative one. Vertical and
equatorial trapping phenomena appear that favor retrograde waves. The eﬃciency of the induced transport as a function of the Rossby
and Elsasser numbers is then obtained.
Conclusions. A complete study of the transport of angular momentum induced by magneto-gravito-inertial waves in stellar radiative
regions is achieved for an axisymmetric toroidal magnetic field for a uniform Alfvén frequency and a weak diﬀerential rotation.
General diﬀerential rotation, complex azimuthal magnetic fields, and poloidal and mixed fields will be examined in follow-up studies.
Key words. magnetohydrodynamics (MHD) – waves – methods: analytical – stars: rotation – stars: magnetic field – stars: evolution

1. Introduction and context
Understanding the internal diﬀerential rotation in stars and their
angular momentum history during their evolution is one of
the major aim of present stellar physics (Bouvier 2009; Irwin
& Bouvier 2009; Maeder 2009). Indeed, (diﬀerential) rotation
modifies the stellar structure through the centrifugal acceleration that modifies its shape and through internal flows and the
associated chemical mixing it generates. These mechanisms impact a star evolution and modify for example their life time,
their late stages of evolution, their nucleosynthetic properties,
and the associated chemical enrichment of the close interstellar medium (for complete reviews see Maeder & Meynet 2000;
Zahn 2007; Talon 2008). Moreover, internal transport in stellar
interiors is one of the most important components of the different exchanges of angular momentum if the studied stars are
hosting a planetary system (Bouvier 2008); then, couplings with
the protoplanetary disks and tidal interactions can strongly modify the star’s internal diﬀerential rotation (Matt & Pudritz 2005;
Goldreich & Nicholson 1989b; Barker & Ogilvie 2009). Finally,

rotation is one of the key processes that have to be taken into account to understand stellar magnetism properties and their consequences for stars and their environment (Brun 2011). This is
the reason why helio and asteroseismology combined with powerful ground-based instrumentations are aimed to give tight constraints on the internal profile of angular velocity, on the rotation
rate of diﬀerent stellar populations in the Hertzprung-Russel diagram, and on chemical abundances anomalies on stellar surfaces,
which are the product of internal mixing processes driven by rotation. First, helioseismology, with SOHO in space and GONG
on the ground, has revealed the internal rotation of the Sun
(Schou et al. 1998; Garcia et al. 2007; Eﬀ-Darwich et al. 2008;
Garcia et al. 2011). Next, asteroseismology gives constraints on
stellar rotation and the radial diﬀerential rotation that exists between stellar cores and stellar surfaces (Aerts et al. 2003, 2008;
Christensen-Dalsgaard & Thompson 2011). Finally, large spectroscopic surveys for each stellar type and evolutionnary stage
give a precise picture of chemical abundance anomalies, which
are the signature of transport processes in the stars’ radiation
zones (Hill 2008).
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We therefore have to obtain the best description of angular
momentum transport mechanisms in stellar interiors. Obtained
prescriptions from theoretical works and numerical simulations
then have to be introduced into 1D or 2D numerical codes that
allow one to study the angular velocity dynamics during stellar
evolution (Decressin et al. 2009; Spada et al. 2010) that can be
constrained by observations (see for example Turck-Chièze et al.
2010; Eggenberger et al. 2010). Internal waves, which are excited at the borders between convection and radiation zones, constitute an eﬃcient process for modifying angular velocity over
long distances. Therefore, they are now considered as an important ingredient in understanding the evolution of stellar rotation
and are candidates, together with magnetic torques (Gough &
McIntyre 2008; Brun & Zahn 2006; Garaud & Guervilly 2009;
Rogers 2011; Strugarek et al. 2011), for explaining the observed
quasi-flat rotation profile of the solar radiative core up to 0.2 R
(Talon & Charbonnel 2005).
The properties of the transport triggered by internal waves
depends on the properties of the layers at which these waves
are excited and where they propagate. First, the excitation regions, for example the bottom of convective envelopes in solartype stars or the top of convective cores in more massive stars,
are the seat of dynamo action and diﬀerential rotation (Brun
et al. 2005; Browning et al. 2006). Thus, if internal waves are
excited at frequencies of the same order as the inertial or the
Alvén frequencies by turbulent convection (and a tidal potential, if there is a close companion), the Coriolis acceleration, the
shear of the diﬀerential rotation, and the Lorentz force will modify these waves’ amplitude and their spatial structure. Then, once
waves are propagating in stably stratified radiative layers, their
action must also be taken into account since diﬀerential rotation occurs during stellar evolution and these regions may host
a fossil magnetic field of complex geometry (see for example
Braithwaite 2008; Duez & Mathis 2010, and the discussion in
the introduction of Mathis & de Brye 2011, hereafter Paper I).
This will then modify the waves’ propagation, damping, and induced transport of angular momentum (see Kumar et al. 1999;
Rogers & MacGregor 2010, 2011). In such cases, the dynamics is simultaneously driven by the buoyancy force, the Coriolis
acceleration, and the Lorentz force and internal waves become
magneto-gravito-inertial waves (hereafter MGI waves).
In this work, we therefore focus on the transport of angular momentum by MGI waves in deep stably stratified spherical
shells. As explained in Paper I, we proceed step by step to introduce the influence of the (diﬀerential) rotation and the magnetic
field because of the complexity of the problem. As in Paper I, we
chose to treat a purely axisymmetric toroidal field associated to a
constant Alfvén frequency and a weak diﬀerential rotation (see
Mathis et al. 2008, for the hydrodynamical case) to isolate the
properties of the induced transport as a function of the angular
velocity value and the magnetic field amplitude. General diﬀerential rotations (Ω (r, θ); cf. Mathis 2009, in the purely hydrodynamical case) and axisymmetric toroidal fields will be treated in
Paper III.
First, we study the dissipative propagation of MGI waves,
since dissipation is the key ingredient with “critical layers”,
to obtain a net transport of angular momentum (Booker &
Bretherton 1967; Goldreich & Nicholson 1989a; Schatzman
1993b; Zahn et al. 1997). We describe the possible assumptions that can be applied to study low-frequency internal waves
and we recall the results obtained in the purely adiabatic1 case
1

By adiabatic we mean no heat exchange between waves and the background medium, inviscid propagation and ideal MHD.
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(Paper I). Next, we examine dissipative processes, i.e. the action
of heat, viscous, and Ohmic diﬀusions. We establish their hierarchy in stellar radiation zones and study the resulting damping taking into account the Coriolis acceleration and the Lorentz
force. Then, the total transported fluxes of energy and angular
momentum are obtained; a comparison with the non-rotating and
non-magnetic case is achieved. Furthermore, we give the corresponding coupling time of the radiative region with the convective one at the border of which MGI waves are excited. Finally,
we describe how MGI waves are coupled with other dynamical
processes in stellar radiation zones and the consequences for the
transport of angular momentum in stellar interiors.

2. Structure of low-frequency waves influenced
by rotation and the toroidal magnetic field
2.1. Dynamical equations

To study the transport of angular momentum induced by internal waves, which are modified both by the Coriolis acceleration
and the Lorentz force (i.e. MGI waves), we have to solve the dissipative MHD dynamical equations system. It is formed by the
induction equation
∂t B = ∇ × (V × B) − ∇ × (η ∇ × B) ,

(1)

the momentum equation

ρ Dt V = −∇P − ρ∇Φ − ∇ · D +


1
(∇ × B) × B ,
μ

(2)

the continuity equation
Dt ρ + ρ∇ · V = 0,

(3)

the equation for the transport of heat


1
ρT Dt S = ∇ · ( χ∇ T ) + 2ρν ei j ei j − (∇ · V)2 + μη j2 + ρ, (4)
3
where we identify the viscous, the Ohmic and the nuclear heating terms, and the Poisson equation for the gravitational potential
∇2 Φ = 4πGρ.

(5)

Here, t is the time and r = (r, θ, ϕ) are the usual
coordi spherical

ej
nates with their associated unit vector basis 
. B is the
j={r,θ,ϕ}
magnetic field, j = (∇ × B) /μ the current, η the magnetic diﬀusivity and μ the magnetic permeability of the medium. V is the
macroscopic velocity field, Dt = ∂t + (V · ∇) is the Lagrangian
derivative, and


1
Di j = −2 ρ ν ei j − (∇ · V) δi, j
(6)
3
are Reynolds stresses
where ν is the viscosity and ei j =

1/2 ∂ j Vi + ∂i V j the strain rate tensor (δ is the Kronecker symbol). ρ, Φ, P, T are the density, the gravific potential, the pressure
and the temperature, respectively. We define the total pressure,
which is the sum of the gaseous and magnetic pressures
Π= P+

B2
·
2μ

(7)
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S is the macroscopic entropy defined such that


dT
dP
− ∇ad
dS = C P
,
T
P

(8)

where C P and ∇ad = (∂ ln T/∂ ln P)ad are the heat capacity at
a given pressure and the adiabatic gradient. We introduce χ the
radiative conductivity, which is related to the corresponding dif3
fusivity K = ρ χCP = 316κ ρσ2 TC (σ and κ are the Stefan constant and
P
the Rosseland mean opacity), and  is the nuclear energy production rate per unit mass. Finally, we close the system using
the general equation of state (EOS) introduced by Kippenhahn
& Weigert (1990):
dρ
1 dP
dT
dμc
=
−δ
+φ
,
ρ
Γ1 P
T
μc

(9)

where μc is the mean molecular weight, Γ1 = (∂ ln P/∂ ln ρ)T, μc
the adiabatic exponent, δ = − (∂ ln ρ/∂ ln T )P, μc , and φ =
(∂ ln ρ/∂ ln μ)P, T . The equation for chemical element transport
will be introduced when necessary to take into account the chemical stratification.

Fig. 1. Set-up for studying internal wave dynamics in rotating and magnetic stellar radiation zones and the associated transport of angular momentum. The Alfvén frequency (ωA ) is assumed to be uniform as a
first step (cf. Paper I). Ω s is taken into account to describe the waves’
spatial structure modification and ΔΩ to study their dissipation and the
transport.

2.2. The magnetic topology and differential rotation

√
Bϕ (r, θ) = μρr sin θ ωA (r, θ); see Mathis 2009, for the hydrodynamical case). Then, a more subtle treatment has to be
adopted, which we will provide in Paper III.
The non-spherical character of the hydrostatic background
due to the deformation associated to the centrifugal acceleration
2
γc (Ω) = 1/2[Ω ∇(r2 sin2 θ)] and to the Lorentz force associated
to BT0 , F0L (BT0 ) = 1/μ[(∇ × BT0 ) × BT0 ] are neglected.

As in Paper I, B is chosen to be the sum of a large-scale toroidal
field BT0 associated to a uniform Alfvén frequency ωA and of the
wave-induced field b:
√
eϕ . (10)
B (r, t) = BT0 (r, t) + b (r, t) with BT0 = μρr sin θ ωA 
Then, the velocity field V is formed by the sum of the large-scale
azimuthal velocity field V 0 , associated to the chosen rotation law
Ω, and of the wave velocity u:
V (r, t) = V 0 (r, t) + u (r, t) with V 0 = r sin θ Ω (r, θ)
eϕ .

(11)

Furthermore, following Unno et al. (1989), we also introduce the
wave’s Lagrangian displacement, which is defined such that
u (r, t) = ∂t ξ + (V 0 · ∇) ξ − (ξ · ∇) V 0 .

(12)

Let us now consider the diﬀerential rotation law. In this first paper on transport of angular momentum by MGI waves, we consider as a first step a “shellular” rotation Ω (r), which depends
only on the radial coordinate (see Zahn 1992). Then, we split
this “shellular” rotation law into a solid body rotation Ω s and a
(weak) diﬀerential rotation fluctuation (ΔΩ):
Ω (r) = Ω s + ΔΩ (r) , where ΔΩ (r) << Ω s .

(13)

This is the “weak diﬀerential rotation case”, which remains valid
only for “reasonable” values of the fluctuation ΔΩ around its
mean value Ω s and of the radial gradient of Ω.
This will allow us to give a first picture of the transport of
angular momentum modification by internal waves by the combined action of rotation through the Coriolis acceleration and
magnetic field by the Lorentz force. Ω s will be taken into account for calculating the structure of the low-frequency adiabatic MGI waves (Sect. 2.3), and ΔΩ will be accounted for
only in the treatment of the damping from dissipative processes
(Sect. 2.5). As shown in Mathis et al. (2008) in the hydrodynamical case, this hypothesis allows us to separate the variables in the treatment of the adiabatic dynamical equations.
This net variable separation becomes impossible for a general
diﬀerential rotation law and azimuthal magnetic field (Ω (r, θ),

2.3. Main assumptions

Let us now examine the assumptions that can be adopted to describe low-frequency MGI wave propagation in deep spherical
shells.
As in Paper I, Eqs. (1–5) are linearised around the rotating magnetic steady-state. Indeed, each scalar field X =
{ρ, P, T, μc, Φ} is expanded as the sum of its hydrostatic value,
X, and of the wave’s associated fluctuation, X, as2
X (r, θ, ϕ, t) = X (r) + X (r, θ, ϕ, t) .

(14)

Moreover, X and each vectorial field x (r, t) = {u, ξ, b} are expanded in Fourier’s series in ϕ and t:
 

X = Re
X (r, θ) exp (imϕ) exp (iσt) ,
(15)
σ,m



x = Re



x (r, θ) exp (imϕ) exp (iσt) ,

(16)

σ,m

σ being the wave angular velocity in an inertial frame; Re is the
real part. Finally, we define the Doppler-shifted frequencies that
we use here:
σs = σ + m Ωs
σm (r) = σ + m Ω (r) = σ s + m ΔΩ.

(17)

The sign of m is chosen such that the prograde waves have
m < 0, whereas the retrograde waves have m > 0.
2

Particularly, μc (r, θ, ϕ, t) = μ (r) + μ (r, θ, ϕ, t).
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From now on, we fix Ω s to be the angular velocity of the
layer where MGI waves are excited, i.e. the bottom of the convective envelope in a solar-type star and the top of the convective
core in an intermediate or high mass star; σ s is then the excited
frequency.
We assume Cowling’s approximation (Cowling 1941),
where the wave’s gravific potential fluctuation (Φ) is neglected.
Therefore, we do not solve Eq. (5).
2.3.1. The strongly stratified case: the MHD traditional
approximation

In the general case, the Poincaré operator for the pressure fluctuation, which governs the spatial structure of the waves, is of
mixed type (elliptic and hyperbolic) and not separable (for a detailed discussion we refer the reader to Friedlander & Siegman
1982; Dintrans et al. 1999; Ballot et al. 2010). In the hyperbolic
regime, this may lead to the appearance of detached shear layers associated with the underlying singularities of the adiabatic
problem, which could be crucial for transport and mixing processes in stellar radiation zones since they are the seat of strong
dissipation (Stewartson & Richard 1969; Stewartson & Walton
1976; Dintrans & Rieutord 2000; Maas & Harlander 2007).
Let us first introduce the two dimensionless numbers, which
compare the stratification restoring force with the Coriolis acceleration and the Lorentz force
SΩ =

N
N
and S B =
2Ω s
ωA

(18)

(all dimensionless numbers that govern MGI waves dynamics
are given in Table 1; N is the Brunt-Väisälä frequency defined
in Eq. (41)). In the stellar radiation zones, we are mainly in a
regime where {SΩ , S B } >> 1. Since we are interested in lowfrequency waves for which σ << N, the MHD traditional approximation (hereafter MHD TA), which consists in making an
asymptotic expansion of the dynamical equations in function
of SΩ and S B , then allows us to separate variables into radial
and horizontal functions (see Friedlander 1987–89, Sect. 3.1 in
Paper I, and Sect. 2.4). The MHD TA allows this separation of
variables due to neglecting terms in the dynamical equations that
changes the nature of the Poincaré operator and removes the
shear layers in the hyperbolic regime. It has thus to be carefully
used only in the regime for which |νM;m | < 1, where
νM;m = R−1
o

1 − mΛE
m2 −1
R o ΛE
1−
2

(19)

is the system’s control parameter introduced in Paper I. Here, we
chose to express it as a function of the wave Rossby and Elsasser
numbers (see also Table 1)
Ro =

ω2A
σs
and ΛE =
,
2Ω s
Ωsσs

(20)

which compare the Coriolis acceleration with the inertia and the
magnetic force. This corresponds to the elliptic modes family
(the E1 modes in Dintrans et al. 1999), which propagate in the
whole sphere. In the other regime where |νM;m | ≥ 1, which corresponds to equatorially trapped hyperbolic modes (the H1 modes
in Dintrans et al. 1999), the MHD TA fails to reproduce the wave
behaviour rigourously and the full dynamical equation has to
be solved (a detailed discussion is given in Gerkema & Shrira
2005a; Gerkema et al. 2007). For a strong stratification, which is
A37, page 4 of 19

considered here, Miles (1974) proposed an asymptotic solution
to the problem, for which it is necessary to construct a boundary
layer about the trapping latitude,


(21)
θc;m νM;m = arccos |νM;m |−1 ,
the obtained solution being matched with that of the MHD TA
away from it (this treatment is beyond the scope of the present
paper; we also refer the reader to Fruman 2009).
Here, we therefore adopted the MHD TA as a first step to
give a picture of transport and mixing processes associated to
MGI waves in stellar radiation zones. In Fig. 2, we show the
domain where it could be applied for m = {−2, −1, 1, 2} as
a function of the wave’s Rossby (Ro ) and Elsasser (ΛE ) numbers. Moreover, we show the domain of the space of parameters (Ro , ΛE ) where the vertical magnetic trapping identified in
Paper I and recalled in Sect. 2.4 occurs (i.e. when σ2s − m2 ω2A <
0). We also display the corresponding wave families (extending the classification by Dintrans et al. 1999, to the hydromagnetic case): the elliptic modes (E family) for which the MHD
TA applies, the equatorially trapped hyperbolic modes (H family), and the vertically trapped modes (T family), for which
σ2s − m2 ω2A < 0, which cannot propagate.
Let us now examine the consequences on wave properties
using their dispersion relation. Following Kumar et al. (1999)
(see also Sect. 2 in Paper I), we can obtain this relation for a
stellar radiation zone where both the angular velocity and the
background magnetic field are chosen to be uniform (i.e. Ω = Ω s
and BT0 = B)

2

2
2
1 
B · k VA2 +
k
σ2s = 
N ×
k + 4 Ω ·
2
⎫


2 2

2

2

2 ⎪
⎪
⎬
2




±
+ 16 B · k VA Ω · k ⎪
N× k +4 Ω· k
. (22)
⎪
⎭
We assumed that all perturbed quantities have a plane-wave dependence, i.e. ∝exp [i (k · r + σt)], where k is the wave number.
2
Furthermore, we defined 
B = B/|B|, VA2 = B / (μρ) = (sωA )2
ez , and 
where s = r sin θ, N = N 
er , Ω = Ω s 
k = k/k.
Two branches are then isolated. First, we obtain the “magnetostrophic waves” for low frequencies for which the Coriolis acceleration tries to balance the Lorentz force. Their approximate
dispersion relation is given by
⎛
⎞

2
⎜⎜⎜
⎟⎟⎟

2
4 Ω ·
k
⎜
⎟⎟⎟
σ2s ≈ 
B · k VA2 ⎜⎜⎜⎜1 + 
(23)



⎟⎠ ·
2
2⎟
⎝
k
N ×
k + 4 Ω ·
In the non-rotating case, these reduce to classical Alfvén waves.
Next, the high-frequency branch corresponds to MGI waves
(which are also called magneto-Poincaré waves and magnetoRossby waves for those waves that are caused by the star curvature and the associated variation of the local rotation on a tangent
sphere). In this case, we obtain the following approximative dispersion relation:

2

2

2
B · k VA2 + N × 
k + 4 Ω ·
k .
σ2s ≈ 

(24)

Let us introduce the expansion of k both in the spherical and
cylindrical coordinates:
k = kV 
er + k H

and

ez ,
k = k P + kz 

(25)
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Table 1. Dimensionless numbers that characterise the internal wave propagation in rotating and magnetic stellar radiation zones.
Dimensionless numbers
S Ω = N/2Ω s
S B = N/ωA
Ro = σ s /2Ω s
ΛE = ω2A /σ s Ω s
Fr = σ s /N
Pr = ν/K
q = η/K
(1 − mΛE )
νM;m = R−1

o 
m2 −1
R o ΛE
1−
2

Meaning
Rotation stability parameter: stratification restoring force vs. Coriolis acceleration
Magnetic stability parameter: stratification restoring force vs. Lorentz force
Rossby number: wave inertia vs. Coriolis acceleration
Elsasser number: Lorentz force vs. Coriolis acceleration
Froude number: wave inertia vs. stratification restoring force
Prandtl number: Viscous diﬀusion vs. heat diﬀusion
Roberts number: Ohmic diﬀusion vs. heat diﬀusion
MHD TA control parameter

eθ + kϕ 
eϕ and
e s + kϕ
eϕ , (s, ϕ, z) are the
where kH = kθ 
 kP = k s
ej
the associated unit-vector
cylindrical coordinates and 
j={s,ϕ,z}
basis. Then, the dispersion relation is written
⎡ 2
⎤
⎢⎢ kH
1 kz2
1 !  "2 ⎥⎥⎥
2
2⎢
σ s ≈ N ⎣⎢ 2 +
+
s B · k ⎦⎥ .
(26)
k
S Ω 2 k2 S B 2
For highly stratified stellar radiation zones where {S Ω , S B } >> 1,
these reduce for low-frequency waves (σ << N) to
k2H
≈ 0,
k2

(27)

which leads to the following hierarchy
|kH | << |kV |

and |ξV | << |ξH |,

(28)

because of the anelastic approximation where acoustic waves are
filtered ∇·(ρ ξ) ≈ 0, which becomes k·ξ ≈ 0 in the local analysis
case.
2.3.2. The JWKB approximation

Next, we define the Froude number (cf. Table 1)
Fr =

σs
,
N

(29)

which gives the ratio between the wave-inertia term and that of
the stratification.
Under the assumption that Fr << 1, each scalar field (X) and
each component of a vector field (x) can be expanded using
the JWKB approximation (see for exemple Landau & Lifschitz
1966). In this case, the vertical wave number is very high, the
associated wavelength is consequently very short. Therefore, the
spatial variations of the wave are very rapid compared to those
of the equilibrium background (cf. compared to those of ρ, g, P,
T , μ, V 0 , BT0 ). Then, the wave spatial structure can be described
by a plane-like wave function multiplied by a slowly varying
amplitude and we obtain in Eqs. (15, 16)
X  = A (r, θ) S (r),
  X


xj
= A x j (r, θ) S (r)
j={r,θ,ϕ}

(30)
j={r,θ,ϕ}

;

the JWKB phase function is given by
 &
    
S (r) = exp i
kV r dr ,

(31)

(32)

r

where the property of low-frequency
! ' waves
" given in Eq. (28) has

been used to neglect kH in exp i r k · dr .

If the JWKB approximation is adopted, this also implies that
the quasi-linear approximation is assumed, where the non-linear
wave-wave interactions are neglected.
Internal wave induced transport in stellar interiors was first
studied by Press (1981). He emphasized the possible nonlinearity of the problem of internal waves excited by turbulent
convective movements. He then showed that JWKB solutions,
using crude prescriptions for the wave excitation, are at the border of the linear and the non-linear regime. Furthermore, Rogers
et al. (2008) obtain results where the non-linear regime develops for an excited spectrum at the convection-radiation border
computed through equatorial 2D numerical simulations, which
accounts for a real solar stratification. This non-linear behaviour
then shows that the quasi-linear approximation has to be used
carefully depending on the excited spectrum that is assumed.
However, the quasi-linear approximation is relevant as long as
the Froude number (Fr ) is small compared to unity. This number
has been computed by Rogers & Glatzmaier (2006) (cf. Fig. 4
in this paper) in the solar case using the same numerical simulations as those discussed above. The authors showed that Fr << 1
in the bulk of the radiation zone, while it strongly grows in the
tachocline where internal waves are excited by the turbulent convection and at the centre because of the wave’s geometrical focusing that was already identified by Press (1981); in both cases
N → 0 (see also Barker & Ogilvie 2011). Therefore, it is reasonable to adopt the quasi-linear approximation (cf. Eqs. (14–16)),
being aware that it has to be used with caution in the excitation
region and at the centre.
In this context, it is also interesting to discuss the validity of the MHD TA and of the associated results such that the
value of the critical trapping latitude θc;m given in Eq. (21).
First, in the case where the quasi-linear approximation applies
(i.e. when Fr
1), the MHD TA can be assumed as soon as
{SΩ , S B } >> 1 as described in Sect. 2.3.1, which points the importance of the stratification strength given by the Brunt-Väisälä
frequency (Eq. (41)) simultaneously for all the approximations.
Next, if the quasi-linear approximation applies, but {SΩ , S B } do
not verify the required conditions to apply the MHD TA, the
expression of θc;m will be corrected by terms scaling as SΩ−1
and S B−1 . This has been studied in the purely hydrodynamical case by Melchior (1986), Gerkema & Shrira (2005b) and
Fruman (2009); furthermore, Shrira & Townsend (2010) have
shown that it is then possible to describe analytically the formation of shear layers around critical latitudes such as those observed in numerical simulations by Dintrans et al. (1999). This
should be generalised to our present hydromagnetic case in a
near future. Finally, the derivation of the critical latitude, both
in the traditional and in the non-traditional regimes, is based on
the linearised MHD equations system that corresponds to the
A37, page 5 of 19
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Fig. 2. Top: sign of Dm (Ro , ΛE ) = 1 − ν2M;m as a function of Ro and ΛE for non-axisymmetric retrograde (m = 1) and prograde (m = −1) waves.
The MHD traditional approximation applies in the orange region where |νM;m | < 1 and A = σ2s − m2 ω2A > 0; in this case, waves are regular and
propagate at all latitudes.
In the other
case (|νM;m | ≥ 1 and A > 0), the MHD traditional approximation does not apply and waves are trapped in an
(
)
equatorial belt (θ ∈ θc;m , π − θc;m ), where θc;m is the critical latitude given in Eq. (21) and plotted in Fig. 4. The external white region at the top-left
corner in each case corresponds to the (Ro , ΛE ) domain where A ≤ 0, the wave is therefore completely vertically trapped there. Middle: same for
m = 2 and m = −2. Bottom: corresponding wave families extending the classification by Dintrans et al. (1999) (see text) to the hydromagnetic
case.
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quasi-linear approximation and allows one to obtain linear partial diﬀerential equations. Furthermore, if the quasi-linear approximation fails (i.e. when N → 0), the MHD TA cannot be
applied since SΩ and S B also tend to vanish. We can therefore
conclude that the prediction for the critical latitude assuming the
MHD TA given in Eq. (21) can be used as a first-order approximation to describe MGI wave dynamics in the bulk of radiative
regions where the quasi-linear approximation applies.
One can also note that here the critical latitude does not depend on the diﬀerential rotation (ΔΩ). This is due to the choice
to study in a first step the “weak diﬀerential rotation case” for
which Ω s >> ΔΩ. This means that the impact of ΔΩ on θc;m constitutes only a small correction that does not change its main
behaviour (see Mathis et al. 2008, in the hydrodynamical case).
A general diﬀerential rotation in which the critical latitude explicitely depends on the angular rotation profile and on its vertical and latitudinal gradients has been studied in Mathis (2009) in
the purely hydrodynamical case and will be studied in Paper III.
2.3.3. The anelastic approximation

From now on, we focus on low-frequency internal waves (i.e.
Fr = σ/N << 1), which transport angular momentum in stellar
radiation zones. For these waves, we can adopt the anelastic approximation where magneto-acoustic waves are filtered out (i.e.
∇ · (ρ ξ) = *
0 and the terms proportional to c−2
s are neglected,
where c s =

Γ1 P
ρ

is the sound velocity).

2.4.1. The adiabatic dynamical equations

Here, we recall the results obtained in the adiabatic case in
Paper I for the wave velocity, magnetic and pressure fields. As
in Mathis et al. (2008), we only take into account the solidbody part of the rotation law (Ω s ) to derive the adiabatic wave
structure, the small departure from it (ΔΩ) is only accounted
for in the treatment of the dissipative mechanisms (Sect. 2.5).
Moreover, we assume the anelastic approximation described
above (Sect. 2.3.3).
Then, Eq. (12) gives

T

+

1

(∇ad − ∇) ξr = 0,
HP

(38)

where we introduce the temperature gradient ∇ = (∂ ln T /∂ ln P)
and the pressure height-scale HP = |dr/d ln P|. Next, using the
EOS (Eq. (9)) in the anelastic approximation to express T  as a
function of ρ and μ , we obtain
ρ N 2 
−
ξ = 0,
ρ
g r

(39)

where we have used the mean molecular weight conservation
(Zahn et al. 1997)
μ ∇μ 
−
ξ =0
(40)
μ HP r


with ∇μ = ∂ ln μ/∂ ln P and introduced the Brunt-Väisälä frequency
N 2 = NT2 + Nμ2
with NT2 =

gδ
HP

(41)
(∇ad − ∇) and Nμ2 =

gφ
HP ∇μ

and the gravity g =

2.4.2. Adiabatic wave velocity, magnetic and pressure fields

Assuming the MHD TA (see Sect. 2.2.2), the system can be separated into r and θ3 . Then, scalar quantities and the displacement’s
vertical component are expanded as




Xk,m (r) Θk,m cos θ; νM;m ,

X =

(42)

k




ξr;k,m (r) Θk,m cos θ; νM;m .

ξr =

(43)

k



(33)

while the ideal induction equation (Eq. (1)) becomes
+
b = im μρωA ξ .

(34)

The momentum equation (Eq. (2)) is written using Cowling’s
approximation








−A ξ + iB
ez × ξ = −∇W +




T

dΦ/dr. Internal waves are only propagating if A > 0; in the other
case, they are trapped in the vertical direction (cf. Schatzman
1993a; Barnes et al. 1998) because the azimuthal magnetic field
acts as a filter in the vertical direction (see in Fig. 2).

2.4. The adiabatic propagation

u = i σ s ξ

Finally, using Eq. (8) and the anelastic approximation, the energy equation (Eq. (4)) is obtained in the adiabatic limit as a
function of the temperature



!



where W = Π /ρ = P +
A = σ2M = σ2s − m2 ω2A



BT0

ρ

ρ2

∇ P,

(35)

"
· b /μ /ρ and






and B = 2 Ω s σ s − m ω2A .

Then, the continuity equation is given by
⎡
 ⎤

 imξϕ ⎥⎥⎥
1  2   ρ ⎢⎢⎢⎢ 1

⎥⎥ = 0.
∂θ sin θ ξθ +
∂r r ρ ξr + ⎢⎣
r2
r sin θ
sin θ ⎦

(36)

(37)

The Θk,m functions are the orthogonal Hough functions,
'1
Θ
cos θ; νM;m Θk2 ,m cos θ; νM;m dx
=
for which
−1 k1 ,m
Ck1 ,m νM;m δk1 ,k2 , where δi, j is the Kronecker symbol (Laplace
1799; Hough 1898; Longuet-Higgins 1968; Chapman &
Lindzen 1969). These are the eigenfunctions (with the associated eigenvalues Λk,m ) of the so-called “Laplace tidal equation”
(hereafter LTE):
(
)
LνM;m Θk,m x; νM;m = −Λk,m νM;m Θk,m x; νM;m ,
(44)
where we introduce x = cos θ and the Laplace tidal operator
⎛
⎞
d ⎜⎜⎜⎜ 1 − x2 d ⎟⎟⎟⎟
LνM;m ≡
⎜
⎟
dx ⎝ 1 − ν2M;m x2 dx ⎠
⎛
⎞
⎜⎜⎜ m2
1 + ν2M;m x2 ⎟⎟⎟
1
+ mνM;m
−
(45)
⎜⎜⎝
⎟⎟⎠ ·
1 − ν2M;m x2 1 − x2
1 − ν2M;m x2
3
See Mathis et al. (2008) in the purely hydrodynamical case and
Paper I for MGI.
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The control parameter of the system νM;m , which depends on the
wave Rossby and Elsasser numbers given in Eq. (20), has been
2
defined in Eq. (19). Note that since A > 0, then 1− m2 R−1
o ΛE > 0,
which avoids any singularity. For a detailed discussion of the
boundary conditions of the LTE, we refer the reader to Lee &
Saio (1997). In the same way, we express the horizontal displacement






ξ H = ξθ 
eθ + ξϕ 
eϕ ,

(46)

where




θ
ξH;k,m (r) Hk,m
cos θ; νM;m

ξθ =

(47)

k

and


ϕ



ξϕ =

i ξH;k,m (r) Hk,m cos θ; νM;m .

(48)

k

Then, assuming the MHD TA, the momentum
equation compo
eϕ allow us to express ξH;k,m :
nents along 
eθ and 


ξH;k,m =

1

Wk,m ,
2
rσM

(49)

where we recall that


⎡
 ⎤

BT0 · b ⎥⎥⎥
1 ⎢⎢⎢⎢ 
Π

⎥⎥⎥
W =
= ⎢⎢⎣P +
⎦
ρ
ρ
μ


Wk,m (r) Θk,m cos θ; νM;m ,

=

(50)

k

and the two horizontal functions
(
)
θ
x; νM;m = LθνM;m Θk,m x; νM;m
Hk,m

(51)

and

(
)
ϕ
Hk,m
x; νM;m = LϕνM;m Θk,m x; νM;m
with
LθνM;m
and
ϕ
LνM;m


 
 d
1
+ mνM;m x
≡
√
− 1 − x2
dx
1 − ν2M;m x2 1 − x2

(52)

(53)

Moreover, the radial component of the momentum equation
(Eq. (35)), the continuity equation (Eq. (37)), and the energy
transport equation (Eq. (39)) become






ρ


ρ

1 d 2 
r ρ ξr;k,m − Λk,m νM;m ξH;k,m = 0,
r
r2 dr

ρk,m N 2 
=
ξ
.
ρ
g r;k,m
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j={r,θ,ϕ} σ,m,k


ξ j;k,m = Re ξ

ξ

r;k,m

=


j;k,m

(r, t)

(64)

Ek,m (r)
(
)
exp i Φk,m (r)
σs
× Θk,m cos θ; νM;m exp (imϕ) exp (iσt) ,

where

(56)
Λ2k,m νM;m

(57)



(58)

(65)

4
Moreover, following Pantillon et al. (2007), we can define a horizontal wave number given by

Λ1/2
k,m νM;m
r

(55)

Eliminating successively ρk,m and Wk,m following the procedure
given in Zahn (1975) and in Press (1981), we obtain the final
equation for the vertical displacement
d2 Ψk,m (
)
+ kV;k,m (r) 2 Ψk,m = 0,
dr2

(62)

Au;k,m being related to the wave-velocity amplitude at r = rc ,
which has to be obtained using excitation models (see for example Rogers & Glatzmaier 2006; Belkacem et al. 2009; Rogers &
MacGregor 2011; Brun et al. 2011, for the stochastic turbulent
excitation by convective movements and Zahn 1975; Goldreich
& Nicholson 1989b; Ogilvie & Lin 2004; Ogilvie & Lin 2007,
for the description of a tidal excitation). Then, we derive ξ, u, b
and Π. First, we obtain
⎡
⎤
⎢⎢⎢
⎥⎥⎥
⎢⎢⎣⎢
ξ=
ξ j;k,m (r, t)⎥⎥⎦⎥ 
(63)
e j,

kH;k,m (r) =

g,



where the amplitude function is given by

−1/2
−3/2 −1/2 N
Ek,m = Au;k,m r
ρ
,
σM

with



 d

−νM;m x 1 − x2
≡
√
+ m . (54)
dx
1 − ν2M;m x2 1 − x2

−σ2M ξr;k,m = −∂r Wk,m −



and Ψk,m = ρ1/2 r2 ξr;k,m . This is a generalisation of the result
obtained by Schatzman (1993b) and Zahn et al. (1997) in the
non-rotating and non-magnetic case where σM and Λk,m νM;m
replace σ and l (l + 1), l being the orbital number of the classical
spherical harmonics. Since Fr = σ/N << 1, the J.W.K.B. approximation can be adopted (cf. Press 1981; Schatzman 1993b; Zahn
et al. 1997; Sect. 2.2.3). Applying it to Eq. (58), we obtain5
& rc
Ek,m (r)
(
)

ξr;k,m =
exp i Φk,m (r) with Φk,m (r) =
kV;k,m dr ,
σs
r
(61)

where

1

ρk,m

where we have introduced the adiabatic vertical wave number4
 1/2

N Λk,m νM;m
kV;k,m ≡
σM
r

−1/2 1/2
Λk,m νM;m
m2 −1
−1
R o ΛE
(60)
≡ Fr 1 −
2
r

,

(59)

,--2 .
--r2 ∇2 Θ
H k,m cos θ; νM;m
. θ;
= ,-2
--Θ
k,m cos θ; νM;m θ

'π

···θ = 1/2 0 . . . sin θ dθ and ∇2H is the horizontal spherical Laplacian.
Without rotation and magnetic field (νM;m = 0), we recover
Λk,m νM;m = Λk,m νM;m = l (l + 1).
5
Here, we consider the case of solar-type stars for which the group
velocity is negative (cf. Eq.
For massive
stars, where it is positive,
"
! '(75)).
r

the phase function is exp i r kV;k,m dr .
c
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ϕ
θ
(cos θ; ν) and azimuthal Hk,m
(cos θ; ν) functions (middle and
Fig. 3. Left: Hough functions Θk,m (cos θ; ν) (top) and associated latitudinal Hk,m
bottom): m = 2, ν = 0 (continuous lines); m = 2, ν = 0.86 (dotted lines); m = −2, ν = 0.86 (dashed lines). Right: (top) eigenvalue (Λ) of Laplace’s
tidal equation (with rotation and of magnetic field) in the range relevant for a solar model and the MHD TA (ν < 1); (bottom) equivalent horizontal
eigenvalue (Λ) (see Eq. (59)). (Left) Class I waves with 1 ≤ l ≤ 6, and m = −l + 2 (black continuous line), m = 0 (long blue dashed line), and
m = l (dashed red line). (Middle) Class III waves (s = 0, s is defined as s = l − m + 1 if m > 0 and s = l + m − 1 if m ≤ 0) have negative values of
m (m = 0, . . . , −5). (Right) Class IV waves (s = −1) have indices m = −1, . . . , −6. Waves classes are discussed in Sect. 2.4.3. (see also Paper I).

ξ

θ;k,m

= −i

r kV;k,m Ek,m (r)
(
)
exp i Φk,m (r)
Λk,m νM;m
σs

θ
× Hk,m

where

cos θ; νM;m exp (imϕ) exp (iσt) ,

(66)

!
"
Πk,m = Re Πk,m (r, t)

(73)

with
ξ

=

ϕ;k,m

r kV;k,m Ek,m (r)
(
)
exp i Φk,m (r)
Λk,m νM;m
σs
ϕ
× Hk,m cos θ; νM;m exp (imϕ) exp (iσt) .

(67)

(68)

j={r,θ,ϕ} σ,m,k

2.4.3. Adiabatic wave properties

where


!
"
= Re u j;k,m (r, t) = Re i σ s ξ

and

⎡
⎢⎢⎢
⎢⎢⎢
⎣

b=

j={r,θ,ϕ} σ,m,k

Pro- and retrograde adiabatic wave propagation


(69)

j;k,m

⎤
⎥⎥⎥
b j;k,m (r, t)⎥⎥⎥⎦ 
e j,

(70)

where

 +
!
"
b j;k,m = Re b j;k,m (r, t) = Re i m μ ρ ωA ξ


j;k,m

.

(71)

Finally, we obtain using Eqs. (55) & (57) in the anelastic approximation regime
Πk,m (r, t) ,

Π=
σ,m,k

(74)

Since we have given the MGI wave structure, we have now
to isolate related properties, which will modify the associated
transport of angular momentum.

Next, we derive from Eqs. (33, 34)
⎡
⎤
⎢⎢⎢
⎥⎥⎥
⎢
⎢⎢⎣
u=
u j;k,m (r, t)⎥⎥⎥⎦ 
e j,

u j;k,m

(
)
N 2 Ek,m (r)
exp i Φk,m (r)
kV;k,m σ s
× Θk,m cos θ; νM;m exp (imϕ) exp (iσt) .

Πk,m = −i ρ

(72)

In Eqs. (45, 53, 54), we have LνM;m  LνM;−m , LθνM;m  LθνM;−m ,
and LϕνM;m  LϕνM;−m . This means that Hough functions and
associated ones are diﬀerent for pro- and retrograde waves,
θ
θ
i.e. Θk,m x; νM;m  Θk,−m x; νM;−m , Hk,m
x; νM;m  Hk,−m
ϕ
ϕ
x; νM;−m , and Hk,m x; νM;m  Hk,−m x; νM;−m (as illustrated
in Fig. 3). Moreover, we can see that where the MHD TA has
to be carefully examined (i.e. when |νM;m | ≥ 1), the associated MGI wave equatorial trapping will be diﬀerent for proand retrograde waves. Indeed, in the present case where ωA and
thus ΛE are taken uniform, Eq. (21) gives θc;m  θc;−m with
νM;m>0 < νM;m<0 and thus θc;m>0 < θc;m<0 , which means that
prograde waves are more trapped than retrograde ones because
of the action of the Lorentz force, as shown in Fig. 4. Therefore,
the combined action of the Coriolis and the Lorentz force induces a net diﬀerence in the horizontal spatial structure of proand retrograde waves. The energy transmission of the excitation
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mechanism (i.e. the stochastic excitation by turbulent convective
regions, the κ-mechanism in classical pulsators if we study the
transport of angular momentum by MGI modes, and the tidal
potential if there is a close companion) will be transmitted differentially as a function of the sign of m. In particular, if ΛE is
constant, the Lorentz force allows a better transmission to retrograde waves. Consequences for the resulting angular momentum
transport will be discussed in Sect. 3.1.

– Class IV waves are purely prograde waves (m < 0) whose
characteristics change little with νM;m , their displacement in
the θ direction being very small. Their dynamics is driven by
the conservation of the specific vorticity combined with the
stratification eﬀects and by the Lorentz force; their eigenvalues are lower than those of both class I and class III waves.
Hence, their vertical wave number is lower. In the hydrodynamical case, they may be identified with the geophysical
Kelvin waves (Pedlosky 1998).

Vertical wave group and phase velocities
2.5. The dissipative propagation

Next, the associated monochromatic vertical wave group velocity is given by
V
Vg;k,m

2

dσ s
σM σM
σM
V
=
=−
=−
V p;k,m
dkV;k,m
σ s kV;k,m
σs
⎛
⎞
ω2 ⎟⎟ V
⎜⎜
= − ⎜⎜⎝1 − m2 A2 ⎟⎟⎠ V p;k,m
,
σs

(75)

σs
V
= kV;k,m
is the monochromatic wave phase velocity
where V p;k,m
in solar-type stars (in massive stars, signs are inverted). First,
once again we isolate the vertical trapping of MGI waves as soon
as A < 0. Moreover, note that this result is the generalisation
for of a deep stably stratified spherical shell as the one obtained
by Kim & MacGregor (2003) for a reduced 2D Cartesian model
of the solar tachocline.

Wave classification under the MHD TA
Under the MHD TA (as long as |νM;m | < 1), four types of
MGI waves can be identified (see Townsend 2003; Mathis et al.
2008, and references therein in the hydrodynamical case):
– Class I waves are internal gravity waves, which exist in
the non-rotating and in the non-magnetic cases, which are
modified both by the Coriolis acceleration and the Lorentz
force. Their eigenvalue (Λk,m ), and hence their radial wave
number, kV;k,m (r) ≡ (N/σM ) · Λ1/2
k,m νM;m /r, are increased.
These waves are also called magneto-Poincaré waves (see
Zaqarashvili et al. 2009; Heng & Spitovsky 2009).
– Class II waves are purely retrograde waves (m > 0), which
only exist for |νM;m | high-values. Their dynamics is driven
by the conservation of the specific vorticity combined with
the eﬀects of curvature and by the Lorentz force. However,
since |νM;m | ≥ 1 in this case, they cannot be treated using
the MHD TA. In the hydrodynamical case, they are called
“quasi-inertial” waves, which corresponds to the geophysical Rossby waves (see Provost et al. 1981). These magnetoRossby waves have recently been studied by Zaqarashvili
et al. (2007, 2009), and Heng & Spitovsky (2009) in the limit
of a thin stratified layer.
– Class III waves are mixed class I and class II waves. m ≤ 0
waves exist in the absence of rotation and of magnetic field.
m > 0 appear when νM;m = m + 1 with low eigenvalues while
their horizontal eigenfunctions are Θk,m νM;m = m + 1; x =
Pm
m+1 (x). When they appear and have low eigenvalues, they
behave mostly like class II waves; m ≤ 0 and m > 0 waves
with high eigenvalues behave instead like class I waves.
Their eigenvalues are much lower than those of class I
waves. Thus, they have a lower vertical wave number. They
may be identified with the geophysical Yanai waves (Yanai
& Maruyama 1966).
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2.5.1. The radiative damping

To be able to treat the net transport of angular momentum, we
have now to study the dissipative propagation of internal waves
(Goldreich & Nicholson 1989a). If they are modified by the
Coriolis acceleration and the Lorentz force, they are subject to
radiative, viscous, and Ohmic dissipations. To evaluate their relative orders of magnitude, we therefore introduce the Prandtl and
Roberts numbers
η
ν
and q = ,
(76)
Pr =
K
K
which compare the heat diﬀusion to the viscous and the Ohmic
diﬀusions (cf. Table 1). We recall that ν, η, and K are the viscosity and the magnetic and radiative diﬀusivities, respectively.
From now on, we adopt the hypothesis that Pr
1 and q
1,
which can be justified for example if we look at the solar radiative core case, as done by Brun & Zahn (2006); these authors
showed that for the Sun Pr ∝ 10−4 and q ∝ 10−6 , which justifies
our assumption. Therefore, radiative damping is the dominant
dissipative mechanism for MGI waves and we can neglect the
viscous and the Ohmic terms in the momentum and heat transport equations (Eqs. (2–4)).
Next, as was described for the first time by Press (1981)
(see also Schatzman 1993b; Zahn et al. 1997), we here assume the quasi-adiabatic approximation in which dissipative
processes are only a correction of the purely adiabatic case.
Then, the results obtained in the previous section concerning
the geometrical structure of adiabatic MGI waves apply also
to their dissipative propagation. Indeed, all scalar quantities
X = {ρ, P, Φ, T, μc} and the vector fields x = {u, ξ, b} are still
expanded on Hough
 jfunctions Θk,m cos θ; νM;m and their associated functions Hk,m cos θ; νM;m j={θ,ϕ} (the MHD TA is assumed) and on Fourier series in t and ϕ. Moreover, as in the
end of Sect. 2.4.2, we consider low-frequency internal waves for
which the Cowling, the anelastic, and the JWKB approximations
can be adopted.
Under these assumptions, the heat equation given in Eq. (4)
becomes
⎛ 
⎞

T k,m
⎜⎜⎜⎜ T k,m NT2  ⎟⎟⎟⎟
2
i σm ⎜⎝
ξ
+
·
(77)
⎟ = −K kV;k,m
gδ r;k,m ⎠
T
T
Then, assuming the anelastic approximation (i.e. the term 1/Γ1 ·

Pk,m /P is neglected), the linearised equation of state (cf. Eq. (9))
is introduced



μk,m
T k,m
ρk,m
+φ
·
(78)
δ
=−
ρ
μ
T
Moreover, the fluctuations of the mean molecular weight are expressed following Zahn et al. (1997; see also Eq. (40))


μk,m
μ

=

Nμ2
gφ



ξr;k,m .

(79)
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Fig. 4. Top: θc;m as a function of Ro and ΛE for non-axisymmetric retrograde (m = 1) and prograde (m = −1) waves. On one hand, the corner
region for which Ro ≤ ΛE /2 corresponds to the (Ro , ΛE ) domain where A ≤ 0 and where waves are vertically trapped. On the other hand, the
region where θc;m = 0 is the one where the MHD TA applies (i.e. |νM;m | < 1 and A > 0) and where there is therefore no critical latitude. Finally,
the θc  0 region corresponds to the regime where the MHD TA does not apply (i.e. |νM;m | ≥ 1 and A > 0). Bottom: same for m = 2 and m = −2.
As emphasised in Sect. 2.4.3 prograde waves are more trapped in an equatorial belt than retrograde ones.

Using Eqs. (78) and (79), the energy equation (Eq. (77)) is thus
written in its final form




 ρk,m 
 ξr;k,m

2
2
= i σm N 2 + K kV;k,m
,
Nμ2
i σm + K kV;k,m
ρ
g

(80)

(84)

where N 2 = NT2 + Nμ2 and the JWKB vertical wave number
(kV;k,m ) introduced in Eq. (61) is now complex because of the
dissipation.
If we now introduce the continuity and vertical momentum
equations in the JWKB approximation, we obtain



 ρ
Wk,m
1

− 2 i kV;k,m r2 ρ ξr;k,m − Λk,m νM;m
= 0,
r
r
r σ2M;m (r)

(81)





0 = i kV;k,m Wk,m −

ρk,m
ρ

g,

(82)

(r) =

σ2m

(r) − m

2

ω2A


2
= σ s + m ΔΩ − m2 ω2A .

Assuming, as described previously, the quasi-adiabatic approximation where the dissipation is a correction of the adiabatic case,
this can be linearised and we finally obtain
⎤
⎤
⎡
⎡
⎥⎥
⎥⎥
⎢⎢⎢ N Λ1/2
⎢⎢⎢ K N 2 N Λ3/2
k,m νM;m ⎥
k,m νM;m ⎥
T
⎥
⎥⎥⎥ · (85)
⎢
⎢
⎥⎥⎦ + i ⎢⎢⎣
kV;k,m = ⎢⎢⎣
⎦
3
3
σM;m
r
2 σm σM;m
r
The radiative damping rate is then defined as
& rc


NT2 N dr
K
,
ν
τk,m r; νM;m , ΔΩ = Λ3/2
k,m M;m
σm σ3M;m r3
r

(86)

with the corresponding characteristics damping length (see also
Kim & MacGregor 2003)

where have defined σM;m such that
σ2M;m

0
/
Then, the following equation is obtained for kV;k,m
⎛
⎞
⎛
⎞
2
2
2 Λ
⎜⎜⎜
⎟⎟⎟
K kV;k,m
KkV;k,m
Nμ2 ⎟⎟⎟
N
⎜
k,m νM;m ⎜
⎜
2
⎟⎟ ·
kV;k,m ⎜⎜⎝1 − i
⎟⎟ =
⎜⎜⎝1 − i
σm ⎠ σ2M;m
σm N 2 ⎠
r2

(83)

3


r2 σm σM;m
ν
r
·
Lk,m r; νM;m , ΔΩ = Λ−3/2
M;m
k,m
K NT2 N

(87)
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Properties of the radiative damping

r kV;k,m
(
)
ϕ
Ek,m (r) Hk,m
cos θ; νM;m sin ζk,m (r, ϕ, t)
Λk,m νM;m
⎤

⎡
⎢⎢⎢ τk,m r; νM;m , ΔΩ ⎥⎥⎥
⎥⎥⎥ ;
× exp ⎢⎢⎢⎣−
(91)
⎦
2

uϕ;k,m = −

Now, we can study the radiative damping properties. First,
because it is proportional to Λ3/2
k,m νM;m , it depends on |νM;m |
as shown in Fig. 3. For class I and III waves, it grows with
νM;m , which leads to a damping closer to the excitation region.
Next, prograde class IV waves have a diﬀerent behaviour and are
able to deposit their positive angular momentum farther away
from the convection zones. Moreover, it grows with the degree k
and thus, as in the non-rotating non-magnetic case, high-degree
waves are damped closer to the excitation region than lowdegree ones. Next, we have Λk,−m νM;−m  Λk,m νM;m . Then,
the combined action of the Coriolis acceleration and the Lorentz
force creates a bias between pro- and retrograde waves that does
not exist in the non-rotating and non-magnetic case. This is a direct consequence of the diﬀerent geometrical properties of proand retrograde waves for a given k as described in Sect. 2.4.3.
If we now look at the frequency dependence of the damping, we
see that this varies as σm σ3M;m = [σ s + m ΔΩ][(σ s + m ΔΩ)2 −
m2 ω2A ]3/2 , which reduces to σ4m in the non-magnetic case. As
we can see, the magnetic term depends on m2 . Consequently,
the property known in the non-magnetic case, i.e. that prograde waves are damped closer to the excitation region than
retrograde ones, is unchanged because σm<0 < σm>0 and thus
σM;m<0 < σM;m>0 . However, if we now look at the presence and
the position of critical layers (see Booker & Bretherton 1967;
Barker 2011), we see that the situation becomes more complex
when the magnetic field is taken into account. Indeed, if we obtain the usual critical layer for which σm = 0, the magnetic field
leads to the onset of two supplementary ones for which σM;m = 0
and thus σm = ±ωA . There, internal waves also exchange energy
and momentum with the medium (Rudraiah & Venkatachalappa
1972a,b,c; Barker & Lindzen 1985; MacGregor & Rogers 2011).

Ek,m is given in Eq. (62). Moreover, kV;k,m is the adiabatic vertical wave number (Eq. (60)) and τk,m the radiative damping
(Eq. (86)). Finally, the phase function ζk,m is written
ζk,m (r, ϕ, t) = Φk,m (r) + mϕ + σt,

where Φk,m is defined in Eq. (61).
Then, we obtain the total pressure wave fluctuation using
Eq. (74)
Πk,m (r, t) ,

Π=
where

Ek,m (r)
(
)
Θk,m cos θ; νM;m sin ζk,m (r, ϕ, t)
σ s kV;k,m
⎤

⎡
⎢⎢⎢ τk,m r; νM;m , ΔΩ ⎥⎥⎥
⎥⎥⎥ ·
× exp ⎢⎢⎢⎣−
⎦
2

Πk,m = ρ N 2

b=

b j;k,m =

uθ;k,m =

(89)

r kV;k,m
(
)
θ
Ek,m (r) Hk,m
cos θ; νM;m cos ζk,m (r, ϕ, t)
Λk,m νM;m

⎤
⎡
⎢⎢⎢ τk,m r; νM;m , ΔΩ ⎥⎥⎥
⎥⎥⎥ ,
⎢
× exp ⎢⎢⎣−
(90)
⎦
2
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⎡
⎢⎢⎢
⎢⎢⎢
⎣

j={r,θ,ϕ} σ,m,k

As shown in the previous section, the vertical wave number in
the JWKB approximation becomes complex in the dissipative
case that allows the net transport of angular momentum by internal waves. To be able to calculate the energy and the angular
momentum vertical fluxes, we therefore have to give the final
form of the wave velocity, magnetic and pressure fields.
To achieve this aim we introduce the result obtained in
Eq. (85) and in Eqs. (68, 74, 70) using Eq. (63). This leads to
the following expression for the internal wave velocity field in
the quasi-adiabatic approximation:
⎤
⎡
⎥⎥⎥
⎢⎢⎢
⎢⎢⎣⎢
u=
u j;k,m (r, t)⎥⎥⎦⎥ 
(88)
e j,
(
)
ur;k,m = −Ek,m (r) Θk,m cos θ; νM;m sin ζk,m (r, ϕ, t)
⎤

⎡
⎢⎢⎢ τk,m r; νM;m , ΔΩ ⎥⎥⎥
⎥⎥⎥ ,
⎢
× exp ⎢⎢⎣−
⎦
2

(94)

Finally, using Eqs. (70–68), we obtain the wave magnetic field

with

where

(93)

σ,m,k

2.5.2. The quasi-adiabatic wave velocity, magnetic
and pressure fields

j={r,θ,ϕ} σ,m,k

(92)

⎤
⎥⎥⎥
b j;k,m (r, t)⎥⎥⎦⎥ 
ej

+
m
μρ ωA u j;k,m .
σs

(95)

(96)

We have now derived the complete expressions for the wave velocity and magnetic fields and the total pressure. It is important
to summarise the main results. First, we studied the “weak differential rotation case” for which Ω s >> ΔΩ (cf. Eq. (13)). In this
case, we can assume that the impact of the diﬀerential rotation
(ΔΩ) on the adiabatic structure of the wave and their equatorial
trapping is weak and can be neglected in a first step. However,
we know from the theory of angular momentum transport by internal waves that their damping depends in a crucial way on their
retrograde or prograde behaviour with respect to the rotation of
the excitation region (which is here Ω s ) because of the Doppler
eﬀect. This is the reason why we retain ΔΩ (which is therefore
the diﬀerential rotation with respect to the excitation region) in
the description of the radiative damping as in the hydrodynamical case described in Mathis et al. (2008). The diﬀerent Doppler
shift for prograde and retrograde waves, combined with their different geometrical properties, then drives the net transport of angular momentum by MGI waves.
Since the MGI wave dynamics has been treated taking dissipative processes into account, we can now evaluate the induced
transport of angular momentum and study its characteristics as
a function of the value of the mean rotation rate (Ω s ) and the
intensity of the axisymmetric toroidal field (related to ωA ).

S. Mathis and N. de Brye: Low-frequency internal waves in magnetized rotating stellar radiation zones. II.
AM
as a function of the system
We are now ready to derive FV;k,m
parameters. First, we consider the monochromatic flux of energy
in the vertical direction:
1
2
E
(r, θ) = Πk,m (r, t) ur;k,m (r, t) .
FV;k,m
(104)

3. The transport of angular momentum
3.1. The vertical transport of angular momentum by MGI
waves

ϕ

3.1.1. The monochromatic vertical transports of energy
and angular momentum

Here, we follow the method that was applied for example by
Kim & MacGregor (2003) to their reduced 2D Cartesian model
of the magnetised solar tachocline, to derive the vertical transports of energy and angular momentum for a deep stably stratified spherical shell. First, taking the scalar product of the linearised Eulerian momentum equation with u and those of the
linearised induction equation with b, we obtain the equation that
rules the transport of the waves’ total energy
1 2
Dt Eϕ + ∇ · F E = −FVAM ∂r Ω + D (K) ,
(97)
ϕ

' 2π

where ···ϕ = 1/2π 0 ··· dϕ while FVAM and D are respectively
the vertical flux of angular momentum and the terms related to
dissipative processes (see Grimshaw 1984). The waves’ total energy is the sum of their kinetic energy (EK ), magnetic energy
(EM ), and potential energy related to buoyancy (EB )
E=

1 2
b
1 g 2
ρu +
+
ρ ;
2
2μ
2 ρN 2
3456 3456 3456
2

2

EK

EM

(98)

EB

moreover, we introduce the vectorial waves’ energy flux
FE = Πu −

1 T
B (b · u) .
μ 0

(99)

From now on, we follow the general method given by
Grimshaw (1975) and references therein (see also Andrews &
McIntyre 1978). First, we introduce the wave action density (cf.
Bretherton 1966)
SW =

Eϕ
,
σm

(100)

which is conserved in the adiabatic case as is shown by the following conservation equation


∂t SW + ∇ · SW V g = 0,
(101)
with the wave group velocity: V g = ∂σ/∂k. Then, the energy
flux is expressed as a function of V g and Eϕ as
1 E2


= Eϕ V g − V 0 ,
F
(102)
ϕ

where V 0 = r sin θ Ω
eϕ (cf. Eq. (11)). Finally, the vertical flux of
angular momentum is identified as a function of the wave action
density and group velocity, which gives


AM
V
FV;k,m
=
FVAM =
−m SW
k,m Vg;k,m
σ,m,k

=
σ,m,k

σ,m,k

⎧ :
⎫
;
⎪
Ek,m ϕ V ⎪
⎪
⎪
⎨
⎬
Vg;k,m ⎪
−m
=
⎪
⎪
⎪
⎩
⎭
σm

σ,m,k

<
m E
− FV;k,m ,
σm

(103)

AM
E
V
, FV;k,m
, Vg;k,m
, SW
where FV;k,m
k,m , E k,m are the monochromatic
vertical fluxes of angular momentum and energy, the vertical
group velocity, the wave action, and the total energy for given
degrees {k, m}, respectively.

Then, we define the usual monochromatic Eulerian vertical
Reynolds stresses
1
2
Re
(r, θ) = ρ r sin θ ur;k,m (r, t) uϕ;k,m (r, t) .
FE;V;k,m
(105)
ϕ

Moreover, we define the monochromatical Eulerian vertical
Maxwell stresses associated to the fluctuating wave magnetic
field (b)
1
2
1
Ma
(r, θ) = − r sin θ br;k,m (r, t) bϕ;k,m (r, t) .
FE;V;k,m
(106)
ϕ
μ
Using Eq. (95), this becomes for the purely axisymmetric
toroidal field
1
2 
ω2 
ω2 Re
Ma
FE;V;k,m
= −m2 A2 ρ r sin θ ur;k,m uϕ;k,m
.
= −m2 A2 FE;V;k,m
ϕ
σs
σs
(107)
Then, we can note that Maxwell stresses act against Reynolds
ones with this magnetic configuration. This eﬀect grows as
m2 ω2A /σ2s , and as was already identified previously in our discussion of the vertical group velocity and the radiative damping,
AM
we will have FV;k,m
= 0 when A = 0 (cf. Eqs. (75, 86, 103)).
Let us now indentify the MGI wave action, which is conserved in the adiabatic case, and deduce the associated transport of angular momentum. Let us first examine the azimuthal
component of the momentum equation (Eq. (35)); assuming the
MHD TA, this is written




−A ξϕ + i B cos θ ξθ = −



im Π
·
r sin θ ρ

(108)

(
)
Multiplying this by i σ s ρ r sin θ exp imϕ exp [iσt], we obtain
for a given k


ρ r sin θ A uϕ;k,m − i B cos θ uθ;k,m = −m σ s Πk,m .
(109)
∗
Next, this is multiplied by ur;k,m
/σ2s where ∗ is the complex conjugate and we identify the equation for the fluxes defined in
Eqs. (104, 105, 106):
⎛
⎞
1
2
ω2 ⎟
⎜⎜⎜
⎜⎝1 − m2 A2 ⎟⎟⎟⎠ ρ r sin θ ur;k,m uϕ;k,m
ϕ
σs
:
;
−1
+σ s Ro (1 − mΛE ) ρ r sin θ cos θ ur;k,m ξθ;k,m ϕ =
2
m 1
−
(110)
Πk,m ur;k,m ,
ϕ
σs

which we put in its final form
Re
Ma
FE;V;k,m
+ FE;V;k,m

:
;
+σ s R−1
o (1 − mΛE ) ρ r sin θ cos θ ur;k,m ξθ;k,m ϕ =
m E
− FV;k,m
.
(111)
σs

Thus, we can identify the total action of angular momentum
<


m  2 E 
2
AM
(r,
θ)
=
LAM
F
F
−
r
=
r
V
V;k,m
V;k,m
σs
σ,k,m
σ,k,m


Re
Ma
(r, θ) + FV;k,m
(r, θ) ,
= r2
FV;k,m
(112)
σ,k,m
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which is conserved in the adiabatic case (see for example
Goldreich & Nicholson 1989a), where
1

2
Re
FV;k,m
= ρ r sin θ ur;k,m uϕ;k,m + σ s R−1
,
(113)
o cos θ ξθ;k,m
ϕ

and
,
=m
>.
Ma
uϕ;k,m + σ s cos θ ξθ;k,m .
FV;k,m
= − ρ r sin θ m R−1
o ΛE ur;k,m
2
ϕ
(114)
In the non-magnetic case (ΛE = 0), the result obtained in
Pantillon et al. (2007) and Mathis et al. (2008) is recovered.

we can see that the domain in the {Ro , ΛE } plane for which internal waves are trapped in an equatorial belt is larger for prograde
waves than for retrograde waves. This is an interesting point,
since this means that energy transmission will be more eﬃcient
for retrograde waves, leading to a net extraction of angular momentum in solar-type stars.
It is possible to quantify these combined actions of vertical
and horizontal trappings by defining the following function

2
 & π/2
& 2π 
σM
1
Pm =
sin θ dθ
dϕ
σs
2π θc;m
0
3456
3456
vertical trapping



= 1−

3.1.2. The total action (luminosity) of angular momentum

We thus obtain the total action of angular momentum transported
by MGI waves in the vertical direction averaged on an isobar
1
2
AM
LAM
V (r) = LV
θ
"

!
AM
=
LV;k,m rc ; νM;m exp −τk,m r; νM;m , ΔΩ ; (115)
σ,k,m

its monochromatic value at the convection/radiation border is
given by
m 2 E
r F
rc ; νM;m
σ s c V;k,m
1

2
E
er Θk,m cos θ; νM;m
m 2 F (r, θ) ·
θ
= − rc
:
;
σs
Θk,m cos θ; νM;m θ

2
Jk,m νM;m
σM
1
= m
A2u;k,m
,
(116)
2
σs
Λk,m νM;m
1
2
with ···θ = 1/2
νM;m = Θ2k,m cos θ, νM;m

LAM
V;k,m rc ; νM;m = −

where Jk,m
θ
'π
× 0 . . . sin θ dθ, and we recall the radiative damping expression
&


τk,m r; νM;m , ΔΩ = Λ3/2
ν
k,m M;m

r

rc

K

NT2 N dr
·
σm σ3M;m r3

(117)

MGI waves are thus excited at the convection/radiation border
by the convective turbulent movements and the tidal potential if
there is a close companion. At the level of this excitation region,
the mean total action of angular momentum in the vertical direction has the same sign as those of the mean vertical component
of the energy flux for prograde waves (m < 0), and the opposite
sign for retrograde waves (m > 0). For example, for a solar-type
star, prograde waves have a negative mean vertical flux of angular momentum that leads to a deposit of angular momentum
in the radiative core, while we get the opposite for retrograde
waves and consequently an extraction of angular momentum.
Then, two diﬀerent filters act on MGI waves to modify the
net amount of transported angular momentum. First, as discussed at the end of Sect. 2.5.1, the magnetic field filters internal waves for which A ≤ 0 and Maxwell stresses act against
Reynolds stresses as soon as the ratio ω2A /σ2s grows. Next, because of the modification of the horizontal extent of MGI waves
propagation region by the Coriolis acceleration and the Lorentz
force, the transmission of the excitation energy diminishes when
|νM;m |, and thus θc;m , increases. Moreover, since Θk,m  Θk,−m ,
and as a consequence θc;m  θc;−m , this horizontal filter is different for prograde and retrograde waves. If we examine Fig. 4,
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equatorial trapping

)
(
m −1
Ro ΛE cos θc;m He |νM;m | − 1 + He 1 − |νM;m | ,
2
(118)
2

where He is the Heaviside function, which evaluates the surface where convective movements can transmit their energy to
MGI waves for a given m. This corresponds to the spherical surface where MGI waves are propagative, normalised by the total
sphere surface. This is shown in Fig. 5 for m = {−2, −1, 1, 2}.
First, we see that in the non-magnetic case (ΛE = 0), we have
Pm = 1 in the superinertial regime (Ro ≥ 1) while this discreases
in the subinertial regime (Ro < 1) when the mean rotation rate
increases. Next, we observe the combined eﬀects of the vertical
trapping and of the diﬀerential horizontal one (i.e. which depends on the sign of m, since θc;m>0 < θc;m<0 ) as soons as ΛE  0
with a stronger attenuation of Pm for prograde waves than for
retrograde ones. Moreover, we identify the region where A < 0.
All these behaviours are summarised in Fig. 6 where the
vertical magnetic trapping (identical for prograde and retrograde waves) and the equatorial one due to the Coriolis acceleration and the Lorentz force (stronger for prograde waves) are
shown. The associated strength of the angular momentum transport (stronger for retrograde waves) for a same given excitation
for prograde and retrograde waves is also represented.
In summary, the combined actions of the rotation and of
the purely toroidal axisymmetric magnetic field modify internal waves propagation both in the vertical and in the horizontal
directions and their radiative damping. Since the induced eﬀects
are not symmetric for prograde and retrograde waves, the net
result on the amount of angular momentum transport
ρ

d  2 
31
r Ω = − 2 ∂r LAM
V
dt
2r

is modified, as is the associated coupling time
--−1
--- 3 1
AM
tC ≈ ∂L - .
- 2 ρr4 Ω r V --

(119)

(120)

The transport of angular momentum by MGI being now studied,
we have to understand its couplings with the other dynamical
processes in stellar radiation zones.
3.2. Secular transport in stellar interiors and the dynamical
coupling of radiative and convective zones

Let us examine each step of the transport loop in radiative regions.
First, these are the seat of a large-scale flow, the so-called
“meridional circulation” (Zahn 1992; Maeder & Zahn 1998;
Mathis & Zahn 2004; Decressin et al. 2009), which is caused

S. Mathis and N. de Brye: Low-frequency internal waves in magnetized rotating stellar radiation zones. II.

Fig. 5. Top left: Pm as a function of Ro and ΛE for non-axisymmetric retrograde waves (m = 1). Middle left: same for corresponding prograde
waves (m = −1). First, the left-top white corner region for which Ro ≤ m2 /2 ΛE corresponds to the (Ro , ΛE ) domain where A ≤ 0 and where the
waves are thus completely vertically trapped. Then, the region where Pm ≈ 1 corresponds to the regime where the MHD TA applies (i.e. |νM;m | < 1
and A > 0) and where the vertical trapping is weak (i.e. m2 /2 ΛE << Ro). Next, the domain where Pm is weak corresponds to the regime where the
MHD TA does not apply (i.e. |νM;m | ≥ 1 and A > 0 and thus θc;m  0) and where a partial vertical trapping operates. Bottom left: net bias between
retro- and prograde waves evaluated through ΔPm = Pm − P−m > 0 (for m = 1). This is in favour of retrograde waves since as emphasised in
Sect. 2.4.3. prograde waves are more trapped in an equatorial belt than retrograde ones, the vertical trapping being independent of the sign of m.
Right: same for m = 2 and m = −2.
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Fig. 6. Synopsis of the structure and the induced transport of angular momentum in stars with an external and an internal convection zone.
Convection and radiation zones are depicted in grey and orange. The short dashed blue lines represent the equatorial trapping due to the Coriolis
acceleration and the Lorentz force and the purple long-dashed lines represent the vertical magnetic trapping. Finally, the vertical fluxes of energy
and of angular momentum are represented by the thin dark grey arrow and the large green one.

by external torques, structural adjustments during the star’s evolution, and internal Reynolds and Maxwell stresses. External
torques are induced by stellar winds (magnetic for solar-type
stars, radiatively-driven for massive stars) and tides, if there is
a close companion close to the considered object (cf. the torque
exerted on convective envelopes of solar-type stars due to the
equilibrium tide; see Zahn 1966, 1989). If we consider a “shellular” rotation law, the meridional circulation is expanded in spherical harmonics as

Then, following the method given in Decressin et al. (2009), we
obtain U2


5
3 AM
4
(r)
− ρνV r ∂r Ω + LV ,
U2 =
(123)
ΓM
2
ρr4 Ω

1 d ! 2 " dP2 (cos θ)

eθ ,
ρr U2
6ρr dr
dθ
(121)

is the Lagrangian variation of the angular momentum in the
sphere of radius r of mass M (r). This leads to the following
boundary conditions

U M (r, t) = U2 (r) P2 (cos θ)
er +

where the latitudinal component is obtained using the anelastic
approximation, i.e. ∇ · (ρ U M ) = 0. Moreover, if we assume that
the angular momentum transport is ensured by the circulation,
the Reynolds stresses associated to the shear-induced turbulence
due to the diﬀerential rotation, and the MGI waves Reynolds
and Maxwell stresses (the torque of the large-scale axisymmetric field is not discussed here, this latter being here taken into account only as a factor that modifies internal waves propagation),
we can write its evolution equation as (see Talon & Charbonnel
2005; Mathis et al. 2008):
ρ

 3 1

 1 
d  2 
1
r Ω − 2 ∂r ρr4 ΩU2 = 2 ∂r ρνV r4 ∂r Ω − 2 ∂r LAM
V .
dt
2r
5r
r
(122)

We have introduced the Lagrangian operator d/dt = ∂t + ṙ∂r ,
which accounts for contractions and dilatations during the evolution (with a radial velocity ṙ
er ), the vertical eddy-viscosity νV
(prescriptions for this turbulent transport are discussed in Mathis
et al. 2004, and references therein), and the MGI waves averaged
Reynolds and Maxwell stresses computed in LAM
(Eq. (115)).
V
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where
ΓM =

1 d
4π dt

&

M(r)

r 2 Ω dm


(124)

0

– at the top of radiative cores (RC) of low-mass stars (r = rtRC )
d
dt

&

R



 
1
3
r ρ Ω dr = − r4 ρ Ω U2 − FWM + LAM
rtRC ,
V
5
2
(125)
4

rtRC

where FWM is the flux of angular momentum carried by magnetic pressure-driven stellar winds (Kawaler 1998; Matt &
Pudritz 2008; Pinto et al. 2011) and FET is the torque of the
equilibrium tide if there is a close companion (Zahn 1966–
1989);
– at the top of radiative envelopes (RE) of massive stars (r =
rtRE )
1
0 = − r4 ρ Ω U2 − FWR ,
5

(126)

where FWR is the flux of angular momentum carried by radiative stellar winds (ud-Dulla et al. 2009);
– at the top of a convective core (CC) (r = rtCC )
⎡& CC
⎤
 
⎥⎥ 1
d ⎢⎢⎢⎢ rt 4
3
r ρ Ω dr⎥⎥⎥⎦ = r4 ρ Ω U2 − LAM
rtCC .
(127)
⎢⎣
V
dt 0
5
2
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Therefore, as described in Busse (1981), Rieutord (2006)
and Decressin et al. (2009), the circulation vanishes after an

= 2 3 >−1
Ωs R
LR
Eddington-Sweet time tES = GM
if external torques,
2
GM
internal stresses and structural adjustments vanish.
Then, the meridional circulation advects the mean entropy (S ) and the temperature field relaxes on the new thermal state. The induced temperature fluctuation δT (r, t) =
2 (r, t) P2 (cos θ) evolution is ruled by the following relaxation
T
equation (Mathis & Zahn 2004):
⎤
⎡
⎥⎥⎥
⎢⎢⎢
⎥⎥⎥
⎢
N2
d  ⎢⎢⎢⎢ L
L
ρC p T 2 − ⎢⎢⎢ρ
T2,Th + T2,B ⎥⎥⎥⎥⎥ = −ρTC p T U2 + ρ T2,N−G .
dt
M
g
M
3456 ⎢⎢⎣3456⎥⎥⎦ 3456 3456
ρT ∂t S

∇·(χ∇T )−∇·FH

ρT Ur ∂r S

ρε

(128)
This is an advection/diﬀusion equation, where the advective term
associated to the meridional circulation caused by the transport
of angular momentum plays the role of a source or sink of heat.
The terms T2,Th and T2,B describe the usual spherical diﬀusion
of heat and the component of the divergence of the radiative flux
due to the flattening of the isobar by the centrifugal acceleration;
∇ · FH is the entropy flux carried by the horizontal turbulence.
Finally, T2,N−G corresponds to the coupling with the nuclear energy generation. Their derivation may be found in Decressin
et al. (2009) and we obtain the thermic term:
⎡
⎤
2 ⎥⎥
2HT =
ρm ⎢⎢⎢ r
DH > T
⎥⎥⎦ ,
⎢⎣ ∂r A2 (r) −
T2,Th =
1+
ρ 3
3r
K T
the barotropic term:
⎤
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2 ⎟⎟
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Ω
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T2,B = ⎢⎢⎣1 −
⎦
3
2πGρ 3 ρ
μ
m
T
⎛
⎞
 2
⎟
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2 ρm ⎜⎜⎜ 
T
μ
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−
×Ω ∂r
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3 ρ
μ
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the term associated with local energy sources:
⎡

 +  grav ⎢⎢

⎢⎢⎣A2 (r) + ( f T − f δ + δ) T 2
T2,N−G =
m
T



μ2
+ f μ + f φ − φ
,
μ
where

⎛ ⎞

2 
2 ⎟⎟
⎜⎜ T
μ2
T
·
− φ + χμ
A2 (r) = HT ∂r ⎜⎜⎝ ⎟⎟⎠ − (1 − δ + χT )
μ
T
T

(129)

L, M have their usual meaning. - We have- introduced the
temperature scale-height HT = --dr/d ln T --, the horizontal


eddy-diﬀusivity DH and f = /  +  grav , with  and  grav
being the mean nuclear and gravitational energy release rates
respectively. μ = (∂ ln /∂ ln μ)P,T and χμ = (∂ ln χ/∂ ln μ)P,T
are the logarithmic derivatives of  and of the radiative conductivity χ with respect to μ, and T = (∂ ln /∂ ln T )P,μ
and χT = (∂ ln χ/∂ ln T )P,μ are the derivatives of these same
quantities with respect to the temperature T . m = L/M and
ρm = 3g (r)/4πrG are the horizontal average of the energy
production rate and the mean density inside the considered

Fig. 7. Transport loop in stellar radiation zones taking into account MGI
wave action (here, in the green box). The action of (diﬀerential) rotation through the Coriolis acceleration and the Doppler shift and of the
Lorentz force are represented in blue and purple.

isobar. Finally, the signature of mixing induced by transport
processes, i.e. the fluctuation of the mean molecular weight
μ2 (r, t) P2 (cos θ) has been introduced.
δμc (r, t) = 
Next, once the temperature has relaxed, a new diﬀerential
rotation is obtained through the thermal-wind equation
⎞
⎛
2

μ2 ⎟⎟⎟
3g 1 ⎜⎜⎜ T
⎜
∂r Ω = − 2
(130)
⎝δ − φ ⎟⎠ ·
μ
r 2Ω T
A new eddy-viscosity (νV ) is thus obtained due to the modification of the vertical gradient of angular velocity. To close the loop,
the meridional circulation is then substained if there are some
external torques, structural adjustments, and internal stresses.
This view of the transport loop is thus the generalisation
of the one given in Decressin et al. (2009) taking MGI waves
into account (see Fig. 7). There, the associated Reynolds and
Maxwell stresses are a source term for the transport of angular momentum and sustain the meridional circulation. However,
as explained previously, contributions from waves that are excited in the neighbourhood of ωA or are strongly influenced by
the Coriolis acceleration and the Lorentz force are weaker than
those of other internal waves because of the strongest Maxwell
stresses that act against Reynolds ones and of vertical and horizontal trappings (if A < 0 and |νM;m | ≥ 1).
Moreover, we emphasize that in this work we look at the
impact of a large-scale axisymmetric magnetic field on internal waves, but do not include their feed-back on the latter. This
will be done in a forthcoming work, where we will evaluate
the potential mean-electromotive force associated to MGI waves
(Moﬀatt 1978; Zahn et al. 2007) to isolate a potential α-eﬀect,
as done for example by MacGregor & Rogers (2011) for these
waves in Cartesian coordinates. Furthermore, to achieve a complete picture, the associated dynamics of the axisymmetric field
and the corresponding couplings will be included (Mathis &
Zahn 2005).

4. Conclusion and perspectives
We continued the study of the interactions between internal
waves, rotation, and magnetic field in stellar radiation zones.
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After the work on the adiabatic propagation of regular MGI
achieved in Paper I, we here focused on the properties of the
transport of angular momentum by these waves. Our goal was
to unravel the diﬀerences to the classical case where the modifications of internal wave properties by the action of the Coriolis
acceleration and the Lorentz force are not taken into account.
These modifications become important if MGI waves are excited
at frequencies close to the inertial (2Ω) or the Alfvén (ωA ) ones
by turbulence and the tidal potential (if there is a close companion) at the borders with convective regions such as convective
envelopes of solar-type stars or convective cores in intermediate
and massive stars. As a first step, we studied the “weak diﬀer
ential rotation” case where a weak diﬀerential rotation ΔΩ is
allowed around a uniform one (Ω s ), while the magnetic field is
assumed to be purely axisymmetric and toroidal such that the
Alvén frequency is uniform, as in Paper I. This allowed us to
study the system behaviour as a function of its two control parameters, namely the wave Rossby (Ro ) and Elsasser (ΛE ) numbers. First, we recalled the properties of low-frequency adiabatic
regular MGI, which could be trapped in the radial direction if
A ≤ 0 and in an equatorial belt if |νM;m | ≥ 1. Their propagation is
thus modified both by rotation and magnetic field, and prograde
and retrograde waves are now diﬀerent. Then, we studied their
dissipative propagation with particular attention to their radiative
damping, which is responsible for the transport of angular momentum. The diﬀerence between prograde and retrograde waves
dissipation is due to the Doppler frequency shift and now to the
action of the Coriolis acceleration and the Lorentz force. For
class I and III waves, it grows with νM;m , which leads to a damping closer to the excitation region; the class IV have a diﬀerent
behaviour and are able to deposit their positive angular momentum farther away from the convection zones. Next, we isolated
the action of angular momentum, which is conserved in the adiabatic case, and showed how the wave-induced Maxwell stresses
act against Reynolds stresses with an eﬃciency that grows with
the ratio (ωA /σ s )2 . Therefore, the transport of angular momentum is inhibited for waves, which are excited with a frequency
close to ωA . Finally, a complete picture of transport processes in
stellar radiation zones where internal waves are modified by the
Coriolis acceleration and a purely axisymmetric toroidal magnetic field was discussed. Moreover, our theoretical prescriptions
are ready to be implemented in a dynamical stellar evolution
code aimed to follow the rotation and its profile during the life
of the star, as in Talon & Charbonnel (2005).
In Paper III, we will study general diﬀerential rotation,
Ω (r, θ), and azimuthal field, Bϕ (r, θ), followed by purely
poloidal and of twisted fields. Furthermore, the regime where
the MHD TA does not apply and the critical layers phenomena
have to be treated.
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