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ABSTRACT

Context. Forty years of lunar laser ranging (LLR) data provide an excellent basis to determine various parameters of the Earth-Moon
system as well as parameters related to gravitational physics.
Aims. We update the Institut für Erdmessung (IfE) LLR model taking the eﬀect of a fluid lunar core into consideration. The temporal
variation in the gravitational constant Ġ/G0 and the strong equivalence principle, parameterized by the Nordtvedt parameter η, are
investigated.
Methods. A set of LLR observations from 1970 to 2009 was analysed and the parameters were determined by a least squares adjustment in two runs. After solving for classical Newtonian parameters (e.g. initial conditions for the lunar orbit and rotation) in the first
run, relativistic parameters were determined in the second run.
Results. The upper limits to the gravitational constant and the Nordtvedt parameter were found to be Ġ/G0 = (−0.7 ± 3.8)×10−13 yr−1
and η = (−0.6 ± 5.2) × 10−4 .
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1. Introduction
Since the first passive retroreflector on the lunar surface was
deployed by the Apollo 11 mission, measurements of round
trip travel times of laser pulses between stations on the Earth
and retroreflectors on the Moon have been carried out for
over 40 years. The weak signal-to-noise ratio of the pulses is
mainly caused by atmospheric beam divergence and corner cube
diﬀraction, and makes lunar laser ranging (LLR) challenging.
Therefore, only a few observatories worldwide are capable of
tracking the Moon. The measured lunar returns over a period of
15 to 20 min are combined to so-called normal points (NP). Up
to now, approximately 17 000 NPs were collected and serve as
observations for the analysis. Various components of the EarthMoon system dynamics can be addressed, e.g., initial conditions
for the lunar orbit and rotation, reflector and station coordinates, Earth orientation parameters (Biskupek & Müller 2009;
Zerhouni & Capitaine 2009), nutation coeﬃcients (Biskupek
et al. 2009), and also studies of the lunar interior (Williams &
Boggs 2009). In addition, LLR is used to test general relativity
(Müller et al. 2008), e.g., the strong equivalence principle (EP)
(Müller & Nordtvedt 1998; Williams et al. 2009; Nordtvedt et al.
1995), temporal variation in the gravitational constant G (Müller
& Biskupek 2007; Williams & Folkner 2009), metric parameters, and preferred frame eﬀects (Soﬀel et al. 2008). Here, we
focus on the strong equivalence principle and a possible temporal variability of the gravitational constant after refining the
analysis model for the lunar rotation taking into account the effect of a fluid core and an updated data series (March 1970 to
December 2009). The knowledge of more tighter limits of these

quantities may be helpful to verify Einstein’s theory or to distinguish between cosmological models and alternative theories of
gravitation. Some theories predict for instance an EP violation
at a level of mg /mi = 10−18 –10−12 with gravitational mass mg
and inertial mass mi (Damour et al. 2002; Turyshev 2008), while
some multidimensional theories expect a temporal variation in
G of the order of Ġ/G = 10−14 –10−11 yr−1 (Steinhardt & Wesley
2010; Sanders et al. 2010).
This Letter is organized as follows. Section 2 describes the
analysis model and Sect. 3 shows the basis of the parameter estimation with a special focus on the investigated relativistic parameters. The results obtained are discussed in Sect. 4 and our
conclusions are given in Sect. 5.

2. Analysis model
The analysis model used at Institut für Erdmessung (IfE) is based
on Einstein’s theory of gravity. It is fully relativistic and complete up to the first post-Newtonian (1/c2 ) level (see Müller
et al. 2008). The simplified observation equation for the stationreflector distance d (see Fig. 1) is
d=c

τ
= |rEM − robs + rref | + cΔτ,
2

(1)

with the speed of light c, pulse travel time τ, vector between
geocenter and selenocenter rEM , the position vector of the observatories robs , the position vector of the reflectors rref , and a
delay Δτ due to atmospheric and relativistic eﬀects. To apply
Eq. (1), all vectors must be given in the same inertial reference
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parameters to their Einsteinian values, until a stable solution is
obtained. These parameters include coordinates of LLR observatories and retroreflectors, GME+M , long periodic nutation coeﬃcients, initial conditions for the lunar orbit and rotation, the lowest mass multipole moments of the Moon, lunar Love number, as
well as a dissipation parameter and a lag angle indicating the lunar tidal acceleration. After convergence is achieved, single relativistic parameters are estimated together with the Newtonian
parameters. All other relativistic parameters are fixed to their
Einsteinian values. Tests relating to the gravitational constant
and the EP are discussed in more detail below.

Fig. 1. LLR measurement setup with basis vectors.

frame. The vectors robs and rref are transformed from their original terrestrial (TRF) or selenocentric (SRF) reference frame by
applying
robs = Re (t) rTRF
obs ,

(2)

rref = Rm (t) rSRF
ref .

(3)
e

The rotation matrix between TRF and inertial frame R (t) is
calculated from the Earth orientation parameters as described
in McCarthy & Petit (2004). For the rotation Rm (t) between
SRF and inertial frame, the lunar rotation vector ωm is required, which is obtained by numerical integration of the EulerLiouville equations for the Moon. The previous model for an
elastic, homogeneous, and dissipative Moon has been extended
by including the influence of a liquid core (Williams & Boggs
2009). Adopting the expressions of Hinderer et al. (1982) for
the Moon, this leads to Eq. (4) for the whole Moon, Eq. (5) for
the core, and Eq. (6) for the coupling torque at the core mantle
boundary T cmb

d (Cm ωm + lc )

+ ωm × C m ωm + l c = T G ,
dt
d (Cc ωc )
+ ωm × Cc ωc = −T cmb ,
dt


T cmb = K ωc − ωm ,

The gravitational constant G entering into the equations of motion is described as


Ġ
Δt ,
(8)
G = G0 1 +
G0

(4)

where Δt = t − t0 is the time diﬀerence to the reference epoch
t0 = J2000 and Ġ/G0 as linear trend of the gravitational constant. This yields Ġ/G0 = (−0.9 ± 4.0) × 10−13 yr−1 when only
the updated data series is considered and Ġ/G0 = (−0.7 ± 3.8) ×
10−13 yr−1 including the core extension. Owing to modelling
inadequacies and remaining systematic errors, the formal error
from the fit was scaled by a factor of 2 to get a more realistic uncertainty. The scaling factor was inferred by diﬀerent tests
from the determined uncertainty in Ġ/G0 , e.g., by varying values of some fixed Newtonian parameter, such as the Earth-Moon
orbit around the Sun, or the weighting of the individual measurements. For a comprehensive error analysis, we refer to Müller &
Biskupek (2007).

(5)

3.2. Nordtvedt parameter

(6)

Compared to laboratory masses, Earth and Moon have a large
amount of gravitational self-energy. Therefore, they can be used
as bodies for testing the strong EP with respect to the gravitational field of the Sun (Nordtvedt 1968a,b). If the EP is violated
(Nordtvedt parameter η  0), the Earth and the Moon will be accelerated diﬀerently by the Sun, resulting in a shifted lunar orbit
in the solar direction. In the IfE LLR analysis program, this can
be handled by determining the diﬀerence of the ratio of gravitational to inertial mass Δ(mg /mi ) between the Earth and Moon
in the equations of motion or by synodic Earth-Moon range oscillations towards the sun, parameterized by η, which leads to
an equivalent result (Müller & Nordtvedt 1998). In the present
study, only the second procedure with the range term ΔrEM was
considered

c

with the additional angular momentum l due to diﬀerent core
rotation


l c = C c ωc − ωm ,
(7)
m and c superscripts indicate the whole Moon and the lunar core,
respectively, C is the corresponding tensor of inertia, ω the rotation vector, T G the external gravitational torque, and K a coupling parameter. Initial values for ωc used to integrate Eq. (5) as
well as values for Cc and K are taken from Williams et al. (2001)
and Williams & Boggs (2009). These values are kept fixed in
our solution and have not been estimated. The Earth-Moon vector rEM in Eq. (1) is calculated by numerical integration of the
relativistic Einstein-Infeld-Hoﬀmann equations of motion with
additional Newtonian accelerations due to the gravitation of the
solar system bodies as well as gravity field inhomogeneities.
The inclusion of the lunar core refines the modelling of the
lunar rotation and leads to an improved LLR analysis model. The
root mean square of the post-fit residuals of the whole data series
yields a reduction of 4 mm or 1.1% with the core extension.

3. Parameter estimation
The model is adjusted to the observations by performing a
weighted least squares fit with two parameter groups. The first
group are the non-relativistic Newtonian parameters, which are
estimated in a first run of the analysis, with fixed relativistic
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ΔrEM = Aη cos D,

(9)

where D is the synodic angle and the amplitude of A = 12.8 m is
derived from theoretical calculations by Nordtvedt (1995). This
yields η = (2.1 ± 5.3) × 10−4 considering only the updated data
series and η = (−0.6 ± 5.2) × 10−4 with the core extension.
When using the realistic uncertainty value of η = 5.2 × 10−4 ,
Eq. (9) would lead to a maximum additional range of 7 mm
along the Earth-Sun direction during the new and full Moon
phases. For the mass ratio Δ(mg /mi ), this yields Δ(mg /mi ) =
−4.45 × 10−10 η = 0.3 ± 2.3 × 10−13 , where we refer to Williams
et al. (2009) for more details and Müller & Nordtvedt (1998)
for a dedicated error analysis: this procedure is carried out in a
similar way to that indicated in Sect. 3.1.
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4. Discussion
We have succeeded in reducing the uncertainty in the current
variation in G by a factor of 2, compared to previous IfE results (Müller et al. 2008). This is mainly due to the longer data
series used and to a smaller extent a result of the refined modelling. The analysis shows a high correlation of Ġ/G0 with the
lag angle, which indicates the secular tidal acceleration. At the
moment, this prevents a more precise determination of Ġ/G0 .
Together with Williams & Folkner (2009), this paper gives the
actual highest accuracy of Ġ/G0 ≈ 4×10−13 yr−1 from pure LLR
observations. Compared to measurements based on radar observations (Pitjeva 2005), the LLR results seem to be less accurate
by a factor of about 8.
The Nordtvedt parameter has been improved by a factor of
1.5 and agrees with the value derived by Williams et al. (2009).
This is again mainly a result of the longer data series and to a
smaller extent the refined modelling. At the epochs of possible
maximum amplitude, there are either no (new Moon) or fewer
(full Moon) observations because of the too high background
noise during the measurements. This means that, at the moment,
the full potential of the EP test with LLR is not being exploited.
New measurements, e.g., by the APOLLO station (Murphy et al.
2008), at full Moon phases will certainly lead to further improvement. In the parametrized post-Newtonian (PPN) framework, η
is related to the PPN parameter β and γ by η = 4β − γ − 3.
This equation is valid under the assumption of no compositioninduced EP violation and no preferred frame eﬀects. By taking
η from this paper and the parameter γ derived from the Cassini
mission (Bertotti et al. 2003), the PPN parameter β has been determined to be β − 1 = (0.3 ± 1.3) × 10−4 .
Both relativistic values discussed in this paper do not
show any significant deviation from their Einsteinian values
(Ġ/G0 = 0, η = 0) and confirm the upper limit to a possible
violation of general relativity.

5. Conclusions
Owing to the long data series of observations, LLR has become a powerful tool for determining relativistic parameters
with high accuracy. Here, the variations in the gravitational
constant and the Nordtvedt parameter have been investigated by
applying an analysis model that had been extended by incorporating the fluid lunar core influence in combination with an
updated data series up to December 2009. We obtained Ġ/G0 =
(−0.7 ± 3.8)×10−13 yr−1 and η = (−0.6 ± 5.2)×10−4 . The results
of these parameters have been improved by a factor of about 2

relative to previous IfE results, and confirm or even slightly improve the results of other analysis groups for an upper limit to a
possible violation of general relativity.
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