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ABSTRACT

Aims. We analyze and characterize the angular distribution of selected samples of gamma ray bursts (GRBs) from BATSE and Swift
data to confirm that the division into two classes of short- and long-duration GRBs also correspond to two distinct spatial populations.
Methods. The angular distribution is analyzed using multifractal analysis and characterized by a multifractal spectrum of dimensions.
Diﬀerent spectra of dimensions relate to diﬀerent angular distributions.
Results. The spectra of dimensions of short and long bursts indicate that the two populations indeed have two diﬀerent angular distributions. Both Swift and BATSE long bursts appear to be homogeneously distributed across the sky with a monofractal distribution.
In contrast, short GRBs follow a multifractal distribution for both the two samples. Even if BATSE data do not enable a unique
interpretation of their angular distribution to be made because of the instrumental selection eﬀects that mainly favor the detection of
nearby GRBs, the results from Swift short GRBs confirm this behavior, also when including GRBs corrected by the redshift factor.
The distributions traced by short GRBs, up to z = 1, depict a universe with a structure similar to that of a disordered porous material
with uniformly distributed heterogeneous irregular structures, appearing more clustered than expected.
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1. Introduction
Gamma ray bursts (GRB) are catastrophic explosions of cosmological origin that illuminate the sky once or twice a day with
relatively short, intense, flashes of γ-rays on the order of the
MeV and duration that ranges from 10−3 to about 103 s. Until the
launch of Swift, the most widely accepted taxonomy of GRBs
had been the division between short-hard and long-soft bursts. In
BATSE data, both Dezalay (1992) and Kouveliotou (1993) found
a bimodal distribution in the burst duration, which was defined
to be the time it takes the 90% of the flux to arrive (T 90 ) with
respect to the local time of the detector. These two distinct GRB
distributions are separated by a minimum located at T 90  2 s.
This sharp division is apparently also caused by a selection eﬀect
of the instrumentation onboard the satellite. New Swift observations permit us to include in the classification scheme, as short
bursts, some distant events for which apparently T 90 > 2 s with
respect to Swift’s proper time. The determination of the redshift
allows us to correct the T 90 for relativistic eﬀects (Che et al.
1999; Ruﬃni et al. 2009). This suggests that a more solid classification of GRBs is required on the basis on a broader set of
criteria, beyond the mere burst duration and the verification of
the present taxonomy of long/short GRBs (Donaghy et al. 2006;
Zhang et al. 2007; Bloom et al. 2008; Belczynski et al. 2008).
Long and short GRBs are understood to have been generated
by diﬀerent progenitors, which each contain a black hole that accretes material from either a disc or a torus with the emission of
gamma rays (Ghirlanda et al. 2009). The basic model for longduration GRBs, related to the catastrophic release of energy from
the collapse of massive stars (Woolsey 2001; Fryer & Kalogera
2001), has received strong support from the observations of their
X-ray (Gehrels et al. 2008; Nysewander et al. 2008), optical,
and radio counterparts, and the association with supernova detections, of which the GRB980425/SN1998bw association was

the first clear example (Galama et al. 1998; Kulkarni 1998;
van Paradijs 1999). Thus, X-ray flashes, which are associated
to long-duration GRBs, are probably produced by the highlyrelativistic jets ejected in core-collapse supernova explosions.
The relativistic fireball model (Goodman 1986; Paczyński 1986,
1990; Castro-Tirado et al. 2001) provides a reasonable description of the observed afterglow spectrum, which is produced by
the synchrotron emission of electrons accelerated in a relativistic shock with an estimated total energy budget roughly the same
order of magnitude as that of supernovae Ib/c (Frail 2001). The
discovery of the slowly fading X-ray emission, from optical and
radio afterglows of GRBs and the identification of host galaxies
at cosmological distances provided additional support for their
progenitors being produced short-lived massive stars at diﬀerent
cosmological epochs, whose detection is limited by the BATSE
threshold to within distances slightly larger than z ∼ 4 (Wijiers
et al. 1997; Blain & Natarajan 2000). The new data from Swift
now has passed the barrier of z = 8 (Salvaterra et al. 2009).
Short GRBs are understood to be produced by highly – relativistic jets ejected during diﬀerent processes, such as neutron star – neutron star (NS-NS) or black hole – neutron star
(BH-NS) binary mergers (Narayan et al. 1992; Fox et al. 2005;
Metzger et al. 2008), whose averaged redshift distribution, in
the Swift-era, seems to be z ∼ 1.0 (see e.g., Magliocchetti
et al. 2003; Tanvir et al. 2005; and Ghirlanda et al. 2006). Swift
and HETE-2 observations have provided evidence of clear similarities with the afterglows detected in the correspondence of
long GRBs, because of the detection of X-ray and optical afterglows (Soderberg 2006; Grupe 2006; Berger 2007). Other similarities identified in the spectra for the initial stage of short
and long GRBs and the presence, in some cases, of X-ray
flares infers that a common mechanism operates during the first
few seconds (Barthelmyet et al. 2005; Coward, 2007). Short
GRBs have been observed mostly in elliptical galaxies, but
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even less frequently also in nearby irregular and in star-forming
galaxies, confirming as progenitor the binary merging scenario
(Castro-Tirado et al. 2002; Mêszáros 2006; Narayan et al. 2001;
Belczynski et al. 2008) and the mechanism of star swapping
are possible means of forming GRBs (Grindlay 2006). A similar behavior is expected for NS-BH binaries (Paczyński 1991).
The angular and spatial distributions of BATSE GRBs appear to be isotropic (Briggs et al. 1996), there being only a
few anisotropies in the angular distribution (Mêszáros et al.
2000a,b,c). Short- and long- GRBs in the BATSE catalog actually show two diﬀerent angular distributions (Vavrek et al. 2008;
Balázs et al. 2009), but the connection to the hypothesis of the
instrumental selection eﬀect remains completely unclear.
In this paper, we characterize the angular distributions of the
two classes of GRBs by performing multifractal analysis from
a selected sample of BATSE and Swift observations, considering the redshift relativistic eﬀects, and comparing the results
obtained from the two catalogues. In Sect. 2, we describe the
mathematical basis of our method. In Sect. 3, we estimate the
fractal/multifractal dimensions by determining the distribution
moments of the multifractal spectrum from the second up to the
tenth order, and then draw our conclusions.

2. Fractal/multifractal analysis of the angular
distribution
Being associated with galaxies, GRBs should trace the angular distribution of their host galaxies at distances slightly larger
than those estimated with classical supernovae, i.e., distances on
the order of a Gpc (Paczyński 1986; Usov & Chibisov 1975),
across which inhomogeneity in the distribution of luminous matter should be averaged out on the Mpc scale.
Mandelbrot (1975) and Peebles (1980) used fractal geometry
to describe the angular and spatial distribution of galaxies. They
used Lévy-Rayleigh random paths, i.e., infinite-variance, stable, generalized random walks in which the step lengths are described by a tailed probability distribution. Galaxies are placed
at the steps of a random walk and each galaxy is randomly connected with another in its vicinity, mimicking the random motion of a fly in the air. The power-law constraint of the motion
determines the fractal exponent of the random path and rules the
distribution of the jump lengths and the direction of each jump
is taken isotropically at random (Martinez 2002).
Galaxy surveys show that the distribution of the luminous
matter in the universe is more complicated than that of a single fractal. The distribution of galaxies has instead multifractal properties (Pietronero 1987; Célérier & Thieberger 2001),
having a tendency to cluster following the well known peculiar structures produced by patterns of voids and filaments
(Kurokawa et al. 1999). The CfA survey of nearby galaxies, for
example, presents the scaling properties of these strucures with
a correlation dimension in the interval D2  1.3−1.4. The twopoint correlation function and the power spectrum analysis indicates that the distribution of galaxies on very large scales becomes homogeneous and isotropic like the X-ray background
emitted by active galactic nuclei (AGNs), in agreement with the
Cosmological Principle (Peebles 1993).
Multifractal scaling analysis has identified aggregated structures also in some samples of galaxies with distances larger than
r ∼ 20 Mpc. At scales larger than 30 Mpc, the angular distribution of luminous matter tends to homogeneity. According
to Pietronero (1987), the distribution of luminous matter has
multifractal properties with fractal dimensions that varies from
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d = 1.23, for the nearby galaxies, up to the value d  2 at
very high redshifts. Multifractal distributions are usually present
when a structure has diﬀerent fractal dimensions on diﬀerent
parts of the geometric support; in other words, when spatial correlations are present and change the geometrical shape of the distribution on diﬀerent scales (Falconer 1990). Those distributions
cannot be adequately described by a geometrical support with a
single fractal dimension, but require instead a whole spectrum
of dimensions.
To characterize the angular distribution of GRBs in terms
of multifractals, we use the “method of moments”, which estimates the fractality of the distribution by calculating the multifractal spectrum of generalized dimensions Dq in a given range
(Falconer 1990; Feder 1988). If we consider N GRBs in a box
of size L divided into cells of size r, the sample is said to have a
non-null qth moment ξq on the scale r iﬀ
ξq (r) =

L/r  q

ni
i=1

N

 0 and (q > 2),

(1)

where ni is the number of objects present in the ith cell.
Higher moments reflect the emergence of structures present
in the denser regions. From the scaling relation conducted on
a two-dimensional section, we obtain (Kurokawa et al. 1999;
Kurokawa et al. 2001),
ξq (r) ∼ r(q−1)Dq

(rmin < r < rmax ),

(2)

where the coeﬃcients Dq belong to the spectrum of generalized
dimensions, D0 is the capacity dimension, D1 is the information
dimension, and D2 is the correlation dimension.
To estimate the multifractality of the distribution, one has to
determine each generalized dimension D − q as a function of
the qth moment. One determines the dependence of each of the
fractal dimensions on the moments by drawing the q − Dq plot,
which is based on the Lipshitz-Hölder exponent (Benassi et al.
1998; Goltz 1997). In the q − Dq plot, one defines monofractals,
those simple fractal structures described by only one dimension,
Df , and in the plot all the Dq s are equivalent to Df . In the general
case of a multifractal, instead, Dq usually decreases for higher
and higher values of the moments q: if q > q , then Dq ≤ Dq
until converging to the asymptotic value D∞ for a distribution of
infinite objects.
To characterise with high precision the multifractal distribution of a sample of objects in space, one usually does not need
to calculate the generalized dimensions up to the limit dictated
by the number of points in the space. For our purposes, a good
estimate was obtained by taking q = 10 as an upper limit.

3. Results and discussion
From Swift observations, we selected a sample of 444 GRBs that
do not have ambiguous classifications, 53 of which are classified
as short-GRB after correcting of T 90 for the relativistic eﬀects
(data updated at 2009-09-15). From BATSE 4 catalogue, instead,
the total number of GRBs used in our analysis is 1843, 1447 of
which are classified as long-GRBs.
To verify whether the classification into the two subgroups
corresponds to two distinct populations in both the sets of data
collected by BATSE and Swift, we also performed a series of
tests of the angular distributions in diﬀerent subsamples. We randomly selected from our data a sets of either short or long GRBs,
mixed together, and then tested whether GRBs might be discriminated without choosing “a priori” the two classes following the
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Fig. 1. Upper panel: q − Dq plot of Swift long GRBs. The long bursts
follow an angular homogeneous distribution. The moments Dq tend to
decrease slowly from D1 ∼ 2 to Dq ∼ 1.8 with a rise of the fractal
dimension after q = 8. The spectrum of dimensions is that of a two
dimensional Brownian motion with fractal dimension 2. Lower panel:
BATSE 4 long bursts also exhibit a very similar homogeneous structure
with a mean fractal dimension D  1.98.

burst duration-time distribution. The two classes of long/short
GRBs were distinguished by the fractal analysis of their angular
distribution in the sky. More precisely, by progressively mixing
the population of short GRBs with a growing sample of randomly chosen long GRBs, the multifractal dimension converged
to that of a homogeneously distributed monofractal with dimension d = 2. This simple test corroborated the true subdivision of
GRBs into the two short/long populations identifiable from both
the BATSE and Swift data and also when the two datasets are
mixed together.
We now present and discuss the results obtained for each
diﬀerent class of GRBs.
3.1. Long bursts

Figure 1 clearly shows the uniform angular distribution of both
the samples of Swift and BATSE 4 selected data. The sample
of data from Swift shows a homogeneous distribution. In this
case, the moments Dq tend to decrease slowly from D1 ∼ 2 to
Dq ∼ 1.8 and the fractal dimension begins to increase after the
moment q = 8. In the plot, we also present some sporadic and
discontinuous jumps down to Dq ∼ 1.7 that deviate from the
main smoothness, a behavior that might be caused by numerical errors in the determination of certain Dq ’s . In any case, this
does not aﬀect the interpretation of the global behavior observed
in the plot. We observed a typical example of a stochastic homogeneous distribution, similar to that of a fractional Brownian
motion (FBM) of dimension D = 2, which is expected from
distant sources that homogeneously distribute according to the
Cosmological Principle. The errorbars of the Dq s’ are calculated
from the error propagation of the statistical uncertainty in the position of each GRB and from the instrumental errors. In the case
of Swift data, errorbars are too small to be visible in the graph.
By analyzing BATSE data, we observed a diﬀerent behavior
in the interval 4 < q < 6, where the distribution is flat, within the
experimental errors, and the angular distribution is characterized
by an almost constant fractal dimension that fluctuates within
the interval Dq = [1.8−2] approximately describing the angular
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Fig. 2. q−Dq plot of Swift short GRBs. Upper panel: spectrum of fractal
dimensions of the angular distribution of the whole sample. This behavior with a maximum around q = 3 clearly indicates a multifractal homogeneous distribution very close to that of a multifractional Brownian
motion. Lower left panel: dimension moments of the 13 z-corrected
GRBs with relatively high redshift. The structure is clearly multifractal. Lower panel: the subsample of GRBs with already T 90 < 2 s, exhibits a multifractal distribution, but with an asymptotic convergence to
Dq = 1. In this case, the structure traced by the GRBs appears to be
more clustered.

distribution of a uniform structure. We found a similar result in
both the datasets, the redshift scale being around the Gyr (as
confirmed by the redshift values obtained for most of the bursts),
that is, long GRBs are distributed according to the Cosmological
Principle, in which the Universe is completely homogeneous and
isotropic on large scales.
3.2. Short bursts

They represent a more complicated set of phenomena with many
unknown properties. Figure 2 presents data for the whole sample
of 53 Swift short bursts in addition to the apparently-long bursts
corrected by z and those with T 90 already below 2 s. The sample
is characterised by a spectrum of dimensions that decreases for
increasing q’s, the signature of a multifractal distribution.
Short GRBs appear to be regularly angularly distributed because they follow multifractional Brownian motion (mBM) of
mean index H = 0.68, a distribution that begins with a clustered
shape then evolves towards homogeneity on relatively larger
scales. The mBM is an extension of the fractional Brownian motion in the sense that the path regularity can vary with time, as
observed during the evolution of anomalous diﬀusion processes.
The Universe traced by short GRBs exhibits a multifractal structure, which presents non null autocorrelation on lower scales and
evolves to homogeneity at larger distances. This structure appears to be similar to a disordered porous material that exhibits
a heterogeneous structure, or even an irregular one in a uniform
sense. This type of foam contains multiple, nested natural length
scales or continuously evolving scales, while moving to higher
redshifts (Lim & Muniandy 2002).
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The diﬀerences between the distributions of short and long
bursts, as evident in the plots, is confirmed by the correlation
coeﬃcients and the p-values obtained by comparing the results
of averaging 10 sets of 53 randomly chosen (without repetition)
long GRBs with respect to the total sample of short ones. The
eﬀects of the numerical problem that produced some outliers
(e.g. the points at Dq ∼ 1.7 in Fig. 1, upper panel) were corrected by applying a polynomial fit to the general trend. The
correlation coeﬃcient indicates the strength and the direction of
a linear relationship existing between two data records. When
there is a strong correlation, the correlation coeﬃcient is R ∼ 1,
when there is no correlation, R = 0, and when an anti-correlation
is present, R ∼ −1. In general, a correlation greater than 0.8
is considered a strong correlation, whereas a correlation less
than 0.5, is weak. The p-values are instead calculated to test
the hypothesis of no-correlation, which is the probability of obtaining a correlation as large as the observed value by random
chance, when the true correlation is zero. If the p-value is less
than 0.05, one rejects the null hypothesis and the correlation R is
significant (Wall & Jenkins 2003). For Swift data, long and short
bursts have a very weak correlation (R = 0.2656) and a very low
p-value of p = 0.2868, which rejects the no-correlation hypothesis. From Swift data, short and long GRBs seem to follow two
independent angular distributions.
The further division of short GRBs into two sub-classes, one
containing the short GRBs corrected for the redshift and the
other containing only those GRBs that already present a T 90 already below the 2 s, show that the two subsamples follow two
mutually exclusive multifractal distributions and that the subclass of the z-corrected short GRBs has a higher fractal dimension q0 , close to that of a homogeneous distribution, confirming
the behavior expected from a mBM (see the two lower panels in
Fig. 2).
The whole sample of BATSE short GRBs exhibits a spectrum of the general dimension Dq , smoother than that of the
whole sample of BATSE long GRBs, as reported in the upper panel of Fig. 3. The capacity dimension D0 and the correlation dimension D2 have similar values close to Dq  1.9
which are smaller than those of long GRBs. This demonstrates
that short GRBs have a diﬀerent multifractal and more clustered
distribution than to long ones. This diﬀerence ismore evident
if BATSE GRBs are divided into the two subclasses indicated
by Mukherjee et al. (1998): Class II with short/faint/hard bursts
and Class III with intermediate/intermediate/soft bursts (we recall that Class I correspond to long GRBs), as drawn in the lower
panels of Fig. 3. Here, the generalized dimension Dq of both II
and III classes alone indicates that the angular distribution is
clearly multifractal, similar to that seen in the galaxy distribution at low redshifts.
By applying the same statistical test used to quantify the distributions in Swift data, the R and p values of BATSE data are
found to be R = −0.0741 and p = 0.7702 which have slightly
diﬀerent statistical behavior: almost no (anti)-correlation with a
high p-value. This is a clear indication of instrumental selection
eﬀects.
In conclusion, even if R and p values of BATSE data could
be ascribed to a selection eﬀect, Swift results confirm the existence of two diﬀerent angular distributions associated with the
two classes of short and long GRBs. In both Swift and BATSE
data sets, long bursts are homogeneously angularly distributed.
In contrast, short GRBs trace a distribution that appears to differ from that expected for the clustering of luminous matter in
the Universe around the redshift value z ∼ 1. We can clearly see
a multifractal distribution in a structure that should already be
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Fig. 3. Upper panel: q − Dq plot of BATSE 4 short GRBs (Class I +
Class II) exhibit a fractal structure with dimensions fluctuating around
the value 1.8. Lower left and right panels: q − Dq plots of BATSE 4
short bursts, in which Class II and Class III, respectively, clearly follow
a multifractal distribution.

homogeneously-distributed. By taking into account that the candidate progenitors of short GRBs probably migrate away from
their initial positions, we should also expect an additional convolving eﬀect on the detected structure that may tend to make
the distribution more towards the total homogeneous, a result
that has not been observed. This suggests either that GRBs are
not good tracers of the matter distribution or that the Universe
traced by GRBs appears more clustered at redshifts z  1 than
expected.
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