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ABSTRACT

Aims. We investigate the dynamical stability of compact planetary systems in the CoRoT discovery space, i.e., with orbital periods of
less than 50 days, including a detailed study of the stability of systems, which are spaced according to Hill’s criteria.
Methods. The innermost fictitious planet was placed close to the Roche limit from the star (MStar = 1 MSun ) and all other fictitious
planets are lined up according to Hill’s criteria up to a distance of 0.26 AU, which corresponds to a 50 day period for a Sun-massed
star. For the masses of the fictitious planets, we chose a range of 0.33–17 mEarth , where in each simulation all fictitious planets have
the same mass. Additionally, we tested the influence of both the semi-major axis of the innermost planet and of the number of planets.
In a next step we also included a gas giant in our calculations, which perturbs the inner ones and investigated their stability.
Results. With numerous integrations of many diﬀerent configurations we could show that long-time stable motion is possible for up
to 10 planets with 17 mEarth within a distance of 0.26 AU. Further investigations show that the fictitious planets remain stable under
certain circumstances even if a close-in gas giant is present.
Key words. planets and satellites: general – celestial mechanics

1. Introduction
For more than one decade of ground-based observations of extrasolar planets, the radial velocity (RV) method dominated the
exciting search for far away planetary systems. Nowadays, another observational method – the transit method – gains importance from the discoveries of the space mission CoRoT (see e.g.
Baglin et al. 2006; Barge et al. 2008). CoRoT searches for shortperiod planets with a maximum period of 50 days, which approximately corresponds to a maximum distance of 0.26 AU to
a Sun-massed host star.
The stability of such close-in planets is the subject of the
present paper, which studies fictitious planetary systems, where
several (up to 10) planets move in the discovery space of CoRoT.
While CoRoT 7 b was discovered by the CoRoT satellite (see
Léger et al. 2009; and Bouchy et al. 2009), CoRoT 7 c was found
through follow-up observations by the radial velocity technique
(see Queloz et al. 2009). The host star has a mass of 0.93 MSun ,
so that both planets lie within a 50-day period (≈0.26 AU) radius. The parameters of the CoRoT 7 b system are summarized
in Table 1, where we list additional close-in multiplanetary systems that have been discovered so far. In the case of Gliese 581,
the host star has just a mass of 0.31 mSun , which leads to a distance of 0.18 AU for a 50-day period. Three of the known planets are within this distance and extremely tightly packed, and
even the fourth planet lies just slightly outside 0.18 AU. With a
mass of 0.32 mSun , Gliese 876 habours two planets within and
one planet slightly outside a 50-day period’s orbit. For such lowmass M-stars even the habitable zone lies partly within the discovery space of CoRoT. A dynamical study of the orbital stability of planets inside the habitable zone of M-stars was done by

Schwarz et al. (2010). Finally in the case of HD 40307, all three
known planets clearly lie inside a 50-day period (≈0.24 AU for
a host stars mass of 0.77 MSun ).
It is also worth mentioning the existence of hot Jupiters
(Gliese 876) or at least quite massive planets (Gliese 581) inside the orbits of terrestrial planets. Many articles dealing with
the formation of such systems have shown, that the existence of
a hot Jupiter does not necessarily mean there are no terrestrial
planets farther out (e.g. Fogg & Nelson 2007, 2009; Raymond
et al. 2008; Raymond 2008).
Encouraged by the existence of such systems, the goal of
our work was to find out how many planets can populate a system with a maximum period of 50 days. Therefore we created
compact close-in planetary systems of terrestrial planets with
masses up to 30 Earth masses (mEarth ) around a solar massed star
and studied the gravitational interactions in this region. In a first
attempt our fictitious systems consisted of equal-mass-planets,
where we used 4, 17, or 30 mEarth in diﬀerent numerical runs to
generate information on the number of small planets that could
hide in the area observed by CoRoT.
Applying Hill’s radius criteria, we placed as many equal
massed fictitious planets in the region from 0.01 AU1 to 0.26 AU
as possible, and studied the stability of the systems via numerical
orbital integration up to 106 years. Earlier studies have already
shown that placing planets according to Hill’s criteria leads –
depending on a parameter k – either to stable or unstable motion. Chambers et al. (1996) found that the stability time can be
1
A distance of 0.01 AU from a solar-massed star corresponds approximately to the Roche radius (see also Murray & Dermott 2000).
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Table 1. Example systems with known close-in planets.
Name
CoRoT 7 b
CoRoT 7 c
Gliese 581 b
Gliese 581 c
Gliese 581 d
Gliese 581 e
Gliese 876 b
Gliese 876 c
Gliese 876 d
HD 40307 b
HD 40307 c
HD 40307 d

mStar
[mSun ]
Spec. Typ
0.93
K0 V
0.31
M3
0.32
M4 V
0.77
K2.5 V

mPl
[mEarth ]

a

e

Ref.

4.8
8.4
15.65
5.36
7.09
1.94
615
196.74
5.89
4.2
6.9
9.2

0.017
0.046
0.04
0.07
0.22
0.03
0.20783
0.13030
0.02081
0.047
0.081
0.134

0.0
0.0
0.0
0.17
0.38
0.0
0.0249
0.2243
0.0
0.0
0.0
0.0

1

 m 3
ΔPi
= 32/3 k
·
Pi
M
1

2

3
4

estimated with the following formula2 (in the case of a system
of 10 planets):
(1)

In their work diﬀerent numbers of planets were placed according to Hill’s criteria starting at 1 AU. In our study we derive and
compare a similar formula for close-in planetary systems complementing real planetary masses.
In a second step we included a gas giant (GG) of 1 Jupitermass (mJup ) in the system, moving at distances from the host star
between 0.3 and 0.5 AU and examined its perturbation on the
compact close-in planetary system. Finally, we calculated planetary systems, where a GG (of 0.5–6.5 mJup ) was placed in an
orbit with a 50-day period and an eccentricity between 0 to 0.26
and determined the stable region for small planets orbiting the
host-star within the CoRoT discovery space.
Before presenting the results, we will discuss Hill’s criteria
in Sect. 2 and the dynamical model and methods in Sect. 3.

2. Hill’s criteria and number of planets
Hill’s exclusion criteria oﬀer a convenient rough proxy for the
stability of planetary systems, such as in Hayes & Tremaine
(1998). In its simplest form for planets of equal mass, mi = m on
circular orbits around a stellar mass, M, with semi-major axes
ai it requires for the separation Δai = ai+1 − ai of two adjacent
orbital radii to fulfill
ai+1 = ai + 2kRHill .

(2)

This expresses that spherical volumes of k times Hill’s radius,
centred on each one of the two neighbouring planets, must never
overlap. The factor k is typically 4–15. It depends on the structure of the systems, in particular the number of planets, and
is used to include stability-properties that go beyond the simple scaling considerations; see Smith & Lissauer (2009) for recent determinations relevant to our context here. For small orbital separations, we clearly see the mass-dependency due to
RHill = ai (m/(3M))1/3 :
 m  13
Δai
≈ 2k
·
(3)
ai
3M
2

For details see Sect. 2.
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(4)

The above expression gives the relative change in period from
one planet to the next, thus the inverse, (ΔPi /Pi )−1 , gives the
period scaling for the number of planets, i.e., in the diﬀerential
form the increase of planet number per e-folding of the orbital
period. Integrating of d ln P for a range in period (or semi-major
axis) gives the respective maximum total number of (low-mass)
planets that can be sustained in a stable planetary system of
equally massed planets in the period-range [Pl , Pu ]:

Notes. Reference: 1: Queloz et al. (2009); 2: Mayor et al. (2009a);
3: Rivera et al. (2005); 4: Mayor et al. (2009b).

log t = (0.756 ± 0.027)k − (0.358 ± 0.176).

It shows the well known fact that stable systems allow closer
spacings for lower mass planets. Using Kepler’s third law in its
log-diﬀerential version, d ln P = 3/2 d ln a, we obtain for the
periods, Pi of low-mass planetary systems:

n=

1

 M  13

32/3 k m


[ln Pu − ln Pl ] ≈ 7.4

k
[10]

−1 

m
[M⊕ ]

− 13

Δ lg P. (5)

For CoRoT, Pl is typically 0.5 d (Roche-limit of a solar-mass
star) and Pu is about 50 d owing to the requirement of detecting
three planetary transits during a CoRoT-long-run with a duration
of about 150 d. For k = 8.5, respectively k = 6.1, we estimate for
the maximum total number of planets with 4 mEarth on a circular
orbit in the CoRoT-discovery space:
Nplanet,[0.5,50]d ≈ 11, respectively ≈ 15.

(6)

The above considerations are rough approximations but serve
as an overview of possible planetary system architectures in
the CoRoT discovery space in particular when going down to
terrestrial planet masses. The many simplifications make a detailed dynamical analysis necessary for checking whether the
picture that is obtained is plausible. A key question when deriving characteristic spacings of planetary systems as above is
that of characteristic planet masses. The classification of giant
planet equilibria show a bimodal mass distribution in the CoRoT
discovery space (Broeg 2007), that has been derived explicitly
for the simple case of isothermal planets (Schönke 2007), and a
mass scale is introduced by the feeding-zone mass in planetesimal disks also for terrestrial planets. Thus the study of equalmass planet systems is physically plausible from planet formation considerations, because the planetary equilibria have typical
masses in relatively narrow bins. The planetary system architecture may well be dominated by the dynamics rather than the
mass-distributions.
2.1. Scalability

Let ai and a j be the semi-major axes of two adjacent planets i and
j with masses mi and m j . Their mutual distance Δa = a j − ai is
determined by the sum of both planet’s Hill’s radii with respect
to their host star with mass M. Let us further assume that a j > ai ,
ai  Δa, and M > mi , m j . Applying the definition of Hill’s
radius (RHill ) from the previous section, one can easily derive
1 − cj
ai
=
aj
1 + ci

(7)
m

with c j the mass-dependent factor of RHill,j , namely ( 3Mj )1/3 , and
m
ci the ith counterpart. For fixed mass ratios mMi , Mj , the fraction aaij
is therefore constant. Since this relation is valid for any pair of
adjacent planets i, j, the problem can be considered scalable.
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3. The dynamical model and methods
We performed long-term integrations up to 106 years, which is
equivalent to approximately 109 periods for the innermost and
7 × 106 periods for the outermost planet. For these calculations
we used two diﬀerent dynamical models:
1. In the first step, we integrated the orbits of fictitious planetary systems, consisting of a Sun-massed star and up to
20 massive fictitious planets (m = 0.33−17 mEarth ). All fictitious planets were lined according to Hill’s criteria. To find
out how many planets can be stable within a given region,
we calculated their escape times for diﬀerent values of the
parameter k (see Sect. 4.1).
2. In the next step, we perturbed the system with a GG and
investigated two diﬀerent models (see Sect. 4.2):
– Configuration 1: consists of a Sun-massed star, 8 fictitious planets with 17 mEarth 3 lined according to Hill’s criteria, and a GG. By varying the semi-major axis and the
eccentricity of the GG, we analysed the interactions with
the fictitious planets.
– Configuration 2: In the second model, we examine the
case of a GG being detected at 0.26 AU. Therefore we
investigate the stable region within this distance by again
using Hill’s criteria, starting from a = 0.01 AU. For the
mass of the fictitious planets we again choose 17 mEarth .
The eccentricity of the GG was varied from 0.0 to 0.26
and its mass from 0.5 to 6.5 mJup .
All calculations were performed by direct numerical integrations with the Lie integration method (see Hanslmeier & Dvorak
1984; Lichtenegger 1984; Eggl 2010), which is able to deal with
highly eccentric orbits and close encounters between the bodies.
For all integrations without a perturbing GG, we defined the system as unstable, when the first major irregularities in the semimajor axis occurred.
For the systems with a perturbing GG we distinguished between stable and unstable motions by a direct test of the orbits
using the eccentricity. This orbital element is a good indicator
of the probability of orbital crossing and close encounters of
two planets. We examined the behaviour of the eccentricity of
the planet throughout the integration, and used the highest value
denoted as maximum eccentricity. A low value indicates stable
motion for the fictitious planet. A higher maximum eccentricity
means that the fictitious planet is heavily perturbed and moves
on a chaotic orbit. Such maximum eccentricity results were compared with results of diﬀerent chaos indicators on many previous
occations (see e.g. Érdi et al. 2004; Schwarz et al. 2007; Sándor
et al. 2006), where the diﬀerent results were in good agreement.

4. Results
4.1. Systems without a perturbing gas giant

As shown in Eq. (5) the number of stable orbits within a given
region (in our case CoRoT’s discovery space: 0.01–0.26 AU)
depends on the masses of the star and the planets, on the semimajor axis of the innermost planet, and on the value of the parameter k. The smaller k, the more planets can be packed in
the given region, yet the stability still needs to be checked for
these configurations. To tackle the question of how sensitive
such systems are at the starting positions (given by diﬀerent
mean anomalies M) of the fictitious planets, we performed two
3

The value was chosen as more likely to be detected.

Fig. 1. Log t in dependence of k for a system of 10 fictitious planets with
17 mEarth . All fictitious planets were started with mean anomaly = 0.
Table 2. Initial conditions for the fictitious planets with 10−7 mSun .

Number of fictitious planets
Mass
a [AU] innermost planet
e
Incl, ω, Ω
M [deg]
Integration time

System 1
10
10−7 mSun
0.0207

System 2
System 3
10
10
10−7 mSun 10−7 mSun
0.2
1.0
0.0
0.0
random values
107 periods of the innermost planet

Table 3. Values for the constants a and b in the formula 8 for the three
investigated systems (see Fig. 2) as well as the errors from the least
square fit.

System 3
System 4
System 5

a
1.1232 ± 0.0925
1.1504 ± 0.1256
0.9972 ± 0.1126

b
−0.1112 ± 0.4497
−0.2729 ± 0.6105
0.3530 ± 0.5413

test runs, one with randomized mean anomalies and one where
the mean anomalies of all planets were set to 0. Figure 3b shows
the results for the first case and Fig. 1 the results for the second
case. While one can see that the individual escape times may
diﬀer quite a lot, the overall structure, as well as the slope of the
least squares fit, remains almost the same, so we decided to use
single runs with randomized mean anomalies for the rest of the
integrations.
In the next step we integrated three systems containing 10
planets using the parameters of Table 2 with lower mass (m =
10−7 mSun ) for diﬀerent semi-major axis of the innermost planet
(a = 0.02074, 0.2, and 1.0 AU (Systems 1, 2, and 3)) to be
able to compare our results with earlier results from Chambers
et al. 1996 and test the predicted scalability of such systems
(Figs. 2a–c). For the sake of comparability, we plotted the common logarithm of the escape times in periods of the innermost
planet (log time) for all three systems. For all plots we calculated a least squares fit in the form
log time = a · k + b.

(8)

In Table 3 we summarize the values for the constants a and b for
the three investigated systems. Systems 1, 2, and 3 reach the first
4
For reasons of computational feasibility, we used the third planet’s
position (see Table 7) as a starting point for Hill’s line-up without
changing the total number of planets. This should not change the dynamical properties of the system due to its scalability (see Eq. (7)).
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Fig. 3. Log t in dependence of k for a system of a) 8 fictitious planets
with 17 mEarth each (System 4); b) 10 fictitious planets with 17 mEarth
each (System 5). The large scattering in the values of the parameter k
follows from mean motion resonances (see end of Sect. 4.1).
Table 4. Initial conditions for the fictitious planets with 17 mEarth .

Fig. 2. log time in dependence of k for three systems with 10 planets each for diﬀerent starting positions of the innermost planet: a)
a = 0.0207 AU (System 1); b) a = 0.2 AU (System 2); c) a = 1.0 AU
(System 3).

stable run between k = 6 and k = 6.1. It turns out when comparing systems 1, 2, and 3 that the slope of the least squares fit
as well as the value of the parameter k for the first configuration,
which remains stable for the integration time of 107 (=kst ) is –
considering the error bars – the same for all three systems. We
can thus assume that the results for comparable systems (equal
number of planets with the same mass) are scalable for diﬀerent
semi-major axis of the innermost planet (see also Sect. 2.1).
After comparing our results to the results from Chambers
et al. (1996) (same configuration as system 5), it turns out that
there is very good agreement between both values, considering
the diﬀerent definitions for the planet’s mutual distances. While
we use the parameter k, Chambers et al. (1996) uses a parameter
Δ corresponding to 1.59 × k. With this in mind, our value of
Page 4 of 6

Number of fictitious planets
Mass
a [AU] innermost planet
e
Incl, ω, Ω, M [deg]
Integration time

System 4
8
17 mEarth
0.0207

System 5
10
17 mEarth
0.0207

0.0
0.0
106 years

kst = 6.1 corresponds to a value of Δ = 9.7, which lies quite
close to the given value (Δ ≈ 9) in Chambers et al. (1996).
To investigate the dynamical behaviour of systems with actual planetary masses (17 mEarth ), we determined the mean expected stability fit up to an integration time of 106 years (which
corresponds to ≈3 × 108 periods for the innermost planet (a =
0.0207 AU)). This was done for the planetary systems 4 and 5
(the initial conditions are given in Table 4). Our first system consists of 8 fictitious planets with 17 mEarth each. Figure 3a shows
the decadal logarithm of the escape times (log t) versus the value
of the parameter k, starting with k = 3.5. The escape time gives
the time of the first close encounter between two bodies. The
second system contains 10 fictitious planets with 17 mEarth each,
and the escape times (log t) are plotted in Fig. 3b. For both plots
we calculated a least squares fit in the form
log t = a · k + b.

(9)
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Table 5. Values for the constants a and b in the formula 9 for systems 4
and 5 (see Fig. 3), as well as the errors from the least square fit.

System 4
System 5

a
1.2013 ± 0.3023
1.2617 ± 0.2476

b
−2.3712 ± 1.4698
−2.8095 ± 1.2440

Table 6. Initial conditions for the GG and the fictitious planets in configuration 1.

a [AU]

Gas giant
0.3–0.5, Δa = 0.02

e
Incl, ω, Ω, M [deg]
Mass

0–0.2, Δe = 0.02
0
1 mJup

Fictitious planets
0.0207, 0.0297,
0.0427, 0.0613,
0.0882, 0.1270,
0.1820, 0.2620
0
0
17 mEarth

Fig. 4. Number of planets versus the value of kst (integration time
106 years).

In Table 5 we summarize the value for the constants a and b for
systems 4 and 5.
By comparing the results, one can see that the behaviour of
the systems is quite similar. On the one hand, system 4 reaches
its first stable configuration for kst = 6.1 and system 5 just for
a slightly higher value of kst = 6.4; on the other hand, the least
squares fits lead to the same results (see Table 5) regarding the
error bars, so it seems that the values of the parameter kst do not
rise to a much higher number of planets. To test this assumption we determined the value of the parameter kst (integration
time 106 years) for systems with up to 20 planets. The results
are summarized in Fig. 4. While for planetary systems with less
than approximately 10 planets, one can see a linear increase in
the value kst , the value kst remains almost the same for systems
with more than 10 planets. We can conclude that the number of
planets does not play an important role for systems with more
than ≈10 planets. Comparison of Figs. 2 and 3b shows results
that are not very sensitive to changes in the planets’ masses.
Chambers et al. (1996) found a weak dependency of the slope
of the least squares fit on the mass (∝m1/12 ). Due to the strong
influence of mean motion resonances, we were not able to find
any meaningful power law.
Furthermore, one can see the strong influence of some mean
motion resonances for all 5 systems, which has already been described by Chambers et al. (1996). In our work we investigated
these resonances in more detail for system 4. Therefore we calculated the resonances for each planet for some values of the
parameter k (k = 4.7, 5.0, 5.5, and 5.9). In the case of k = 5.0
and k = 5.9, we found that the planets are quite close to a mean
motion resonance (7:5 for k = 5.0 and 3:2 for k = 5.9), while
for k values of 4.7 and 5.5, the planets are farther away from
these resonances. Thus we can conclude that these extremely
unstable points results from the influence of some mean motion
resonances.

Fig. 5. The GGs’ semi-major axis versus its eccentricity. The colour
code corresponds to the mean maximum eccentricity of all eight fictitious planets. The initial conditions are given in Table 6.

4.2.1. Configuration 1 – GG between 0.3 and 0.5 AU

Configuration 1 consists of a Sun-massed star, 8 fictitious planets with 17 mEarth (lined according to Hill’s criteria, starting from
a = 0.0207 AU), and a GG with diﬀerent initial conditions (see
Table 6). The orbits were calculated over 105 years, and the results are summarized in Fig. 5. On the x-axis, we plotted the
semi-major axis of the GG, and on the y-axis its eccentricity.
The colour code corresponds to the mean maximum eccentricity of all 8 fictitious planets, where red marks regions with low
eccentricities, hence stable motion of all fictitious planets, and
blue indicates high eccentricities, therefore unstable motion of
the fictitious planets. Colours from orange to green show configurations for which not all fictitious planets were disturbed. As
one can see, the border between blue and red is quite narrow.
Therefore we can conclude that the existence of one unstable
orbit of a fictitious planet would destroy the whole system in
most cases. For the two stability islands around a = 0.3 AU and
0.32 AU, the outermost planet quickly collides with the GG and
therefore did not disturb the other planets; nevertheless, these
two islands only remain stable up to an integration time of approximately 8 × 105 years. Some test calculations in the stable
stripes around a = 0.38 AU and a = 0.46 AU also showed that
these regions does not remain stable for a longer time span.

4.2. Systems with a perturbing GG

For all further investigations with the presence of a GG, we
choose system 4 with k = 8.5. According to equation 9 this will
lead to a mean stability-time of approximately 7 × 107 years.

4.2.2. Configuration 2 – GG at 0.26 AU

In the second model we investigated the case of a GG being detected at 0.26 AU. Similar to configuration 1 the system consists
Page 5 of 6
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Table 7. Initial conditions for the GG and the fictitious planets in configuration 2.

a [AU]

e
Incl, ω, Ω, M [deg]
Mass

Gas giant
0.26

0–0.26, Δe = 0.02
0
0.5–6.5 mJup
ΔM = 0.5 mJup

Fictitious planets
0.01, 0.0144,
0.0207, 0.0427,
0.0613, 0.0882,
0.1270
0
0
17 mEarth

configuration5 for the same value kst independent of the semimajor axis of the innermost planet.
In the second test we investigated the interplay between kst
and the number of planets. For systems with only a few planets
(up to ≈10 planets) we could find an almost linear growth of the
value kst with the number of planets, but for a higher number of
planets (≥10), it turned out that kst reaches a plateau, indicating
that the number of planets is no longer relevant for the system’s
stability time.
For two systems (8 and 10 planets with 17 mEarth each), we
tested the interplay between the value of the parameter k and
the escape time and could find linear behaviour. According to
these results we chose k such that it leads to stability times of
approximately 7 × 107 years for a system with 8 fictitious planets (innermost planet at 0.0207 AU), in order to investigate the
influence of a GG.
Introducing a perturbing GG, we found stable regions for
certain initial conditions. Thus – from a dynamical point of view
– ultra-compact planetary systems with numerous low-mass
planets complying with periods of less than 50 days are possible
and thus may be discovered by the CoRoT transit search.
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