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ABSTRACT

Context. Close satellite orbits around small and elongated celestial bodies can experience massive aperiodic changes in shape.
According to a number of published works, the changes are continuous functions of the orbit elements of the satellite’s unperturbed
trajectory.
Aims. Later research, however, has revealed that the onset of instability is discrete, and highly correlated with the overlap of spin-orbit
resonances. Since the interaction of resonances also can induce stochasticity in the orbiter’s motion, we want to investigate more
closely to what extent it is possible to predict the orbit evolution from the unperturbed elements.
Methods. Numerical simulations of a natural or artificial satellite’s motion in a rotating gravity field of second order and degree are
conducted using different algorithms and software.
Results. Consistent with the identification of resonance overlap as the responsible mechanism for the onset of orbit instability, we
find that it is not always possible to predict qualitatively the outcome of a close encounter between satellite and the central body from
the unperturbed orbit elements of the orbiter.
Conclusions. The massive aperiodic changes in orbit energy experienced by natural and artificial satellites in orbit around small
elongated bodies exhibit properties characteristic for stochasticity.
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1. Introduction

Those who have simulated the motion of a satellite in orbit
around a rotating and elongated central body, find that the orbit
energy can experience massive changes in the vicinity of closest
approach. From this observation, one can envision ejection of
the orbiter from a bound trajectory, or collision with the central
body.

According to Hamiltonian framework, spin-orbit resonances
appear around the central body due to its rotation. Now, if we use
the so-called resonance overlap criterion for chaos (Lichtenberg
& Lieberman 1992), an aperiodic and unpredictable change in a
satellite’s orbit energy can be expected wherever the resonances
overlap. The boundary between stable and unstable satellite or-
bits should, as a result, be almost discrete.

The overlap criterion has, however, been described as neither
necessary nor sufficient for chaos (Lichtenberg & Lieberman
2002). Still, applications of the overlap criterion to this prob-
lem have yielded surprisingly precise predictions for the almost
discrete transition between stable and unstable satellite orbits
(Olsen 2006; Mysen et al. 2006; Mysen & Aksnes 2007). See
also Petit et al. (1997).

It is therefore interesting that attempts to predict the changes
in orbit energy analytically, by integration over a Keplerian tra-
jectory, have been reported as successful, seemingly in contra-
diction with the identification of resonance overlap, and chaos,
as the responsible mechanism for orbit instability. Also, the over-
lap criterion, with its almost discrete transition to instability,
is not at terms with the continuous instability transition of the
simple analytic approach.

The analytic technique has been applied a number of times
to map the dynamical environment of asteroids and comets
(Scheeres et al. 1996, 1998; Scheeres et al. 1999; Scheeres
2000a, 2003, 2004), and to predict changes in the rotation state
of elongated objects during a planetary encounter (Scheeres
2000b; Scheeres 2001). Because of the wide spread applications
of the approach, its importance to our idea of what can safely
be done with a spacecraft in the vicinity of an elongated body,
and its apparent inconsistencies with resonance overlap as re-
sponsible for orbit instability, we want to test the simple analytic
approach more closely, especially since little numerical evidence
has been given explicitly before.

In these tests of the analytic approch we have, in preparation
for the ESA mission Rosetta, used parameters that correspond
to close encounters between the spacecraft Rosetta and its pri-
mary target, comet 67P/Churyumov-Gerasimenko. However, it
should be stressed that the considerations presented in this paper
are general and therefore relevant to any close encounter of this
kind.

2. Equations of motion

The details of any rigid body’s gravity field can be expressed by
a potential expanded in spherical harmonic functions (Heiskanen
& Moritz 1967). To lowest order, the potential reads

V1 =
μc

r

( rc

r

)2 [
c20P20(sin β) + c22P22(sin β) cos 2λ

]
. (1)

Here, μc is the product of the constant of gravitation and the
central body mass mc = 1 × 1013 kg, rc ≡ 2 km is a reference
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Fig. 1. Some angles of the satellite’s orbit around the central body are
shown. Above, i is the inclination, Ω the longitude of ascending node,
and u = ω + f is the sum of the orbit’s argument of pericenter, ω, and
the true anomaly, f .

radius, and r is the distance from the central body mass center
to the satellite. The rotation of the central body is defined to be
uniaxial, with period P = 12 h. The specific values are those of a
nominal Rosetta target comet nucleus (see references in Mysen
& Aksnes 2008). As for the constant gravity field coefficients,
we use

c20 = 0.088, c22 = −0.044, (2)

which correspond to a fairly moderate central body elongation
(Rossi et al. 1999). In Eq. (1), P2m(sin β) are associated Legendre
functions, where β and λ are the north latitude and east longitude,
respectively, of the orbiter relative to the central body equator
(body fixed xy-plane) and the so-called principal x-axis of the
body (Goldstein 1980).

To obtain the corresponding acceleration r̈ of the orbiter, one
must calculate the gradient of the potential Eq. (1):

r̈ = −∇(V0 + V1), V0 = −μc

r
, ∇ ≡

3∑
i=1

uXi

∂

∂Xi
(3)

where Xi = (X, Y, Z) are reference system coordinates, illustrated
together with some of the satellite’s orbit elements in Fig. 1. The
spin axis of the central body is defined to be aligned with the
reference Z-axis. For further details, see for instance Mysen &
Aksnes (2005).

3. Predictability of unstable motion

It has previously been demonstrated that strong spin-orbit res-
onances exist in our problem, and that orbit shape instability is
surprisingly well predicted by the resonance overlap criterion
(see for instance Olsen 2006). Following the simplified first fun-
damental model of resonance, Mysen & Aksnes (2007) have pa-
rameterized the regions in satellite orbit semi-major axis, a, and
eccentricity, e, space where overlap occurs. By definition, pre-
dictions based on the iterative integration over pure Keplerian
motion fail in a resonance, and particularly so wherever the

resonances overlap. Still, the structure of resonances and how
they interact is highly non-trivial, and it is therefore possible
that the previously mentioned simple analytic technique can be
applicable.

3.1. Analytic approach

To explore this more closely, we look at the change in orbit
energy from orbit apocenter, at time t0, to a time t1 when the
semi-major axis of the orbit has stabilized (for instance the next
apocenter):

ΔF = Δ
(
− μc

2 a
+ V1

)
≈ − μc

2

(
1
a 1
− 1

a0

)
· (4)

The change in energy can be calculated from basic Hamiltonian
theory:

ΔF =
∫ t1

t0

dt
∂F
∂t
· (5)

If the rotation is uniaxial, we have

∂F
∂t
=
∂V1

∂t
= ωP

∂V1

∂θ
= ωP

μc

r

(rc

r

)2
c22
∂Yc

22

∂θ
(6)

where θ is the rotational phase along the XY-plane, of the body
fixed x-axis, as measured from the reference X-axis (Fig. 1).
Note that θ̇ ≡ ωP = 2π/P, where P is the central body rota-
tion period as before. Appropriate Fourier expansions of Yc

22 ≡
P22(sin β) cos 2λ can be found in Scheeres (2001) and Mysen
et al. (2006), or in Kinoshita et al. (1974) for any degree and
order of the gravity field. Accordingly

Yc
22 =

1∑
q=−1

Θq(i) cos [ 2(θ −Ω) − 2q( f + ω) ] (7)

with f as the true anomaly of the satellite in its orbit around the
central body, and i as the orbit’s inclination with respect to the
central body equator, as before.

Already now, we will use a concept which is related the
idea that we can say something about the orbit evolution from
Keplerian motion: when Yc

22 above is substituted into Eq. (6), the
q = −1 and q = 0 components of Eq. (7) oscillate more rapidly
than the q = 1 term, so that the contribution from the former two
to the aperiodic change in energy is negligible compared to the
latter component. In addition, we do not assume that the inclina-
tion of the orbit with respect to the central body equator changes
significantly during the change in orbit energy. These assump-
tions will be tested implicitly later on for some special cases.
Finally, we have

ΔFt ≈ −2 μc r2
c c22ωP Θ1(i)

×
∫ t1

t0

dt
sin 2(θ −Ω − f − ω)

r3
(8)

where the sensitivity of the function

Θ1 =
3
4

(1 + cos i)2 (9)

with respect to inclination defines what we mean by an insignif-
icant change in i during pericenter passage.

The pioneer work of Scheeres (see references) then states
that we can substitute ordinary time t in Eq. (8) with what we call
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pseudo-time t∗ that induces variation of the dynamical variables
corresponding to Keplerian motion. Doing so results in

ΔFt∗ ≈ −2 μc r2
c c22 ωP Θ1(i)

× [ Is cos 2(Ω + ω) − Ic sin 2(Ω + ω) ] (10)

with

Is =

∫ t1

t0

dt∗
sin 2(θ − f )

r3
(11)

Ic =

∫ t1

t0

dt∗
cos 2(θ − f )

r3
· (12)

These integrals will be evaluated numerically.
Under the assumption Eq. (10), the satellite orbit energy

should not experience a significant aperiodic change if the lon-
gitude of pericenter, ω̃ ≡ Ω + ω, obeys

ω̃min = θp + k
π

2
= θ0 + ωP

T
2
+ k
π

2
(13)

where k = {...,−2,−1, 0, 1, 2, ..}. Above, T is the orbit period
and θ0 and θp are the rotational phases of the central body when
the satellite is at orbit apocenter and pericenter, respectively. In
the same way, we should expect a near maximum change in orbit
energy when

ω̃max(a) = ω̃min(a) ± π
4

(14)

if Eq. (10) holds.

3.2. Numerical simulations

We will now test if the truncation Eq. (8) can be an accept-
able approximation of Eq. (4), and if the change in satellite orbit
energy can be predicted using pseudo-time, inducing Keplerian
motion, Eq. (10). For this purpose, the satellite orbit is initially
defined to be almost directly prograde with respect to the central
body’s rotation, with initial semi-major axis a(t0) ≡ a0 = 5 rc.
Here, it must be mentioned that outside the regions where the
resonances overlap, the only quantity predicted by Eq. (10) is
the difference in phase of the periodic variations in satellite or-
bit energy. That is, the approximation Eq. (10) does not “clearly
explain why particles in retrograde orbits about uniformly rotat-
ing body experience relatively small fluctuations in energy and
angular momentum, as compared to particles in direct orbits”
(Scheeres 1999), see Eq. (9). Instead, it has been demonstrated
(Olsen 2006; Mysen et al. 2006; Mysen & Aksnes 2007) that the
stability of retrograde orbits is explained by a more fundamental
principle than the amplitude of a slowly varying integrand being
zero, namely that the resonances do not overlap.

In order to properly illustrate the strength of the interaction
between satellite and central body in the vicinity of pericenter,
we compare the corresponding changes in the orbit’s semi-major
axis a. The actual changeΔa is compared to Δat derived from the
truncated Eq. (8), and to the semi-major axis change Δat∗ from
Eq. (10). These values are well approximated by

Δat,t∗ =

(
−2ΔFt,t∗

μc
+

1
a0

)−1

− a0 (15)

where t0 represents the time when the satellite starts at first apoc-
enter, and t1 is the time when the orbit energy stabilizes af-
ter closest approach. There is some arbitrariness to the choice
of t1, but below, we have made sure that the conclusions are
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Fig. 2. The changes in semi-major axis as functions of the initial orbit’s
eccentricity e are shown. The actual change is given by Δa, while the
prediction based on the integration over a Keplerian orbit is given by
Δat∗ . At first apocenter the semi-major axis is set to a0 = 5 rc, and the
orbit is defined to be almost directly prograde with respect to the central
body rotation.
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Fig. 3. The actual change Δa in semi-major axis of the satellite orbit
during a close approach is compared to the analytic prediction Δat∗ for
different eccentricities e of the initial orbit. The initial semi-major axis
of the orbit is set to a0 = 5 rc.

not affected by this choice. The results have been confirmed by
two different softwares (Mathematica, Fortran 95) using differ-
ent simulation algorithms (LSODA, Bulirsch-Stoer) and differ-
ent precisions (15 and 32 digit mantissa).

Included as Fig. 2 are the semi-major axis changes for tra-
jectories that are thought to maximize the change, Eq. (14), as
functions of the initial satellite orbit’s eccentricity e. Clearly, it
can be seen that the truncated Δat, represented by one of the
dashed curves, can serve as a good approximation of the actual
change Δa. Also, the prediction based on the integration of the
unperturbed Keplerian orbit is seen to work well for this maxi-
mum predicted from the analytic theory.

Likewise, Fig. 3 shows how the analytic prediction compares
to the actual change in semi-major axis when this change is pre-
dicted to be zero, Eq. (13). This time, there are discrepancies
between the analytic prediction Eq. (10) and the actual change,
which are clearly not caused by the truncation Eq. (4) since
Δa ≈ Δat. Of course, it is not fair to compare the predictions
of the simplified analytic technique to the actual change when-
ever the predicted change is close to zero, as such a comparison
amplifies the roughness of the approach. However, a compari-
son with Fig. 2 demonstrates that the discrepancies are too large
to be explained by the technique’s roughness. Simulations with
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other initial semi-major axes indicate that the analytic approach
performs well whenever the predicted change in orbit size is an-
ticipated to be large, and not always so well whenever the change
is predicted to be zero. The above result is a specification of the
claim that the simple analytic technique agrees well with numer-
ical simulations “for high eccentricity elliptic orbits, parabolic
orbits and hyperbolic orbits, but that accuracy begins to degrade
sharply once the eccentricity of an elliptic orbit falls below a few
tenths” (Scheeres 1999).

3.3. Predictability

An important question remains: if the change in orbit energy is
fairly well predicted by the analytic technique based on the inte-
gration over a Keplerian orbit, like in Fig. 2, is it possible then to
predict the orbit evolution for successive close encounters? If so,
it would apparently contradict the concept of resonance overlap
as the mechanism responsible for the aperiodic change in orbit
energy. One way to answer this question is to quantify the er-
ror δa of the predicted change in semi-major axis during a close
approach that alone, i.e. without regard to other satellite orbit pa-
rameters, would make the outcome of the next approach entirely
uncertain. For instance, let the orbit’s longitude of pericenter be-
fore first close encounter be ω̃min(a) of Eq. (13). The question is
then: how much must the semi-major axis change during the en-
counter in order to turn a fixed ω̃ from ω̃min(a) into ω̃max(a+δa),
Eq. (14):

0 = ω̃max(a + δa) − ω̃min(a) ≈ δ
(
ωP

π√
μc

a3/2

)
− π/4

or

δa ≈ 1
6

1
ωP

√
μc

a0
≈ 0.15 rc (16)

where the specific value is for the adopted nominal Rosetta target
and initial orbits of Figs. 2 and 3, namely a0 = 5 rc. From Figs. 2
and 3, the error of the analytic technique is typically similar to
or larger than δa above. Hence, it is possible to consolidate the
type of predictability presented by the analytic technique with
the identification of resonance overlap as the underlying mech-
anism responsible for the rapid and aperiodic changes in orbit
energy.

4. Discussion

Simulations show that the energy of a satellite orbit around an
elongated central body can experience large aperiodic variations.
Due to the apparent inconsistencies between an analytic tech-
nique used to predict these changes, and the previous identifi-
cation of resonance overlap as the mechanism responsible for
the observed effect, we have tested the analytic approach more
closely.

It was found that the predictions provided by the studied
analytic technique are limited to between zero and one close

encounter of the satellite with the central body. Accordingly, the
predictions of the analytic technique were not found to be precise
enough to rule out resonance overlap as the responsible mecha-
nism for the observed effects.

The results strengthen the idea that spin-orbit resonances are
essential when trying to understand the dynamical properties of
and hazards for particles and spacecraft in orbit around asteroids
and comets.

At last, it must be pointed out that we in the simulations
sometimes see that the satellite is ejected from a bound orbit
around the central body. The question is then if this behaviour
is consistent with chaotic dynamics in its strictest sense since an
orbit started in the chaotic regime is required to stay there. That
is, an ejected satellite continues on its journey away from the
central body, in a dynamical regime where two nearby trajecto-
ries do not diverge exponentially. Future studies will focus on
this question.

The reason why the studied analytic technique works bet-
ter for satellite trajectories which, according to the technique,
should experience large changes in orbit energy during an en-
counter, is also of interest.
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