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ABSTRACT

Context. Asteroseismology has entered a new era with the availability of continuous observations from space-borne missions such as
MOST, CoRoT and Kepler. However, the low amplitude and the complexity of the observed spectrum make the exploitation of these
data sets diﬃcult.
Aims. The use of robust methods to estimate the parameters of stellar oscillation eigenmodes is necessary to fully exploit these new
data sets. These parameters include in particular the frequency, the width and the energy of the eigenmodes, all being required for a
seismic interpretation of the stellar internal structure or excitation of the eigenmodes.
Methods. A Bayesian approach, coupled with a Markov chain Monte Carlo (MCMC) algorithm, is presented. Such a method allows
the use of a priori knowledge to improve the parameter estimation. It also provides complete information on the probability distribution
of the fitted parameters. The method is tested on simulated time series and then applied to CoRoT observations of HD 49933.
Results. The simulated time series allow the validation of the method for conditions similar to those of the observations in terms of
spectral complexity and signal-to-noise ratio. However, a very important problem in the analysis of the HD 49933 mode spectrum
is the l degree identification of the modes. The degree identification has little impact on the large frequency separation, rotational
splitting, energy and width estimation, whereas individual frequencies and the star inclination angle evaluation are strongly aﬀected.
From a statistical point of view, we provide a quantitative ranking of the four models considered. The most probable model includes
only modes of degree 0 and 1. Two other models include modes with degree up to 2 and have a non negligible level of significance. The
last model includes modes of degree 0 and 1 but has an alternate degree identification and can be definitively rejected. In conclusion,
the significance of the resulting probabilities is not suﬃcient to draw a definite conclusion.
Key words. methods: statistical – methods: observational – stars: oscillations

1. Introduction
The advent of space-borne instruments promises a great harvest
of seismic data from stars, with the launch of MOST (2003),
CoRoT (2006) and Kepler (2009). Our knowledge of internal
stellar structure will certainly be revised and extended in the
coming years.
Asteroseismology is based essentially on the analysis of
the oscillatory variation of an observable (intensity or surface
velocity) of the star. Resonant modes appear as peaks in the
Fourier spectrum of this observable, characterized by their frequency, height and width, on which further seismic interpretation is based. For stochastically excited oscillations (also called
solar-like oscillations), the mode parameters are determined by
maximizing the likelihood of a model spectrum with respect to
the observed power spectrum (Anderson et al. 1990; Toutain &
Fröhlich 1992; Appourchaux et al. 1998). This is a complex and
sensitive process, subject to spurious estimates if, for example,
the signal-to-noise ratio is low, which could introduce local maxima of the likelihood leading to wrong estimates. If one aims
at an automatic analysis of a large quantity of data, expected
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for present and future space missions, more robust methods are
necessary.
A promising way to accomplish this is to use a Bayesian
analysis. The Bayesian approach is well suited to extract as much
information as possible from a given data set by including a priori knowledge from other data sets or theoretical assumptions.
This approach determines the so-called a posteriori probability
distribution of a given parameter from a combination of the likelihood of a model with respect to the observation with an a priori
probability distribution for this parameter, which reflects some
supposed knowledge of this parameter. Moreover, based on these
posterior probabilities, the Bayesian analysis allows the comparison of diﬀerent models to be fitted to the data and provides a
quantitative means to decide which model is the most probable.
Recently, more and more astronomers have begun to use this approach in diﬀerent domains (e.g. Gregory 2005a; Parkinson et al.
2006; Brewer et al. 2007; Carrier et al. 2007).
The eﬃciency of this approach is enhanced if it utilizes all
of the information contained in the posterior probability distribution function (pdf), and not only on the determination of its
maximum. In some cases, the probability distribution of a parameter will not be as simple as a Gaussian or any other monomodal function but may consist of multi-modal functions. When
dealing with a small number of parameters (of the order of a
dozen), analytical or numerical approximations are well suited
and allow the construction of the probability distribution of
the parameters. This becomes problematic when the number of
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parameters is large (several tens). In this case, it is preferable to
use stochastic simulations and especially Markov chains based
on Monte Carlo simulations (hereafter MCMC) which provide a
solution to the diﬃcult problem of the sampling of a space with a
large number of dimensions. An MCMC can be considered as a
chain of random walks in the parameter space in which each step
depends only on the immediate previous position: this is a weak
memory process. An MCMC is able to sample, for example, a
probability density function (pdf) whatever the complexity of its
analytical expression. Moreover, compared to most analytical or
numerical strategies (such as gradient methods used to find the
maximum of a function), they are insensitive to the initial starting point in the parameter space. An MCMC is able to explore
and sample all of the regions of the parameter space where the
pdf is significant. Consequently, if multiple maxima exist, an
MCMC based algorithm will sample all of them and not only
one or a few of them. More technical details about MCMC are
given in the Appendix.
In Sect. 2, we consider the issues related to solar-like stars
and the analysis of their power spectra. In Sect. 3, we present
technical aspects regarding the Bayesian mathematics. Section 4
presents our results with simulated data illustrating the eﬃciency of the Bayesian approach coupled to the MCMC sampling technique. Section 5 presents our results on a star observed
by CoRoT (HD 49933). This is a diﬃcult case, and we discuss
our results and earlier ones. Section 6 summarizes the results and
perspectives.

where ν is the frequency, Ai , Bi , pi are respectively the height,
the characteristic time scale and the slope of the power law of
the ith component. C represents a white noise added to describe,
for example, the photon shot noise. The description provided by
Eq. (3) also applies to any instrumental noise. All background
parameters are summarized in the vector θN . A typical time scale
of 200−500 s is attributed to the solar granulation noise, the main
source of background in the p mode frequency range (Aigrain
et al. 2004). Solar activity has a longer typical time scale and
plays a negligible role in the frequency range where most of the
p modes are observed.
Finally, writing the entire parameter set θ = {θS , θN }, a representative model of the solar-like stellar spectrum is:

2. Solar-like physical considerations

π(y|θ, M j , I) =

A star acts as a resonant cavity and diﬀerent modes can be excited. These resonances appear as peaks in the Fourier spectrum of, for example, stellar photometric variations. We deal
here with solar-like pulsators, or stars showing many acoustic
modes (p modes) that are stochastically excited. In the solar case,
the source of excitation is the convection of the upper layers of
the star. To a first approximation, each mode can be characterized by a lifetime, a frequency and an energy, and described as
a Lorentzian profile in the power spectrum. Hence, the stellar
oscillation spectrum can be expressed as:
S (ν, θS ) =

N
Lmax 
+l
max 


H(n, l, m)

n=n0 l=0 m=−l

s 2
4( ν−ν(n,l)+mν
Γ(n,l,m) )

1+

(1)

where H(n, l, m), ν(n, l), νs and Γ(n, l, m) are the height, the central frequency, the rotational splitting and the width at half
height, respectively, for each mode, defined by the integers
(n, l, m) for the radial order, the degree and the azimuthal order. For simplicity, the set of the p modes is simply written as
the vector θS . In the solar-like pulsator case, and in the asymptotic approximation, the central frequency of a set of modes (n, l)
follows a pattern:
ν(n, l) ≈ (n + l/2 + )Δν − l(l + 1)D0

(2)

with Δν = ν(n + 1, l) − ν(n, l) and D0 is related to the sound speed
at diﬀerent depths. The large separation Δν is related to the mean
stellar density and D0 to more local properties.  is a parameter
related to surface eﬀects, whose value is between 1 and 2 for
solar-like stars.
The stellar signal also includes a background component. In
the solar case, this background can be described by a sum of
Lorentzian-like profiles, first introduced by Harvey (1985),

Ai
N(ν, θN ) =
+C
(3)
p
1
+
(B
i ν) i
i

M(ν, θ) = S (ν, θS ) + N(ν, θN ).

(4)

3. Bayesian approach
3.1. Bayesian formalism

In the case of photometric measurements, the noise aﬀecting the stellar intensity variations obeys Gaussian statistics
(Appourchaux et al. 1998). Hence, the imaginary and real part
of the Fourier spectrum are also Gaussian. Thus, the noise power
spectrum follows a χ2 distribution with 2 degrees of freedom.
Knowing the statistics of data points yi is suﬃcient to derive the
likelihood function given the model M j (ν, θ) (Duvall & Harvey
1986),
N

i=1

y
1
− i
e M j (νi ,θ)
M j (νi , θ)

(5)

where N is the number of frequency samples νi . I is related to
all other contextual information (assumptions on the signal and
the physics of the problem, explicit or not). Equation (5) is applicable only if the sampled frequencies are independent. In the
Maximum Likelihood Estimator (MLE) approach, the best set
of parameters is derived by maximizing this function (Anderson
et al. 1990).
From Bayes theorem, we can define the posterior pdf:
π(θ|y, M j , I) =

π(θ|M j , I)π(y|θ, M j , I)
π(y|M j , I)

(6)

where π(θ|M j , I) is our explicit a priori knowledge (hereafter
called “prior”) of the parameter set θ of the model M j , and
π(y|M j , I) is a normalization constant. To apply a priori information about a particular parameter (or to a subset of parameters),
we use the product rule in the case of independent variables: the
global prior is simply the product of the individual priors. For example, we can separate the prior associated with the noise from
the prior of the p modes,
π(θS , θN |M j , I) = π(θS |M j , I)π(θN |M j , I).

(7)

3.2. Model comparison

In the Bayesian formalism, it is also possible to compare diﬀerent models by using Bayes’ rule to define the posterior probability P(M j |y, I) of a model M j being consistent with the data y,
P(M j |y, I) =

P(y|M j , I)P(M j |I)
·
P(y|I)

(8)

P(y|M j , I) represents the global likelihood, P(M j |I) the prior of
the model and P(y|I) a normalization constant for the whole
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model space. In the present comparisons, we attribute the same
prior probability to each model. Thus, comparing models M j and
Mk in a Bayesian approach relies on the ratio of the global likelihoods only. O M j ,Mk is called the odds ratio,
O M j ,Mk =

P(M j |y, I) P(y|M j , I)
=
·
P(Mk |y, I) P(y|Mk , I)

(9)

This is diﬀerent from the MLE approach where we compare
maximum likelihoods. The model M j is more favored by the
data than Mk if O M j ,Mk > 1. In practice, when 1 < O M j ,Mk < 3,
M j is barely supported but this support becomes substantial for
O M j ,Mk > 3. O M j ,Mk = 3 corresponds to 75% probability. We
can also calculate the relative probability of a model M j over the
discrete explored model space of size NMOD ,
P(y|M j , I)P(M j|I)
·
PR (M j |y, I) = i=N
MOD
P(y|Mi , I)P(Mi |I)
i=1

(10)

The calculation of the global likelihood requires a process
known as marginalization. It consists of removing the parameter dependence by integration over all of the variable parameters
of the conditional likelihood weighted by the prior pdf of the
considered model,

P(y|M j , I) =
π(y|θ, M j , I)π(θ|M j , I)dθ.
(11)
Marginalization is diﬃcult to achieve analytically in most cases
because of the complexity of the function to be integrated. With
the expression of the likelihood of Eq. (5), it is not possible and
only a numerical evaluation is feasible. If the size of the parameter space is small, we can evaluate the integral by a simple
Monte-Carlo approach, but this becomes very diﬃcult for a large
(several tens) number of parameters. An alternative approach
consists of sampling the parameter space by using a MCMC algorithm. MCMC simulations have the advantage of providing
an integral evaluation and thus marginalization capabilities from
the sampling of the function to be integrated. This makes the
global likelihood computation easy, even for complex expressions such as π(y|θ, M j , I) and π(θ|M j , I). In practice, computing
the mean of the conditional likelihood weighted by the priors
consists of an evaluation of Eq. (11). We provide more technical
information on the evaluation of Eq. (11), using MCMC results
in Sect. A.3.
3.3. Bayesian priors for solar-like pulsators

We can now apply the Bayesian approach using our knowledge
of solar-like stars. We will restrict ourselves to spatially unresolved photometric stellar observations: in the best case, the
mode visibility is too low to distinguish modes with a degree l
higher than 3 in the power spectrum. Referring to Eq. (2) we see
that the frequency of the l = 2 and l = 3 modes can be written
relative to the l = 0 and l = 1 modes, respectively:
δν02 (n) = νn+1,2 − νn,0  6D0
δν13 (n) = νn+1,3 − νn,1  10D0 .

(12a)
(12b)

These diﬀerences are called the small separations. Each l =
0 mode has an l = 2 companion. Similarly, each l = 1 mode
has an l = 3 neighbor. In the present case, as was already noted
by Appourchaux et al. (2008), Benomar (2008) and Gruberbauer
et al. (2009), it is clear that the signal-to-noise ratio is low, even
for the l = 0 and l = 1 modes. These modes are supposed to have
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the highest signal-to-noise ratio and the l = 3 mode is known to
have a very low relative height (Hl=3 /Hl=0 ≈ 0.03 in the solar
case). Moreover the computation time is tremendously increased
by adding this mode. Therefore, we assume that the l = 3 modes
are not visible, but still keeping in mind that they may contribute
to the noise background.
In an observed power spectrum, we can have two diﬀerent
l degree identifications (hereafter, models MA and MB ) for a
given peak in the spectrum: one can choose to consider that this
peak is made of a pair of l = 0, 2 modes or just made of an
l = 1 mode, as these two structures alternate in the spectrum. If
the l = 2 modes appear clearly in the spectrum, there is no doubt
about the identification as it makes the peak wider. But if this is
not the case (e.g. low signal-to-noise condition, say H/N < 10
for the l = 0 modes, or l = 0 and l = 2 mode overlap), the identification becomes diﬃcult. In the Bayesian context, the mode
identification can be achieved using the odds ratio (Eq. (10)). In
this case, the equation can be rewritten as
PR (MA |y, I) =

1
·
1 + O−1
MA ,MB

(13)

By convention, we will denote by MA the model with the highest
probability.
To evaluate the two hypotheses, we propose to use a prior
for the frequencies of the l = 0 and l = 1 modes of order n
between nmin and nmax :
π(νn,0 , νn,1 |M j , I) =

1
√
2(nmax − nmin )σ 2π
nmax 


(ν−ν(n,0))2
(ν−ν(n,1))2
×
e− 2σ2 + e− 2σ2

(14)

n=nmin

where σ is the standard deviation of the a priori Gaussian distribution of both l = 0 and l = 1 mode frequencies. We choose a
σ large enough to not strongly influence of the frequency posterior estimation ν(n, l = 0) and ν(n, l = 1) but not so large as to
avoid, during the parameter space exploration process, the mode
identification inversion (l = 0 for l = 1, and vice versa). The
priors of the l = 0 and l = 1 mode frequencies are generated using the asymptotic formula (Eq. (2)). We also impose a Gaussian
prior on the mean value of the large separation Δν, based on an
a priori estimation of Δν obtained by computing the autocorrelation of the power spectrum.  is fixed from the observed spectrum. D0 is chosen according to an a priori stellar model (cf.
Eq. (12a)).
The priors for l = 2 mode frequencies are described by a
Gaussian prior to the small separation,
δν02 (n)−δν02 th )2
2σ2
02

(
−
1
π(δν02 (n)|M j, I) =
√ e
σ02 2π

(15)

where δν02 th is the mean value of the expected small separation
between the l = 0 modes and the l = 2 modes, according to a
stellar model. The standard deviation σ02 drives the prior l = 2
frequency dispersion.
Here, we define and use as a parameter the mode height of
a mode relative to the height of the radial mode l = 0: Vl=1 =
Hl=1 /Hl=0 and Vl=2 = Hl=2 /Hl=0 . In the case of long duration
observations, the mode height ratios are essentially constrained
by a geometrical visibility factor (Toutain & Gouttebroze 1993)
and are thus independent of ν. For the inputs to our simulations
(Sect. 4), we used the solar relative height ratio for unresolved
photometric observations: Vl=1 = 1.5 and Vl=2 = 0.5. However,
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for the analysis, the relative heights are not fixed, unlike previous
approaches (Appourchaux et al. 2008; Benomar 2008).
The Jeﬀrey prior (PJ (x) ∝ 1/x) can be appropriate in the case
of scale parameters (e.g. parameter such as f (x) = ax, where a
is a “scale” factor), which is the case of the height and the width
of the modes. Such a prior is non-informative and uniform in the
logarithmic domain. Jeﬀrey (1961) justified the choice of this
kind of prior as they are invariant under parameter transformation. However, this prior is improper (integration over x yielding
an undefined result) and it is common to use a truncated version
of this prior: PJ (x) = C/(x + xmin ) where C = ln(1 + xmax /xmin ) is
the normalization constant. xmin and xmax are upper and lower
bounds such that if x > xmax or x < xmin then PJ (x) = 0.
Thus, the probability density is proper (integral over x is finite).
Unfortunately the truncation, although it renders the probability
density proper, may not follow the prescription of Jeﬀrey (1961)
of invariance. This should be borne in mind.
Another non-informative prior is the uniform prior (PJ (x) =
1/(xmax − xmin ) if xmin < x < xmax , else PJ (x) = 0). It is recommended by Jeﬀrey when dealing with “location” parameters
(parameters such as f (x) = x + a), which is the case of the mode
frequencies. We compared the eﬀect of these two priors applied
to the height and width on the model probability in the case
of scenario 4 and 5 (see the next section for more information
about the explored scenarios). In these scenarios, we compare
two models MA2 and MB2 . We note that using a Jeﬀrey prior for
the scale parameters leads to an increase in the contrast of the
relative model probability (about 0.2−0.4 dex or 10%−20% in
probability). However, this variation can also be attributed to the
probability estimation method itself (i.e. numerical calculation
in Sect. A.3). The estimate of the uncertainty of the probability
calculated by MCMC is still an open issue: for the conditions described throughout this article, two successive and independent
algorithm executions on the same data set provide probability
results with a log probability diﬀerence of the order of 0.2 dex.
The relative heights H(n, l, m) of the split components of
nonradial modes depend on the angle between the line of sight of
the observer and the rotation axis of the star (see for ex. Gizon &
Solanki 2003). Knowing that, we can define the heights of these
components as a function of the angle. Depending on the available information, an angle prior can be set or not; here, in the
case of the analysis of the simulated spectra (Sect. 4) or the real
data (Sect. 5), a uniform prior over the range 0◦ −90◦ is set.
Regarding the background, we adopted a two-step strategy:
1. we fit the power spectrum over a large frequency range (in
the case of HD 49933, 0-5000 μHz after removing the spacecraft orbital peaks) with 3 Lorentzian shaped components
and a white noise (Eq. (3)) plus a Gaussian profile (characterized by its height A0 , its central frequency νc , and its
width σG ) to globally describe the modes. The slope of the
Lorentzian profiles are assumed to be equal (p1 = p2 = p3 =
p). At this point we have 11 free parameters;
2. we verify that the Lorentzian describing the granulation
background is eﬀectively the dominant one in the p mode
frequency range. Then, we neglect the two other components
and we use the posterior results to constrain the background
in the mode range (1210−4000 μ Hz) with Gaussian priors.
This method ensures a robust estimation of the background at
low frequency: this is an important point as we are dealing with
low amplitude modes.

Fig. 1. a) Smoothed power spectrum of HD 49933, showing activity
(dot-dashed line) and granulation (solid line) backgrounds and stellar
modes.The modes are first modeled by a Gaussian (solid blue curve).
b) Mode frequency range with frequency priors (l = 0: red dash line;
l = 1: green dot line) for the mode identification A.

4. Illustrative simulations
4.1. Simulation conditions

In order to check the reliability (in particular for the mode identification) of the method presented here, simulated spectra were
simulated with diﬀerent inputs in terms of noise level and stellar parameters, yielding an ensemble of six test scenarios. All
of them correspond to the mode identification A used for the
analysis of HD 49933 (see Sect. 5). Most of the synthetic spectra (scenarios 1 to 5) contain the 3 first degrees (l = 0 to
l = 2) for 8 radial orders. The relative heights Vl=1 and Vl=2
are fixed at the solar values. The background is composed of
a Lorentzian profile plus white noise. The frequency resolution
is set to 0.2 μ Hz which corresponds to an observation duration
of about 58 days. Diﬀerent scenarios were tested by changing
the height, the width, the rotational splitting and the small separation δν02 . The frequencies follow an asymptotic law, with
Δν = 90 μHz. The inclination angle is set to 40◦ . Scenario 6 considers the case of a power spectrum with only 2 degrees (l = 0
and l = 1). For a summary of the input spectrum parameters, see
Table 1.
We explored four kinds of scenarios:
1. relatively high H/N ratio (>30), distant neighboring l = 2
and l = 0 modes and small rotational splitting (νs
δν02 ).
These conditions reduce the mode multiplet superposition
(scenario 1);
2. identical to the previous scenario but for a relatively low H/N
ratio, around 4 (scenario 2);
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Table 2. Priors used for the analysis of the simulated spectra for the
inclination angle i, the rotational splitting νs , the large separation Δν
(Eq. (2)) and the small separation δν02 th (Eq. (15)).
i
νs
Δν
δν02 th
1 [0−90]
2 ± 0.2
90.2 ± 0.5
8±4
2 [0−90]
2 ± 0.2
89.9 ± 0.6
8±4
3 [0−90] 3.5 ± 0.35 90.2 ± 0.6
8±4
4 [0−90] 3.5 ± 0.35 90.0 ± 0.3 5 ± 2.5
5 [0−90] 3.5 ± 0.35 90.0 ± 0.4
6±3
6 [0−90] 3.5 ± 0.35 90.1 ± 0.5
6±3
The prior on i is uniform and Gaussian for the other parameters (with
the indicated σ width). Priors on mode frequencies are also Gaussian
with a 6 μHz width.

Scenario
1
2
3
4
5
Mkl \Mkl
MA1
MB1
MA2
MB2

MA1
1
0.2169
0.0317
0.3403

OMA ,MB
2 × 1048
7 × 1026
1.5 × 104
7.209
1.578

Scenario 6
MB1
MA2
4.6104 92.6707
1
20.1003
0.0495
1
1.5690 31.5373

MB2
2.9385
0.6374
0.0108
1

PR (Mkl |y, I)
64%
13%
1%
22%

The identification is indicated as the subscript of the model, the highest
l modes as the exponent. Scenario 6 does not include l = 2 modes and
thus the correct model is MA1 . The values of the matrix represent the
odds ratio. Note the correct model only reaches a probability of 64%.
0.08

0.012
0.010

Probability density

δν02 (μHz) νs (μHz) Γ (μHz) H/N (l = 0) H Profile
1
8
2
[1,5]
>30
C
2
8
2
[1,5]
4
C
3
5
3.5
[2,10]
6
C
4
5
3.5
[3,10]
3−10
G
5
5
3.5
[4,13]
3−8
G
6
/
3.5
[3,10]
3−8
G
The frequency separation δν02 (see Eq. (12)), the rotational splitting
νs , the mode width Γ and the height-to-noise ratio H/N. Two kinds of
mode height variation with frequency were tested: a constant height for
all modes (C) or a more realistic Gaussian profile (G).

Table 3. Top: model odds ratio OMA ,MB for scenario 1 to 5 (which include l = 2 modes). Bottom: odds ratio for scenario 6, comparing 4
models (identifications A and B, with or without l = 2).

Probability density

Table 1. Input parameters used for the simulated spectra.
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0.008
0.006
0.004

0.06

0.04

0.02

0.002

3. intermediate H/N ratio (around 3 to 12) with a δν02 ∼ νs ,
leading to a superposition of the split components of the l =
2 and the l = 0 modes. The widths are chosen particularly
large to increase the diﬃculty of separating the neighboring
modes (scenario 3 to 5);
4. scenario 6 is designed to test the algorithm in the case of
an overinterpretation of the spectrum: only l = 0 and l =
1 modes are included in the simulated spectrum but mode
indentifications including l = 2 modes are tested (thus, four
models are tested: the two possible mode identifications A
and B, with and without l = 2).
The diﬀerent priors are those described in Sect. 3.3 and the typical values are summarized in Table 2. For scenarios 1 and 2,
we suppose that the mean value of the rotational splitting and
the small separation is known and we set the standard deviation
for these parameters at respectively 10% and 50% of their prior
mean value. In scenarios 3 and 5, we use a small separation prior
that is not centered on the real value, in order to evaluate the influence of a biased prior choice.
4.2. Simulation results

For each scenario, we acquire 1 000 000 samples after a burn-in
phase, during which the MCMC algorithm progresses towards
the values of interest (i.e. with significant probabilities) while
the acceptance rate is adjusted.
For scenarios 1 to 3, the mode identification is correct with
a confidence of more than 99.99%. The odds ratio is systematically in favor of the correct identification even for low signal-tonoise conditions. We remark that the l = 0−2 modes overlap and
the large width Γ strongly decrease the odds ratio (see Table 3).
For very large width, the odds ratio becomes ambiguous (scenario 5) and we are not able to decide which model is the most
realistic. In scenario 6, the priors on the small separation δν02 act

0.000
0.0

0.2
0.4
0.6
Relative Height H2/H0 (no unit)

0.8

0.00
0.0

0.1
0.2
0.3
0.4
0.5
Relative Height H2/H0 (no unit)

0.6

Fig. 2. l = 2 mode relative height from simulation (scenario 3) for the
correct identification a) and for the wrong identification b). In the correct identification, due to the l = 0 and l = 2 mode superposition, the
relative height H2 /H0 is underestimated by 30%. In the wrong identification, the distribution of the height follows the χ2 distribution, as noise
would.

as expected by penalizing the more complex models. The most
probable model is the correct one but with a confidence of only
about 64%.
The observation of the frequency posterior distributions
shows that an error on the model choice easily leads to multimodal pdf. The relative height Vl=2 is also strongly aﬀected as it
follows a χ2 distribution with a 2 d.o.f. statistics in the wrong
identification case, similarly to the noise distribution. In scenario 3, the retrieved mean median value of the small separation δν02 is 6.1 ± 0.7 μHz, to be compared to the input value of
5.0 μHz. The prior and/or the l = 0, l = 2 mode overlap seems to
shift the estimation by about 1 μHz. However, this oﬀset remains
smaller than the 2σ interval.
The non-Gaussian shape of the pdf obtained in some cases
(especially for heights and widths), and the multi-modal shape
of the pdf, raise the problem of the estimator choice and of the
error bar definition. In statistical terms and in terms of parameter estimation, it is interesting to refer to the median which is
considered to be a good alternative to the Maximum a posteriori
(MAP) inference (Gregory 2005b). The maximum of a pdf is a
poor estimator as it does not provide global information about
the pdf. It is also very diﬃcult to evaluate the maximum of a pdf
as the sampling may not be suﬃcient. To illustrate the inadequacy of the pdf maximum as a good estimator, we can consider
the example of the χ2 noise pdf. It is a decreasing exponential
and the maximum will give a zero value whatever the noise level.
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Fig. 3. HD 49933 typical frequency,
height, width and amplitude pdf (here
for model MA1 ). Frequencies and amplitudes generally have a Gaussian shape,
while widths and heights follow a lognormal distribution.
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Fig. 4. Comparison of the output and input values for simulated spectra, for scenario 3 (a), b), c)) and for scenario 4 (d), e), f)). The box represent
the 68.3% confidence interval (1σ equivalent) centred on the median. The lines indicate a 95.5% confidence range (2σ equivalent). The frequency
diﬀerence and its error (a), d)) for the l = 0 and l = 2 modes (black solid and grey dotted line, respectively) is represented as a function of the
quantity n + l/3. Note the bias for the l = 2 frequencies due to the prior choice in the scenario 3. For heights (b), e)) and widths (c), f)), we compare
the input model value (dot-dashed line) to the inferred values. The noise background is also represented (dashed line). The inferred values are
generally within the 95.5% confidence range. Note also the anti-correlation between height and width.

Moreover, the width and mode height are known to not be distributed as a Gaussian.
Generally, the mode parameter pdfs are supposed has being Gaussian and as a consequence, the error bars are symmetrical and given at ±1σ which corresponds to a 68.3% confidence interval. As we often deal with more complex pdfs, we
must provide either the pdf or multiple confidence indicators
to summarize the function and describe how spread it is. To
fully describe the variety of the pdfs, we decided to provide the
confidence intervals at 68.3% and 95.5%, (corresponding to 1

and 2σ, respectively, for a Gaussian distribution) centred on the
median. The confidence interval determination involves a cumulative probability function calculation. Thus, the tables of results
contain 5 values per parameter: the median and asymmetrical 1σ
and 2σ equivalent confidence ranges.
Following these definitions, most of the inputs used to build
the diﬀerent synthetic spectra are within a 95.5% confidence
interval of the estimated values resulting from the analysis of
these spectra. All of them exceed 99.7% (3σ equivalent) confidence. The estimates of height and width are poor even in good
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Table 4. Priors used for HD 49933 data analysis. νs is the rotational
splitting, i the star inclination angle, δν02 the small frequency separation, Δν the large separation. The value of  and D0 depend on the model
and set the position of the first prior frequency (see Eq. (2)).
Parameter Prior nature
Values
νs
Gaussian
3.4 ± 0.34 μHz
i
Uniform
[0◦ −90◦ ]
δν02
Gaussian
6 ± 3 μHz
Δν
Gaussian
85.6 ± 0.8 μHz

Fixed
1.55 (MA ) / 1.05 (MB )
D0
Fixed
1 μHz
Parameter
Prior nature xmin xmax
h (ppm2 /μHz)
Jeﬀrey
1
10
Vl=1
Jeﬀrey
1.5
5
Vl=2
Jeﬀrey
0.5
5
Γ (μHz)
Jeﬀrey
5
25
νs is the rotational splitting, i the star inclination angle, δν02 the small
frequency separation, Δν the large separation. The value of  and D0
depend on the model and set the position of the first prior frequency
(see Eq. (2)).
Table 5. Model odds ratio and estimated probability for HD 49933 spectrum analysis. The value of the matrix represents the odds ratio.
Mkl Mkl
MA1
MB1
MA2
MB2

MA1
1
0.0020
0.2231
0.3679

MB1
492.72
1
109.94
181.26

MA2
4.4817
0.0091
1
1.6487

MB2
2.7183
0.0055
0.6065
1

PR (Mkl |y, I)
62.8%
0.2%
14%
23%

signal-to-noise cases (see Fig. 4), whereas frequencies are very
well determined, with a typical error tending to the spectrum
resolution in the most favorable cases (scenario 1). A systematic
underestimation (∼30%) of the relative height H2 /H0 occurs in
the case of l = 0 and l = 2 mode superposition.

5. The Bayesian analysis of HD 49933
The analysis of HD 49933 (a main sequence F5V star) was
carried out using a 60-day time series of CoRoT observations
(IRa01). This star has been observed previously from the ground
(Mosser et al. 2005) and from space by CoRoT. A first analysis of the latter data has been carried out by Appourchaux
et al. (2008) using a simple likelihood maximization (MLE) approach. These data were also studied by Benomar (2008) and
Gruberbauer et al. (2009), using a Bayesian approach.
The main characteristics of this star can be summarized as
follows: an estimated mass of ∼1.2 M (Mosser et al. 2005),
radius R/R of 1.34±0.06 (Thévenin et al. 2006); v sin i estimates
by diﬀerent sources lead to values from 9.5 ± 0.3 km s−1 (Mosser
et al. 2005) to 10.9 km s−1 (Solano et al. 2005). As reported by
Appourchaux et al. (2008), the low frequency power spectrum
shows a strong peak at 3.4 μHz understood as the signature of
the rotation period, caused by the transit of active regions across
the surface of HD 49933. Then, from radius and v sin i estimates,
the angle i between the line of sight and the stellar rotation axis
appears to be between 22 and 30◦ while the asteroseismic study
of Appourchaux et al. (2008) leads to an angle value between 50
and 62◦ (for these authors, a possible reason for this discrepancy
is the probable superposition of the l = 2 and l = 0 modes).
This information can be used to set some priors. The splitting
prior is set by supposing that the rotation signature at 3.4 μHz is

Fig. 5. HD 49933 echelle diagram for the model MA1 corresponding to
the most probable identification a) and for model MB2 b). The black dots
represents the l = 0 modes, the grey dot-dashed ones the l = 1 and the
grey dashed ones the l = 2.

representative of the internal stellar rotation. As in the simulation, the standard deviation is fixed at 10% of the expected value.
Because of the inconsistency previously described for the angle i, we prefer not to impose a prior on i: we use a uniform prior
between 0◦ and 90◦ . As in Benomar (2008), the large separation
prior is set to 85.6 ± 0.8 μHz and the small separation δν02 th
at 6 ±3 μHz using stellar model information. Priors on mode frequencies are Gaussian with a width of 8 μHz. All of the priors
are described in Sect. 3.3 and summarized in Table 4.
The power spectrum of the time series is computed once
a second order polynomial has been removed from the original time series. This spectrum is normalized such that the total power integrated from zero to twice the Nyquist frequency
equals the lightcurve variance. 15 mode profiles were fitted to
this spectrum in a frequency interval from 1210 to 4000 μHz.
The pdf estimations are based on 2 000 000 samples (for each
Markov chain).
The complex content of the power spectrum of HD 49933
and the diﬃcult mode identification require a discussion and
a comparison of our results with those of Appourchaux et al.
(2008), Benomar (2008) and Gruberbauer et al. (2009).
The present work diﬀers from that of Gruberbauer et al.
(2009) as they did not take into account the rotational splitting and the inclination angle and assumed a constant mode
width whereas we have considered this hypothesis too strong
and have included rotation and variable mode widths in our description. As already mentioned, Appourchaux et al. (2008) used
a MLE approach. Benomar (2008) used a Bayesian approach but
in a less sophisticated manner: for example, the question of the
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Fig. 6. Estimated heights, width and amplitude for model MA1 . The
boxes represent the 68.3% confidence interval centred on the median.
The lines indicate a 95.5% confidence interval.

presence of l = 2 modes was not tested in the process of mode
identification.
Here, we compared 4 models using Eqs. (9) and (10): the
two possible mode identifications and the presence or absence
of the l = 2 modes. The probabilities obtained are summarized in Table 5. The most probable model (PR (MA1 |y, I) =
62.8%) corresponds to the same mode identification as oﬀered
by Appourchaux et al. (2008) but it does not include the l =
2 modes. While the criteria used by Appourchaux et al. (2008)
are based on the comparison of the maximum likelihoods, here
we estimate the global probability which we consider more
reliable and more conservative. Moreover Appourchaux et al.
(2008) did not explore the possibility of the absence of the
l = 2 modes. Here, the most probable model (MA1 ) contains
only the l = 0 and l = 1 modes. Occam’s principle, naturally

Fig. 7. Estimated heights, width and amplitude for model MB2 . The
boxes represent the 68.3% confidence interval centred on the median.
The lines indicate a 95.5% confidence interval.

implemented in the Bayesian approach, penalizes the more complex model and thus favors models without l = 2 modes.
However, adding the l = 2 modes to the identification B (comparison between P(MB1 |y) and P(MB2 |y)) strongly reinforces its
credibility, but not suﬃciently so to definitely overrule the A
identification.
A complementary explanation of the diﬃculty of retrieving
the l = 2 could be that the background model may not be representative of the real nature of the granulation background. At the
current signal-to-noise ratio, a good prior knowledge is critical
for mode parameter estimation. The estimated model probability might also be strongly aﬀected by the chosen background
model, as this latter can bias the observed heights of the modes.
Nevertheless, it is clear that a low value of the small separation
combined with large linewidth and splitting introduces crosstalk
between the l = 0 and l = 2 modes, especially for the frequency
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Table 6. HD 49933 frequencies and height-to-noise posterior estimates
for l = 0 and l = 1 modes for the MA1 model.

Fig. 8. Posterior probability density function for the rotational splitting
and the inclination angle of HD 49933 for each possible mode identification including l = 2 for model MA1 (a) and b)) and model MB2 (c)
and d)). The rotational splitting prior is also represented with a greydashed line. The splitting prior influence seems stronger for model MB2 ,
as expected for a low inclination angle, the split component of modes
having a very small height.

and height estimation, and renders the l = 2 extraction diﬃcult,
if not impossible.
Nevertheless, notice that the odds ratio between the two most
probable models is lower than 3 (cf. Table 5). Despite having the
highest level of confidence, the MA1 model is not strongly supported by the data. We also notice that the inclination angle for
the identification B is much closer to the expected value from
non seismic observations. It is likely that if we had imposed
a prior on this parameter using v sin i and the estimate radius,
we would have obtained a stronger probability for the identification B. The only model that can be reasonnably excluded is MB1 .
The model choice does not significantly aﬀect the estimation of the mean large separation. Its value is compatible at the
1σ level with Appourchaux et al. (2008) (Δν = 85.9 ± 0.15)
whichever the model chosen here (see Table 9).
The estimated rotational splitting for the model MA1 is
slightly lower than for the model MB2 but both are compatible
with the results of MLE (Appourchaux et al. 2008). The posterior pdf of the rotational splitting for this latter model is probably dominated by its prior rather than its likelihood (see Fig. 8).
This is not surprising, as a low stellar inclination leads to a very
low height of the split component of all degrees l except for the
m = 0 component, making the splitting weakly constraining.
√ We have also expressed the mode energy pdf by the product
πhΓ which we summarize in Table 8. Energies are relatively
well constrained in comparison with heights and widths. Models
without l = 2 have slightly higher l = 0 mode energy than the
models with l = 2 as the total observed energy remains constant. Figures 6 and 7 show the variations versus frequency of
the heights, widths and energies for the models MA1 and MB2 . We
notice through the error bars that the pdf dispersion is higher
than in our simulations for a comparable height-to-noise ratio,
especially for the widths. Multiple factors can be the source
of these diﬀerences. First, our simulations are certainly simpler
than reality. Moreover the p mode model and the stellar noise
model may be inappropriate. It is possible for example that the

l
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

n
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

median
1244.56
1329.15
1415.50
1501.20
1586.20
1670.14
1756.57
1840.47
1927.26
2013.71
2101.84
2189.24
2278.71
2361.91
2448.88
1290.06
1371.87
1458.18
1543.20
1629.99
1714.72
1800.15
1884.80
1972.12
2059.06
2145.12
2233.68
2321.00
2403.19
2495.09

Model
ν (μHz)
1σ+ 1σ−
1.37 / 1.04
1.26 / 1.08
0.50 / 0.54
0.85 / 1.03
0.59 / 0.63
0.79 / 0.84
0.78 / 0.77
0.79 / 0.79
1.49 / 1.46
0.97 / 0.89
1.69 / 1.64
2.34 / 2.30
1.13 / 1.45
2.19 / 2.27
1.41 / 1.68
1.94 / 1.89
1.34 / 1.88
0.40 / 0.46
1.82 / 2.38
0.83 / 0.74
0.96 / 0.84
1.11 / 1.08
0.80 / 0.79
1.30 / 1.45
1.27 / 1.18
1.60 / 1.56
1.95 / 1.80
2.67 / 2.67
1.81 / 2.02
2.25 / 1.83

MA1
H/N
2σ+ 2σ−
3.96 / 2.31
4.10 / 2.30
1.00 / 1.34
1.95 / 2.52
1.19 / 1.36
1.64 / 1.93
1.61 / 1.61
1.60 / 1.60
3.06 / 2.92
2.15 / 1.86
3.63 / 3.46
4.34 / 4.27
2.27 / 3.37
4.54 / 4.41
4.70 / 6.05
3.87 / 3.87
3.40 / 3.99
0.89 / 1.75
3.49 / 5.00
1.90 / 1.62
2.02 / 1.69
2.24 / 2.26
1.58 / 1.61
2.59 / 2.98
2.72 / 2.60
3.28 / 3.32
4.04 / 3.82
5.14 / 6.37
3.67 / 4.65
4.79 / 5.21

1.3
1.3
4.2
1.5
4.1
3.1
3.3
3.8
1.7
2.2
1.3
1.1
1.3
1.0
0.9
1.3
1.4
4.3
1.6
4.1
3.2
3.4
3.8
1.7
2.2
1.3
1.1
1.3
1.0
0.9

n order is given supposing  ∈ [1, 2]. H/N represents the height-to-noise
ratio in the power spectrum.

mode widths are poorly determined because of a strong asymmetry of the split components and of their profiles. Compared
to Appourchaux et al. (2008), some diﬀerences can be noticed
at high frequency for the width. In particular, we find again the
plateau beyond 1700 μHz for the width but with larger error bars.
To summarize, in most cases when the comparison is possible, the parameter estimates are within 1σ error bars of those
of Appourchaux et al. (2008) and Gruberbauer et al. (2009).
However, here, the mode indentification is highly ambiguous
and prevents a precise interpretation of individual mode frequencies. Nevertheless, some parameters do not show large diﬀerences from one identification to another, for example the mode
width or the mode energy.

6. Conclusions and perspectives
We have presented a Bayesian analysis using an MCMC technique to infer mode parameters of solar-like oscillators, and applied it to the case of HD 49933. A global fitting strategy was
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Table 7. Height and width posterior estimates for HD 49933 for the most probable model. n is given for the l = 0 modes.
Model MA1

Height (ppm /μHz)
1σ+ /1σ−
2σ+ /2σ−
0.23 / 0.14 0.86 / 0.24
0.29 / 0.16 0.94 / 0.27
0.77 / 0.49 2.10 / 0.79
0.24 / 0.14 0.75 / 0.23
0.44 / 0.31 1.16 / 0.52
0.32 / 0.22 0.85 / 0.37
0.22 / 0.16 0.51 / 0.30
0.33 / 0.23 0.81 / 0.41
0.14 / 0.10 0.36 / 0.18
0.18 / 0.13 0.51 / 0.23
0.11 / 0.08 0.29 / 0.14
0.10 / 0.07 0.24 / 0.12
0.11 / 0.08 0.28 / 0.14
0.09 / 0.06 0.24 / 0.11
0.25 / 0.09 0.99 / 0.13
2

n
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

median
0.46
0.45
1.35
0.47
1.20
0.89
0.90
1.00
0.44
0.54
0.32
0.26
0.29
0.23
0.20

median
7.66
4.12
1.98
6.98
3.95
5.88
7.88
4.52
8.29
6.82
8.97
8.87
8.68
8.64
5.77

Linewidth (μHz)
1σ+ /1σ−
2σ+ /2σ−
4.73 / 3.30 10.8 / 5.67
2.75 / 1.81 6.32 / 3.01
1.11 / 0.68 2.82 / 1.12
3.68 / 3.04 8.15 / 5.01
1.31 / 1.05 2.98 / 1.88
1.92 / 1.57 4.23 / 2.86
1.64 / 1.38 3.55 / 2.55
1.21 / 0.98 2.70 / 1.81
2.48 / 2.02 5.60 / 3.77
2.17 / 1.78 4.82 / 3.28
3.09 / 2.43 6.99 / 4.47
3.15 / 2.43 7.44 / 4.58
3.45 / 2.64 8.29 / 4.75
3.50 / 2.77 8.69 / 4.95
6.29 / 3.75 14.3 / 5.09

Fig. 9. HD 49933 power spectrum with MA1 model (identification A without l = 2 modes) superimposed.The superimposed dashed line is the best
fit according to the median value of the parameters.

adopted, taking into account the mode visibility dependence
upon stellar inclination and the rotational mode splitting. The
approach used here allows a global perspective of the fitted parameters thanks to the sampling of the probability density functions of these parameters and to the full implementation of our a
priori physical knowledge of the object as a solar-type star.
The simulations show that this approach provides reliable
parameter estimations with a high robustness at low signalto-noise ratio. Indeed, the systematic exploration of parameter
space allows the method to avoid the local maxima encountered
in MLE or MAP and permits us to obtain global information
about the pdf of the parameters for the spectrum model tested.
One of the greatest diﬃculties encountered is the identification
of the observed peaks in the Fourier spectrum with modes of
given degree l. The pdf sampling using parallel tempering gives
the most probable model thanks to the global likelihood calculation. As explained in Sect. 5, the estimated probability for
each possible mode identification is more ambiguous than was
shown by Appourchaux et al. (2008). In a statistical view, the

best model is the mode identification A with only the l = 0
and l = 1 modes (MA1 , cf. Table 5). Gruberbauer et al. (2009)
also favor a model with these modes, but using a more heuristic approach, without taking into account the eﬀects of rotation
on the spectrum (and thus the eﬀect of a star’s inclination angle on the mode components relative heights). However, the two
models with modes of degree up to 2 (MB2 and MA2 ) have comparable probabilities. The identification B, with only l = 0 and
l = 1 modes (MB1 ), is highly improbable. The low probability
diﬀerences between the 3 most probable models prevents any
definitive conclusion on the mode identification. The model M1A
is respectively only 2.7 and 4.5 times more probable than MB2 and
MA2 . We consider these factors not large enough to reject these
models including l = 2 modes. The model MB1 being 110 times
less probable than MA1 , it can be definitely rejected. We have to
emphasize that even if statistically speaking the most probable
model does not include l = 2 modes, it is unlikely in a physical
view to not have l = 2 modes excited (while l = 1 are) for a solar
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Fig. 10. HD 49933 power spectrum and echelle diagram for MB2 model (identification B with l = 2 modes). The superimposed dashed line is the
best fit according to the median value of the parameters.
Table 8. Energy posterior estimates for HD 49933. n is given for the
l = 0 modes.

n
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

Model MA1 (ppm)
median
1σ+ /1σ−
2σ+ /2σ−
3.36
0.49 / 0.48 0.96 / 0.92
2.45
0.37 / 0.37 0.76 / 0.77
2.94
0.31 / 0.30 0.64 / 0.59
3.20
0.39 / 0.40 0.76 / 0.81
3.88
0.31 / 0.30 0.63 / 0.60
4.08
0.31 / 0.31 0.62 / 0.62
4.76
0.29 / 0.29 0.60 / 0.59
3.78
0.29 / 0.27 0.59 / 0.53
3.40
0.28 / 0.28 0.57 / 0.56
3.40
0.28 / 0.27 0.57 / 0.54
3.00
0.28 / 0.28 0.57 / 0.56
2.69
0.28 / 0.28 0.56 / 0.58
2.84
0.28 / 0.29 0.57 / 0.59
2.49
0.28 / 0.28 0.56 / 0.58
1.91
0.34 / 0.33 0.68 / 0.67

like star in the main sequence. It would have been possible to
take this hypothesis into account in the priors, but here, we have
prefered to consider all the models as equally probable.
For example, these probabilities result from no informative a
priori on the star inclination angle and on the relatives heights of
the modes. However, one should note that identification B leads
to a star inclination angle coherent with independent determinations of this angle (see Sect. 5) and also to relative heights more
compatible with the expected values from solar observations. We
have to stress that if we had applied an informative prior on the
angle and/or on the relative heights, then it is possible that the
model MB2 would have overruled the model MA1 . Moreover we
remind the reader that the estimated error on the determination
of the probability is of 10%−20%.
The present analysis could certainly be extended, for example by quantitatively evaluating the impact of the background
model choice on the identification. The probabilistic Bayesian
approach used here could be used to evaluate the relevance of
the background description.

Table 9. Global parameter posterior estimates for HD 49933. i represents the inclination angle of the star. νs is the rotational splitting, Vl=1
and Vl=2 the relative height of l = 1 and l = 2 modes, respectively. Δν
represent the large separation.
Model
Probability
median
i (◦ )
1σ+ /1σ−
2σ+ /2σ−
median
νs (μHz)
1σ+ /1σ−
2σ+ /2σ−
median
Vl=1
1σ+ /1σ−
2σ+ /2σ
median
Δν (μHz)
1σ+ /1σ−
2σ+ /2σ−

MA1
62.8%
52
8/8
20 / 18
3.20
0.28 / 0.26
0.59 / 0.54
1.00
0.09 / 0.09
0.20 / 0.17
86.04
0.13 / 0.14
0.28 / 0.33

MB1
0.2%
23
17 / 15
36 / 22
3.34
0.34 / 0.35
0.69 / 0.69
0.93
0.08 / 0.09
0.19 / 0.15
86.04
0.14 / 0.16
0.28 / 0.33

Model
MA2
MB2
Probability
14%
23%
median
50
28
◦
i( )
8/7
19 / 17
1σ+ /1σ−
2σ+ /2σ−
15 / 21
39 / 27
median
3.17
3.37
νs (μHz)
1σ+ /1σ− 0.27 / 0.25 0.32 / 0.35
2σ+ /2σ− 0.57 / 0.52 0.68 / 0.70
median
1.11
1.22
Vl=1
1σ+ /1σ− 0.16 / 0.11 0.22 / 0.16
2σ+ /2σ
0.36 / 0.21 0.52 / 0.28
median
0.13
0.35
Vl=2
1σ+ /1σ− 0.14 / 0.09 0.21 / 0.15
2σ+ /2σ− 0.34 / 0.13 0.50 / 0.27
median
86.05
86.00
Δν (μHz)
1σ+ /1σ− 0.13 / 0.15 0.16 / 0.19
2σ+ /2σ− 0.30 / 0.42 0.32 / 0.42
i represents the inclination angle of the star. νs is the rotational splitting,
Vl=1 and Vl=2 the relative height of l = 1 and l = 2 modes, respectively.
Δν represent the large separation.

However, we think that, at the present stage, MCMC sampling is mainly useful in low signal-to-noise conditions to bring
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more information than classical approaches like MLE or MAP
techniques do.
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Appendix A: Technical aspects
A.1. Basic algorithm description

The Metropolis-Hasting (MH) algorithm (Metropolis et al.
1953; Hastings 1970) is the most commonly used MCMC algorithm because of its ease of implementation. We have already
described the main advantages of the MCMC algorithm for the
sampling of the space of the fitted parameters. Here we address its inherent diﬃculties and the solutions to manage these
diﬃculties.
Considering π(θ), the distribution we want to sample (also
called “distribution of interest”), we define a probability transition function α(θi+1 , θi ) from an initial parameter set θi to a new
proposed set θi+1 , in order to sample the space of parameters

π(θi+1 )q(θi+1 |θi )
α(θi+1 , θi ) = min 1,
(A.1)
π(θi )q(θi |θi+1 )
where q(θi |θi+1 ) is the proposal transition pdf. Hence, it is related to the step size of the transition. A symmetrical proposal
i+1 |θi )
pdf implies that q(θ
q(θi |θi+1 ) reduces to 1. Usually q is chosen to be
a Gaussian. The quantity α is compared to a uniform random
i+1 )q(θ i+1 |θi )
variable u ∈ [0, 1]. If the ratio π(θ
π(θ i )q(θi |θi+1 ) is greater than 1,
the transition from θi to θi+1 is always accepted. Otherwise, the
transition is accepted or not depending on the value of the ratio
which is compared to a threshold value.
A.2. Gaussian proposal covariance matrix adjustment

In the present analysis, we used a Gaussian proposal distribution q(θ): the trial set of parameter θ is created by the scheme
θi+1 ∼ θi + N(0, Σ). Then, an important task for a correct sampling consists of adjusting the covariance matrix Σ−1 of this multidimensional Gaussian function (if all parameters were independent, only the diagonal terms would be non-zero). Indeed, the
acceptance rate depends directly on Σ−1 . If α(θi+1 , θi ) is too low
then few samples are accepted and the typical computing time
to sample the distribution of interest will be large. Conversely,
a high α(θi+1 , θi ) introduces a high correlation between two successive samples and the sampling process can be easily trapped
in local maxima of the distribution of interest. Roberts et al.
(1997) empirically show for high dimensional models that the
best sampling is obtained for an acceptance rate of around 25%.
Many authors recommend a rate between 20% and 50%.
The manual adjustment of such a matrix is easy if we deal
with a few parameters but becomes diﬃcult to manage in high
dimensional cases. A way to automate the matrix determination
process is to use Adaptive MCMC. Adaptive MCMC runs a second process, in parallel to the sampling process, that adapts the
covariance matrix continuously. Many Adaptive MCMCs have
been proposed. The one used in this paper was inspired by the
work of Atchadé (2006). It uses a Robbins-Monro type algorithm, widely used to calculate numerical solutions of diﬀerential equations (Robbins & Monro 1951).

Initially, Σ−1 is defined as diagonal with coeﬃcient ai, j =
δi, j /σ2i, j where δi, j the Kronecker symbol and σ2i, j the initial variance for the ith element of the θ parameter vector. The initial
parameter values are set at the center of the prior range and σ at
10% of their values. During the acceptance-rate adapting phase
(or learning phase), even the non-diagonal terms are adjusted,
taking into account a hypothetical correlation between parameters to enhance the sampling. Despite its name, an Adaptive
MCMC is not a Markovian process as the i + 1 state depends
not only on the previous one i, but also on all previous states
i − 1, i − 2, .... There is no guarantee that the sampling will be
done according to the distribution of interest. To avoid this problem, we simply stop the learning process when the acceptance
rate is reasonable, i.e. is within 20% of the optimal acceptance
rate.
A.3. Parallel tempering

The MH algorithm can encounter diﬃculties for multimodal distributions, in particular if the maxima are far from one other. In
order to eﬃciently sample the entire parameter space, a solution was proposed by Jennison (1993). It consists of the launching of multiple parallel MCMC processes. Each process has a
diﬀerent distribution according to a power law πk (θ|y, M j , I) ∝
π(y|θ, M j , I)1/T k where T k is called the temperature of the chain
k. The higher the temperature, the flatter is the distribution. In a
flat distribution, the potential barrier between distant maxima is
lowered and the transitions in the parameter space are easier.
At each iteration i, a random mix is made among neighboring
chains: two chains k and k + 1 are mixed with the probability
⎫
⎧
k+1
k
⎪
⎪
⎪
⎬
⎨ πk (θ(i) |y, M j , I)πk+1 (θ(i) |y, M j , I) ⎪
k
k+1
α(θ(i) , θ(i) ) = min ⎪
· (A.2)
1,
⎪
⎪
⎭
⎩ πk (θk |y, M j , I)πk+1(θk+1 |y, M j , I) ⎪
(i)
(i)
The temperatures follow a geometric law: T k = λk−1 , where λ is
a scale factor. k is an integer such as 1 ≤ k ≤ C, C being the
number of parallel chains. During our MCMC simulations, we
decided to use 12 parallel chains and a transition rate adjusted
around 50%.
Thanks to this numerical method, MCMC simulations can be
used to evaluate the odds ratio (Eq. (9)) through the calculation
of Eq. (11). As shown by Gregory (2005b),


1

ln[P(y|M j , I)] =

ln[π(y|M j, θ, I)]βdβ

(A.3)

0

where β = T1 . With a discrete set of temperatures βk , we

have ln[π(y|M j, θ, I)]β = N1 ln[π(D|M j , θβ , I)], the mean conditional likelihood.
When T k → ∞, the likelihood distribution is flat and
the target distribution πk (θ|y, M j , I) is dominated by the priors.
Conversely, T k = 1 corresponds to the distribution of interest.
To summarize, we proceed as follows: for each chain at
temperature T k = β1k , we calculate the mean value of the
conditional likelihood and then we evaluate the log probability ln[P(y|M j , I)] by generating and integrating an interpolated
function of ln[P(y|M j, θ, I)]β.
A.4. Possible improvements

From a technical point of view, improvements can be made. The
probability calculation is a crucial aspect which has only been
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sketched. Indeed we use a random walk algorithm and the probability is subject to fluctuations as a function of the number of
samples, the number of parallel chains and of their distribution
(depending on the chosen temperature set). It is necessary to investigate these three points to make sure of the robustness of the
probability calculation.
Concerning the execution speed, the Bayesian analysis coupled with a MCMC sampling for large data sets and a large
number of parameters is costly in terms of computation time.
In the present analysis of HD 49933, the computation time is of
the order of a week per model (on a personal computer). This
heavy computation limits the degree of complexity possible of
the models investigated to describe the observed spectrum.
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Table 10. HD 49933 frequencies and height-to-noise posterior estimates for l = 0 and l = 1 modes for the MA2 model. n is given supposing
 ∈ [1, 2]. H/N represents the height-to-noise ratio in the power spectrum.

l
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2

n
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

median
1244.72
1329.44
1415.60
1501.35
1586.45
1670.44
1756.86
1840.81
1927.79
2013.98
2102.24
2190.11
2279.07
2362.58
2449.03
1289.98
1371.81
1458.21
1543.60
1629.99
1714.68
1800.23
1884.83
1972.25
2059.00
2145.23
2233.67
2321.18
2403.37
2495.11
1239.76
1324.27
1410.08
1495.54
1580.57
1664.64
1750.98
1835.69
1922.27
2009.07
2096.06
2184.48
2272.75
2356.77
2442.83

Model
ν (μHz)
1σ+ 1σ−
1.67 / 1.10
1.69 / 1.17
0.48 / 0.52
0.81 / 0.93
0.58 / 0.64
0.74 / 0.80
0.83 / 0.81
0.85 / 0.84
1.62 / 1.55
1.10 / 0.98
1.82 / 1.70
2.41 / 2.52
1.12 / 1.28
2.32 / 2.50
1.53 / 1.53
1.95 / 1.83
1.41 / 1.93
0.35 / 0.41
1.61 / 2.31
0.81 / 0.68
0.92 / 0.78
1.07 / 1.11
0.76 / 0.79
1.24 / 1.40
1.27 / 1.14
1.58 / 1.58
1.93 / 1.75
2.69 / 2.59
1.65 / 1.94
2.29 / 1.56
2.97 / 3.30
3.78 / 3.19
1.85 / 3.05
2.79 / 2.90
3.10 / 2.37
2.26 / 2.60
2.81 / 2.86
3.27 / 3.09
2.96 / 3.18
3.21 / 3.26
3.28 / 3.28
3.35 / 3.79
3.02 / 2.97
3.55 / 3.70
3.41 / 3.65

MA2
H/N
2σ+ 2σ−
6.11 / 2.48
4.72 / 2.45
0.99 / 1.18
2.08 / 2.25
1.19 / 1.34
1.56 / 1.89
1.70 / 1.67
1.78 / 1.70
3.56 / 3.11
2.51 / 1.96
3.84 / 3.42
4.27 / 4.74
2.21 / 3.26
4.90 / 4.77
5.92 / 6.26
3.93 / 3.62
3.55 / 4.13
0.79 / 1.28
3.30 / 4.80
1.93 / 1.46
1.98 / 1.55
2.13 / 2.20
1.54 / 1.60
2.51 / 2.97
2.71 / 2.47
3.37 / 3.28
3.96 / 3.50
4.85 / 6.07
3.34 / 4.53
4.75 / 5.29
7.24 / 6.79
7.15 / 6.97
4.00 / 6.80
5.49 / 6.30
6.02 / 5.29
4.82 / 6.09
5.72 / 5.93
5.82 / 6.18
5.92 / 6.31
6.05 / 6.42
6.40 / 6.79
6.44 / 7.64
5.89 / 6.16
6.67 / 7.14
7.84 / 7.99

1.2
1.2
4.5
1.5
3.9
3.1
3.1
3.5
1.6
1.9
1.2
1.1
1.3
1.0
0.9
1.2
1.2
4.6
1.5
4.0
1.3
3.2
3.5
1.6
2.0
1.2
1.1
1.3
1.0
0.9
1.2
1.2
4.5
1.5
3.9
3.1
3.1
3.5
1.6
1.9
1.2
1.1
1.3
1.0
0.9
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Table 11. Height and width posterior estimates for HD 49933 for the model MA2 . n is given for the l = 0 modes.
Model MA2

Height (ppm /μHz)
1σ+ /1σ−
2σ+ /2σ−
0.25 / 0.14 0.91 / 0.23
0.25 / 0.16 0.76 / 0.25
0.77 / 0.51 1.84 / 0.86
0.27 / 0.15 0.75 / 0.24
0.46 / 0.30 1.27 / 0.51
0.34 / 0.23 0.99 / 0.39
0.22 / 0.18 0.54 / 0.32
0.31 / 0.22 0.74 / 0.40
0.14 / 0.10 0.37 / 0.18
0.18 / 0.12 0.47 / 0.21
0.11 / 0.08 0.28 / 0.14
0.10 / 0.07 0.30 / 0.13
0.12 / 0.08 0.31 / 0.14
0.10 / 0.07 0.26 / 0.11
0.30 / 0.10 1.03 / 0.14
2

n
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

median
0.43
0.40
1.44
0.46
1.15
0.88
0.85
0.92
0.41
0.48
0.30
0.25
0.29
0.22
0.20

median
7.45
4.28
1.73
6.23
3.58
5.24
7.48
4.34
7.86
6.70
8.38
8.26
7.69
7.87
5.08

Linewidth (μHz)
1σ+ /1σ−
2σ+ /2σ−
5.28 / 3.60 12.4 / 5.82
2.87 / 1.96 7.32 / 3.20
0.88 / 0.55 2.51 / 0.92
3.67 / 2.94 7.63 / 4.59
1.27 / 1.03 2.81 / 1.82
1.87 / 1.50 4.18 / 2.89
1.62 / 1.39 3.59 / 2.59
1.19 / 1.00 2.68 / 1.78
2.63 / 2.18 5.88 / 4.07
2.17 / 1.84 4.53 / 3.38
3.08 / 2.33 7.36 / 4.15
3.26 / 2.63 8.27 / 4.96
3.37 / 2.51 7.68 / 4.36
3.64 / 2.67 8.98 / 4.71
6.99 / 3.49 15.4 / 4.49

Table 12. Energy posterior estimates for HD 49933, model MA2 . n is given for the l = 0 modes.

n
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

Model MA2 (ppm)
median
1σ+ /1σ−
2σ+ /2σ−
3.16
0.51 / 0.48 1.01 / 0.94
2.29
0.39 / 0.36 0.79 / 0.73
2.83
0.30 / 0.30 0.63 / 0.59
2.98
0.40 / 0.41 0.79 / 0.80
3.63
0.34 / 0.34 0.68 / 0.69
3.83
0.33 / 0.33 0.67 / 0.66
4.48
0.34 / 0.34 0.68 / 0.68
3.55
0.31 / 0.30 0.63 / 0.62
3.18
0.31 / 0.31 0.62 / 0.63
3.18
0.30 / 0.30 0.62 / 0.58
2.81
0.29 / 0.29 0.59 / 0.59
2.53
0.30 / 0.30 0.61 / 0.60
2.65
0.30 / 0.29 0.60 / 0.59
2.32
0.28 / 0.28 0.57 / 0.56
1.79
0.34 / 0.32 0.69 / 0.62

29

30
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Table 13. HD 49933 frequencies and height-to-noise posterior estimates for the l = 0 and l = 1 modes for the MB2 model. n is given supposing
 ∈ [1, 2]. H/N represents the height-to-noise ratio in the power spectrum.

l
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2

n
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

median
1290.80
1372.58
1458.79
1544.88
1630.50
1716.18
1801.47
1885.77
1973.48
2060.70
2146.62
2235.01
2323.73
2404.01
2495.64
1244.80
1329.85
1414.50
1501.10
1586.21
1669.78
1756.56
1840.55
1927.03
2013.93
2101.90
2188.94
2278.68
2361.64
2448.68
1285.90
1366.09
1455.00
1535.80
1623.08
1711.13
1795.72
1881.69
1966.80
2054.33
2140.78
2229.80
2316.08
2397.87
2490.08

Model
ν (μHz)
1σ+ 1σ−
3.24 / 2.16
1.51 / 1.47
1.38 / 1.36
1.05 / 1.30
0.65 / 0.56
1.20 / 1.24
1.21 / 1.21
1.22 / 1.27
1.02 / 1.10
1.56 / 1.80
1.50 / 1.69
2.19 / 2.15
1.24 / 1.67
1.93 / 1.66
2.18 / 1.90
2.07 / 1.45
1.67 / 1.26
1.08 / 1.91
0.85 / 1.27
0.64 / 0.82
0.99 / 1.13
0.83 / 0.86
0.90 / 0.90
1.50 / 1.38
1.08 / 1.02
1.70 / 1.67
2.02 / 1.94
1.03 / 1.32
2.14 / 2.10
2.10 / 2.92
3.02 / 3.67
3.39 / 3.39
1.85 / 2.07
3.10 / 2.42
5.40 / 4.36
2.07 / 2.37
2.39 / 2.53
2.16 / 2.26
2.83 / 2.83
2.60 / 3.23
2.71 / 3.00
2.82 / 2.94
3.20 / 2.92
3.48 / 3.61
3.54 / 4.06

MB2
H/N
2σ+ 2σ−
7.15 / 3.91
3.57 / 3.45
2.55 / 2.75
2.31 / 3.47
1.45 / 1.15
2.29 / 2.45
2.57 / 2.44
2.45 / 2.54
2.12 / 2.49
3.14 / 3.60
3.25 / 3.78
4.80 / 4.23
2.91 / 5.99
4.09 / 3.49
6.03 / 4.64
5.13 / 3.15
3.93 / 2.70
1.77 / 3.21
1.94 / 3.01
1.27 / 1.99
2.02 / 2.49
1.65 / 1.75
1.86 / 1.80
3.22 / 2.81
2.37 / 2.15
3.49 / 3.62
4.16 / 3.95
2.05 / 3.01
4.27 / 4.16
5.46 / 8.68
5.74 / 7.93
6.52 / 6.67
3.96 / 5.34
6.74 / 4.70
7.48 / 7.43
4.39 / 5.32
4.92 / 5.20
4.18 / 5.89
5.70 / 5.65
5.15 / 6.55
5.61 / 6.10
5.77 / 6.47
6.47 / 6.58
6.77 / 7.23
6.88 / 7.99

1.0
1.1
2.2
1.6
3.6
2.3
2.8
2.8
1.6
1.7
1.1
0.9
1.3
0.9
0.6
1.0
1.1
2.2
1.5
3.6
2.3
2.8
2.7
1.6
1.7
1.1
0.9
1.3
0.9
0.6
1.0
1.1
2.2
1.6
3.6
2.3
2.8
2.8
1.6
1.7
1.1
0.9
1.3
0.9
0.6
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Table 14. Height and width posterior estimates for HD 49933 for the model MB2 . n is given for the l = 0 modes.
Model MB2

Height (ppm /μHz)
1σ+ /1σ−
2σ+ /2σ−
0.14 / 0.09 0.71 / 0.15
0.20 / 0.13 0.58 / 0.22
0.32 / 0.20 0.93 / 0.33
0.24 / 0.15 0.73 / 0.25
0.41 / 0.27 1.11 / 0.48
0.19 / 0.14 0.48 / 0.25
0.22 / 0.16 0.50 / 0.30
0.22 / 0.16 0.59 / 0.29
0.15 / 0.11 0.38 / 0.19
0.15 / 0.10 0.39 / 0.18
0.10 / 0.07 0.26 / 0.12
0.08 / 0.06 0.21 / 0.10
0.16 / 0.10 0.47 / 0.16
0.09 / 0.06 0.24 / 0.10
0.10 / 0.05 0.29 / 0.08
2

n
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

median
0.32
0.36
0.67
0.46
1.02
0.63
0.74
0.71
0.40
0.41
0.26
0.21
0.30
0.20
0.13

median
10.9
4.89
3.59
5.81
3.74
6.96
7.54
5.08
7.20
7.18
8.58
8.85
6.24
7.84
7.67

Linewidth (μHz)
1σ+ /1σ−
2σ+ /2σ−
5.15 / 5.01 10.4 / 8.74
2.94 / 2.01 7.49 / 3.33
1.48 / 1.28 3.10 / 2.26
4.24 / 2.38 9.43 / 3.91
1.08 / 0.95 2.53 / 1.74
1.96 / 1.76 4.26 / 3.39
1.68 / 1.46 3.67 / 2.74
1.36 / 1.18 2.77 / 2.26
2.52 / 2.03 5.97 / 3.65
2.33 / 1.91 5.59 / 3.54
3.17 / 2.47 7.11 / 4.73
3.10 / 2.56 7.23 / 4.72
3.37 / 2.43 7.90 / 4.02
3.25 / 2.51 7.59 / 4.49
6.24 / 3.90 14.0 / 6.04

Table 15. Energy posterior estimates for HD 49933, model MB2 . n is given for the l = 0 modes.

n
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

Model MB2 (ppm)
median
1σ+ /1σ−
2σ+ /2σ−
3.25
0.57 / 0.55 1.15 / 1.08
2.34
0.41 / 0.39 0.83 / 0.78
2.75
0.35 / 0.36 0.71 / 0.69
2.94
0.43 / 0.40 0.89 / 0.79
3.49
0.35 / 0.37 0.73 / 0.74
3.71
0.37 / 0.40 0.75 / 0.79
4.22
0.37 / 0.39 0.74 / 0.77
3.37
0.33 / 0.34 0.65 / 0.66
3.00
0.32 / 0.31 0.65 / 0.62
3.06
0.32 / 0.33 0.65 / 0.66
2.65
0.31 / 0.30 0.62 / 0.61
2.41
0.29 / 0.30 0.59 / 0.59
2.43
0.31 / 0.30 0.62 / 0.58
2.19
0.29 / 0.27 0.58 / 0.54
1.75
0.32 / 0.31 0.65 / 0.63

31
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Fig. 11. HD 49933 power spectrum and echelle diagram for MA2 model (identification A with l = 2 modes). The superimposed dashed line is the
best fit according to the median value of the parameters.

Fig. 12. HD 49933 power spectrum and echelle diagram for MB1 model (identification B without l = 2 modes). The superimposed dashed line is
the best fit according to the median value of the parameters.

