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ABSTRACT

Context. Solar energetic electrons are observed to arrive between 10 and 30 min later at 1 AU compared to the expectation based
on their production in a solar flare and the travel time along the Parker spiral. Both a delayed release of electrons from the Sun and
scattering of the electrons along their path are discussed as possible underlying mechanisms.
Aims. We investigate to what extent scattering of energetic electrons in interplanetary space influences the arrival times of electrons
at a solar distance of 1 AU, as a function of electron energy and for diﬀerent scattering models.
Methods. A kinetic model for electrons in interplanetary space is used to study the propagation of solar-flare electrons injected into
the corona. The electrons are scattered by resonant interaction with a whistler-wave spectrum that is based on observed magnetic field
fluctuation spectra in the solar wind. The arrival times of the electrons at 1 AU is determined by the electron flux exceeding a given
threshold value.
Results. The simulation results show a significant influence of the scattering on electron arrival times. Electrons with energies in the
range of several tens of keV are delayed by up to about one minute for a pure pitch-angle scattering model. It is demonstrated that this
simplification is not applicable, and the full quasi-linear diﬀusion equation needs to be considered. This reduces the delays to values
below 30 s.
Conclusions. It follows from these numerical studies that scattering of electrons in interplanetary space due to resonant interaction
with whistler waves cannot explain the observed delays of 600 s, unless an unrealistic wave spectrum is assumed in interplanetary
space.
Key words. scattering – waves – Sun: flares – Sun: particle emission – Sun: solar wind

1. Introduction
Solar flares are well known as generating high fluxes of energetic electrons. These electrons lead to the emission of radio waves as they traverse the background plasma of the solar
corona, and release X-rays through bremsstrahlung and thermal
emission when they are stopped by the ambient medium. But solar energetic electrons can also escape from the solar corona into
interplanetary space, where they are directly observed by spacecraft (Lin 1974). Since electrons with higher energies move with
higher speeds, they arrive earlier at the observer than those with
lower energies. This velocity dispersion provides the opportunity to infer electron release times and travel path lengths from
energy-dependent electron arrival times as registered by spacecraft (Krucker et al. 1999; Classen et al. 2003).
Such an analysis is typically based on the assumption that the
electron movement in interplanetary space is scatter-free. This
assumption usually seems to work well, e.g. the electron travel
times in Classen et al. (2003) are found to be inversely proportional to the electron speed.
However, substantial time diﬀerences frequently are found
between the electron release times that are inferred from
velocity-dispersion observations and the onset of X-ray and radio emission that indicates the presence of energetic electrons in
the solar corona (e.g. Krucker et al. 2007; Haggerty & Roelof
2002; Klassen et al. 2002). The release of energetic electrons
into interplanetary space seems to be delayed by from 10 min to
30 min.
This raises the question of whether the energetic electrons in
interplanetary space belong to the same population that leads to
coronal X-ray and radio emission in the solar corona, and if so,

whether they are stored in the solar corona prior to their release,
or if they are delayed due to scattering in interplanetary space.
Cane (2003) presents interplanetary type III radio burst observations and argues that the electrons are delayed in interplanetary
space, while Klein et al. (2005) come to the conclusion that the
origin of delayed electron releases is the interplay between electron acceleration and injection into diﬀerent magnetic structures
in the solar corona.
The question of to what extent scattering of energetic electrons in interplanetary space can influence their arrival times at
a solar distance of 1 AU has motivated the numerical study presented here. If the scattering modifies the arrival times significantly, this might lead to severe errors in the path lengths and
release times as yielded by a simple velocity-dispersion analysis.
In the model presented in this paper, energetic electrons in
interplanetary space are scattered through resonant interaction
with electron cyclotron/whistler waves. The numerical model
is based on solving the Boltzmann-Vlasov equation, including
quasilinear-theory Fokker-Planck type equations for both waveelectron interaction and Coulomb collisions. The propagation of
solar flare electrons in the model heliosphere after their release
in the corona is studied. Electron arrival at 1 AU is defined as an
increase of the spectral electron flux above a given threshold.
This approach is complementary to Monte-Carlo simulations,
like those of Agueda et al. (2005), who study the influence of
interplanetary scattering on time-intensity profiles as recorded
by spacecraft.
The paper is organized as follows. In the next section, the
kinetic model is presented with emphasis on the resonant interaction between electrons and whistler waves in interplanetary
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space. Then, numerical results are presented, and their dependence on model assumptions is discussed. The paper closes with
the conclusions and summary section.

2. The kinetic model
The kinetic model for electrons in the solar corona and in interplanetary space that is used here for a study of the propagation of flare-generated energetic electrons has been adopted from
Vocks et al. (2008). This model is capable of handling relativistic
electron energies and includes the eﬀects of the inhomogeneous
background plasma, Coulomb collisions, and resonant interaction between electrons and whistler waves. Its basic features are
repeated here.
The kinetic model is based on solving the Boltzmann-Vlasov
equation
 
 
∂f
δf
δf

 ∂f
+(u·∇) f + me γg − e(E + u × B ·
=
+
(1)
∂t
∂p
δt Coul. δt wh.
that describes the temporal evolution of the electron velocity distribution function (VDF), f (r, p, t). g and E represent the gravitational and charge separation electric field, respectively; B is
the background
magnetic field, me is the electron rest mass,

2
γ = 1 + p /(me c)2 is the Lorentz factor, and the terms on the
right-hand side are diﬀusion terms due to Coulomb collisions
and resonant interaction of the electrons with whistler waves.
The Coulomb collisions are described by a Fokker-Planck
equation that is based on the Landau collision integral
(Ljepojevic & Burgess 1990). The Coulomb collision frequency
is proportional to the background electron and proton number
density, thus Coulomb collisions are most important in the relatively dense corona, and less in the tenuous solar wind where
most of the electron scattering due to interaction with whistler
waves happens. Under typical solar wind conditions, even thermal electrons have collisional mean free paths of the order of
1 AU. Coulomb collisions are calculated for all energies, although the collision frequency decreases with electron speed, v,
as v−3 , so that the energetic electrons released by a solar flare,
with energies of several 10 keV, are essentially collisionless in
the corona, and even more so in the solar wind.
But ignoring the Coulomb interaction beyond a given energy or below some minimum density would introduce a discontinuity into the model, that might lead to artifacts in the model
results.
The interaction between whistler waves and electrons is described in more detail in the next sub-section. In order to provide the kinetic model with parameters for Coulomb collisions
of the electrons with both electrons and protons, as well as for
the whistler wave dispersion relation and the charge-separation
electric field, a solar wind background model is needed. Such a
model has to provide the magnetic field, densities and temperatures of electrons and protons, and the plasma flow speed, all as
functions of the solar radial distance.
We have re-used the solar wind model of Vocks et al. (2005)
that describes the plasma conditions in a solar coronal funnel
and in the fast solar wind. The interplanetary magnetic field geometry of a Parker spiral is also taken into account, based on an
average solar wind speed of 450 km s−1 in interplanetary space.
The Boltzmann-Vlasov Eq. (1) depends on three spatial and
on three momentum coordinates. For a simulation box with a
spatial extent from the solar corona over a few AU into interplanetary space, and with an electron energy range up to the order of 100 keV with a resolution of less than one electron thermal energy for lower energies, this cannot be solved numerically.

The computer costs would be excessive. The assumption of a gyrotropic electron VDF not only eliminates one of the momentum
coordinates, namely the phase angle of the gyromotion, but also
reduces the spatial coordinates to a single coordinate, s, along
the background magnetic field, B. In momentum space, the absolute value of the momentum, p, and the pitch-angle, θ, are used
as the remaining coordinates.
2.1. Resonant interaction between electrons and whistler
waves

The resonant interaction between electrons and whistler waves
is described within the framework of quasilinear theory (Kennel
& Engelman 1966). Only waves propagating parallel to the
background magnetic field are considered here. The inclusion
of obliquely propagating waves into the model would lead to
highly complicated integrals over wave-vector space (Marsch &
Tu 2001) with prohibitive computer costs. This simplification
seems to be justified, since Bieber et al. (1994) have found that
scattering of energetic particles in interplanetary space is mainly
caused by parallel waves, while highly oblique waves contribute
very little to it.
The quasilinear diﬀusion equation can then be written in the
form given by Marsch (1998), that reads in coordinates (p, θ):
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with the parameters
1 2 3 2
p sin θ vph
τ
1
α pθ = αθp = p sin2 θ vph (vph cos θ − v)
τ
1
αθθ = sin θ (vph cos θ − v)2 ,
τ
α pp =

(3)

with the whistler wave phase speed, vph , the electron speed,
v = p/(me γ), and the “collision frequency” associated with the
whistler-electron interaction:
1 π 2 vph − v cos θ
= Ω
B̂ω .
τ 4 e
vph

(4)

B̂ω is the wave spectral energy density at the frequency ω, normalized to the magnetic field energy density, B2 /(2μ0 ), and Ωe
is the electron cyclotron frequency, Ωe = eB/me .
The main eﬀect of the resonant interaction with plasma
waves on the electrons is pitch-angle diﬀusion in the wave frame,
leading to the formation of “kinetic shells” as described by
Isenberg et al. (2001).
The frequency of a wave that interacts with an electron with
given momentum (p, θ) is determined by the resonance condition
ω − k p /(me γ) = Ωe /γ.

(5)

p = p cos θ is the momentum component parallel to the background magnetic field, and k is the parallel wave vector component. The resonance condition basically states that the electron’s
gyrofrequency equals the Doppler-shifted wave frequency in the
electron frame. Furthermore, the whistler wave dispersion relation only allows wave propagation for frequencies below the

C. Vocks and G. Mann: Scattering of solar energetic electrons in interplanetary space

local electron cyclotron frequency, ω < Ωe . These requirements
result in high electron speeds being connected to low wave frequencies. If the wave spectrum has some kind of power-law distribution, this has the consequence that electrons with high energies are scattered more strongly than those with low energies.
The maximum phase speed for whistler
waves is half the
√
electron Alfvén speed, vph,max = B/(2 μ0 Ne me ), with Ne and
me being the electron number density and mass, respectively. In
the solar wind, whistler wave phase speeds are typically of the
order of 1000 km s−1 and are thus comparable to electron thermal
speeds. For energetic electrons with speeds that are a substantial
fraction of the light speed, c, pitch-angle scattering in the wave
frame hardly diﬀers from pitch-angle scattering in the plasma
frame. The coeﬃcient αθθ then dominates the diﬀusion Eq. (2).
This has motivated the simulation run with pure pitch-angle scattering that is presented in the results section of this paper.
2.2. Whistler waves in interplanetary space

The plasma wave spectrum in interplanetary space has been
adopted from the earlier kinetic studies of Vocks et al. (2005),
where the formation of the strahl and halo suprathermal electron
populations in the solar wind have been studied. Unlike that paper, and the coronal loop model of Vocks et al. (2008), there are
no additional whistler waves being emitted into the simulation
box at the lower border in the computations presented here.
The wave spectrum in these models is based on a global
spectrum of solar wind electromagnetic fluctuations (Salem
2000), that is a compilation of data from diﬀerent instruments
onboard the WIND spacecraft (Mangeney et al. 2001). The ratio of the total wave power to the background magnetic field
energy density, B2 /(2μ0 ), is of the order 10−3 . Only a minor
fraction of 1% of the total wave power is assigned to whistler
waves propagating parallel to the background magnetic field, either sunwards or anti-sunwards. The rest of the wave power can
be in other wave modes, propagating parallel or perpendicular to
the background magnetic field, or obliquely to B.
As in Vocks et al. (2005), the proportion of the whistler
waves of the total wave power rises to 50% above the lower
hybrid frequency, ωLH . The reason for this is that in the solar
wind, the plasma frequency, ω p , is much higher than the electron cyclotron frequency, Ωe . This has the consequence that only
whistlers can propagate in the frequency range ωLH < ω < Ωe .
But for the energetic electrons studied in this paper, resonance
frequencies are well below the lower hybrid frequency, so that
this model assumption is not relevant here.
The diﬀusion Eq. (2) provides an estimate of electron mean
free paths. For solar energetic electrons with energies of several
10 keV they are typically of the order 0.8 AU. Thus, they can
be expected to be delayed by a substantial fraction of the freepropagation time from the Sun to 1 AU, which is e.g. 1250 s
for 40 keV electrons. So delays by several minutes seem to be
possible.
2.3. Solar flare electrons

The lower boundary of the simulation box is located in the
corona, 40 Mm above the coronal base. The lower boundary is
open to electrons that leave it with a negative momentum component p < 0, while electrons with p > 0 enter it with a
VDF that is provided as a boundary condition. Normally, this
would be a Maxwellian distribution with typical coronal density
and temperature. But a Maxwellian distribution shows strong
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phase-space gradients for higher electron energies of several
10 keV. Since they cause numerical problems, a kappa distribution
Γ(κ + 1)
fκ (p) = Ne 3/2
π (2κ − 3)3/2 p3th Γ(κ − 1/2)
⎞−(κ+1)
⎛
⎟⎟⎟
⎜⎜⎜
p2
⎟⎠
⎜
(6)
× ⎝1 +
2
(2κ − 3)pth
with electron density, Ne , and a “thermal momentum”, pth =
√
me kB T , is used instead, with a high κ = 30. Note that this kappa
distribution becomes a Maxwellian in the limit κ → ∞. At low
energies there is little diﬀerence between this kappa distribution
and a Maxwellian, and the core of the VDF rapidly thermalizes.
So there is no inconsistency with the assumption of Maxwellian
collision partners in the calculation of Coulomb collision coeﬃcients (Ljepojevic & Burgess 1990).
The injection of solar flare electrons into the simulation box
is done by modifying this lower boundary condition. The flare
electrons have a power-law distribution whose parameters are
derived from RHESSI observations.
The total number density of flare energetic electrons, N f,tot ,
propagating downwards from the flare site can be derived by dividing the electron flux distribution, which is obtained from hard
X-ray (HXR) spectra, by the the electron speed and the area of
the thick-target interaction, i.e. the HXR footpoint area, and integrating over all electron energies. Using RHESSI (Lin et al.
2003) data, Holman et al. (2003) have obtained values of the order of N f,tot = 1015 m−3 for the peak of an X-class flare. Krucker
et al. (2007) have shown that the total number of electrons injected into interplanetary space is just a small fraction of the
HXR-producing ones – 0.2% on average. We thus adopt a value
of Nflare = 1011 m−3 , which reflects the density of electrons propagating outwards in a medium-sized flare.
We have chosen δ = 4 as a representative spectral index of
the accelerated electron flux (cf. Krucker et al. 2007; Warmuth
et al. 2009). Both rise and fall times of the electron injection
profile were taken as 1 min, which is a typical value both for
HXR pulses and type III radio bursts (cf. Fig. 1 in Krucker et al.
(2007)). The flare electron distribution has a low-energy cutoﬀ
at 20 keV, below which the distribution is constant.
Figure 1 shows the lower boundary condition during the solar flare. Note that the half-space p < 0 is not relevant here,
since these electrons do not enter the simulation box. At low energies, the VDF is dominated by the Maxwellian, or here κ = 30,
distribution of the coronal background plasma.
As these energetic electrons propagate into interplanetary
space after the onset of the flare, more energetic, i.e. faster, electrons will outpace the slower ones. The earlier arrival of more
energetic electrons at some distance from the Sun has the consequence that the electron VDF there can become unstable to
the generation of Langmuir waves, which eventually leads to the
emission of type III radio emission. These processes are essentially nonlinear, so that quasilinear theory is not applicable here.
Thus, these processes are beyond the scope of our model. On the
other hand, these nonlinear processes can stabilize the electron
distribution (Thejappa et al. 1999). So, not including Langmuir
wave generation in the model is a strong simplification, but not
a too strong one.

3. Results
Now the kinetic model presented in the previous section is
applied on a model heliosphere. The lower boundary of the
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Fig. 1. Cut along the line p⊥ = 0 of the electron VDF at the lower
boundary during the solar flare (solid line), and Maxwellian VDF with
the same density and temperature as the coronal background (dotted line).

simulation box is located 40 Mm above the coronal base, and
the box extends to 3 AU into interplanetary space.
The kinetic model is based on calculating the temporal
evolution of the electron VDF inside the box by solving the
Boltzmann-Vlasov Eq. (1). Such an approach requires the definition of an initial condition for the electron VDF. This is provided by a kappa distribution (6) based on the local plasma conditions in the background solar wind model, and κ = 30. This is
close to a Maxwellian VDF, as in the lower boundary condition.
The upper boundary condition is defined in the same way. The
large extent of the box of 3 AU has been chosen in order to avoid
any influence of the upper boundary on the simulation results at
1 AU. The injection of flare electrons at the lower boundary has
already been described in Sect. 2.3.
The flare electron arrival time at any height in the simulation
box is defined as the time when the spectral electron flux exceeds
a threshold value of 0.01 keV−1 cm−2 s−1 . This would correspond
to a spectral flux of 1 keV−1 s−1 for a detector with an eﬀective
area of 100 cm2 .
3.1. Beware of numerical diffusion

The numerical representation of the convection term of the
Boltzmann-Vlasov equation, v ∂ f /∂s, which looks rather innocuous, can have a significant influence on the simulation results. In an earlier version of the numerical code, a simple upwind diﬀerence scheme had been employed:
⎧
⎪
∂ fi ⎪
⎨ ( fi − fi−1 )/Δs, v > 0
=⎪
(7)
⎩ ( fi+1 − fi )/Δs, v < 0.
∂s ⎪
This first-order accurate scheme has the advantages of simplicity
and stability, but it leads to strong numerical diﬀusion. The result is a spread of the rapid increase of energetic electron fluxes
associated with the arrival of flare electrons over a wide spatial
range in the model heliosphere, thus leading to erroneous arrival
times.
This numerical diﬀusion can be strongly reduced by using a more advanced numerical scheme. For the study presented here, we have chosen the “superbee flux limiter”, see

Fig. 2. The shape of an initially rectangular pulse after convection over
a distance of 4 times its width, both for the superbee scheme (solid line)
and the upwind scheme (dashed line).

Yang & Przekwas (1992) for a review. For v > 0, this scheme
reads for a timestep Δt
∂ fi gi+1/2 − gi−1/2
=
∂s
Δs

(8)

with



gi+1/2 = fi + δ fi 1 − v Δt/Δs /2

(9)

diﬀerences Δ fi = fi − fi−1 and finally:
δ fi = (sgn(Δ fi ) + sgn(Δ fi+1 ))
×min(|Δ fi |, |Δ fi+1 |, max(|Δ fi |, |Δ fi+1 |)/2)

(10)

where sgn(x) returns the sign of x. The Eqs. (8) and (9) resemble the simple upwind scheme, but the term δ fi limits the fluxes
between neighboring grid points and thus keeps numerical diffusion under control.
Figure 2 demonstrates the eﬀect of numerical diﬀusion and
its mitigation in a simple 1D-model. An initially rectangular
pulse has been transported by 4 length units. The simple upwind scheme has rounded the corners significantly. It can easily
be seen that an “arrival time” based on the value of the pulse
exceeding e.g. 0.1 would be strongly aﬀected by the diﬀusion.
The more advanced scheme, on the other hand, yields much better results, and deviations from the initial rectangular shape are
hardly visible.
3.2. Test run without whistler waves

In the previous sub-section it was shown that numerical artifacts
might influence the calculated electron arrival times at 1 AU.
Thus, it is reasonable to test the numerical model in a simulation run without any whistler waves first. The Boltzmann-Vlasov
Eq. (1) now only has the Coulomb collision term on the right
hand side. But electrons with energies of several tens of keV
are basically scatter-free. So we expect free propagation of flare
electrons, and arrival times that can be calculated as path lengths
along the Parker spiral divided by electron speed.
Figure 3 shows the diﬀerence Δt between the energetic electron arrival times calculated by the kinetic model and the freepropagation times. These values have been obtained at a spatial
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Fig. 3. Diﬀerence between the electron arrival times at s = 1.07 AU
found by the model without whistler waves, and free-propagation times,
both as functions of electron energy.

position of s = 1.07 AU along the Parker spiral, that corresponds
to a radial distance of r = 0.95 AU from the Sun.
A positive Δt means that the energetic electrons in the kinetic
model arrive later than expected from free propagation. The figure shows that there is a delay of 10 s for the highest electron
energies of about 500 keV. The delay decreases with decreasing
energy, and becomes negative for energies below 30 keV.
Electrons with a kinetic energy of 500 keV have speeds of
v = 0.86 c. Their travel time over a distance of s = 1.07 AU is
618 s. So an artificial delay of 10 s in the model corresponds
to an error of 1.6% in travel time, which is fairly good. So the
model has passed this free-propagation test.
The negative values of Δt, i.e. early arrival of the flare electrons, for energies below 20 keV, are due to Coulomb collisions.
The mechanism by which scattering of electrons in momentum
or energy can lead to an early arrival of flare electrons is discussed below.
3.3. Pure pitch-angle diffusion

After the numerical model has shown that it yields reliable
flare electron arrival times at a solar distance of about 1 AU,
the eﬀect of electron diﬀusion by resonant interaction with
whistler waves is added. It has been shown in Sect. 2.1 that the
whistler waves mainly lead to pitch-angle diﬀusion of the electrons under typical solar wind conditions.
Under the model assumption of pure pitch-angle diﬀusion,
only the term αθθ needs to be considered in the quasilinear diffusion Eq. (2). This simplification saves much computational effort, so it is worth investigating whether it is applicable without
altering the simulation results.
Figure 4 shows the diﬀerences between the electron arrival
times at s = 1.07 AU (r = 0.95 AU) and the expected times based
on free propagation. The results of the simulation run without
whistler waves are also plotted for comparison.
The results show that the pitch-angle diﬀusion delays the
flare electrons considerably. For high electron energies of
500 keV, the delay is only 5 s, but it increases with decreasing
energy. It is about 15 s for 100 keV, and 35 s for 30 keV. For
energies little above 10 keV, the pitch-angle diﬀusion counters
the early arrival of flare electrons caused by Coulomb collisions,
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Fig. 4. Diﬀerence between the electron arrival times at s = 1.07 AU
found by the pure pitch-angle diﬀusion model, and free-propagation
times, both as functions of electron energy (solid line). The model results without whistler waves are also shown for comparison (dashed
line).

leading to a delay of 60 s as compared to the whistler-free run,
and to a peak of Δt in the plot.
So the simulation run including pitch-angle diﬀusion by
resonant interaction with whistler waves demonstrates that the
whistlers can delay electron arrival times. The maximum delay
found here is of the order of 1 min.
The energy dependence of the delay also needs some attention. The calculation of electron release times in analyses like
that of Krucker et al. (2007) is based on scatter-free electron
propagation
s = v(ta − tr )

(11)

along the path length s. tr and ta are the electron release and
arrival times, respectively. ta is directly measured, the electron
speed v depends on the energy, but both tr and s are unknown.
Solving the above equation for ta and calculating the derivative
in v yields:
∂ta
s
=− 2 ·
∂v
v

(12)

The velocity dispersion ∂ta /∂v can be derived from satellite data
and yields the path length s by means of Eq. (12). Once s is
known, Eq. (11) provides the electron release time.
The energy dependence of Δt as shown in Fig. 4 alters
the velocity dispersion ∂ta /∂v and thus introduces an error into
the calculation of s. This contribution can be estimated to be
of the order of 0.02 AU for electrons with an energy of 90 keV,
leading to an error of 20 s in the release time.
So far, only model results for the arrival times of energetic electrons at 1 AU have been presented, but not interplanetary electron VDFs during flare electron arrival. Figure 5 shows
the VDF at s = 0.35 AU for four diﬀerent simulation times,
t. t = 0 s corresponds to the initial κ = 30 distribution. At
t = 300 s the flare electrons have arrived for electron momentum p > 0.7me c. The pitch-angle scattering of them can be seen
clearly. At t = 500 s, the energetic electrons can be found for
p > 0.35mec. At t = 3000 s the flare is over, but the model heliosphere is still filled with an isotropic halo of energetic electrons.
The pitch-angle scattering suppresses their escape through the
upper boundary of the simulation box.

330

C. Vocks and G. Mann: Scattering of solar energetic electrons in interplanetary space

Fig. 5. Electron VDFs at s = 0.35 AU for four
diﬀerent simulation times. The isolines are chosen in such a way that they would be equidistant
for a Maxwellian VDF.

Fig. 6. Cuts through the electron VDF at s = 1.07 AU(r = 0.95 AU) and
simulation time t = 2000 s along p (solid line) and p⊥ (dashed line).

These results are based on the model assumption of pure
pitch-angle scattering. This scattering generally inhibits the
transport of electrons straight along the background magnetic
field, and thus leads to delayed arrival times at 1 AU. Diﬀusion
along the momentum coordinate, p, has been deemed as negligible, since the coeﬃcient α pp is small. However, the plots in
Fig. 5, which show the arrival of flare electrons, indicate strong
phase-space gradients along p.

Figure 6 shows cuts through the electron VDF at s =
1.07 AU(r = 0.95 AU) during the arrival of flare electrons at a
simulation time of t = 2000 s. It can be seen that the phase-space
density jumps by more than 25 orders of magnitude over a momentum interval of Δp = 0.1me c. Since a small diﬀusion coeﬃcient, multiplied by an extreme gradient, can still yield substantial diﬀusion, it is now questionable whether pure pitch-angle
diﬀusion is appropriate for energetic electrons in interplanetary
space.
Diﬀusion of the strong gradient in Fig. 6 would transport
electrons to lower momentum, i.e. to lower energy. Thus, at this
lower energy, the phase-space density increases earlier than expected from scatter-free propagation, and these electrons also
move further up in the box. As a consequence, diﬀusion in the
momentum coordinate leads to an early arrival of energetic electrons as compared to the scatter-free expectation. This is also the
reason why non-negligible Coulomb collisions lead to negative
Δt for energies below 20 keV in the test run without whistler
waves, see Fig. 3.
The eﬀect of diﬀusion in momentum space on the electron
arrival times can be estimated as follows. A simple diﬀusion
equation


∂f
∂
∂f
=
α pp
(13)
∂t
∂p
∂p
broadens a Gaussian distribution f ∝ exp(−p2 /(2p20 )):
∂(p20 )
= 2α pp .
(14)
∂t
Thus, the width of the phase-space gradient in Fig. 6 would
also be broadened if there were no propagation eﬀects.
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Fig. 7. Diﬀerence between the electron arrival times at s = 1.07 AU
found by the full diﬀusion model, and free-propagation times, both as
functions of electron energy (solid line). The model results for pure
pitch-angle diﬀusion (dashed line) and the run without whistler waves
(dotted line) are also shown for comparison.

Replacing ∂(p20 )/∂t by v∂(p20 )/∂s and integrating from the
lower boundary (s = 0) through the simulation box up to
s = 1.07 AU (r = 0.95 AU) yields a total Δp0 . The influence of
such a broadening of the phase-space gradient on electron arrival times then can be estimated as Δt = (ta − tr )Δp0 /p.
For 60 keV electrons, this yields an early arrival of 10 s in
our model heliosphere. Thus, the early arrival of flare electrons
due to diﬀusion in momentum space is of the same order of magnitude as the delay due to pitch-angle scattering. In other words,
pure pitch-angle diﬀusion is not a valid approach, although the
original diﬀusion Eq. (2) seems to be dominated by the pitchangle term, αθθ .
3.4. Full diffusion equation

The main finding of the previous sub-section was that for solar
energetic electron arrival times at 1 AU, the eﬀect of electron
diﬀusion along the momentum coordinate is not negligible compared to the eﬀect of pitch-angle diﬀusion. So the simplification
of pure pitch-angle diﬀusion is not allowed. The full diﬀusion
Eq. (2) has to be implemented instead.
Figure 7 shows the resulting arrival times for the full diﬀusion model, and the previous results for comparison. The strong
delay that has been found in the pure pitch-angle diﬀusion model
has almost disappeared. There is only a small diﬀerence of about
5 s compared to the free-propagation model.
This result confirms the above estimate of the influence of
diﬀusion along the momentum coordinate on the arrival times.
The early arrival of flare electrons is comparable to the delay
due to pitch-angle diﬀusion. Thus, both parts of the full diﬀusion
equation are capable of partly compensating each other.
It is also noteworthy that the new result for the delay of energetic electrons due to scattering in interplanetary space shows
little energy dependence. The delay is rather constant, about 10 s
over a wide energy range. Thus, it has little additional impact on
inferred path lengths and release times of flare electrons.

331

Fig. 8. Diﬀerence between the electron arrival times at s = 1.07 AU
found by the full diﬀusion model, and free-propagation times, both as
functions of electron energy (solid line). The results after multiplication of the whistler-wave spectrum with a factor of 0 (dotted line), 0.5
(dashed line), 2 (dash-dotted line), and 5 (dash-dot-dotted line) are also
shown.

3.5. Variation of the whistler wave power

All simulation results presented so far have been obtained with
the whistler wave spectrum of Vocks et al. (2005) that attributes 1% of the total wave power measured in interplanetary
space to the whistlers. This choice is somewhat arbitrary, and the
wave spectrum might also vary in time. Thus, the eﬀect of a variation of the wave power on the resulting electron delays needs to
be investigated. This can be done by multiplying the wave spectrum by a given factor and re-running the full diﬀusion model.
Figure 8 shows the resulting electron delays at 1 AU for five
diﬀerent wave spectra, ranging from no wave power up to the
five-fold power as compared to the results from Fig. 7. It is evident that the delays increase with increasing wave power, as one
would expect for more eﬃcient diﬀusion.
The energy dependence of the delays changes slightly. For
low wave powers up to a two-fold increase, Δt increases with
increasing electron energy, but for the highest wave power this
relation is reversed. So the degree to which the eﬀects of pitchangle diﬀusion and diﬀusion in the momentum coordinate compensate each other is not independent of energy. But even for
the highest wave power, no strong energy dependence of Δt is
found.
The maximum delay found in this parametric study is less
than 30 s, even for the highest wave intensity, and stays below
15 s for all other simulation runs.

4. Conclusions and summary
In this paper, the impact of scattering of solar energetic electrons
due to resonant interaction with whistler waves in interplanetary space has been investigated. Since the quasi-linear diﬀusion equation seems to be dominated by the pitch-angle diﬀusion
term, it seemed to be reasonable to simplify the model accordingly.
Pitch-angle scattering leads to a delay of electron arrival
times as compared to the theoretical free-propagation time from
the Sun up to 1 AU. The maximum delay found in this simulation is about 1 min. This is much less than the delays of between
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10 min and 30 min that are reported in the literature. So this result already indicates that pitch-angle diﬀusion cannot explain
delays of tens of minutes.
The simulated delay shows a strong energy dependence that
is strongest for low energies of about 20 keV. This energy dependence can influence the derivation of release times and path
lengths of the electrons. The resulting errors have been estimated
as 20 s, which is also well below 10 min.
However, the pure pitch-angle diﬀusion model turned out
to be oversimplified. Since more energetic, i.e. faster electrons
arrive earlier at a given solar distance, interplanetary electron
VDFs develop strong phase-space gradients. This leads to significant diﬀusion along the momentum coordinate, i.e. in energy,
despite the low diﬀusion coeﬃcient in the quasilinear equation.
If more energetic electrons are scattered to lower energies in interplanetary space, this leads to an earlier increase of the spectral
flux at this lower energy at any position further away from the
Sun, e.g. at 1 AU.
So diﬀusion in the momentum coordinate leads to earlier
electron arrival times compared to pure pitch-angle diﬀusion.
This eﬀect becomes clearly visible at energies of less than
20 keV. In this energy range, Coulomb collisions are not entirely negligible, although even keV solar wind electrons are still
collision-free with mean free paths of the order of thousands
of AU. The eﬀects of Coulomb diﬀusion on electrons in the energy range of a few keV is an interesting topic for future studies
and is beyond the scope of this paper.
A simple estimate of the earlier electron arrival due to diffusion along the momentum coordinate shows that this eﬀect is
of the same order of magnitude as the delay due to pitch-angle
scattering. Thus, it has to be concluded that the assumption of
pure pitch-angle scattering without any energy diﬀusion is not
applicable. Instead, a full diﬀusion model is needed. The results
obtained with the new model clearly demonstrate that these two
eﬀects indeed compensate each other. The resulting electron delays hardly diﬀer from free-propagation times.
This provides a hint as to why analyses that are based on
the assumption of free propagation yield good results, although
non-negligible diﬀusion is present in interplanetary space. The
maximum diﬀerence to free-propagation times found in a series
of model runs with diﬀerent wave power is below 30 s, even for
the strongest diﬀusion.
All results presented in this paper have been obtained with
the same solar wind background model, and thus with the same
whistler-wave phase speeds in interplanetary space. The wave
speeds are always relatively small, of the order of electron
thermal speeds, and the eﬀect of the wave-particle interaction
on an electron distribution is pitch-angle diﬀusion in the wave
frame. Thus, energetic electrons will always experience strong

pitch-angle scattering in the plasma frame, independent of the
exact background conditions.
But this is not the case for the diﬀusion component along
the momentum coordinate in the plasma frame. This component
directly depends on the wave phase-speeds,
√ that is characterized
by the electron Alvén speed vA,e = B/ μ0 Ne me . The stronger
the magnetic field, and the lower the plasma density, the higher
the phase speed.
So the compensation between the delay to due pitch-angle
diﬀusion and the early arrival due to momentum (or energy) diffusion depends on the solar wind conditions. But nevertheless,
the pure pitch-angle diﬀusion model provides an upper limit on
the delays of about 1 min.
The choice of the wave spectrum is somewhat arbitrary,
but comparative runs with diﬀerent wave intensities show that
the delays do not increase beyond 30 s, even for the strongest
whistler waves. So the main result of this model is that delays
of 10 min and more cannot be caused by resonant interaction
with whistler waves in interplanetary space, unless unrealistically high values for the whistler wave power are assumed.
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